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Abstract. In this paper, we investigate fourth order variable exponent Kirchhoff type p(x)-biharmonic
equations involving constant exponent and variable exponent Hardy potentials, in which the r(x)-Hardy
potentials are seldom mentioned in previous results. We show the existence of at least one or two distinct
generalized solutions via variational methods and the theory of variable exponent Sobolev spaces when
the Kirchhoff function and the nonlinear term satisfy appropriate assumptions.
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1. INTRODUCTION

Elliptic equations with double Hardy terms were investigated as a mathematical model for
various problems in electrically conducting materials, singular minimal surfaces, and the ex-
amination of non-Newtonian fluids. For the existence of generalized solutions to this type of
elliptic equation, we refer to [16-20] and the references therein. The Kirchhoff type equations
arise in the models of physical fields, and the stationary version of the Kirchhoff equation

du (Py E [LOu, 6 \d%u
PW—(TE/O 5o dx) 55 =0

was presented by Kirchhoff in 1883 as an extension of the classical D’ Alembert wave equation
for free vibrations of elastic strings; see [15]. Khodabakhshi et al. [14] studied a class of sin-
gular elliptic problems with p-Laplace operators, subject to Dirichlet boundary conditions in a
bounded domain with smooth boundary

"~ 2u
<[P
u=20 on dQ,

—Apu+

=Af(x,u) inQ,

and the existence of at least two distinct generalized solutions for this type of singular elliptic
equations was obtained.
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In [21], the existence of weak solutions to the following elliptic equations with mixed bound-
ary conditions was demonstrated

—divA(x,Vu) + %Ml’_zu =Af(x,u) inQ,
x

u=~0 onl’,
A(x,Vu)-v=pug(x,y(u)) on 5.
In this paper, we focus on the existence of generalized solutions to the following Kirch-

hoff type p(x)-biharmonic equations involving (A, r(x))-Hardy singular coefficients with no-
flux boundary conditions

) |u"2u  c(x)|u)4® 2y )
083+ ) )2+ 2 SO 2 ) in

u = constant, Au=0 on dQ,
[50(|AulP¥)"2Au) - vds = 0
(1.1)

where
J(u):/ —— | Au|P dx+/ y P dx, A2 gu=A(|AulP 2 Aw),
o p(x)

Q is an open bounded subset in RV (N > 2) with smooth boundary 9, v is the outward normal
vector field on dQ, A > 0is a parameter, 0 < a_(x), b(x),c(x) €L*(Q), 1 <h<min{p(x),5}, p(x),q(x) €
C.(Q) ={g| g €C(Q),g(x) > 1 for all x € Q}; further, p is log-Holder continuous, i.e., there
exists / > 0 such that
)

1
< —,Vx,y € 970 < |X—y| < "
—log|x—y| 2

Np} =
q(x) < 1%, and 0 < r(x) € C(Q), where

Np(x)
pax) = { T P
+o0 p(x) >

N[ N[

f QxR — Ris a Carathéodory function satisfying
(A1) f@w)] <My () +MafuPY7" ae. (xu) €QxR,

s —
where 0 < M;(x) € L:®O-1(Q), M, >0, s(x) € C(Q) with s(x) < p3(x), M is continuous, and
there exist constants mj,my > 0, and & > max{1, ;—t} such that

(M) mt® P <M@t) <myp® ' Vi eR" :=[0,400).

Recent research addressing operators with variable exponents was documented in [22] and [23]
and the problem involving the p(x)-biharmonic operator with no-flux boundary conditions can
be found in [5].

In recent years, numerous problems involving Hardy potentials were extensively investigated.
These studies mostly focus on nonlinear eigenvalue problems where the presence of Hardy-
type terms introduces significant challenges and interesting phenomena. In particular, the main
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objective of the work by Khalil, Alaoui, and Touzani [12] is the following nonlinear fourth-order
eigenvalue problem
p—2 _ ’u‘p—Zu
A (|Au[P~Au) = 4 5
where A is the eigenvalue parameter, 1 < p < N/2, and §(x) = d(x,dQ) represents the distance
to the boundary of the domain €, and has at least one increasing sequence (A ), of positive
eigenvalues. To achieve this and to overcome the difficulty that the sequence of Palais-Smale
type do not ensure the compactness property due to the presence of the Hardy potential on the
right hand side of their problem, the authors employed a variational technique based on the
Ljusternik-Schnirelmann theory applied to C' manifolds. This approach facilitates the con-
struction of an increasing sequence of positive eigenvalues, thereby establishing the existence
of an infinite sequence of eigenvalues for the problem. It is worth noting that a similar argument
was employed by the authors in [13] for the case of variable exponents. It should be noted that,
in our case, the presence of the Hardy potential in the term on the left-hand side of our prob-
lem is crucial. Indeed, thanks to the Lemma 2.14 in Section 2, it can be demonstrated that any
Palais-Smale sequence admits a strongly convergent subsequence.

This paper delves into a pivotal and original problem in partial differential equations by ex-
ploring Kirchhoff-type p(x)-biharmonic equations with Hardy-type singular coefficients and
no-flux boundary conditions. By incorporating variable exponents and singular terms, the study
extends traditional theories and addresses a crucial gap in the literature. The investigation of
Kirchhoff problems with Hardy potentials is particularly significant due to its applications in
mathematical physics, including the analysis of elasticity in heterogeneous materials, fluid dy-
namics with spatially varying viscosity, and nonlinear wave propagation in complex media.
The Hardy-type potential introduces additional complexity and relevance, as it models singular
behavior in physical systems. This work not only advances the theoretical understanding of
nonlinear elliptic equations but also has practical implications for various scientific and engi-
neering challenges, highlighting its broad interdisciplinary impact and paving the way for future
research.

nQ, ueWw(Q),

2. PRELIMINARIES AND THE VARIATIONAL STRUCTURE

Let S(Q) be the set of all measurable real functions defined on Q, p™ = ess inf,cq p(x),
p = ess sup,cq pl(x), and

LP9(Q) = {ue S(Q): /Q u(x)[PW dx < oo

with a Luxemburg-type norm defined by

_ — : u(x) p)
sy =l =it {m >0 [ [S"Par <1},

Lemma 2.1 ( [1] Holder’s Inequality ). Let p,q,t > 1 be measurable functions defined on €
and ﬁ = ﬁ + ﬁfor ae xeQ.If f € LPW (Q) and g € LiY)(Q), then fg e L'™ (Q) and
Define the variable exponent Sobolev space W”-?()(Q) by

wmP(Q) = {u € LPV(Q)| D*u € L’V (Q), || < m},
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where
ol

pa) (07 O xn O u

xl PR xN
with a = (o, ..., ay) being a multi-index and || = YV | a;. The space W"?()(Q), equipped
with the norm ||u||,, p(.) := Xjaj<m [D%ulp(.), is a separable, reflexive, and uniformly convex
Banach space.

Let WO1 P 0) (Q) be the closure of C(Q) in WP (Q). Since p is log-Holder continuous, one

sees that WO1 P () (Q) coincides with {u € W'P®)(Q) : u =0 on dQ}. We consider the subspace
of W2PW(Q), X = {u € WHPW(Q) : u| ¢ = constant}, which can also be viewed as

X ={utc:uecw, " Q)nwrW(Q),ccR},

D% =

Then X is a closed subspace of W2PW) (Q). Thus it is a reflexive and separable Banach space.
The norm

= gt g+ ey = T 10l + 1196l -+ Nl
ol=

is equivalent to the norm

, Au(x) p(x
[y = int { >o;/gyT,p< ar<i1)

via [25, Theorem 4.4].

In view of the term a(x)|u|P™) 2

u in equation (1.1), we use the following norm:

Jula = int {n >01/Q({A”T(X)W+a(x)|@}l’(x))dxg 1,

which is equivalent to the usual norm ||u|| (see [2, Remark 2.1]), and it is useful to deal with the
modular

p) = [ ([Auo)]"™ + a(o) ()| .
Proposition 2.1 [10]. For p € C1(Q),u,u, € LPM(Q),

. - + X B *
min {3 e} < o)t < ma {2

and |[un || px) — O (— oo, respectively) < p(uy) — 0 (= oo, respectively) as n — oo.
Similar to Proposition 2.1, one has the following lemma.

Lemma 2.2. For p € C(Q),u,u, € L' (Q),
. - + - +
min {[[ull§ , [[ullf" } < p(u) <max{[Jullf |« },
and ||uy||qg — 0 (— oo, respectively) < p(u,) — 0 (— oo, respectively) as n — oo.

Let d(x) € S(Q) and d(x) > 0 for all x € Q. Define

L20(Q) = {ue S(©): /Q d(x) u(x)|P®) dx < oo}

with a Luxemburg-type norm defined by

_ s . ul®) pv)
0y = 1ot ._mf{u>o./gd<x)\ o ax<1}.
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Lemma 2.3 ([11]). If p € C.(Q), then

. - +
it 1y Dl = AP {al) go lac }
forany u € ngg (Q) and for a.e. x € Q.

Lemma 2.4 ( [9]). If p1, p2 € C(Q) such that pi(x) < p (x) a.e. x € Q, then, for k € N, there
exists the continuous embedding W*P2)(Q) — Wkri)(Q).

Lemma 2.5 ([10]). Assume that the boundary of Q possesses the cone property and p € C.(Q).
If s € C.(Q) and s(x) < pi(x) for all x € Q, then X — L*¥)(Q) is continuous and compact.

Lemma 2.6 ([10]). Let G be a measurable subset in RN and 0 < meas(G) < +oo. If f : G X R —

p1()
R is a Carathéodory function, and | f(x,u(x))| < a(x) +b|u(x)|2% a.e. (x,u) € G xR, where
p1(x), p2(x) € CL(Q), 0 < a(x) € LP2X(G), b > 0. Then the Nemytskii operator defined by
Ny(u)(x) = f(x,u(x)) maps Ly, (x)(G) into Ly, (G), and it is continuous and bounded.

Define the functional I : X — R by I) (u) = P(u) — AW (u), where ®(u) = A (J(u)) + P (u),
_ [ _ [ byl /C(X)|M|q(x)
M () = /0 M(z)dz, @ ()= /Q AR R

W(u) = /Q F(x,u)dx, F(x,u) = /O " fx T

By (f1), the continuous embeddings, the Holder inequality mentioned in Lemma 2.1 and the
compactness result in Lemma 2.14, and by similar arguments as in [26] and [27], we can show
that @ and ¥ are well-defined on X, and ® and ¥ are continuously Gateaux differentiable with

and

&' (1) (v) = M(J (u))( /Q AP 2 AuAvdx + / a ()|l 2uvdx)

b(x)[ul" Iul"
+/Q ‘X‘Zh dx+/ |G uvdx, Yu,ve X,
X

and W' (u)(v) = [ f(x,u)vdx for all u,v € X. We say that u € X is a generalized solution to
(1.1 if
Lw)(v) =9 (u)(v) =AY (u)(v) =0, WveX.

i.e., a critical point of the functional 7, () in the space X is a generalized solution to (1.1).

Lemma 2.7 ( [6], Example B). If ® : X — R is a convex lower semicontinuous functional on a
reflexive Banach space X, then ® is sequentially weakly lower semicontinuous on X, that is, for
any u € X and any sequence uy, € X satisfying u, — u in X, there holds ®(u) < lim,,_,,,P(u,).

Lemma 2.8 ( [6], Theorem 6.2.1). Let X be a reflexive Banach space and let ® : X — R be
Gateaux differentiable on X. Then the following conditions are equivalent:

(i) @ is convex on X.

(ii) D(u) — P(v) > (D' (v),u—v), Yu,v € X, where (.,.) is the usual inner product.

(iii) ®' is monotone on X.
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Lemma 2.9. The operator @ is strictly monotone in X, and the operator ® is sequentially
weakly lower semicontinuous.

Proof. According to [24, (2.2)], we sees that there exists a constant C,, such that
(P 2x = yP 2y, x—y) > Cplx—y|?, if p > 2,

and

Cp |x -y |2
(x| [y)>=»
where (.,.) is the usual inner product. Thus, for any u,v € X satisfying u # v, the above two
inequalities lead to

(Jx[P2x = y[P2y,x—y) > Jifl<p<2,

(@) =@ () =v) = [ "2 ) v

—l—/ cx) (| 79720 — |99 =20) (4 — v)dx > 0,
Q |x|"™)
which implies that ®; is strictly monotone on X. Hence, by Lemma 2.8, d>’1 is convex. For
any sequence u, € X satisfying u, — u in X, one has ® (u,) — P (u) > (P (u),u, — u), which
leads to

Dy (u) < Py (un) — (P (u), un — 1) < Py (un) + |27 () | [t — ]|,
and the above inequality implies that @ («) <lim,,_,,,® (u,). Thus @, is lower semicontinuous,

which together with Lemma 2.7 yields that ®; is sequentially weakly lower semicontinuous on
X. O

Lemma 2.10 ( [2], Proposition 2.5). The operator J' is a mapping of (S+)-type, i.e., if uy — u
in X, and 1imy,_yoo(J' (), up —u)) <0, then u, — uin X.

Lemma 2.11 ( [2], Proposition 2.5). The operator J is sequentially weakly lower semicon-
tinuous, that is, for any u € X and any sequence u, € X satisfying u, — u in X, there holds

Lemma 2.12. The operator V' : X — X* is compact, where X* is the dual of X.

Proof. Condition (f;) and the compact embedding X < L*™)(Q),1 < s(x) < p5(x) imply the
compactness of ¥ (u). In fact, let {u,} € X be a sequence such that u, — u. Since X —
L'M(Q),1 < s(x) < p5(x) is compact, we see that there exists a subsequence, still denoted
by {u,}, such that u, — u,strongly in L’®)(Q). We demonstrate that the Nemytskii operator
Ny(u)(x) = f(x,u(x)) is continuous since f : Q x R — R is a Carathéodory function satisfy-

s
ing (f1). Thus Ny(u,) — Ny(u) in L®-1(€). In view of the Holder’s inequality mentioned in
Lemma 2.6 and the compact embedding X < L**)(Q), 1 < s(x) < p5(x), for all v € X, one has
) 5) = W) 0)] = | [ () = Fao)vs] < 20Ny r) = Ny s [l

< 265l INy () =Ny (@) s |1Vl

where ¢; is the embedding constant of the embedding X < L*™(Q). Thus ¥ (u,) — ¥/ () in
X*, i.e., ¥ is completely continuous, and then ¥’ is compact. U
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Lemma 2.13. There exists a constant ¢ such that fQ ‘M‘ dx < ¢||u||" for allu € X.

Proof. Recall the Hardy-Rellich inequality (see [7, Lemma 2.] for more details). If 1 < h < %’,
then

|”(x)’h < 1 h LA 2h(0
o T dx_ﬁ Q|Au\ dx, Yu e Wy " (Q)NW=*(Q),

where H = (W)h. From Lemma 2.3 and & < p(x), one has X < Wol’h(Q) NWH(Q).
Thus, for Vu € X, there exists a constant k > 0 such that [, (|Au|" + a(x)|u|")dx < &|u]|".
Hence

|u(x)[* K"
IS MW' < 2 ull, vu e X.
0
From the condition g(x) < ]\%, we have
2
N—r(x)qx) . N—rx) .
q(x) N )= )

By similar arguments as [11, Corollary 2.1], we have the following lemma.

Lemma 2.14. Assume that 0 € Q and the boundary of Q possesses the cone property and
p €CL(Q),s,q9 € C(Q),0 < r(x) < N,Vx € Q. If q satisfies 1 < g(x) < Nﬁ}\r,(x)pé(x) for all

x € Q, then WP (Q) — L|q(| )rx (Q) is compact.

The lemma is crucial to our paper as it guarantees the compactness of the embedding

w0 () — L™ (),

‘ ‘—r(x

which is essential for ensuring the Palais-Smale condition. This condition is a key requirement
for applying the critical point theory to prove the existence of solutions to our Kirchhoff-type
biharmonic equations with Hardy-type singular coefficients. By establishing this compactness,
the lemma supports the validity of our variational approach and underpins the theoretical frame-
work needed to handle the complexities introduced by variable exponents and singularities in
our problem.

Lemma 2.15. There exists a constant ¢ such that fQ L) rdx < c(||u||q + [Ju]|E ).

X

Proof. Combining Lemma 2.2 with Lemma 2.14, we see that there exists a positive constant ¢
such that

RS -
/g;W — ’u‘q ‘ ‘—r(x +|u|q ‘x‘—r C (’|MHW2px)+Hu||W2px))

Since X — W2P()(Q), whence there exists a positive constant ¢ such that

- + -
ol + Nl < (1 + N,

w2.p(x) W2.p)

we see that there exists & = ¢7 - ¢ such that fQ ‘”‘ a’x < c(||u||q + [|u]|Z ). O
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Lemma 2.16 ( [8]). Let p,q be measurable functions such that p € L*(Q) and 1 < p(x)q(x) <
oo, for a.e. x € Q. Let u € L% (Q) such that u # 0. Then

. - + . - +
min o 10} < P gy < max {2l -

We rely on the following critical point theorems to find generalized solutions.

Theorem 2.1 ( [6]). Assume that X is a reflexive Banach space and the functional I : X — R is
(i) coercive on X;

(ii) (sequentially) weakly lower semicontinuous on X .

Then I is bounded from below on X and attains its infimum in X.

Theorem 2.2 ( [3]). Let X be a real Banach space, and let ®,¥ : X — R be two continuous
Gateaux differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0.
Fix r > 0 such that supg )<, ¥ (u) < +oo and assume that, for each

r
Ae o,
( SUPp () <r lP(u) >

the functional ® — A satisfies the Palais-Smale condition and it is unbounded from below.
Then, for each A € (0 W ), the functional ® — A admits at least two distinct critical

’ SUPG (1) <r

points.

Theorem 2.3 ( [4]). Let X be a real Banach space, and let @,V : X — R be two continuous
Gateaux differentiable functionals such that infy ® = ®(0) = W¥(0) = 0. Assume that there exist
reRandi e X with 0 < ®(it) < r such that

1 W (i
L sup Wiy < 20
" ®u)<r CI)(M)
and for each A € <$Eg, Supq)(u; r‘I’(u))’ the functional I, = ® — AWV satisfies the Palais-Smale

. .. (i) r -
condition and it is unbounded from below. Then, for each A € (‘P(ﬁ)’ Sup¢,<”)§r‘l’(u))’ the func

tional Iy, admits at least two non-zero critical points uy, 1,uy, » such that I (uy 1) <0 <1Ij (uy »).

3. MAIN RESULTS

Three theorems on the existence of at least one or least one two nontrivial generalized so-
lutions to equation (1.1) are obtained in this section. For k > 0, and r(x) € C+(Q), we use the
following notations kX = max{k" ,k""} and K = min{k" , k" }. Condition (f;) implies that

there exists a constant C; > 0 such that
IF(x,u)| < C(My(x)|u| + Ma|ul*™), a.e. (x,u) € QxR. (3.1)

Theorem 3.1. Let (f}) hold. Then (1.1) has at least one generalized solution when A > 0.
Firstly, we prove that [ (1) = ®(u) — A¥(u) is coercive on X for any A > 0. For |ju||, > 1,
by the compact embedding X — L*()(Q), 1 < s(x) < pj(x), the Holder’s inequality, and (3.1),
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we have

D(u) — A¥(u)
_ 1 x a(x) b(x) |ul" () u] 1)
VA L o R e ot

—X/qu

> —/IC/M Ma|u|’d
> ootalllE —AC) | (M| + Mo fufd

mj
> a
ap™

uall? —1C1(2csHM1H ) HuHaJercsHuHs)

_S

where ¢, is the embedding constant of the embedding X < LW (Q). Thus 1 < st < ap™ leads
to the coercivity of ®(u) — A¥(u).

Secondly, we prove that W(u) is weakly semicontinuous. If u, — u in X, then u,, — u in
L5 (Q) due to Lemma 2.4. Hence, by the mean value theorem, the Holder’s inequality, and
Lemma 2.16, one sees that there exists vg € X such that

W () =¥ (u)] < /Q ot — 1| (M (x) + Ma|vo )" dx

< 2 — ) Mo +2M = 1]l [vo "~ s

s()—1 s()—1

- +
< 2t =l M| sor 262 atn = el s [l 1vol ol

SX*

— 0 (uy, — u).

Thus W(u) is weakly continuous. On the other hand, since J(u) is sequentially weakly lower
semicontinuous via Lemma 2.11, the continuity and the growth of .# (J(u)) allow us to deduce
that .# (J(u)) is sequentially weakly lower semicontinuous. Furthermore, we know that ®; is
sequentially weakly lower semicontinuous in Lemma 2.9. Thus I (u) = .4 (J(u)) + P (u) —
AW (u) is sequentially weakly lower semicontinuous. In view of Theorem 2.1, we see that I,
attains its infimum in X. Therefore, (1.1) has at least one generalized solutions, possibly being
trivial solution.
We now focus on the existence of nontrivial generalized solutions.

Theorem 3.2. Let (f;) hold and there exist u > max{myo(p*)*/mi(p~)* ',q*} and R > 0
such that (f2) 0 < uF (x,u) < f(x,u)u forall x € Q,|u| > R. Then (1.1) has at least two general-

1 1
ized solutions when A € (O 1 - ) where Y = max{( @ +°‘) ap— (mlllfro‘) apt )

P 26,10 MLl g HCIMaCSYS
s(x)—1
and c; is the embedding constant of the embedding X < L) (Q).

Proof. In view of

h q(x)
o) =t [ [ i iy [ S g ¢ [ PO el
Q 04

p(X) a p(x) o hlx*" (x) |0
my

>WH ullg”
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one has that ® is bounded from below. Let {u,} C X such that {I)(u,)} is bounded, and
I; (u,) — 0 as n — 4-o0, i.e., there exists a constant L > 0 independent from n such that |7 (u, )| <
L. For n large enough, one has

15, (un)uan] < 113, () [0 < Nt (3.2)

If |u,| > R, in view of condition (f>) with g > max{mya(p*)*/m(p7)* ',q*} > ap™ >
pT > h, one has

K, (”n) _I/ll (un)
:/,L///</Qm|Aun|p dx+/ ]un|p dx)

h
—Hi/ A ‘|2’;| dx+u ) |un| ™ )|un| dx — 7L,u/ (x,u,)d

Q q(x)xrx
! a(x)
— - p(x) px plx ol
M(/Qp(x)|Aun| dx+ o p(x )|I/ln| dx /|Aun| dx+/ X) |it] dx)
h q(x)
_/ b(x)|2'f2n| dx—/ Mdﬁﬂt/f(x,un)undx
Q |.X'| Q |x|rx
umy o ol / ol
> (500~ yet) < (fyJawldrs | alnar)”

(3.3)
If ||uy||o < 1, then {u,} is bounded. If ||uy||, > 1, combining (3.2) with (3.3), we obtain

Hmy my -
WL+ utal| > 1l () — I} (1)1t > (a(p+)a - <p)a1)|lun|!2“’ ,

which implies that {u, } is bounded. Thus there exists u € X such that, passing to a subsequence

and still denoted by {u,}, it converges weakly to « in X and converges strongly to u in LS®) (Q).
Moreover,

et =) x| < [ 1) —

< / (M;(x) +M2\un]s(x)_1)|un —u|dx

< 2IMl o flen = ully () + 22t — 1] o 20| s

71 s(x)—1

-_ +_
SQHMn—MH M| ECH + 282l — 1y ([l e 15"+ ot 15

—0 asn— oo,
which yields
lim [ f(x,u,)(up—u)dx=0. (3.4)

m—o Q)

Since {u, } converges weakly to u in X, we obtain

I () (un — u) = D () (un — u) — AY () (un — u) — 0.
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Furthermore, by (3.4), we have @' (u,)(u, —u) — 0, that is,

& (16) (11 — 1) = M(J (1)) /Q At P2 Aty A1t — )l + / )t [P 21t (1 — ) )

N (Il“d+ Iulq dx 0
A ]xIZh uvdx | ——————uvdx ,

x|t
Now, we prove that

x)|ult2
<I>’11(u)(v)=/ %uvdx

Q
and

c(x)|ule®)—2
@) = [

| x|r X
are completely continuous. In fact, by u, — u in X, the compact embedding X s [ )(Q),

it follows that 1, — u in LY(Q) and |u,|9™ 2w, — |u|?®~2y in LT For all v € X, by
Holder’s inequality and Lemma 2.15, there exists a constant ¢ such that

q(x q(x)=2
R R R

e e[

b
a0

S/ [l |20, — ]2 e (x)
Q

< Ml flol a9 200 — ] 2]y |
2

1%
e

< el 20| 200 — |2 702 0
q(x)—

. + & s
< e((IVIg+IMIE ) + g +1vlig ) o).

Thus @), is completely continuous. Similarly, we can obtain &/, is completely continuous.
Then @, (u,) — P, (u) and D, (up) (un) — P, (u )( ). It follows that

[P (1) (1) = P () (1) < [P (1) (1) = P (1) () + [ (1) (1) — Py (1) ()]

and

| @5 () (1) — P (tn) ()| < | () () — P (1) ()] + [| P (1) — P (1) || 4] ]
Hence,

q(x)—2
/ Mun(un—u)dx% 0 asn— co.
Q

709
L. b(x)|“n|h72
Similarly, [ Tun(un —u)dx — 0 as n — . Thus
lgn M(J (uy) / | Att [P~ At A(u dx+/ )t |P 20 (1, — u)dx) = 0.
n—oo

If

) = [ sl ar [ S8 ar 0 asm e
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then
/|Aun|1’ dx-l—/ X)[unPDdx = 0 asn — oo,

Hence, ||uy|, — 0 as n — o by Lemma 2.1. If
Ho) = [~ A dx+/ \unyp dx =19 >0,
a p(x)

then M(J(uy,)) > %M (to) > O for n large enough. It follows that

n—oo

lim ( / | Att [P 72 Aty A (ut — u dx+/ ) |1t [P 24y, (1, — u)dx) = 0,

that is, limy,—e0J’ (1) (4, — u) = 0. Thus u, — u since J' is of (S;)-type by Lemma 2.10. It
follows that /), satisfies the Palais-Smale condition.

Next, we prove I, is unbounded from below. Since 0 < uF(x,u) < f(x,u)u for all x €
Q, |u| > R, one sees that there exist two constants &, 3 > 0 such that F(¢,u) > &|u|* — B for all
u € R\ {0}. Thus, for m > 1 and fixed & € X \ {0}, we find that

- N b(x)|mii|" mii|4%)

I (mi) = A (J(mi)) + Q%d}(—{—/ﬂ 6(1()||x|| —l/ x, mii)d
my mP s (e m Kh b|e
<20 () a9 )+ " TP g

p Q
= gy ) aont [ v+ 2Bl
+ h
my  mP m'x HbHoo
< A pr Py
< 2y aly +aly e+ I
c||c||oom

(allg” +lallg ) — MM"/QIL?!“derlB\Q\,

where |Q| is the Lebesgue measure of Q. which leads to I (mii) — —oo(m — +o0) since pu >
% > opt > pT >h,and u > ¢q*. Thus I; is unbounded from below. For every u €
&~ !((—o0,1]), one has ®(u) < 1 and

a Lo 1
lulla < max{(m—lfa)“"’ (—=ptH)w =1,

mi
SO
sup  W(u) <Cp sup [ (Mi|u|+M;|ul’)dx
ued=1((—oo,1) [lulla<v0
<Crosup (26|l o Nulla+Macg|lulg)
llulla<7o se)-1

<2CsC1}’0HM1H x) + 1Moy,

where c; is the embedding constant of the embeddmg X — 5@ )(Q). Therefore, the hypotheses
of Theorem 2.2 are verified. Thus there are two nontrivial critical points for I) (u), that is, (1.1)
has at least two distinct generalized solutions, possibly one being trivial solution.
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In the next part, we focus on the existence of two nontrivial generalized solutions. Putting

O(x) =sup{6 >0:B(x,8) CQ}

for all x € Q, we can demonstrate that there exists xo € Q such that B(xg,d) C Q, where d =

SUP.eq 8(x).

Theorem 3.3. Let (f;) and (f>) hold and F(x,&) > 0 for all (x,&) € B(xg,d) x [0,6]. In

addition, assume that there are Cg and 7y with

yor- pr

mp .
Cs < Umm{er—a, er—a},
where Cj is defined in the following proof such that

A = )1 < 0 =M.
1 Yp C6 2

26t M o +CMPTEN essinfy, o F(x,8)|B(xo0,9)]

Thus (1.1) has at least two nontrivial generalized solutions provided A € A = (%2, %})
Proof. It is obvious that infy & = ®(0) = ¥(0) = 0. Let

0 x € Q\ B(xo,d),
i(x) = %(d— |x —x0|) x € B(xo,d) \ B(xo, %),
o

X e B(X(), %)

Direct calculation shows that

say - {0 x € Q\ B(xo,d) UB(x0, ),
TABUN e Blr,d) \Blxo,4).

which implies Adi(x) < 45(2[{1). Thus
46(N —

[Ad(x) || ) < maX{(T

(3.5)

(3.6)

(3.7)
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Since the norm |[ul|, is equivalent to the norm ||Aul| (), one see that there exists a constant C
such that [|it||, < C||Al| (). By (3.5), Lemma 2.1, Lemma 2.13, and Lemma 2.15, one has

0@ < 2 ([ (877 +a(wlar )+ pel=alt L= apg 1 jayg )
< afzaumu{:wmnz)“ = Al g+ g
< (P g+ P ) + %Hmm
+ Al i + o0 aaly,)
< a’Zza(CﬁMf—kC”M”)a+%1ﬂh+c”c”w(€q M ct M)
=y < Mmin( L7 T

(3.8)

+
Let r = 7 min{ Yaw : fa }. Then 0 < &(i) < r. For every u € ®~1((—oo,r]), one has ®(u) < r
and

ro L L
lulla < max{(C=p )=, (Copt )Ty = .
Combining with , we obtain
sup  W(u) <Cy sup [ (Mi|u|+M;|ul’dx)
ued=1((—o0,r]) ulla<y €2
<Cp sup (2Cs||M1|| ||u||a+Mzcs||u|| ) (3.9)

llulla<y st)-1
<2¢,CrY|IMy|| s +C1M2(Cs?’)s»
(x)—1

s()-T

where c; is the embedding constant of the embedding X — Ls(x)(Q). In view of (3.6), (3.7),
(3.8), and (3.9), one has

2 sC M ¥ C M o K
SUP et (o)) Bl)  2SCTIMI o+ CMa(cy7)

< s(x)—1
’ = 7
p+

essinfB(xo’%)F(xﬁ)!B(Xoa%)‘ Y (i)

< < .

Cs ~ ®(a)

Therefore, the hypotheses of Theorem 2.3 are all verified. Thus, there are two nontrivial critical
points for the functional I, (u), that is, the equation (1.1) has at least two nontrivial generalized
solutions when A € A.
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