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Abstract. This paper focuses on the investigation of regularity conditions by virtue of the image space
analysis, based on nonconvex separation. We consider a scalar constrained optimization problem and em-
ploy the Gerstewitz separation function, which is well known from scalarization of vector optimization
problems to present and investigate a collection of nonlinear weak separation functions in connection
with methods of image space analysis. With the separation theorems associated with the Gerstewitz
function, some image regularity conditions which guarantee the existence of a weak separation function,
conducting a regular separation, are studied. In addition, a Lagrange type function and a penalty func-
tion are constructed, while the existence of saddle points and exact penalty functions are established by
means of the image regularity conditions.

Keywords. Exact penalty function; Gerstewitz function; Image space analysis; Nonlinear separation
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1. INTRODUCTION

Optimality conditions constitute a fundamental topic in both the theoretical and algorithmic
aspects of optimization. Good optimality conditions, which contain adequate problem informa-
tion and are computationally tractable, are typically required to fulfill certain types of structures.
In general sense, the assumptions under which optimality conditions are guaranteed to satisfy
such requirements are called regularity conditions or constraint qualifications, the difference in
the terminology depending on whether the assumption involves the objective function or not.
The best known example, originated in [1-3], are the assumptions which ensure a nonzero mul-
tiplier for the objective function under Fritz-John optimality conditions so that one can achieve
the Karush-Kuhn-Tucker ones. Numerous regularity conditions and constraint qualifications
were proposed and studied in the literature. For different circumstances, a suitable choice of
these conditions enables a more straightforward proof and establishment of the corresponding
optimality. That is why the various kinds of regularity conditions and constraint qualifications
are of great significance and practical utility.
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The unifying scheme of image space analysis, initiated by Castellani and Giannessi in [4]
and Giannessi in [5, 6], has been proven to be a very powerful method to handle constrained
optimization problems; see, e.g., [7-12]. The emergence and development of this theory pro-
vide an approach to unify various regularity conditions and constraint qualifications, studying
them and building new ones in a more systemic way. In the image space analysis, the optimal-
ity is transformed to the impossibility of a parametric system, and subsequently expressed as
the disjointness between two suitable sets .# and ¢ in the image space associated with the
constrained optimization, where %" is determined by the images of the functions relevant to
the problem, while .7# depends only on the basic structure of the optimization model. With a
similar idea, the regularity condition can also be presented as a regular disjointness of % and
. Since the set . contains the information of the objective function, the conditions obtained
through image space analysis are usually called image regularity conditions.

The techniques of investigating regularity conditions through image space analysis go back
to some early work, such as [13—15]. These ideas were further employed in [16—19], where the
image regularity condition is characterized as

cl cone conv (# —cl)N .7, =0, (1.1)

where .77, is the projection of .77 on the image space of the objective function. [20,21] inves-
tigated another image regularity condition formulated by the notion of quasi-interiors, which
were proved to be equivalent to (1.1) in [22] under some appropriate assumptions. In general,
verifying a geometric disjointness directly is impracticable. Therefore, separation functions are
needed to conduct this geometric feature in a more analytical way. Although the optimality of
the constrained problem can be characterized by the empty intersection between %~ and .77,
a stronger disjointness, which can be understood as regular disjointness, is required to guaran-
tee the existence of a separation function. The reason for considering the closure of a convex
conical hull in (1.1) is that linear separation is used.

The existence of a separation function not only provides a handy form for the image regular-
ity, but also is an indispensable connection between regularity and many other related topics,
like saddle point, duality theory, and penalization; see [16—19,23]. However, condition (1.1)
may not be fulfilled in the general case of constrained nonconvex optimization, for which the
idea of nonlinear separation can be an effective way to overcome this problem. Various nonlin-
ear separation functions in the sense of image space analysis are proposed by several authors,
such as [24-26], where the construction is based on the Hiriart-Urruty oriented distance func-
tion ( [27]), while [28-30] are based on the Gerstewitz function. The investigation of image
regularity condition via a nonlinear separation function was also been considered in some lit-
erature; see, e.g., [18,31, 32]. However, some special structures need to be imposed to the
constrained problem to ensure the existence of a nonlinear separation function (like [31]), or
the basic tool employed is still classical convex separation theorem, and therefore some proper-
ties of the separation function w : R” x (R x R"7) — R, like

Jo>0s.t wv,A) <od,v) forallye R" and A € R} x R™P

in [18,32], are required to transform the existence of a linear separation function to the existence
of a nonlinear one.

The motivation of this paper is to eliminate these special requirements and establish some im-
age regularity conditions for general scalar constrained optimization problems, based directly
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on results from nonlinear separation. The essential tools applied here are the Gerstewitz func-
tion and a separation theorem associated with it, which date back to the work in [33,34]. Ger-
stewitz function was introduced as a nonlinear separation tool for not necessarily convex sets,
providing the vital foundation for the achievement of numerous theories for nonconvex prob-
lems. This function has abundant properties and can be formulated from different perspectives,
which were studied in detail in [34-38], and then, together with the corresponding separation
theorem, extended further to more general situations; see [39—41]. In addition to its relevance
to many other important topics, such as operator theory, mathematical finance and abstract con-
vex analysis ( [42—45]), Gerstewitz function is also well known for its tremendous performance
in scalarization techniques, developing risk measures, and unifying approaches in optimization
under uncertainty. It provides a uniform idea for various kinds of scalarization techniques that
are frequently used in vector optimization and relevant problems. The relationships among this
function and its dual minimax reformulation, as well as the oriented distance function, which
are all widely used types of scalarization, are investigated in [46—48].

The paper is organized as follows. In Section 2, some preliminaries are recalled, particularly
the definition and properties of the Gerstewitz function, as well as the concept of separation
functions in image space analysis. In Section 3, we propose a collection of nonlinear weak sep-
aration functions via the Gerstewitz function. In Section 4, based on the nonconvex separation
theorems given by the Gerstewitz function, some image regularity conditions are considered
to ensure the existence of a regular separation. Moreover, saddle points and exact penalty
functions for a constrained optimization problem formulated using a Lagrange type function
involving nonlinear separation functions are investigated. In Section 5, the last section, some
conclusions are given.

2. PRELIMINARIES

Let X and Z be real Banach spaces equipped with the norms || - ||x and || - ||z, while Kx, and
K7 are closed, convex, and pointed cones with nonempty interior, which induce the partial order
in X and Z, respectively, in the following way:

X1 =Ky X2 = x1 € x + Kx, Il mK, 2 =7 €+ Kz

For a subset A C X, the topological interior, boundary, and closure of A are denoted by intA,
bdA and cl A respectively, while the convex hull and the cone hull of A are denoted by conv A
and cone A, respectively. Denote the closed ball with the center x and the radius € by B(x, €).
We denote the set of all nonnegative real numbers by R and the set of all positive real numbers
by R, .. For a function f: X — R :=RU {4}, the level set of f w.r.t. the level € R is
defined by

levg, fi={xeX: f(x) Rt}

where Re{<, <, =,>,>}.

The essential tool of this paper is the Gerstewitz function and the separation theorem associ-
ated with it; see, e.g., [33,35]). There are various types of generalization of such theories. The
one employed here is the following version, in which the topological structure is involved.
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Definition 2.1. ( [40]) Let A be a proper subset of X and e € intKx such that, for all o > 0,
clA — ae C intA, the Gerstewitz function §A7e : X — R be defined as,

VxeX: &p.(x):=inf{A eR:xele+A}. (2.1)

In this case, the following properties are fulfilled by the Gerstewitz function (see [40, Theo-
rem 4.6.6, Proposition 4.6.13]).

Proposition 2.1. Let A be a proper subset of X and e € intKx with
VYa >0: clA—aeCintA, (2.2)

and Ep ¢ 1 X — R be defined as above. Then,
(1) clA = cl intA.
(ii) intA = U (A — ae).
a>0
(iii) &a . is continuous.
(iv) Vt € R:lev<;Ep o =clA+te, leve, &y o = intA +te, lev—; &4 . = bAA +te.
(V) Eae=Cclae
(vi) If, in addition, e € —int0" A, then §A7e is finite-valued, where 0T A is the recession cone
of the set A, defined by 0YA:={k € X : A+tkC A forallt > 0}.
(vii) For any set BCX with clA — BCclA, éA,e is B-monotone, i.e., for any x1,x» € X, xp —

X1 €B= 8y e(x1) < &4 e(x2).
(viii) Foranyx € X and A € R, 4 o(x+Ae) = &4 o(x) +A.
(ix) &a e is positively homogeneous if and only if clA is a cone.

The corresponding separation theorem is given below (see [40, Theorem 4.11.4]).

Theorem 2.1. Letting A be a proper subset of X and e € intKy withVA > 0: clA — AeCintA,
and §A7e ‘X > R be defined as above. Then, for each set D C X,

(i) itAND=0<=Vd €D :&,,.(d) > 0.
(i) clANintD =0 <= Vd € intD : &4 .(d) > 0.
(iii) intAND =0 = clANintD = 0.
(vi) If D C clintD, then: intAND =0 <= clANintD = 0.
We consider a general constrained optimization problem
min{f(x): x € Z}, (P)
where f: X - R, g: X - Z, and Z:={xe€X: g(x) =k, 0z}.
In the following, we introduce the main notions of image space analysis; see [5, 6,49] and
the references therein. For an arbitrary ¥ € X, define the sets
H o ={(u,v) eERXZ:u=f(x)— f(x), v=g(x), x € X}, (2.3)
A ={(u,v) ERXZ:u>0,veKz}.
R x Z is the image space associated with (P) and ¢ is called the image of (P), while 7 U
{Orxz} is a convex cone that depends only on the ordering structures involved in (P). For any

X € %, the optimality of X concerning (P) can be characterized by the disjointness between %
and 7. We also recall the conical extension of the image of %, defined by

& =K —clAH. (2.4)
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Since ¢l + 7 CH, # N =0 is equivalent to & N = 0, or to & N 7, = 0, where
S ={(u,v) eERxZ:u>0,v=_0g,}.

The advantage of such an extension is that & not only preserves the optimality structure, but
also enjoys better properties than the set .#". For instance, & fulfills a crucial property, for
constructing the Gerstewitz type function, that, for any e € int.Z (see Section 4 for the proof)
cl& —e Cintcl &, while it does not need to be fulfilled for %" in place of &

To conduct the disjointness between two sets in the image space, separation functions are
needed as a crucial tool.

Definition 2.2. The class of functions wy : R x Z — R, denoted by Wy, is called a class of weak

separation functions if, for all wy € Wy, € Clevsowz and [\ levsow;CJ%, while, it is
W;TEW]'[
called a class of regular weak separation functions if

() levsows =2, (2.5)
wreEWnR

where 7 € Il is the parameter.

Definition 2.3. The sets .#” and .77 are said to admit a separation by some wy € Wyy if

V(u,v) € Z : wr(u,v) <0 and V(u,v) € H#: wg(u,v) > 0. (2.6)
The separation is said to be regular if

V(u,v) €  : wr(u,v) <0 and V(u,v) € H: wr(u,v)>0. (2.7)

It can be deduced from (2.5) that if Wyg is a collection of regular weak separation functions,
then the separation conducted by any w; € Wiy is a regular separation.

3. NONLINEAR WEAK SEPARATION FUNCTION

Gerstewitz function offers a powerful tool to construct nonlinear separation functions, see
for instance [28-30], for which the element e € intKx is often regarded as a key parameter.
The abundant features of these nonlinear separation functions come not only from the useful
properties enjoyed by the Gerstewitz function, but also from its good behavior with respect to
the variation of the parameter e (like stability, see [30,50]).

In this section, we propose another way to construct nonlinear separation functions based on
the Gerstewitz function, in which the shifted set A in (2.1) is also considered as parameter in
the formulation of the functional §A7e. Define the set

o :={ACRxZ: (i) Ais properand closed,
(ii) A—intZCintA,
(iii) intAN . = 0}.
Remark 3.1. (1) Since 77 =R X Kz, intKz # 0 implies intZ = R X intKz # 0.
(i1) Since 7 is convex with int.7Z # 0, we have cl int.7Z” = cl 7. Together with the fact
that A is closed, A — cl #ZCA follows from A — int 77 C intA.

(iii) intA N7 = 0 indicates that (R x Z) \ intA is a closed set containing .7°. Therefore,
intANcls? = 0.
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With the help of o7, we are able to give the following collection of nonlinear functionals:
tn={Er: RxZ—>R: ntell}, (3.1)
where
M={r=(A,a,ez):Ac 00 e R, ez €intKz}
and
V(u,v) ERXZ: Ex(u,v) :=Eaq.e,(u,v) =inf{A € R: (u,v) € A(a,ez) +A}. (3.2)

To prove that #1 is a class of weak separation functions, we give the following lemma.

Lemma 3.1. Consider Ao := (R X Z) \ int 5, then Ay € </ and Ay is the upper bound of <,
that is A C Ag forall A € .

Proof. First, int.7Z” # @ provides that A is proper and closed. We claim that Ao — int 3¢ C Ay,
1.e.,
(RxZ)\int 7 —int 7 C (RxZ)\int 7.
Otherwise, there exist (u,v) € (R x Z) \int.sZ and (g;,q2) € ints# such that (u,v) — (q1,92) €
ints#. Then, (u,v) € int +int# = int s, contradicting (u,v) € (R x Z) \ int.s#. Thus,
Ap —int7Z is an open set contained in Ao, which shows Ay — int.7Z” C intAy.
On the other hand, since Ay is closed and 7 is convex with nonempty interior, we obtain
Ao =clAg =intAgUbd((R x Z) \ int5#") = intAp LIbd(int.77),
where LI denotes the disjoint union. Therefore,
intAgN .27 CintAgNclint # =intAgN (intZ Ubd int 22°) = 0.
Thus Ay € o7. For any A € 7, it holds that A —int.7# C intA and intA N .77 = 0 taking into
account the definition of .7. This ensures
intA C (RxZ)\ o C (RxZ)\ints? = Ap.

Applying Proposition 2.1 (i) for set A and taking into account the fact that A is closed, we
obtain A = cl int ACAy. Ol
Using Lemma 3.1, we are able to present the weak separation characteristic of #17.

Proposition 3.1. The collection #11 defined in (3.1) is a class of weak separation functions,

lLe.,
Vrell: #Clevsoér, (3.3)
and
() levo0 & S (3.4)
mell

Proof. For every w = (A, o, ez) € I1, we have, for all t > 0, A —t(ct,ez) C A —int#CintA
such that the assumption (2.2) in Proposition 2.1 is fulfilled. Then, taking into account the
definition of &4 ¢, in (3.2) and Proposition 2.1 (iv), we see that &4 ¢ ¢, (1, v) < 0 if and only if
(u,v) € intA. Therefore, it follows from intA N ¢ = @ that, for all (u,v) € I, 4 0, (u,v) = 0.
This means that (3.3) holds. Picking arbitrary o > 0 and ez € intKz, together with Ag = (R x
Z) \ints#, we have my = (Ao, a,ez) € IT due to Lemma 3.1. Hence, («,v) € Nzerlevsoéx
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implies &z, (u,v) = Eay.ae, (1, v) > 0. Applying Proposition 2.1 (iv), we conclude (u,v) ¢ Ay,
meaning that (u,v) € int.Z7C.7 such that we get (3.4). O

The infimum of the collection of functions #1, with respect to the parameter 7« € I, is
calculated below.

Proposition 3.2. For the collection #11, one has
inf Ex(u,v) = { 0 if (u) €clt,
mell

—oo otherwise.
Proof. Suppose (i,V) € cl 7. As a result of Proposition 3.1, we obtain, for all £ € IT and
(u,v) € A, Ex(u,v) > 0. Then, taking into account Proposition 2.1 (iii) and (i, V) € cl 7, see
that, for all @ € I, &z (i1, v) > 0. For any w = (A, o, ez) € II, setting m, = (A, ko, kez), then
m;. € I for every k € N and

1 _
gﬂk(”_taﬁ) - §A7ka7kez(ﬁa‘7) = zéA,a,eZ(’Z’ V) — 0

as k — oo, Thus infrer Ex (i1, V) = 0 in this case.

For the case that (iZ,v) ¢ cl 7, considering Ag = (R x Z) \ int. 77 € o/, we have (i1,V) €
intAp. Fix some a > 0 and ez € intKz. According to Proposition 2.1 (iv), one has &x, o ., (i1, V) <
0, which leads to

éAO?%a?%eZ (I/_t’ ‘7> = kng,“,ez(ﬁ, ‘_/) — _007

as k — +oo. Thus infrery Ex (i, V) = —oo when (i, V) ¢ cl 2. O

The above proposition gives a way to detect elements of cl.7# using the functional (3.2). This
kind of property, which is critical in the investigation of other problems related to constrained
optimization, has also been studied in works like [51,52] and [30,53]. In our paper, it will be
used to establish the existence of saddle points in Section 4.

4. IMAGE REGULARITY CONDITIONS

In the proof of Proposition 3.1, we have demonstrated that

ﬂ lev-o & Cint S CH

nell
for functionals &; (see (3.2)) belonging to the collection of nonlinear functions #41. This shows
that 717 is only a class of weak separation functions, not a regular one. However, it is still
possible that there exist an element in %1y that performs a regular separation between %" and
. In [54], Giannessi proposed a characterization of a regular separation based on the zero
level set. (In (4.1), we give a formulation of regular separation w.r.t. the general weak separation
functions belonging to a class Wi1. 17 is the notation of the specific class of separation function
when using &z ; see (3.1)). For any class of weak separation functions Wy such that

V(u,v) € A, Vo €11 wr(u,v) > wr(u,0z), 4.1)
the separation conducted by some wz € Wrp, i.e., (see (2.6))
V(u,v)e # 1 wg(u,v) <0 and V(u,v)eH: wz(u,v)>0 4.2)

is regular if and only if
lev_owz NI, = 0. (4.3)
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Of interest is the question under which assumptions on the sets %" and .7#’, which can be
regarded as image regularity, the existence of parameters 7 € I1 satisfying conditions (4.2) and
(4.3) can be guaranteed.

This problem has been studied in the literature like in [16, 18], where linear functionals are
used as the main separation tool. Even though some special nonlinear functions are considered,
the basic tools applied in these references are classical convex separation results, and therefore
the image regularity condition proposed there is cl cone conv & N .77, = 0, in which the convex
structure is indispensable.

In this section, we mainly consider two types of image regularity conditions that do not
require a convex structure, namely

cl&nNst, =0 (IRC1)
and
cl cone &N, = 0. (IRC2)

(IRC2) is studied in [31] for a scalar constrained optimization problem in the finite dimen-
sional case, while some local versions of (IRC2) with respect to multiobjective optimization
problems are considered in [19, 22].

Note that although cone & N H, = 0 is not actually different from & N H, = 0, since 7 is a
cone, cl& N H, = 0 is strictly weaker than cl cone& N H, = (. We give the following example
to illustrate this fact.

Example 4.1. In (P),let X =Z =R, Kx = Kz =R, and let f(x) = x,

—1 if x <0,
g(x) = x—1 ifx>0

for all x € R. Then, /%, = {(u,v) € R? : u > 0,v = 0}. It is not hard to observe that ¥ = 1 € Z
is a minimum point of (P), while the corresponding sets associated with x are

%:{(M,V) ERZ Tu> 1’V: —1}U{(M,V) ERZ:M< l,v: _M}a

and
E={(uv)eR*:u>1,v< -1}U{(u,v) eER*:u < 1,v < —u}.
Then,
cone & = {(u,v) ER?:u>0,v <0} U{(,v) €ER*:u <0,v < —u},
and

clcone & = {(u,v) eR?:u>0,vy <0} U{(u,v) €ER*:u<0,v < —u}.
Therefore, 7, = {(u,v) € R?:u > 0,v =0} C cl cone &, butcl& N, = 0.

When the class of weak separation functions is specified as the one given in (3.1), due to
Proposition 2.1 (vii) and Remark 3.1, (4.1) is satisfied. The characterization of regular separa-
tion given by (4.2) and (4.3) via the nonlinear functional (3.2) with & = (A, o, ez) becomes

Y(u,v) € X : En(u,v) = Ep e, (u,v) <0 (4.4)
and

lev_o&r NI, =lev_o8a a.e, N =0, (4.5)
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which, by Proposition 2.1 (iv), is equivalent to .#"CA and bd A N .7, = 0. Therefore, we can
obtain the following result immediately.
Proposition 4.1. If (IRC1) holds, then there exists some T = (A, &, éz) € Il such that (4.4) and
(4.5) are fulfilled by &z 4 ;,-
Proof. If c1& N7, = 0, then cl& is a proper closed subset of R x Z with intcl &N 77 = 0.
Moreover,
cl& —int. 2 Ccl(& —int ) Ccl &,

which implies cl& —int. 7 Cint cl & since cl& —int.7Z is an open set. Therefore, cl& € 7.
Picking some & > 0, &z € intKz, and letting A = cl&, one has @La’éz € #1, while (4.4) and
(4.5) associated with &4 5 ., follow from Proposition 2.1. O

Since (IRC2) implies (IRC1), 5/;7@7 z, that satisfies (4.4) and (4.5) can also be guaranteed by
(IRC2).

For the case where only & N .77, = 0 holds, we first give the following lemma.

Lemmad.1. If &N, =0, thenintcl&ENE =0.

Proof. If there exists some (u,v) € intcl& N .77, then (u,v) € 7 and there exists some 6 > 0
such that (u,v) + B(Orxz,8)Cclé&. Since & —cl.ZC&, then ((u,v) +cl#)N&E = 0. Con-
sider the set ((u,v)+cl ) N ((u,v) + B(Orxz,0)), and pick some (q1,q>) € int.7Z such that
1(91,492)||rxz < 6. Then there exists (u,v) + (q1,92) € ((u,v) +clH#) N ((u,v) + B(Orxz,9)).
It follows from (u,v) + B(Orxz,0)Cclé& and ((u,v) +cl )N & = O that

((u,v) +c122) 0 ((,v) + B(Opx 2, 8))Ccl &\ &.

Choosing some 1 > 0 such that (¢1,¢2) +B(Orxz,n)Cint.#Z and ||(g1,42)||lrxz+ 1N < O, one
sees that

(,v) +(91,92) + B(Orxz, N) E((,v) + 1) N ((,v) + B(Orxz, 6)) S cl &\ £

However, (u,v) + (¢q1,92) + B(Orxz,n) C cl& \ & is not possible. O

With Lemma 4.1 and Theorem 2.1, when & N %, = 0, we can still use cl& as an element in
</ to define a €A7(_X7EZ € W separating % and 7. However, the regularity of the separation
cannot be guaranteed. This is presented in the following proposition.

Proposition 4.2. If & N, = 0 holds, then there exists some & = (A, &,éz) € Il such that, for
all (u,v) € H, &4 5.5,(u,v) <O0.

Given a class of weak separation functions Wiy and some (£, ) € X x I, the Lagrange-type
function Ly, : X < IT — R for (P) with respect to Wiy and (£, ) € X x ITis defined by

Vi) € X XTI Ly (6, w38, 7) := wz (f(£),0z) —wa(f(£) = f(x),8(x)).  (4.6)

Definition 4.1. For the Lagrange-type function given in (4.6), a pair (¥,7) € X x I1 is said to
be a Fritz John (for short, FJ) saddle point for (P) if there exists some (£,7) € X x IT such that

VxeX, Vrell: Ly, (X, 7%, &) < Ly, (%, 7; X, ) < Ly (x, T; %, &), 4.7
while it is said to be a Karush-Kuhn-Tucker (for short, KKT) saddle point for (P) if, in addition,
Yu>0: wiz(u,0z) > 0.

m m
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Some approaches for constructing the Lagrange-type function and defining the corresponding
saddle points are also studied in [19,22]. In [19], the first term of the Lagrange-type function
wz(f(%),0z) is actually equal to f(£) under the assumption therein that wy(u,0z) = u for all
7 € I1, while in [22], the Lagrange-type function is based on linear separation functions. Here,
we try to remove such an assumption on wy as in [19] and consider the nonlinear separation
functions in a more general situation.

Next, we pay attention to the relationship between the image regularity conditions (IRC1),
(IRC2) and the existence of JF and KKT saddle points for (P).

Theorem 4.1. Let the Lagrange-type function be defined as in (4.6), and Wip = {wr : R xZ — R:
m € I1} be a collection of weak separation functions such that

(a) For every m € I, wr(u,v) is continuous w.r.t. v, or cl 7 Clevsows.

(b)

inf wﬂ(u V) =
mell

0 if(u,v)€clH,
—oo otherwise.
Then, the following assertions hold.

(1) Given X € Z and the corresponding set & defined by (2.3), if there exists some 7 € I1
such that, for all (u,v) € &, wz(u,v) <0, then (%,7) is a FJ saddle point for (P).

(ii) If (x,7) is a FJ saddle point for (P) for which the element % in (4.10) is specified as %,
then X € Z and, for all (u,v) € X, wz(u,v) <0.

Proof. (i) Suppose that X € Z and, for all (u,v) € # ', wz(u,v) <0, i.e.,
VieX:  —wa(f(®) —f(x),g(x)) >0 (4.8)

for some 7 € I1. Then

VxeX: wz(f(%),02) —wz(f(X) — f(x),g(x)) > wz(f(%),02). (4.9)

Letting x = X in (4.8) gives wz(0,g(x)) < 0. Since Wy is a collection of weak separation func-
tions, wz(u,v) > 0 for all (u,v) € . Therefore, it can be deduced from X € & and condition
(a) that wz(0, g(x)) = 0. Together with (4.9), we obtain

VxeX: wa(f(%),0z) —wz(f(%) — f(x),8(x)) = wz(f(%),02) —wz(f(¥) — f(¥),8(%)),
which means, for all x € X, Ly, (¥, T;%, T) < Ly (x, T; X, T).

On the other hand, for any 7 € I1, with a similar argument as for 7, we have wz(0,g(x)) >
0 =wz(0,g(x)). It follows that

Vrell:  wz(f(%),02) —wz(f(%) — f(%),8(%)) < wz(f(x),02) —wa(f(x) — f(¥),8(%)),
namely, for all 7 € I1, Ly, (%, 7;%, T) < Ly, (%, T; %, ). Thus (%, ) is a FJ saddle point for (P)
and the proof of (i) is completed.
(ii) Assume that (¥, 7) is a FJ saddle point for (P), for which £ is specified as x. This means
that there exists some 7 € IT such that
VxeX,Vrmell: Ly, (% mx %) <Ly, (X, 7%, &) < Ly, (x,T; X, 7). (4.10)
From the first inequality Ly, (X, 7;X, &) < Ly, (%, forall # € ITin (4.10), i.e.,

7T
Vrell: wi(f(%),0z) —wz(f(X) - f(%),8(x)) <wg f( ¥),02) =wz(f(¥) = f(%),8(%)),
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we have, for all © € IT, wz(0,g(X)) > wz(0,g(%)). Then, it follows from condition (b) that
wa(0,8(%)) =0 @.11)
and X € Z. The second inequality in (4.10)
VxeX: Lwy(X,Tx &) <Ly, (x,7T; %, ),
means

VeeX: wa(f(8),0z) —wa(F(®) — £(2).8(0) < walF(8),02) —wa(f(F) — F(x),8(x)).
This together with (4.11) yields, for all x € X, wz(f (%) — f(x),g(x)) <0 and (ii) is proved. [

Theorem 4.1 presents a general formulation of the relationship between separation and FJ
saddle points. We can also consider the specific collection of weak separation functions #11
constructed in (3.1). According to Propositions 2.1 and 3.2, conditions (a) and (b) in Theorem
4.1 are fulfilled by #11, and therefore the formulation by %17 is given below.

Theorem 4.2. Let the Lagrange-type function be defined as in (4.6), and put Wiy as the collec-
tion of weak separation functions #11 defined in (3.1). Then, the following assertions hold.

(1) Given X € # and the corresponding set & defined by (2.4) . If & N7, = 0 holds, then
there exists some T = (A, 0, ez) € I such that (X, %) is a FJ saddle point for (P).

(i) If (x,71) = (%, (A, &, &z)) is a FJ saddle point for (P), for which the element % in (4.10)
is specified as %, then ¥ € % and, for all (u,v) € X', & 5 5, (u,v) <0,

Proof. (i) If x € # and & N 77, = 0, we obtain from Proposition 4.2 the existence of some
= (A,a&,éz) € I such that, for all (u,v) € X, & 5, (u,v) < 0. Then, the assertion follows
immediately from Theorem 4.1 (i).
(i1) can be obtained directly from Theorem 4.1 (ii). ]
Next, we consider the existence of a KKT saddle point for (P), for which the image regularity
conditions are required.

Theorem 4.3. Let the Lagrange-type function be defined as in (4.6), and Wip = {wz : RxX Z —
R : 7w € II} be a collection of weak separation functions satisfying conditions (a) and (b) of
Theorem 4.1. Then, one has the following assertions.

(i) Given x € # and the corresponding set & defined by (2.3) . If there exists some T € I1
such that % and 7€ admit a regular separation by wz, then (%, %) is a KKT saddle
point for (P).

(i) If (x,7) is a KKT saddle point for (P), for which the element % in (4.10) is specified as
X, then X € Z, while ¥ and 7€ admit regular separation by wz.

Proof. Note that if .7 and .7 admit a regular separation by wz, that is, for all (u,v) € %,
wz(u,v) <0and wg(u,v) > 0, then, for all u > 0, wz(u,07) > 0, provided .77, C.7. Therefore,
the assertions can be verified by similar arguments as in the proof of Theorem 4.1. U

If the collection #17 is employed, applying Proposition 4.1, we can demonstrate that the
existence of a KKT saddle point can be guaranteed by the image regularity conditions, which is
presented in the following result.

Theorem 4.4. Let the Lagrange-type function be defined as in (4.6), and put Wiy as the collec-
tion of weak separation functions #11 defined in (3.1). Then, the following assertions hold.
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(1) Given X € #Z and the corresponding set & defined by (2.4) . If (IRC1) or (IRC2) hold,
then there exists some & = (A, &, éz) € Il such that (X, ) is a KKT saddle point for (P).

(i) If (x,7) = (%, (A, &,e&z)) is a KKT saddle point for (P), for which the element % in (4.10)
is specified as X, then X € % and (IRC1) hold.

Proof. (i) Since (IRC2) implies (IRC1), we only need to prove the scenario that x € % and
(IRC1) are satisfied. Note that condition (4.5) is equivalent to, &4 o ., (u,07) > 0 for all u > 0
by Proposition 2.1 (vii). Then, Remark 3.1 (ii) leads to, for all (u,v) € €, &p g, (u,v) > 0.
Thus the existence of a KKT saddle point follows from Proposition 4.1 and Theorem 4.3 (i).
(ii) Suppose that (¥,7) = (¥, (A, &,éz)) is a KKT saddle point for (P), for which the element
% is specified as ¥. In view of Theorem 4.3 (ii), we deduce that X € % and &y 4 ,, (u,v) < 0 and
ﬁ/;’a’ z,(#,v) > 0. In the light of Proposition 2.1 (iii), (vii), and Remark 3.1 (ii), this indicates

V(u,v) €cl&: &4 45, (u,v) <0, and Y(u,v) € 72 Ef 4, (u,v) >0,

which shows c1& N7 = 0. O
Subsequently, by means of the collection of weak separation functions #1j, we try to con-
struct a penalty function for problem (P) and discuss the existence of an exact penalty function
for (P) based on the image regularity condition (IRC2).
The relationship between (IRC2) and the exact penalty function for (P) were considered
in [31] and [19], under some special assumptions on the structure of constrained optimization
problem (P). For example, the model studied in [31] is

min{f(x): x €S, g(x) =k, 0z},

where SCR", Z=R", f:R" - R, g:R"” — R" and K7 is a closed convex cone in R",
while in [19], the formulation of the penalty function as well as the assumption imposed on
the separation functions is highly dependent on the coordinate representation of the constraint
function g, and therefore, the image space of g has to be finite dimensional.

In this work, we consider the general constrained scalar optimization problem (P). For this
problem, the penalty function is introduced in the next definition.

Definition 4.2. The penalty function LPWH : X x IT — R with respect to #17 is given by

V(x,m) = (x,(A,0t,ez)) € IT: LI;/H(x, (A, 0t ez)) == f(x) —min{é4 o, (0,8(x)),0}. (4.12)

For the parameter set [1 = {7 = (A,a,ez) : A € &/,a € Ry, ,ez € intKz}, we define a
binary relation, called the penalty order and denoted by =<p, in the sense that for arbitrary
= (Abalae%)? T = <A27a27e%) € H,

7y <p My if and only if A;CAy, 01 > 062,6% K, e%.
Lemma 4.2. For arbitrary m; = (Ay, (xl,eé) and m, = (As, Otz,e%) eIl if m;; <p m, then
V(u,v) ERXZ: min{&z, (u,v),0} > min{ &z, (u,v),0}.

Proof. Suppose that 7; <p mp and (u,v) is arbitrary in R x Z, then A CAj, 01 > a0, e% > K, e%.
We divide it into three cases.
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Case 1: If (u,v) € Ay, then (u,v) € Ay as well. By Proposition 2.1 (iv), we obtain &z (u,v) <0
and &, (u,v) < 0. Then,

(u,v) € En(u,v)(ag,el) +A
C &y (u,v)(00,€7) + &, (1,v) (00, €7) — (2, €3)) +As
C & (u,v)(an,e5) +Ar —cl A
C & (u,v) (0, e2) +As.

Hence,

min{gm(”,‘})ao} = 5751 (M,V) Z éﬂz (M,V) = min{éﬂz (M,V),O}.
Case 2: If (u,v) € Ay, but (u,v) ¢ Ay, which implies &z, (u,v) > 0 and &z, (u,v) <0, then

min{gﬂz (u,v),0} = (éﬂ'z (u,v) <0 = min{éﬂfl (u,v),0}.
Case 3: If (u,v) ¢ Ay, then (u,v) ¢ A; and therefore & (u,v) > 0, for i = 1,2. Then,

min{&z, (u,v),0} = 0= min{&z, ((u,v),0}.

O
It can be observed from Lemma 4.2 that, intuitively speaking, ; <p m, indicates that énz
imposes a heavier penalty than &g, .

Definition 4.3. For ¥ € &, the penalty function given in (4.12) is said to be an exact penalty
function for (P) at x if there exists T = (A, o,éz) € I such that, for any 7 € I[1 with @ =p 7T, X
is an optimal solution to the penalty problem given by

min{LI;/H (x,m): x€X}, (Pr)
when X is an optimal solution to (P).

Theorem 4.5. Let x € # and the corresponding set & be defined by (2.4). Then condition
(IRC2) holds for (P) if and only if the penalty function given by (4.12) is an exact penalty
function for (P) at X.

Proof. Suppose that condition (IRC2) holds for (P), but L;H is not an exact penalty func-
tion at ¥. Picking some (o, e) € Ry x intKz and letting Ag = (R x Z) \ int.7#, then, for
every (Ao,%ao,%e%) € IT (k € N), there exists m, = (Ak,ak,eé) € IT with (Ak,ock,eé) ~p
(Ao, %Oco, %eg) and x; € X such that L;H (g, ) < Lf;/n (%, M), i.e.,

F) —min{&, g s (0.8(6)).0) < f(5) ~min{&, o 4(0.8(9),0).  (@13)

Note that (A, o, e%) =p (Ao, %Oto, %e%) means AgCAg, %Ot() > oy and %eg =k, €. Tt can be
deduced from Lemma 3.1 that Ay = A for all k € N. We claim that x; ¢ Z for every k € N.
Otherwise, there exists some x; € %, which means g(x;) € Kz. Then,

Enp et (0:8(8) = &y g 1 (0,8(x6)) = 0

follows from Proposition 2.1 (iv), and (4.13) becomes f(x;) < f(X), contradicting that ¥ is an
optimal solution to (P). Hence, (0,g(x;)) € intA; and ?jAk ot (0,g(xx)) < 0, while (4.13) gives

F o) = Ea, g (0:8(00)) < f (%)
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Since (Ag, 0, e’%) =p (Ao, %Oco, %eg), due to Lemma 4.2, we can further obtain
F@) = Fa) > =84 16010(0,8(xk)) = —kGy 4 0(0,8(xk)) > 0.

Setting A = m we have
1

k- —Mag 0,60 (0,8 (k) >0,

which yields that &, & (0,g(xx)) — 0 as k — —+oo. Set

(g, vi) = (0, 8(xk)) — (0, 8(xk)) — &x, gy (0: 8 (x0)) (000, €2)).

Since

Enpucne ((0,8(xk)) = Eu g o0 (0,8(x1)) (@0,€2)) = &y 0 (0:8(x1)) = ) 0.0 (0,8 (k) = O,

z

we see that there exists

(0,8(xk)) = &4,.00.c0 (0,8 (x0)) (00, €2) € 1.,

V4
indicating (ug,vx) € (0,g(x)) —cl . Then, A (f(X) — f(xx) + ug,vk) € cone &, while
A (f (%) = f (xic) + we; vi)
= (1 Mgy g 00, 80)) 00, Ay g o0 (0.8050))e)
— (1,02) € 77,
as k — oo, which is a contradiction to (IRC2).

Conversely, assume that Lf;/n is an exact penalty function at X, but condition (IRC2) is vio-
lated. Then, there exist sequences {44 }; > CR 4, {ux}; = CRy, {x:};°1CX and {v}; > CK2
such that

A (f (%) = f (k) — ue; vie) — (1,0z) (4.14)

as k — +oo. Since A (f (%) — f(xx) —ux) — 1 and A > 0, we might assume that f(X) — f(xz) —
uy, > 0 for every k. Consider the parameter my = (A, Q, eg). Then, Ag is a cone, which ensures
that & A0,00,6% is positively homogeneous and continuous, by Proposition 2.1 (iii) and (ix). It
follows from (4.14) that
€A07a0,e% (05 g(Xk) - Vk) _ §A07a07e% (Oa A’k<g(xk) - Vk))
F(X) = fa) — uk A (f (%) — f (k) — )

as k — +oo. Hence, for arbitrary n € N, there exists some k with
Sao,00.¢% (0,8 (k) — vie) 1

S (%) — f (o) — g n’

1.e.,

a0 (0:8() ~ )| < () — ) — ) <

z

(f (%) = f(x))- (4.15)

S| =

Next, we divide it into two cases.
Case 1: If x; € Z, then g(xx) € Kz and &, o & (0,g(xx)) = 0. Therefore,

FE) =) > 0= =G4 6.0 (0,8(x1))-
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Case 2: If x; & %, then g(xx) € Kz and &, eg(O,g(xk)) < 0. It can be deduced from (4.15)
that

1
~Cao,a0,60 (0:8(0)) = G40 0,60 (08 (xk) —vi) [ <~ (f(%) = /().
Both cases provide that

f(xk) - n§A07aO,€%(0’g('xk)> < f(x)a
and ng,ao,e% (0,g(xx)) < 0. Then, it follows that

F) ~mingEy 1 10 (0.8(0)),0} < (D) —min{Ey 1 1,0(0.8(5)).0},

1.e.,

1 1 1 1
Ly (x, (Ao,zao, Zeg)) < Ly (%, (Ao, r—lao,ze%)). (4.16)

This shows that, for any = = (A, &, ez) € I, there exist some x; € X and n € N with (A, %050, %eg)

=p (A, 0, ez), such that (4.16) holds, which contradicts that LI;/H is an exact penalty function
for (P) at x. O

Remark 4.1. If we consider a local optimal solution of (P), then only a local version of the
image regularity condition is needed. The local image regularity condition holds at some ¥ € Z#
for (P) if there exists some 6 > 0 such that

cl cone £9N.#, =0, (LIRC2)
where
A ={(uv) eRXZ: u= f(x)— f(x),v=g(x),x € XNB(%,8)}

and &9 := #® — cl.2. With an argument similar to the one used in the proof of Theorem 4.5,
it can be proved that, for some ¥ € &, condition (LIRC2) holds if and only if Lf;/n 1s an exact
penalty function for (P) at X, that is, if X is a local optimal solution for (P), then there exists
7 € I such that X is a local optimal solution of (Py) for all # € Il with & >p 7.

5. CONCLUSIONS

Image space analysis initiated by Castellani and Giannessi in [4] and Giannessi in [5, 6] has
been proven to be instrumental in studying different aspects of constrained optimizations. This
paper aims at exploiting this approach to investigate the regularity conditions. The method of
image space analysis is based on the idea of separation, which is why the concept of separation
functions and various separation theorems are crucial for it. In our paper, the essential tools
applied to a scalar constrained problem (P) are the Gerstewitz function and the corresponding
separation results. With the help of that, a collection of nonlinear weak separation functions,
along with a Lagrange type function and a penalty function with respect to it, was proposed.
Then, we introduced some image regularity conditions. By virtue of the conditions, the ex-
istence of regular separation functions, the existence of saddle points, and an exact penalty
function for (P) were established. For further research, it is of interest to use the existence re-
sults for saddle points and the exact penalty function in order to derive strong duality statements
for the primal problem (P) and a suitable dual problem under the image regularity conditions.
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