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Abstract. Preliminary results of our investigations on solving indefinite quadratic programs by dynam-
ical systems are given. First, dynamical systems corresponding to two fundamental DC programming
algorithms to deal with indefinite quadratic programs are considered. Second, the existence and the
uniqueness of the global solution of the dynamical system are proved by using some theorems from non-
smooth analysis and the theory of ordinary differential equations. Third, the strong pseudomonotonicity
of the restriction of an affine operator on a closed convex set is analyzed in a special case. Finally, for a
parametric indefinite quadratic program related to that special case, convergence of the trajectories of the
dynamical system to the Karush-Kuhn-Tucker points is established. The elementary direct proofs in the
third and fourth topics would be useful for understanding the meaning and significance of several open
problems proposed in this paper.
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1. INTRODUCTION

Our aim in this paper is to show how dynamical systems can be useful for solving indefinite
quadratic programs.
Consider the indefinite quadratic programming problem under a geometric constraint

min{f(x):%xTQ)H—qTx]xEC}, (1.1)

where Q € R™" is a symmetric matrix, ¢ € R”, C C R" is a nonempty closed convex set, and
T signifies the matrix transposition. This problem is well known in optimization theory. Many
qualitative properties of (1.1) were established for the case where C is a polyhedral convex set
(see, e.g., [16] and the references therein). Numerical methods to solve the problem in that case
were studied in [8, 18,25,31,36] (see also the literature cited in those papers). If C is a closed
ball with center a and radius r > 0, i.e.,

C=B(a,r) = {xcR"||x—a] <r},
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then by introducing the new variable y := x — a one gets the problem on minimizing a linear
quadratic function on the ball B(0,r). Thus, (1.1) includes the trust-region subproblem [7] as
a special case. Note that interesting qualitative properties of the later problem were obtained
in [17,20,27]. Numerical methods to solve the problem were considered in [19,21,24,32,36].

According to the generalized Fermat’s rule (see, for example, [15, p. 2] and [16, Theo-
rem 3.1]), if X € C is a local solution of (1.1), then

(Qx+q,y—x) >0, forall yeC, (1.2)

Definition 1.1. A vector ¥ € C is said to be a Karush-Kuhn-Tucker point (a KKT point) of (1.1)
if condition (1.2) is satisfied. The KKT point set of (1.1) is denoted by Ci.

Definition 1.2. Let Q € R"*" be a matrix, ¢ € R", and C C R" a nonempty closed convex set.
The affine variational inequality with a geometric constraint set defined by the triple (Q,q,C)
is the problem of finding X € C such that condition (1.2) is fulfilled.

In the terminology of Definition 1.2, the KKT point set of the indefinite quadratic program-
ming problem under geometric constraint (1.1) coincides with the solution set of the affine
variational inequality with a geometric constraint set (AVI for brevity) defined by the triple
(Q,q,C), where Q is a symmetric matrix. In general, the matrix Q of the AVI given by (Q, ¢,C)
needs not be symmetric.

To solve (1.1) by DCA (Difference-of-Convex functions Algorithm) (see [23] and [24] for
more details), one uses the representation f(x) = fj(x) — f2(x) for the objective function f(x)
with

1

filx) = [%XTQNHLQTX] +8c(x), falx)= EXTsz,

where Q1 and Q, are such symmetric positive definite n x n matrices that Q = Q| — Q», Here,
Oc(x) is the indicator function of C (i.e., ¢(x) = 0 for x € C and J¢(x) = oo for x ¢ C). Denote
by A1(Q) and A,(Q), respectively, the smallest eigenvalue and the largest eigenvalue of Q.
Following Pham Dinh et al. [24,25], one can put

(a) 01 = pl, Oy = pI — Q, where p > 0 is a real value such that p > 4,(Q);

(b) Q1 = Q+pl, O, = pl, where p > 0 is a real value satisfying the condition p > —2;(Q).

Since an upper bound and a lower bound for the eigenvalues of a symmetric matrix can be
easily computed (see [29, the estimate (a) or the estimate (b) on p. 418]), one can quickly find a
real value p > 0 satisfying p > A,(Q) (resp., p > —241(Q)).

The choice made in (a) leads to the explicit iteration scheme

1
] :=Pc<xk—E(ka+q)> (k=0,1,2,...) (1.3)
with x° € C being an initial point and Pc(«) denoting the metric projection of u € R” on C.
Remarkable properties of the DCA sequences in question are given in the next results.

Theorem 1.1. (See [31, Theorem 2.1]) If C is a polyhedral convex set and (1.1) has a global so-
lution, then for each x° € C, the DCA sequence {xk } constructed by the scheme (1.3) converges
R-linearly to a KKT point of the problem, that is, there exists X € C such that limsup;_,, ka —
|k < 1.
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Theorem 1.2. (See [32, Theorem 3.1]) If C = B(0,r) with r > 0, then for each x° € C, the DCA
sequence {x*} obtained by the scheme (1.3) converges to a KKT point of (1.1).

For the trust-region subproblem, Pham Dinh and Le Thi [24] proved that using the scheme (1.3)
with a finite number of restarts one can find a global solution of (1.1).

Rewrite the formula in (1.3) equivalently as
k+1 _ k 1

L p (v Lok g) - }
= [Pc(x S +a)) =, (1.4)
where 1) > 0 is a constant. Suppose that the whole iteration sequence {x*} lies on a continuously
differentiable curve {z(¢)};>0 in R” and z(0) = x°, z(t) = x* for all k, with {#;} being an
increasing sequence of positive real numbers satisfying the condition limy_,. #x = o. Then, by

k+1 k
15 —z(7 —
using the rough approximation () ~ 2tirn) —2(1) 7 a , we obtain from (1.4) that

n

X

)~ [ (et - 20e) +0)) ~<tu)|

Therefore, the curve {z(f)},>o can be approximated by the trajectory x(-) of the dynamical
system

H(t) = % [PC (x(t)
x(0) = x°.

where 11 and p are fixed positive constants and p is strictly larger than the largest eigenvalue

of 0.
If the choice (b) is adopted, then one has an implicit iteration scheme, where xk
via x¥ by solving the strongly convex quadratic program

(0x() +q)) —x(t)] , forall t>0,

1
P (1.5)

+1is computed

1
min{l//(x) = ExTQx-l-qTx—i—%Hx—qu |x€C} (1.6)

with u = x* (see [25] and [8] for more details). Denote by Fc(u) the unique solution (1.6). Then,
the map F¢ : R" — C is Lipschitz continuous, i.e., there exists a constant £ > 0 such that

|Fe(u") = Fe(w?)|| < fllu' =] Vu',u? € R". (1.7)

This fact can be proved by the arguments for obtaining Theorem 2.1 in [37]. Now, the implicit
iteration scheme under consideration is given by the formula

S =F( (k=0,1,2,...) (1.8)

with x* € C being an initial point. The following convergence theorem was established by
Cuong et al. [8, Theorem 3.3].

Theorem 1.3. If C is a polyhedral convex set and (1.1) has a global solution, then for each
x0 € C, the DCA sequence {x*} generated by the scheme (1.8) converges R-linearly to a point
.f E C*.

Numerical tests on two families of randomly generated indefinite quadratic programs on poly-
hedral convex sets in [8, pp. 1105-1107] showed that in terms of the number of computation
steps and the execution time, algorithm (1.8) is much more efficient than algorithm (1.3) when
the algorithms are applied to the same problem.
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If the whole sequence {x*} generated by the iteration scheme (1.8) lies on a continuously
differentiable curve {z(¢)};>0 in R" and z(0) = x°, z(t) = x* for all k, where {#;} is an increasing

sequence of positive real numbers with l}im t; = oo, then the reasoning given in a preceding
—>00

paragraph shows that the curve {z(¢)};>o can be approximated by the trajectory x(-) of the
dynamical system

1
x(t) = 0 [Fe(x(t)) —x(z)], forall £ >0,
x(0) = xY,
where 1 and p are fixed positive constants, p is strictly larger than —A1(Q), and with F¢(u)
denoting the unique solution (1.6).

The next questions, which are the key ingredients of solving (1.1) by dynamical systems,
arise in a natural way.

(1.9)

Question 1: Ler {f;,} C (0,00) be a sequence such that klim ty = oo and let limy_,.x(t;) = X,
—yo0

where x(t) is either the trajectory of (1.5) or the trajectory of (1.9). Can we prove that X is a
KKT point of (1.1)?

Question 2: If (1.1) has a solution, then there must exist a KKT point X of the problem
satisfying lim; . x(t) = X, where x(t) is either the trajectory of (1.5) or the trajectory of (1.9)?

Regarding the positive constant p which has a great role in guaranteeing the convergence of
the DCA sequences addressed in Theorem 1.1 (resp., in Theorem 1.3), the following question
is of interest.

Question 3: Is the condition p > A,(Q) (resp., p > —A1(Q)) essential for the convergence
of the trajectory x(-) of (1.5) (resp., of (1.9)) to a KKT point of (1.1), provided that the problem
has a solution?

It is interesting also to investigate the role of the constant 17 > O for the convergence of the
trajectories of the dynamical systems (1.5) and of (1.9).

Question 4: Does the constant 1 > 0 play any role in the convergence of the trajectory x(-)
of (1.5) (resp., of (1.9)) to a KKT point of (1.1), provided that the problem has a solution?

Note that using dynamical systems to solve optimization problems, variational inequalities,
as well as equilibrium problems, is a powerful approach that has been studied intensively world-
wide. Antipin [1] showed how one can minimize a C ! function on a closed convex set by means
of a dynamical system constructed by the gradient of the objective function and the metric
projection onto the constraint set. Various convergence results for both first-order dynamical
systems and second-order dynamical systems were obtained in [1, Theorems 1-5].

Assuming that the variational inequality in question is strongly monotone and a global Lip-
schitz property is fulfilled, Cavazzuti et al. [5, Theorem 5.2] proved that the trajectory of a
dynamical system of the type (1.5) converges exponentially to the unique solution from any
initial point, provided a positive coefficient o (see [5, formula (9)]) is sufficiently small. Since
that a corresponds to the number 1/p in (1.5), the later requirement means that p must be large
enough. For different methods and results of applying dynamical systems to solve optimization
problems, variational inequalities, and equilibrium problems, we refer to [2—4,9,11,12,22, 26,
33-35].
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Since the strong pseudomonotonicity, a relaxed version of the strong monotonicity, of the
operator defining the variational inequality in question is a crucial assumption in a number
of the above-cited research works (for instance, in [12, Theorem 3.2]) and also in [13, 14], it
would be interesting to see what does the strong pseudomonotonicity mean for the restriction
of an affine operator on a closed convex set. Needless to say that by considering the above
Questions 1-3 we hope to avoid the strong pseudomonotonicity of the restriction of the affine
operator F(x) := Qx+ g on C. The hope is reasonable because the matrix Q is symmetric and
the number p in (1.5) and (1.9) is chosen after computing the largest eigenvalue or the smallest
eigenvalue of Q.

The results of our preliminary investigations of the above Questions 1-4 are organized as
follows. Based on the fundamental theorem of Clarke [6, Theorem 4.4] on the flow-invariant
sets for Lipschitzian differential inclusions, in Section 2 we establish some basic properties of
the trajectories of the dynamical systems (1.5) and (1.9). Section 3 gives a complete answer to
the question “Which affine operators are strongly pseudomonotone?” in a particular case. The
question “When the trajectories of the dynamical system converge to the Karush-Kuhn-Tucker
points?” is studied carefully in one special setting in Section 4.

Although the results herein clarify many things related to Questions 1-4, a lot of work re-
mains to be done to solve completely those questions.

2. TRAJECTORIES OF THE DYNAMICAL SYSTEMS

The following result on the existence and uniqueness of a global solution of the dynamical
system (1.5), which is an initial value problem for differential equations (see, e.g., the IVP given
by formula (2.12) in [30, p. 26]), is valid.

Theorem 2.1. For any x° € R”, p > 0, and 1 > 0, there exists a unique C' function x : R — R"
satisfying the differential equation and the initial condition in (1.5).

1 1
Proof. Let F(x) = ﬁ [PC <x ) (Ox+ q)) - x} for every x € R”". Since the operator Pc: R" —
C is nonexpansive [15, Chapter I, Corollary 2.4], one has for any x,y € R” the estimates

IF (y) — H—H—{ (y——(Qy+q)) y}—%ch(x—%(Qerq)) —X} I

<ol (3= (@r+a)) ~re(x= 5 (@v+a) ) I+ Iy
<2 [1(-5@+0) - (x-3(r+a)) I+ Iy

<EHQH+2)Hy—xN

1 /1
Thus F : R" — R" is globally Lipschitz with the constant — [ —||Q|| + 2 |. Rewrite (1.5) as
g y Lip n\p

:a|'—‘ 3|,_ le—‘

x=F(x), x(0)=x". 2.1)

Applying the Picard-Lindelof Theorem (see, e.g., [30, Chapter 2, Theorem 2.3]), we can assert
that the initial value problem (2.1) has a locally unique solution.
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Now, to show that all solutions of the IVP in (2.1) are defined for all # € R” by using the result
in [30, Chapter 2, Theorem 2.12], it suffices to prove that there are constants M and L such that

|F(x)|| <M+L|x||, VxeR" (2.2)

To do so, we select any point X € C and note that

PO = |5 [re (=3 (0x+0) ) =] |
1,7 1
= ?H_PC X—E(Qxﬂl) —XM

= -l :{PC (x—%(Qx—l—q)) = (x—ll)(Qerq))}—%(Qxﬂl)] [

e (3= 0 1+ Slov+al

L= St )+ (Snet+ 1) ).

Therefore, the growth condition (2.2) is fulfilled with

1 1 1 /2
M:=—||x—q|+— , L:=— —Q+1).
n(u dl p||qu) n(pu H

This proves that there is a unique C' function x(-) defined on the whole real line satisfying the
conditions in (1.5). O

IA

IN

Theorem 2.2. For any x° € R”, p > 0, and 1 > 0, the dynamical system (1.9) has a unique C'
trajectory x(-), which is defined on the whole real line.

Proof. Let ¢ be a positive constant satisfying the condition (1.7). For every vector x € R", put
1
G(x) = n [Fe(x) —x] . By (1.7), we have for any x,y € R"

1GO) — G| = H%[(z«“c(y)—y)—wc(x)—x)}H
< %[HFC()’)—FC(X)H+HY—XH]

1
< (0 1)ly—x].

=

1
Thus G : R" — R" is globally Lipschitz with the constant E(ﬂ + 1). Rewrite the system (1.9) as

x=G(x), x(0)=x". (2.3)

This IVP has a locally unique solution by the Picard-Lindel6f Theorem.
There are constants M; and L; such that

|IG(x)|| <My +Ly|x]|, VxeR". (2.4)
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Indeed, fixing a point X € C, we have for every x € R”
1 1
IG)| = Hﬁ [Fe(x) = || = ﬁ“ (Fe(x) = Fe(3) — (Fe(%) —x) |
1 , i,
< (A=l e )

1 _ _
< o[+ 1@+ 0+ 0]

Therefore, the growth condition (2.4) is satisfied if we choose

1, _ 1+¢
My =S FI @), L= ==

n
Thanks to (2.4), by [30, Chapter 2, Theorem 2.12] we can assert all solutions of the IVP in (2.3)
are defined for all # € R”. This proves that system (1.9) possesses a unique C' trajectory x(-),
which is defined on the whole real line. [

Remark 2.1. In the proofs of Theorems 2.1 and 2.2, there is no need to assume that Q is a
symmetric matrix. Hence, the obtained results are valid for general AVIs.

Theorem 2.3. For any x" € C, p > 0, and i > 0, the whole trajectory x(-) of (1.5) is contained
in C, that is x(t) € C for allt > 0.

Proof. Let F(-) be defined as in the proof of Theorem 2.1. We have F () € T¢ (%) for all x € C,
where T¢(X) denotes the Clarke tangent cone to C at X (see, e.g., [6, Definition 3.6]). Indeed,

1
for any x € C, it holds that P¢ (x — I; (Qx-l— q)) € C. Hence,

Pc (x— %(Qx—kq)) —xX€C—xCcone(C—x) C cone(C—X), (2.5)

where cone(Q) := {1 |1 >0, © € Q} is the cone generated by a subset Q C R” and D stands
for the topological closure of a subset D C R". Since C is convex, by the second assertion of
Proposition 3.3 and Definitions 3.6 in [6] (see also [38, Proposition 2.2.4]) we get

Tc(x) = cone(C —X). (2.6)
Combining this with (2.5) gives

Pe (x— %(Qx+q)) —xeTe(%),

which implies that F(X) € Te(%).

Moreover, as F is Lipschitz continuous by the proof of Theorem 2.1, it follows from [6,
Theorem 4.4] that C is flow-invariant for F. Thus, for any trajectory x(-) with x € C of (1.5),
we have x(t) € C for all t > 0. O

Theorem 2.4. For any x" € C, p > 0, and n > 0, the whole trajectory x(-) of (1.9) is contained
in C.

Proof. Let G(-) be defined as in the proof of Theorem 2.2. Take any X € C. Since F¢(X) € C,
we obtain
Fc(X) —x € C—x C cone(C —x) C cone(C —X). (2.7)



506 M. PAPPALARDO, N.N. THIEU, N.D. YEN

As C is a convex set, the Clarke tangent cone T¢ (%) to C at X can be computed by (2.6). This
together with the inclusions in (2.7) implies that G(X) € T¢(%). Furthermore, as shown in the
proof of Theorem 2.2, G is Lipschitz continuous. Since X € C was chosen arbitrarily, we deduce
from [6, Theorem 4.4] that C is flow-invariant for G. Consequently, x(¢) € C forallt > 0. O

Remark 2.2. Since the proofs of Theorems 2.3 and 2.4 do not rely on the assumption that Q is
a symmetric matrix, both theorems are applicable to general AVIs.

3. WHICH AFFINE OPERATORS ARE STRONGLY PSEUDOMONOTONE?

As in [10, Definition 2.3.1] and [13, Definition 2.1], an operator F : C — R", where C is a
convex subset of R”, is said to be

(a) monotone if (F(y) — F(x),y —x) > 0 for all x,y € C;

(b) pseudomonotone if for all x,y € C it holds

(Fx),y=x) 20 = (F(y),y—x)>0;
(c) strongly monotone if there exists a constant ¥y > 0 such that

(F(y) = F(x),y—x) > 7]y —x|?

for all x,y € C;
(d) strongly pseudomonotone if there exists a constant ¥ > 0 such that

(F(x),y=x) 20 = (F(y),y—x) >7ly—x| (3.1)
for all x,y € C.

If property (3.1) holds for all x,y € C, then one says that F is y-strongly pseudomonotone on
C.

Remark 3.1. If F : C — R" is a monotone (resp., pseudomonotone, strongly monotone, strongly
pseudomonotone) operator and A is a positive real number, then the operator AF : C — R”"
defined by setting (AF)(x) = AF(x) for all x € C is also monotone (resp., pseudomonotone,
strongly monotone, strongly pseudomonotone). Thus, the set of monotone (resp., pseudomono-
tone, strongly monotone, strongly pseudomonotone) operators from C to R" is a cone.

As it has been noted in Section I, strong pseudomonotonicity of the operator defining a
variational inequality is an important property, and many existing results rely on the latter.
In an infinite-dimensional Hilbert space setting, Khanh and Vuong [13, Example 4.1] gave
some examples of strongly pseudomonotone operators, which are neither strongly monotone
nor monotone. Given by the formula Fjg(x) = (8 — [|x||)x on the set C; := {x | [|x|| < r}, where

the constants 3 and r satisfy the conditions f§ > r > % > 0, these operators are non-affine. In
[13], it is proved that Fj is strongly pseudomonotone on C, with the coefficient o := B—r>0.

Focusing on the restrictions of affine operators on convex sets (called affine operators on
convex sets for brevity), we have the following natural question.

Question 5: Whether there is a strongly pseudomonotone affine operator on a convex set,
which is not strongly monotone on that set?

The next example gives an answer in the affirmative to Question 5.
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Example 3.1. Let A : R — R be defined by A(x) = —x+ 1 forx e Rand let C = [O, %] . For any
x,yeC,if

(—x+1)(y—x) >0, (3.2)
then y —x > 0. Since x,y € C, we also have 1 > 2y —x or, equivalently, | —y > y—x. As
y—x >0, we can multiply both sides of the last inequality by (y — x) to get

(—y+1Dy—x) > (y—x)*. (3.3)
Therefore, we have shown that if (3.2) holds, i.e., (A(x),y —x) > 0, then (3.3) is valid, i.e.,

(A(y),y —x) > |y —x|>. So, A is y-strongly pseudomonotone on C with the constant y:= 1.
The affine function A is non-monotone on C. Indeed, for any x,y € C with x # y we have

AY) =AR),y—x) = [(=y+ 1) = (=x+ )]y —2) = —(y—x)* <0.
Thus, we have seen that the affine function A is strongly pseudomonotone on C, but not
monotone on C.

Example 3.1 shows that for affine operators on convex sets, strong pseudomonotonicity is
a genuine relaxed version of strong monotonicity. In addition, the example demonstrates that
strongly pseudomonotone affine operators on convex sets may be non-monotone as well.

The subset C = [O, %} of R in Example 3.1 is non-symmetric with respect to 0. So, it is of in-
terest to examine the effects produced by the example for affine operators on convex sets which
are symmetric w.r.t. the origin of the space under consideration. Note that the closed unit ball in
R is exactly the segment [—1, 1], which is also a compact polyhedral convex set with nonempty
interior. Hence, the next question is of interest as it seeks for a complete characterization of
strong monotonicity for affine operators defined on the closed unit ball of a special Euclidean
space.

Question 6: Ler a,f € R and F : R — R be defined by F(x) = ax+ B for x € R, where
o, B € R. Under which conditions on (&, B) is F strongly pseudomonotone on C := [—1,1]?

Theorem 3.1. Let F : R — R be defined by F(x) = ax+ B for x € R with o, € R, and
C :=[—1,1]. Then, F is strongly pseudomonotone if and only if (a, ) belongs to the cone

of ={(a,B) ER*| ¢+ B >0 or a—f >0}.

Proof. Depending on the position of the parameter pair (a, 8) in R?, we have the following six
cases.

Case 1: o = 3 =0. We have F(x) =0 for all x € R. Thus, F is not strongly pseudomonotone
onC.

Case 2: @ =0 and 8 # 0. In this case, F(x) = 3 for all x € R. If x,y € C are such that
B(y—x) > 0, then we have

B B
Bl =1l = Elay—x) = Bl 02
where the last inequality follows from the fact that |y —x| <2 forany x,y € C. So, F is y-strongly
B

pseudomonotone on C with y = o

Case 3: o > 0. Then, for all x,y € C and for all B € R, one has
(F(y)—F(x),y—x) = [(ay+B) — (ox+ B)] (y —x) = a(y — x)*.
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4
/7
/7
/7

FIGURE 1. The cone &/ is non-closed

Therefore, F' is y-strongly monotone on C for ¥ := «.
Case4: @ <0and B =0. Lettingx= —1and y = 1, we have

(F(x),y—x) = ax(y—x) = =20 >0,
while
(F(y),y—x) =ay(y—x) =2a <0.

Hence, F' is not pseudomonotone on C.
Case 5: a < 0 and 8 > 0. We will consider the 3 following subcases.

Subcase 5a: a < —f3,i.e., a + B < 0. We have % € (0,1). Choose x = % andy = 1.
Then, on one hand it holds that

(P2 = (o B0 = (a8 (1= ) =0
On the other hand, we have

(F(3),y—2) = (ay+B)(y—x) = (a+B) <1_;f> <0,

Therefore, F' is not pseudomonotone on C.
Subcase 5b: ¢ = —f,i.e., « + =0. Taking x = 1 and y = —1, we have
(F(x),y—x) = (ax+B)(y—x) = =2(a+ ) =0,
and
(F(y),y—x) = (ay+B)(y—x) = =2(-a+p) = -2 <0.
This implies that F' is not pseudomonotone on C.
Subcase 5¢: o > —f3,i.e., a+ 8 > 0. Since x < 1 for all x € C, it follows that

—ox < —a < B,
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which implies ax+ 8 > 0 for all x € C. Let x,y € C be such that
(F(x),y —x) = (ox+B)(y—x) = 0.

This condition is equivalent to y —x > 0. As & < 0 and x < 1, we have

a+p a+p
R (—1).

Moreover, since o + 3 >0,y < 1 and x > —1, this yields

at+tp  a+p .
2 T2
Multiplying both sides of the last inequality by (y — x), we obtain

+B

(F().y=3) = (ay+B)(y—x) = == (=),

atp
—

ox+B>a+p=

ax—+f >

Thus, F is y-strongly pseudomonotone on C with y =

Case 6: o <0 and 3 < 0. In this case, %f <0.

Subcase 6a: o < . Then, g <1 or, equivalently, —1 < %f. Choose x = FB’ y=1,
and observe that x,y € C. Clearly,

(F(x),y —x) = (ax+B)(y—x) =0.
Since av+ 8 < 0 and _TCB < 0, we have

(FO)y—x) = (ay+ B)(y—x) = (a+ B) (1—%.?) <o.

Hence, F is not pseudomonotone on C.

Subcase 6b: o > 3. This implies that o« — 8 > 0 and % < —1. For any x € C, one has
x> —1> _T'CB. Thus, ax+ B < 0 for all x € C. Let x,y € C be such that

(F(x),y—x) = (ax+p)(y—x) = 0.
Since ax+ B < 0 for every x € C, we have y —x < 0. In addition, as y > —1 and o < 0, we
have
a—p a-p a-p oa—p

(=1)
2 2 2 2
Combining this with the fact that x,y € [—1, 1] gives

a—By_oc—Bx.

ay+B<—a+p=—

o <
yHPs = 2
Multiplying both sides of the last inequality by (y —x) yields
o—p
(F(y),y=x) = (ay+B)(y—x) > —=(r—»*
o—p

Therefore, F is y-strongly pseudomonotone on C with y = >
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In conclusion, F is strongly pseudomonotone on C if and only if (a,f) is such that one
of the Cases 2 and 3, or one of the Subcases Sc and 6b, occurs. Equivalently, F is strongly
0

pseudomonotone on C if and only if (a, ) € 7.

Remark 3.2. The cone .7 is nonconvex. Indeed, taking any (a, ;) and (ap, ;) in R? with
o) <0, 00<0, Bi >—0y and B < o, we see that the line segment joining (o, 1) with
(o, B2) does not lie entirely in 7. If one requires in addition that 3 4+ 3, = 0, then the midpoint
of that segment does not belong to <7. Since the latter is a cone, (@, 1) + (¢, B2) ¢ <. This
means that the sum of two strongly pseudomonotone affine operators on a compact polyhedral
convex set in R" may not be strongly pseudomonotone on the set. To have another example of
this type, take any (o, ) € o/ with o < 0 and note that (—a, —f3) € <7, but the sum (a, B) +

(—a,—pB) = (0,0) does not belong to 7.

/7
7/
4 A
/7
/7
/7
/7

FIGURE 2. The cone 7 is nonconvex

4. WHEN THE TRAJECTORIES OF THE DYNAMICAL SYSTEM CONVERGE TO THE
KARUSH-KUHN-TUCKER POINTS?

As in Theorem 3.1, let F : R — R be defined by F(x) = ax+ f for x € R with a, 3 being
real constants, and let C = [—1, 1]. Consider the (possibly nonconvex) quadratic optimization

problem

1
min{f(x) = Eocx2+[3x |x € C} .
According to the generalized Fermat’s rule (see, for example, [15, p. 2] and [16, Theorem 3.1]),
if X € C is a local solution of (4.1), then

Vf(x)(y—x) >0, forall yeC,

or, equivalently,
forall y € C.

(ax+B)(y—%) =0,

4.1)
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In agreement with the definition recalled in Section 1, X € C is said to be a Karush-Kuhn-Tucker
point (a KKT point) of (4.1) if the condition (4.2) is satisfied.
For some x" € C, let x(-) be the solution of the following dynamical system

: 1 1
x(t) = EO[PC (x(t) — E(ch(t) —I-ﬁ)) —x(t)} , forall r >0, 43)
x(0) =x".

where 1] and p are fixed positive constants.

Question 7: Does x(t) converge to a KKT point of (4.1) ast — o for any (o,) € Rx R
and for any x° € [—1,1], or not?

A partial answer to this question is given in the next proposition.

Proposition 4.1. For any (o, ) € R x R satisfying o < 0 and for any x° € [—1,1], the unique
solution x(t) of (4.3) converges to a KKT point of (4.1) as t — o.

Proof. Let o < 0 and x° € [—1,1] be given arbitrarily. Let x(¢) be the unique solution of the
initial value problem (4.3). To study the behavior of x(r), note that

—1 for u < —1,
Pe(u) =<1 for u>1, (4.4)
u for —1<u<l.
Furthermore, for our convenience, we put | = g;g, U = [[)3 +g, and observe from the

inequalities p — & > 0 and p > 0 that y; < y. For every x € R, let u(x) = x — l(Otx—f—ﬁ).
Then, the following assertions hold: P
(i) u(x) < —1ifand only if x < py;
(ii) u(x) > 1if and only if x > uy;
(iii)) —1 <u(x) < lifand only if u; <x < yy.
Therefore, the differential relation in (4.3) means that
(1

. (—1—x(1)) if x(t) <y,
x(t) = %(1 —x(1)) if x(t) > W, 4.5)
(@ B) im0 <p

Based on the relationships between the initial point x° and the segment [uy, u;] C R, we distin-
guish the next cases.

Case 1: x° < ;. In this case, we have —1 <% < u; = g;g. It follows that & —p < B —p;

hence B > a. So, ¥ = —1 satisfies the condition (4.2), i.e., X = —1 is a KKT point of (4.1). Since
x¥ < uy, by the continuity of x(-) we can find some 7 > 0 such that

x(t) <py forall ¢ €]0,1].
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Hence, using (4.5), we have the following initial value problem for a first-order linear ordinary
differential equation with constant coefficients

1 1
X(t) = ——x(t)——, forall t €|0,71],
(z) n()n [0, 7]

x(0) = .
So, from the result in [30, Formula (3.43), p. 53] it follows that
x(t) = (0 +1)e 1 —1 (4.6)
for all t € [0, 7]. Since e ' > 0forall r and x0 < Ui, one has

x(t) = (xO—I— 1) e 1< (1 + 1)8_%l —1,
for all t € [0, 7]. Moreover, as u; > —1, this implies that
x(t) < (m+1)—1=p, forall ze]|0,r1].
In particular, x(7) < U;.
CLAIM 1: The solution (4.6) can be extended to the whole half-line [0, o).

Indeed, letting 7 play the role of the previous initial time # = 0 and x(7) play the role of the
former x°, we can deduce from the previous passage of proof that x(t) is of the form (4.6) for
all t € [t,27]. Then, letting 27 play the role of the initial time and x(27) play the role of the
initial value, we see that x(¢) is of the form (4.6) for all € [27,37]. Therefore, by induction we
can extend the formula (4.6) for x(¢) to [0, o).

According to Claim 1, we have x(¢) = (x" + 1) e ' —1foralls > 0. It follows that tli_>m x(t) =

—1. In other words, under the assumption made in this case, x(¢) converges to the KKT point
X=—1of(4.1)ast —> .

,one has a < 3. Therefore,

Case 2: x° = ;. Since —1 <x¥ = _P-p
p—a

B _B-p B pB-a)
HI‘Fa—p_a—i—a——a(p_a) <0.

4.7)

Setting X = —1, we deduce from the relation f — o > 0 and (4.2) that ¥ is a KKT point of (4.1).
If oo = B3, then we have x¥ = g;lo)c = —1. As x(t) € C for all r > 0, it holds that

x(t)>—1=p; forall r >0.

Since U; < Uy, by the continuity of x(-) we can find a number 7 > 0 such that u; < x(r) <
for all t € [0, 7]. Combining this with (4.5) yields

x(t) = ——x(t)— —, forall r €]0,1],

Hence, by [30, Formula (3.43), p. 53] we get

x(t) = (xO+B) we P

Ll np' — 4.8
o )¢ ot (4.8)
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for all ¢ € [0,7]. Recalling that o = 8 and x” = —1, from this we can infer that x(t) = —1 for
all ¢ € [0,7]. In particular, x(7) = —1. Arguing similarly as in the proof of Claim 1, we get
x(t) = —1 forevery t € [0,o0). So, the assertion of the proposition is valid.

Now, assume that & < 8. We have x(0) = x° = p; and u; < py. If there exists 7 > 0 such
that x(7) < p; then, arguing similarly as in Case 1, we can show that

(1) = (x() + 1) e 7D
for every t € [f,e0). It follows that tli_>m x(t) = —1, i.e., x(¢) tends to the KKT point ¥ = —1

of (4.1) as t — oo. If x(¢t) > w for all + > 0 then, by the continuity of x(-), there exists 7 > 0
such that p; < x(¢) < up for all ¢ € [0,7]. So, applying (4.5) and [30, Formula (3.43), p. 53],
we can infer that x(z) is of the form (4.8) for all ¢ € [0, t]. Furthermore, since o < 3, the last

inequality in (4.7) is strict; hence, +§ < 0. Besides, as a < 0, we have ep! > 1 for all
t > 0. Therefore, for every ¢ € (0, 7], it holds that

x(1) = (x°+g)eng’—§: (u1+g>eng’—g< (u1+g>—§:ul.

We have arrived at a contradiction. Thus, the situation x(¢) > u; for all # > 0 is excluded.

B+p
p

Case 3: x° > u,. Since x° < 1 and up = - this implies that f < —a. For x:= 1, we

have

ax+B=a+p<0.
So, from (4.2) it follows that X = 1 is a KKT point of (4.1). As x(+) is continuous on [0,) and
x(0) =x > 1y, there is 7 > 0 such that x(¢) > u, for all ¢ € [0, 7]. Therefore, by (4.5) we have

1 1
X(t)=——x(t)+—, forall r€]0,7
(r) n() n [0, 7]
x(0) = x°.

Using [30, Formula (3.43), p. 53] gives x(r) = (x — 1) e ' 1, forallr € [0, 7]. Hence,
x(t) = (x"— )en+1>(u2—1)en+1
%

for all € [0,7]. Since e 7 < 1 for every t > 0 and pp — 1 < x° — 1 <0, this strict lower
estimate for x(¢) yields x(r) > (,uz —1)+1 =y, for all t € [0,7]. In particular, x(7) > .

1
Arguing similarly as in the proof of Claim 1, we have x() = (xo —1) e n' +1forallz > 0. So,
x(t) tends to the KKT point ¥ = 1 as t — oo.
Case 4: ¥ = Uy. Then, we have

=

+p

°
Q~

It follows that o + 8 < 0. For x := 1, since
ox+B=o+p <0,

by (4.2) we can assert that ¥ = 1 is a KKT point of (4.1). As o+ < 0, we see that either
o=—B,ora<—p.
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B+p _

J— a -
x(t) <1 =y for all # > 0. Therefore, by the continuity of x(-), we can find some 7 > 0 such
that u; < x(z) < p, for all ¢ € [0, t]. Combining this with (4.5) and [30, Formula (3.43), p. 53],
one gets the expression (4.8) for all ¢ € [0, 7]. Since & = —B and x° = py, from (4.8) it follows

that
x(t) = (M—FE) e Py

p—o o o
for all ¢ € [0, 7]. Then, arguing similarly as in the proof of Claim 1, we obtain x(¢) = 1 for all
t > 0. So, x(t) converges to the KKT point ¥ = 1 as t — oo.

Now, suppose that a < —f3. If there is 7 > 0 such that x(7) > U, then, by reasoning in the
same manner as in Case 3, we obtain

L
x(t) = (x(f) — 1)e 1D 41
for all ¢+ > 7. Tt follows that tle x(t) =1, i.e., x(¢) converges to the KKT point ¥ = 1. If such

If =P, then x° =, =

1. Since x(t) € C = [—1,1] for all # > 0, we have

a value 7 > 0 does not exist, then x(¢#) < up for all # > 0. The continuity of x(-) implies the
existence of T > 0 such that u; < x(¢) < up for all ¢ € [0, 7]. Thus, by utilizing (4.5) and [30,
Formula (3.43), p.53], one can show that x(¢) is of the form (4.8) for all # € [0, 7]. In addition,
recalling that o < —f3, we have

i B Bo B _plerh)
o p-—o a op-a)
Therefore,
X(t)z(x°+g>e”g’—§=(uz+§>e#’—g>(uz+g>—§=uz,

for all r € (0, 7]. This is impossible because x(z) < u, for all 7 > 0. We have thus proved that
x(t) converges to the KKT point X = 1 as t — oo.

Case 5: u; < x° < u,. In this case, by the continuity of x(-) we can find a value 7 > 0 such
that 1) < x(r) < uy for all 7 € [0, t]. From (4.5) and [30, Formula (3.43), p. 53], it follows that
the expression (4.8) is valid for all 7 € |0, 7. Since the behavior of the function x(¢) in (4.8) when

t varies on the half-line [0, ) depends on the sign of the coefficient x° + g of the exponential

-
—y . .
term e? ", we consider the following subcases.

B 0

Subcase 5a: x0 + P =0, i.e., x’' = —g. Setting X = —g, we have ax+ 3 = 0. So,

by (4.2), x = —g is a KKT point of (4.1). As x¥ € [—1,1], we have —g € [—1,1]. Since
B

the formula (4.8) is valid for any ¢ € [0, 7], we have x(t) = —— for every ¢ € [0, 7]. Arguing
similarly as in the proof of Claim 1, we can deduce that x(¢) = —g for every t > 0. Thus,

lim x(r) = —g, hence x(¢) tends to the KKT point ¥ as t — co.

f—>o0
B

Subcase 5b: 10 < o As x> —1 and o < 0, this inequality yields a < B. Then,
—a+ B > 0, and hence, by (4.2) we see that X := —1 is a KKT point of (4.1). The set ® of all
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positive numbers 0 satisfying
B\ 20 B
< (B )em? _E < 4.9
Hl_(X+a€ o S (4.9)
is nonempty. Indeed, since u; < x(r) < yy for every ¢t € [0, 7] and x(¢) is of the form (4.8),
taking any 6 € (0, 7], we have (4.9) because

x(0) = (xo—kE) e ? E
o

For any 6 € O, from (4.9) it follows that
B-p B <x0+§)e“"e< B+p B

+<
p—a o~

-1
Since x° + g < 0, multiplying the last expression by (xo + g) yields

p(ﬁ—oot) S o0 p(ﬁ+%¢) ' 4.10)
(p —a)(ax’ +B) (p —a)(0x®+ )
Thus, taking logarithm of both sides of the first inequality in (4.10), we get T > 6, where

- e, ( pB-a)
T ((p—a)(ax°+ﬁ))'

For any ¢ > 0, if the vector x(1) = (xo + g) e’ — g belongs to the segment |1}, ], then the

value 0 := ¢ satisfies the condition (4.9). This means that t € ®. Hence, ¢ < 7. Therefore, for
eacht > 7, either x(t) < uy, or x(¢) > u. Suppose for a while that there exist 71,7, > 7 such that
x(t1) < wy and x(t2) > Wp. We may assume that #; < 7,. By the intermediate value theorem (see,
e.g., [28, Theorem 4.23]), for any A € (U1, lp) there is some & € (¢1,#;) such that x(§) = 4. We
have arrived at a contradiction. Thus, either x(¢) < u; for all# > 7 or x(¢) > up forall z > 7. If
the first situation occurs, then take any 7 > 7 and find 7p > 7 such that x(¢) < u; for all ¢ € [7, 7p).
Repeating the arguments used in Case 1, we can show that x(z) converges to the KKT point
X = —1of (4.1) ast — oo. If the second situation occurs, then the inequality , < x(¢) holds for
every t > 7. As x(t) < 1 for all > 0, we have

— = <1

p—a H2
Thus, B < —o or, equivalently, & + 8 < 0. By (4.2), this implies that ¥ := 1 is a KKT of (4.1).
Arguing similarly as in Case 3 gives tli_)m x(t) =X

B

Subcase 5¢: x0 > % As 1% < 1 and & < 0, this inequality forces o < —B. Hence,

o+ B < 0 and, in accordance with (4.2), ¥ := 1 is a KKT point of (4.1). Similarly as in
Subcase 5b, let ® be the set of 6 > 0 satisfying (4.9). Then, one has
pf—a) w20 pBtoa

< enp

(p—a)(ax’+pB) ~ ~(p—a)(ax?+B)
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It follows from the second inequality of the last expression that

es—@m( PP+ a) )::%.

o \(p—a)(ox’+p)

BY =2« B. o
)¢ e — Pt contained in the segment [, L], then
the value 0 := ¢ satisfies the condition (4.9). This implies that € ®. As a consequence, we
have t < 7. Arguing analogously as in Subcase 5b, we find that either x(z) < y; for all# > % or
x(t) > yp forall t > 2. If x(¢) < p for all 7 > 1, it follows from the fact x(r) > —1 forallr > ©

For any 7 > 0, if the vector x(1) = <x0 +

that

p—o
Hence, B > «, or equivalently, —a + 8 > 0. By (4.2), this implies that ¥ := —1 is a KKT
point of (4.1). Therefore, arguing similarly as in Case 1, we can infer that x(¢) tends to x = —1

as t — oo, If x(¢) > pp for all + > 7, then following the reasoning in Case 3, we see that x(7)
converges to the KKT point ¥ =1 as t — oo.
By combining the results from Cases 1-5, we arrive at the desired conclusion. 0

Another partial answer to Question 7 is provided by the next proposition, which deals with
convex quadratic programs and the corresponding monotone affine variational inequalities.

Proposition 4.2. For any (o, ) € R x R satisfying o > 0 and for any x° € [—1,1], the unique
solution x(t) of (4.3) converges to a KKT point of (4.1) ast — oo, provided that p — a > 0.

Proof. Let x° € [—1, 1] be given arbitrarily and let x(¢) be the unique solution of (4.3). Accord-
ing to Theorems 2.1 and 2.3, the trajectory x(¢) is defined on the whole real line and x(¢) € C
forallr > 0.

By the assumptions of the proposition, a > 0. Hence, either @ =0 or a > 0. If (a, ) =
(0,0), then one has C, = [—1, 1], where C, denotes the KKT point of (4.1). For every ¢ € [0,00),

1
since x(t) — 5 (ax(t)+ B) =x(t) and x(¢) € C, the differential equation in (4.3) becomes x(f) =

0 for all # > 0. Thus, by (4.3) we have x(¢) = x" for all t > 0. As x € C,, the assertion saying
that x(¢) converges to a KKT point of (4.1) as t — oo is valid. To prove this fact in the general
case, we cannot apply many arguments of the above proof, because the number (p — o) can be
negative or null, as well. However, a modified version of that proof scheme can be used.

1
For every x € R, put u(x) = x— E(ch + B) and observe that
(i) u(x) < —lifandonlyif (p — o )x < B —p;
(ii) u(x) > 1if and only if (p — ct)x > B + p;
(i) —1 <u(x)<lifandonlyif B —p < (p—a)x < B +p.
Therefore, thanks to (4.4) we can equivalently rewrite the differential relation in (4.3) as follows

’%(_1_)@)) if (p—a)x(r) <B-p,
x(t) = E(l—x(t)) if (p—o)x(t)>B+p, (4.11)
\—#(ax(t)—i—ﬁ) if B—p<(p—a)x(t)<B+p.
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By our assumption, p — a > 0. The assertion will be proved by analyzing the following 3
cases. Observe that, in some sense, the second case is symmetric to the first one. In addition,
note that if none of the situations in the first two cases occurs, then the third case must happen.

Case 1: There exists t > 0 such that
(p — a)x(?) < B —p. (4.12)

CLAIM 1: The unique solution x(t) of (4.3) converges to X := —1.
Indeed, by (4.12) and the continuity of x(-) we can find some 7 > 0 such that
(p—a)x(t)<B—p forall trelf,i+1] (4.13)

Hence, from (4.11) we get the following initial value problem for a first-order linear ordinary
differential equation with constant coefficients

1 1 _ -
x(t) = —Hx(t) — forall ¢t € [f,7+ 1],
x(f)=16
with 0 := x(f). So, from the result in [30, Formula (3.43), p. 53] it follows that
x(t) = (04 1)e 10D 1 (4.14)
forallt € [f,7+ 7]. As 0 +1 > 0, applied for all € [f, o), the formula
Y1) =(6+1)e ntD 1 (4.15)
defines a non-increasing function y : [f,e0) — R. From (4.15) it follows that
$(t) = —%y(t) _ % for all £ € [F,e0), wie)
y(H) =8

Moreover,

(p—a)y(t) < (p—a)y(@) = (p—a)x(t) <B—p forall 7 € [f,o).
Hence, for every ¢ € [f, o), one has u(y(t)) < —1. It follows that

% Pe(u(y(1))) —y(1)] = —%ym - %

Combining this with (4.16), we can assert that the condition

510 =+ e (30~ S @0+ ) ) =500

is satisfied for all 7 € [f,0). Therefore, recalling that y(f) = 6 = x(7) and the trajectory x(t)
under our consideration is unique, we get x(¢) = y(¢) for all ¢ € [f,o0). Hence, from (4.16) we
obtain limx(z) = —1.
=30

CLAIM 2: Condition (4.12) implies that X = —1 is a KKT point of (4.1).

Indeed, from (4.12) we can deduce that (p — ot)(x(f) +1) < B — . Since p — o > 0 and
x(f)+1 >0, this yields B — a > 0. So, ¥ = —1 satisfies the condition (4.2), i.e., X is a KKT
point of (4.1).
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From Claims 1 and 2 it follows that the unique solution x(¢) of (4.3) converges to a KKT
point of (4.1) as t — oo.

Case 2: There exists t > 0 such that
(p—o)x(f) > B+p. 4.17)

CLAIM 3: The unique solution x(t) of (4.3) converges to X := 1.
Indeed, using (4.17) and the continuity of x(-) we can find some T > 0 such that

(p—o)x(t)>pB—p forall t€[f,i+ 1|
Hence, from (4.11) we get the following initial value problem for a differential equation
1 1 _ -
x(t) =——x(t)+—, forall t € [f,f+1],
n n
x(f)=16
with 6 := x(7). Applying [30, Formula (3.43), p. 53] yields

_ —q(t=D)
x(t)=(0—1)e n +1 (4.18)
for all 7 € [7,7 + 7]. Since & — 1 < 0, the function y : [f,e0) — R defined by the formula
Y1) =(8—1)e 10 41 (4.19)
for t € [f,o0) is non-decreasing . Clearly, (4.19) yields
1 1 _
y(t):__y(l)+_7 for all IG[Z,OO),
R (4.20)
y(f) = 6.

Moreover, by (4.17) we have

(p—a)y(t) = (p—a)y(f) = (p —)x(t) > B —p forall 7 €[f,).
Then, the inequality u(y(¢)) > 1 holds for every ¢ € [f,o0). Therefore,

Re(u(y() ~3(0)] = —5(0)+ .
So, (4.20) assures that the condition
510 = [Pe (30~ S @0+ ) ) 500

is fulfilled for all # € [f,). Hence, the uniqueness of the trajectory x(¢) and the condition
y(f) = 6 = x() imply that x(z) = y(¢) for all r € [f, o). Hence, from (4.19) we can deduce that

tlggx(t) =X

CLAIM 4: Condition (4.17) implies that X := 1 is a KKT point of (4.1).
Indeed, from (4.17) we can deduce that (p — a)(x(f) — 1) > B+ o. Since p — o > 0 and
x(f) — 1 <0, this yields B + & < 0. So, the condition (4.2) is fulfilled for ¥ = 1; hence, ¥ € C..

From Claims 3 and 4 we get the desired conclusion on the asymptotic behavior of the trajec-
tory x(t) of (4.3).
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Case 3: Foranyt > 0, one has

B—p <(p—ax(t) <B+p. @.21)

Thanks to (4.11), we can use condition (4.21) to equivalently rewrite the system 4.3 as

x(r) = —%(ax(t) +pB), forall >0,

(4.22)
x(0) = x°.
If a = 0, then (4.22) implies that
x(t)=x"— ﬁz, for all + > 0. (4.23)
np

Since the situation (o, 8) = (0,0) has been considered at the beginning of this proof, we can
assume that 8 # 0. In this case, the trajectory x(¢) given by (4.23) is unbounded. This comes in
conflict with (4.21), which now reads

p ' (B—p)<x(t)<p ' (B+p)

for all # > 0. Thus, under assumption made in this subcase, if a = 0, then one must have 8 =0,
and the desired asymptotic behavior of the trajectory x(¢) is guaranteed.
If o # 0, then by [30, Formula (3.43), p. 53] we get

x(t) = (xo - g) eip! — g for all ¢ > 0. (4.24)

CLAIM 5: If a # 0, then the point X := —E belongs to C = [—1,1].

Indeed, if p = &, then (4.21) yields B —a <0 < B+ . Hence, —1 < —E < 1. Now, suppose

that p # . Since p — o > 0, we must have p — @ > 0. Then, comblnlng (4.21) with (4.24)

gives
B;pg (xO—I—E> e%l—ﬁg ptp (4.25)
p—a o o p—o
for all > 0. Passing the relations (4.25) to limits as t — oo, we get
P—p_ B _B+p
p—o - o p—a’
B

which implies that —1 < —— < 1. Thus, x € C.

)

1
Since f(x) = Eom2 + Bx, the number X = —E is a solution of the equation Vf(x) = 0. As

X € C, this implies that ¥ is a KKT point of (4 1). Finally, from (4.24) we can deduce that

tlggx( ) =X

The proof is complete. U
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Remark 4.1. The condition p — o > 0 is not essential for the analysis of Case 3 in the above
proof, hence it can be dropped in Case 3. Indeed, if p — ¢ < 0, then from (4.21) and (4.24) we

have
P=r (x°+é) et B PEp (4.26)
p—a o o p-—a
for all > 0. Letting t — oo, from (4.26) we obtain
ﬁ;pz_ﬁzﬁ_'—p,
p—a a p—a

B

which implies that —1 < “a <1.

Remark 4.2. The condition p — o > 0 is essential for the validity of Claims 14 in the proof
of Proposition (4.2) or for some related proof arguments. To justify this remark, consider the
quadratic optimization problem (4.1) with o = 2 and 8 = 1. Then, we have f(x) = x>+ x.
So, (4.1) is a strongly convex quadratic program having the unique solution X = —5. Hence,
C. = {—%} Choose § = p = 1, x° = 1, and let x(¢) be the unique solution of (4.3). Here we
have p — a = —1. For 7 := 0, it holds that

(p—a)x(f)=-1<0=p—p.
Hence, condition (4.12) is satisfied. Formula (4.14) now becomes the expression x(¢) =2¢~ " — 1

for all # € [0, 7], provided that T > 0 be such that the requirement (4.13) is fulfilled. Since the
latter now reads

B[—

x(t) >0 forall ¢t € (0,1]
and since the function x(¢) = 2e~" — 1 is decreasing on [0, o), we must have T < — ln(%). Hence,
the expression x(7) = 2¢~" — 1 does not hold for all ¢ € [0,00). Therefore, unlike the final part
of the proof of Claim 1, the action of taking limit of this expression of x(¢) as ¢ — co cannot
be used here. Since C, = {—%}, Claim 2 is invalid, despite the fact that condition (4.12) is
satisfied. Similarly, choosing x° = —1 and 7 = 0, we can show that the action of taking limit

of the expression (4.18) of x(¢) as t — oo cannot be used to justify Claim 3. Again, since
C. = {—1}, Claim 4 is invalid, although condition (4.17) is fulfilled.

Combining the results in Proposition 4.1 and Proposition 4.2, we obtain the following theo-
rem, which answers Question 7 in the affirmative under an additional assumption on the param-
eter p when o > 0.

Theorem 4.1. Forany (a, ) € R x R and for any x° € [—1, 1], the unique solution x(t) of (4.3)
converges to a KKT point of (4.1) ast — oo if either « <0 or o >0and p > .

Remark 4.3. Specializing the result in Theorem 4.1 for the case 1 = 1, we see that for any
(a,B) € R x R and for any x” € [—1, 1], the unique solution x(¢) of the dynamical system

x(t) =FPc (x(t) — %(ax(t) -+ B)) —x(t), forall t>0,
x(0) = x°.

converges to a KKT point of (4.1) as ¢t — oo if either ¢ < 0 or ¢ > 0 and p > . This fact
strengthens the assertion of [1, Theorem 1], where no condition on the positive parameter p
was needed.
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