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Abstract. In this paper, we propose an approximation technique for a function which is the supremum
of a general family of functions by means of a function, of LogExp-type, involving a finite number of
the data functions. A study of variational properties of such an approximating function is carried out
in the paper. In particular, the epigraphic convergence of these approximating functions to the supre-
mum function is proven. Moreover, refined calculus specifying the relations among the subdifferentials
(regular and general) of the approximating and the data functions are provided in the first part of the
paper. In the second part, we propose to approximate a general semi-infinite programming problem by a
simple problem with a single constraint. Applying the results of the first part we establish, under stan-
dard hypotheses, the convergence of optimal values and solutions of these problems to the corresponding
ones of the original problem. The Lagrangian duality of this problem is also studied but restricted to the
semi-infinite convex programming problem, and optimal dual solutions are built by means of a sequential
procedure.

Keywords. Approximation technique; Duality; Epigraphical convergence; Supremum function; Semi-
infinite programming.

1. INTRODUCTION

Semi-infinite programming is a branch of optimization where the objective is to minimize (or
maximize) a function subject to an infinite number of constraints. The term semi-infinite comes
from the fact that there is a finite number of variables but the number of inequeality constraints
is infinite. Semi-infinite programming arises in various applications, including engineering
design, economics, robust optimization and control theory, where it is necessary to ensure that
certain conditions hold over a continuum of scenarios or parameter values. The complexity of
semi-infinite programming lies in handling this infinite constraint set efficiently while finding
optimal solutions. A standard formulation of the semi-infinite programming problems is given
by:

min y(x) subject to f;(x) <0, forallt € T,
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where v, f; : R" — RU{+o0}, with t € T, are general functions, frequently assumed to be
lower-semicontinuous, V¥ is the objective function, and f;(x) <0, ¢t € T, represents an infinite
system of constraints, indexed by a parameter ¢ in 7.

To the best of our knowledge, the roots of semi-infinite programming can be traced back
to Chebyshev approximation, with significant contributions from Haar on linear semi-infinite
systems [23] and Fritz John’s optimality conditions. However, it was not until the influential
works of Charnes, Cooper, and Kortanek that the term semi-infinite programming was formally
coined in their research papers [14, 15]. Nowdays, semi-infinite programming has been an
important part of mathematical optimization with several applications in different topics of
applied mathematics. We refer to [25,29] and the references therein for more details about the
subject.

A proficient approach to understand the mathematical properties of semi-infinite program-
ming problems from the perspective of nonsmooth analysis involves considering the pointwise
supremum function of the family f; for ¢ € T'; that is, the function f := sup,c7 f;. In this way,
we succeed to replace infinitely many constraints by a single one f(x) < 0. Then, by examining
properties of this function, such as its subdifferential, one moves into the classical framework of
nonsmooth constrained programming. For that reason, several authors have studied the supre-
mum function, demonstrating its central role in mathematical optimization. Some classical
contributions to this topic are attributed to Danskin [21], Hiriart-Urruty & Phelps [26], loffe
& Tikhomirov [27], Levin [28], Pshenichnyi [42], Rockafellar [43], Valadier [49], Volle [50],
and more contemporary research can be found in [19,24,32,34,35,37,38] and the references
therein. A detailed account of results concerning the subdifferential of the supremum function
of an arbitrary family of convex functions can be found in [18]. However, while this approach
is successful in understanding the theoretical properties of semi-infinite programming, it has
the disadvantage that the supremum function is well-known for being nonsmooth. As a conse-
quence of the considerations above, the reformulation of the initial problem using the supremum
function loses its theoretical potential for solving semi-infinite programming problems from a
numerical point of view, and accounts for the interest of alternative techniques as the smooth-
ing and approximation methods. Smoothing and approximation techniques have been proposed
by many authors, mainly in the setting of convex-minimax optimization; e.g., by Auslender
et al. [5], Bertsekas [7], Ben-Tal and Teboulle [6], Nesterov [33], Polak et al. [41], Sheu &
Wu [46], and by Sheu & Lin [45] for continuous min-max problems, related to the global ap-
proach of Fang & Wu [22] who used an integral analog.

In this paper, we investigate an approximation ¢ of the supremum function f, which is a
log-exponential function involving a finite number of the original functions f;;, i = 1,...,k. Our
primary focus is on understanding the approximation properties of this class of functions. Given
that the supremum function is not necessarily smooth, traditional analysis via classical uniform
or pointwise convergence of values is insufficient for mathematical programming purposes.
This limitation motivates us to explore the approximation within the framework of variational
analysis, allowing us to assess not only the convergence of values in a general setting but also
the convergence of (sub-)gradients. This theoretical framework provides a basis for applying
our results and the tools of variation analysis to the approximation of general semi-infinite
programming problems using the sequence of functions ¢. Our approach is aligned with the
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methodology of epigrafical convergence and consistent approximations (see, e.g., [5,12,39,41,
44] and the references therein).

The contents summary of the paper is the following. After this introduction, Section 2 fixes
the notation and provides some preliminaries on generalized differentiation and convergence
of sets and mappings. Section 3 presents an exhaustive analysis of the properties of such an
approximating function from the perspective of variational analysis. The fundamental result
is Theorem 3.1 in which the epigraphic convergence of these approximating functions to the
supremum function is proven, that is, @ — f, which is key for the methodology of consistent
approximation. A bit more is given in Corollary 3.1 which establishes continuous convergence
but under the requirement of uniform continuity of the original functions with respect to the
parameter ¢. Proposition 3.2 provides refined calculus rules that specify the relations between
the subdifferential (regular and general) of ¢4 and that of the functions f;, i = 1,...,k. Fi-
nally, in this section, Theorem 3.2, under the additional hypothesis of the continuity of the
function (¢,x) — (fi(x),Vf;(x)) on T x B¢(X), where B¢ (X) is the closed ball centered at x
and of radius €, proves the Painlevé-Kuratowski convergence of the sequence of gradients
Vi, (X), Vfi,(X),..., V£ (X), ... to the subdifferential d f(x).

In section 4, we study a general semi-infinite programming problem (P) :  min y(x) subject
to f;(x) <0, 1 € T, and we propose to replace it by the simple smooth problem with a single
constraint (FP;) : miny/(x) subject to @(x) < 0. Applying the variational results of the pre-
vious section, Theorem 4.1 establishes that, under standard hypotheses, the optimal values of
the problems (P) converge to the optimal value of (P), and that the accumulation points of any
sequence of optimal solutions of the problems (F;) are optimal solutions of problem (P). The
Lagrangian duality of this problem is studied in the second part of this section, but restricted
to the semi-infinite convex programming problem. Theorem 4.3 establishes a procedure that
conceptually converges to an optimal solution of the dual problem (D). Finally, the paper ends
with some concluding remarks.

2. NOTATION AND PRELIMINARIES

Throughout this work, we represent by (7',d) a metric space. We adopt the standard notation
of convex and variational analysis as detailed in the monographs [30,31,47]. We denote by R"
the n-dimensional Euclidean space with the Euclidean norm || - || and the inner product (-,-).
The closed ball centered at X with radius € is denoted by B¢ (). Additionally, we follow the
conventions exp(+o0) = +o0 and In(+o0) = +oo.

2.1. Generalized differentiation. Given a function y : R” — RU{ +co} we denote its domain
asdomy := {x € R": y(x) € R}. For a point X € dom y, we say that the vector x* is a (regular)
subgradient of y at X, and write x* € dy/(%), if

v(x) > y(x) + (", x—x) +o(||x—F||), for all x € R™;

equivalently, if

(W@—w@%ﬂﬁw—@>20

lx — ]
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Moreover, x* is a (general) subgradient of y at X, written x* € dy(X), if there exist sequences
x; — X and x} — x* with y(x;) — y(X) and x}, € v (xy). We set dy(x) := 0 and dy(x) := 0
for any i ¢ dom y. The sets d /(%) and () are closed, d () is convex and dy(x) C d ().

Finally, x* is called a horizon subgradient of y at X, written x* € d*y(X) if in the last defini-
tion we require Axx; — x* for some sequence A; ~\, 0.

Furthermore, following [30, Definition 1.91], we say that y is lower regular at x provided
that dy(x) = dy(x). It is well-known that any of the above subdifferentials coincide with the
classical subdifferential of convex functions. In other words, if v is convex, then we have

x* € dy(x) = dY(x) < y(x) > w(x)+ (x",x—x), forall x € R".
Here, we recall the following approximate (or decoupled) chain rule for composition of smooth

functions and extended real valued functions. This result can be found in [11, Theorem 3.5.7].

Theorem 2.1. Let v : R¥ — R be a C'-function strictly increasing for each of its variables, and
fi i R" - RU{+oo} withi=1,...,k. Consider the composite function ® : R" — RU {+eo},
given by
CI)(.X) . W(fl(x)va(x)w"vfk(x)) lfxeﬂ{'(:ldomfh
+oo if x ¢ N dom f;.
Then, for every x* € 0®(x) and every € > 0, there exists x; € B¢ (%) with | fi(x;) — fi(X)| < € for
i=1,....kand

=~

x € Y o(ifi) (xi) +Be(0),
i=1

where (1, 2, ..., i) = VY (f1(X), f2(%), ..., fi(%)).

2.2. Convergence of sets and set-valued mappings. Given a set S C R” and a point x € R",
we denote by d(x,S) :=inf{|[x —y|| : y € S} the (Euclidean) distance from x to S.

For a sequence of sets {S};cy in R”, we define the upper limit and the lower limit of the
sequence Sy by

LsS; := {x € R" : liminfd(x, Sx) = 0},
LiSg :={x € R" : limsupd(x,S;) = 0},

respectively. A subset S is the limit of the sequence Sy in the sense of Painlevé-Kuratowski (or
PK.), denoted S; IE' S, provided that

LSSk =85= LiSk.

In such a case, we simply denote S = LimSy. Let us recall the following compactness re-
sult about the Painlevé-Kuratowski convergence (see, e.g., [3, Theorem 1.17] or [44, Theorem
4.18]).

Theorem 2.2 (Zarankiewicz). Every sequence of closed subsets {S; }ren on R" contains a sub-
sequence which has a (possibly empty) limit in the Painlevé-Kuratowski sense.

Remark 2.1. When the limit of {S; },cy is the empty set it is said that the sequence escapes to
the horizon (e.g., the Corollary 4.11 in [44, Theorem 4.18]).
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Given a family of set-valued mappings F; : R" = R™, we define the set valued-mappings
LsF,LiF; : R*" = R™ given by

gph (Ls F;) :=Ls(gphF;), and gph (LiF;) :=Li(gphFy). (2.1)

Moreover, we say that Fy converges graphically to F, denoted Fj A F , provided that gph Fj
converges to gph F. The last is equivalent to the fact that

Ls Fi(x) C F(x) C LiF(x), for all x € R".
Now, we recall the notion of epigraphical convergence of functions.

Definition 2.1. Let f; : R” — RU{+eo}, k= 1,2, ..., be a sequence of functions. This sequence

fi is said to be epiconvergent to f, denoted fi, — f, if, for every x € R”, the following statements
hold:

a) lilgninf fi(xx) > f(x) for all sequence x; — x.
—>00

b) limsup fi(x;) < f(x) for some sequence x; — x.
k—yo0
Moreover a sequence of functions f; converge continuously to a function f provided that
fi(xx) = f(x) for every sequence x; — x. We refer to [2,44] for more details about the theory
of epigraphical convergence.

2.3. The supremum function. Given a family of functions f; : R” — RU{+eo} withz € T,
we consider the supremum function f : R* — RU {400} given by
f(x) = sup f; (x). (22)
teT
Let us establish the following lemma, which provides a sufficient condition to ensure that the
supremum function in (2.2) can be determined by considering only a dense subset of the index
setT.

Lemma 2.1. Let D C T be a dense subset of T. Consider x € R" such that the function T >t —
fi(X) is Isc. Then

f(X) = sup fi(%). (2.3)
teD

Proof. Since the inequality > holds by definition of f, let us focus on the opposite inequality.
Consider an arbitrary point 7 € T'. By density of D, one sees that there exists a sequence t; — 1.
Using the lower semicontinuity of ¢ — f;(X), we see that

sup f(¥) > liminf f; (%) > f7(%).

seD Jree
Since, € T was chosen arbitrary, we have that the inequality < holds in (2.3). 0

The next result provides a formula for the subdifferential of the supremum function (see,
e.g., [44, Theorem 10.31]).

Proposition 2.1. Let us suppose that T is compact and that the functions f; : R" — RU
{+o0}, t € T, are differentiable on the ball B¢ (%), for some € > 0, and the function (t,x) —
(fi(x),Vfi(x)) is continuous on T X Be(x). Then df(x) =co{Vfi(X):t€T(xX)}, where coA
denotes de convex hull of the set A, and T'(X) :={t € T : f;(x) = f(X) }.
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3. LOG-EXPONENTIAL APPROXIMATION OF SUPREMUM FUNCTION

In this section, we define a sequence of log-exponential approximating functions of the supre-
mum function f given in (2.2). We investigate the variational approximation properties of this
sequence of functions, focusing on the convergence of values and subgradients.

Consider a countably infinite set {#;};ery C T and p; > 0 with k € N. Associated with each
k € N, we introduce the log-exponential approximating function ¢y : R” — RU {40}, given by

k
Pr(x) == Lin (1 Y exp [Pkfn(@]) : (3.1
Pk k i=1

Remark 3.1. We emphasize that the construction in (3.1) and our analysis will make sense in
the context of supremum functions considered in semi-infinite programming, that is, when set T’
contains infinitely many points. When 7 is a finite set, say 7 = {1,..., p}, the function ¢y (x),
and k > p, reduces to the classical log-exponential approximation of the maximum function
max;—1,..p fi, given by

p
Pr(x) = Lin <l Y exp [Pkfi(x)]> , with pg — +oo.
Pr P i
This framework has been extensively studied in the literature (see, e.g., [8,39,41,44] and refer-
ences therein).
In contrast, the main challenge in our approach arises from the fact that both the number of
points {71, ...,#} and the regularization parameter p; vary simultaneously as k — oo.

Remark 3.2. An alternative to the smoothing and approximation technique proposed here con-
sists of using integral methods. They have been applied by many researchers, such as Auslen-
der [4], Fang-Wu [22], Polak-Higgins-Mayne [40], etc., and they are based on integral smooth-
ing functions of the following type

du(x) 1= -Tog ( [ew [pkfo,xﬂdt) |

A comparative analysis of these two methodologies was performed in [5].

The following result provides a series of simple properties of the function ¢, which can
be proved by using standard arguments. We only give a detailed prove of statment (ii) for
completness.

Proposition 3.1 (Basic properties of ¢p). Let us consider the family of functions f; : R" —
RU{+eo}, t € T, and the sequence @y : R" — RU {+oo} defined in (3.1). Then, the following
properties hold:
(1) @ is lower semicontinous provided that each f;, i =1,...,k, is lower semicontinuous.
(ii) @ is convex provided that each f;, i =1,... k, is convex.
(iii) For any h: R" — RU{+oeo} and all k € N, we have that

0 (x) + h(x) = —1In (%lﬁiexp [pk ( £ +h(x)>D forallxeR".  (32)

P

Consequently, @ + h is convex provided that each fi, +h, i =1,...,k, is convex.
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Proof. (i) The lower semicontinuity of ¢, follows from the continuity and nondecreasing
character of In and exp together with the lower semicontinuity of f;.
(ii) Let us prove that the convexity of f., for all i = 1,...,k, implies that ¢ is convex.
Indeed, for x,y € R" and A €]0, 1|, we have

k
ot (1-Ap) = -tn 3 Yoo o itk (1 —z>y>])
i=1

Pk
1 1 &

<o { L ew {pk<lﬁi(X)+(1—)~)ﬁi(Y)D
1

k
=5 % l; exp e fi; (¥)]* exp o1 f; ()] H) :

Hence, by the Holder inequality given by

k k o sk B
(Z|x,-|°‘|y,-|ﬁ) < (Z|xi|) (Z|y,~|) with o+ B = 1.
i=1 i=1 i=1

we have that

k A/ 1-2
Y explpef, (x)]* exp [pefu ()] < (Z exp [Prfr (x ) (Z exp [Pwfi (¥ ) :
i=1 ~

i=1
Therefore,

L A X 1-2
i+ (1=A)) < -in (% l_zzlexp[pkﬁ,(x)]) (%;exp[pm@)})

SAQ(x)+ (1= A)pc(y),
which shows the convexity of ¢.
(iii) It is obvious that (3.2) holds, and the convexity of x — @ (x) + h(x) comes from the

previous part, provided that x — f; (x) 4+ h(x) is convex, fori = 1,... k.
0

The next crucial result formally establishes the epigraphical convergence of the sequence ¢y
to the supremum function f. It is important to notice that in this result the index set T is an
arbitrary metric space, and the functions f;, with# € T, could be extended real valued functions.

Theorem 3.1. Consider a family of functions f; : R" — RU{+oo} witht € T and the sequence
@ : R" — RU{+oo} defined in (3.1), with py > 0 such that p,:l In(k) — 0. In addition, suppose
that {t;}icy is dense, and (t,x) — f;(x) is lower semicontinuous. Then,

(i) Forall x € R", @r(x) — f(x).
(ii) For any x € R", and all x;, — x, f(x) < li]?linfgok(xk).
—>00

Farticularly, @y 5 f

Proof. Let us consider the auxiliary function
mi(x) == max{f;,(x):i=1,...,k}. (3.3)
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Then, it is easy to check that (see, e.g., [39, Eq. 4.9b])

In(k
m@—i)gm@gmmmmmew. (3.4)

k
It follows from (2.3) that my(x) 7 supgenmi(x) = f(x) as k oo for all x € R". Using [44,
Proposition 7.4 (d)] we have that my — supgen ik = f. Finally, using (3.4), we see that ¢

satisfies properties (1). Moreover, if we consider any sequence x; — x, we obtain by (3.4) that

In(k
liminf(pk(xk) > liminf (mk(xk) — n( )) = liminfmk(xk) > f(x),
k—yo0 k—yo0 & k—yo0
which shows that (ii) holds, and that completes the proof. 0

Remark 3.3. It it worth mentioning that Theorem 3.1 implies that, for any increasing function
J N = N, we have that ¢, s f. This can be follow from the fact that the epigraphical
convergence is preserved by considering subsequences, due to the fact that the space of lower

semicontinuous functions with the topology of the epigraphic convergence is metrizable (see,
e.g., [44, Theorem 7.58])).

Now, we establish the continuous convergence of the sequence ¢y to the supremum function
f (see, e.g., [44] for more details and consequences of this notation).

Corollary 3.1. In addition to the assumptions of Theorem 3.1 suppose that the family f;, t € T,

is continuous at X uniformly with respect to t € T, that is, lim_,zsup,cr |fi(x) — fi(X)| = 0.

Then, for every sequence x; — X one has that ]}im Or(xx) = f(X). Consequently, if the family f;,
—>00

t € T, is continuous at any x € R" uniformly with respect to t € T, we have that @y converges
continuously to f.

Proof. Now, choose iy € {t1,...,#} such that my(xz) = f; (xx), where my was defined in (3.3).
Then, using (3.4) we get that

O (xk) < mp (i) = £, () < Sy (8) + | fi, () — i, (B)| < F (%) + sup |fe(a) — (B[ (3.5)

re
Therefore our continuity assumption and (3.5) imply that limsup,_, ., @« (xx) < f(X), which to-
gether with Theorem 3.1 item (ii) implies the result. 0

In the following corollary, we quantify the uniform difference between ¢ and the supremum
f under certain Holder-type assumption of the family {f; : # € T'} with respecttot € T.

Corollary 3.2. Under the assumptions of Theorem 3.1, suppose that there exist a set K C R",
r>0and o € (0,1] such that

|f(t1,x) — f(t2,x)| < rd(t1,12)%, forallty,t € T and all x € K. (3.6)
Then,
sup |@x(x) — f(x)| < rsup min d(t,t,-)a+pk_11n(k). (3.7)
xeK teT l'Zl,...,k

Proof. Letus consider k € N, € T and x € K. Using (3.4) and for all i = 1,...,k one has
fr(x) < fu () £ (x) = f, ()| < mge(x) + rd (1,1)*
< @p(x) +rd(t;,1)* + p; Hn(k).
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Therefore, the above inequality implies that

fi(x) = u(x) < r_min d(r, )%+ p; ' In(k).

[ARRS}

Taking supremum on ¢t € T in the above inequality, we see that

0 < f(x) — @r(x )<rsup rgnn dt,t)*+p, Hn(k),

teT

and (3.7) holds, which ends the proof. ]

3.1. Subgradients of the approximating function. We begin this section by presenting the
results that enable us to understand the first-order variations of the function ¢ in terms of the
data function f;;, withi=1,... k.

Proposition 3.2 (Refined calculus rules for ¢y). Consider the family of functions f; : R" —
RU{+e}, r € T, and the sequence @y : R" — RU{+oo0} defined in (3.1). Then
(i) For all x € R", the following inclusion holds

Z 0i(%)0 £;,(%) C dy(%), (3.8)

where
eXp [pkfli (X)]
Y5 rexp [pefi; (%)]
and with the convention Q) = @ when o > 0.
(ii) Forany € R", v € d@y(%) and all € > 0, there exist x; € B¢ (X) with |fi(xi) — [ (D) <&,
fori=1,....k, such that v e ¥*_, 0;(%)df;,(x;) + Be(0).
(iii) It holds that

(%) = (3.9)

I (%) f (£)9.f, (%) (3.10)

provided that the following quallﬁcatl;n condition holds
vi € df;(X), and zk:v,':O:>v,':0. (3.11)
In addition, if the functions f;, with i :71, ...,k are lower-regular at X, then @y is also

lower regular at x and (3.10) holds as an equality.
(iv) @ is differentiable at X € R" provided that each f., i = 1,...,k, is differentiable at
x € R™. In this case

V(%) Z 0 (X)V £, (% (3.12)

(v) If { fi }ser are CP around X, then @y is also &P around X.

Proof. Notice that (¢;(¥))¥_, corresponds to the gradient of the function y : R¥ — R given by

1 1
v(y) = p_kln (%Z;GXP (Pk%‘)) , (3.13)
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at the point 3 := (f;,(¥))%_,. The function y is convex due to the statement ii) in Proposition
3.1. Therefore,

k
Y o(®) i =30) = ((e(®)i1.y =) < W) — Y (), forall y € R. (3.14)

Now, let us consider w* € YX_, 0(%)0 fi;(X). Then, there exist w; € 0 fi;(%), i=1,....k, such
that w* = Y | o;(¥)w} and
k
(W' x—x) = ZO@(}?)(W?,x—f)
i=1
k
Y (@) (i, (x) = fu () +o(|lx —=)).

<

1
The, using (3.14) with 3 = (f;,(%))*_,, y = (f;;(x))~_, and x € dom ¢, we obtain

(W x = %) < @r(x) — @r (%) +o([lx —x|.

That concludes the proof of formula (3.8).

Now, in order to prove item ii), let us consider x* € d @i (x). Then, applying Theorem 2.1 to
function ¢y, we see that there exist x; € Bg (%) with |f,. (x;) — f,,(X)| < €, fori =1,...,k, such
that

k
Z 9 (04(%) f;,) (xi) + B (0).

Now, notice that ;(¥) > 0. Then

9 (i(®) i) (xi) = 04() i (x1),
which concludes the proof of this item.

To prove statement (iii), let us consider x* € d @ (X). In view of the definition, one sees that
there exist sequences x; — % and x} € Ay (x j) such that @(x;) — @¢(%) and x7 — x*. Let us
show that

Jlgn fi;(xj) = fi;(X) foreachi=1,... k. (3.15)

Suppose by contradiction that (3.15) does not hold. Then, we can take iy € {1,...,k} and a
subsequence x, ;) for an increasing function v : N — N such that

hm 0 fii, (Xv(j) > Sy (5)- (3.16)

On the one hand, by the lower semlcontlnmty of f,, we have that

fu(x) < l1m1nfﬁ (xy(j)) foralli=1,... k. (3.17)

On the other hand, since the function y, defined in (3.13), is strictly increasing with respect
to each variable, we have that, for all j € N,

w((infpz fi (vv(p))it) < Wi Gevp))iz), forall p > .
This implies that

w((infp>; fi, (xy(p)))iz1) < lijrgglfllf((ﬁ,-(xv(j))ﬁﬂ) = lijrgglffpk(xv(j)) = @(X).  (3.18)
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Hence, from (3.17) and the fact that y is continuous and strictly increasing, we see that
L) = W D)) < w(imint £ vy = sop vt o)) (19
Therefore, using (3.18) and (3.19), we obtain
y((lminfy e £, (vy(p)))iz1) = W E)E)-

Consequently, due to the fact that the function is strictly increasing in each variable, we see that

fi:(¥) = liminf f;, (x(;)) foralli =1,.. .k,
e

which contradicts (3.16).
Now, applying item (ii) to x; and x7 € é(pk(xj) with €; — 0 yields the existence of x; ; €
Be, (x;) with [ f;,(xi ;) — fi.(x;)| < €; and
k
xie ) oi(xj)wi;+Be;(0), (3.20)
i=1
where wj ; € éfti (xi,j). Then, using (3.15), it is easy to see thatx; ; — X and | f;,(x; j) — f,,(¥)| =0
foralli=1,... k.

Finally, if ((w] j)) j» Jj=1,....k, are bounded (by passing to a subsequence if it is neces-
sary), we can assume that wj.: i wi. It follows from the definition of the basic subdifferential
that wi € df, (%), and, taking the limits in (22), x* € ¥¥ | 0;(%)df;,(¥). On the other hand, if
there exists some i € {1,...,k} such that A;, ; := ||wj ;|| is not bounded, then, by passing to a
subsequence, we can assume that A; := max;e(y 1y {4 j} — . Then, (3.20) implies that

.....

k
oi(xj)
Z lﬂ‘j] Wi,j—>0'

Moreover, it is not difficult to see that %w*
]

i(x))

if it is necessary, we see that a)L_jW;‘k., i vi € 0”f;,(X), with not all v; = 0 and

; j are bounded, and by passing to a subsequence

vi =0.

N

i=1

Indeed, there must exist i; € {1,2,...,k} such that, passing to a subsequence if needed,

Aj, j=1,2,... Then, without loss of generality, we can assume the existence of a vector u of
. wi
norm one, such that lim;_,c A_” =y and
J

*
Wil7j

*

%y (X)) . ,
1

]11_r>£1° Py wi ;=0 (X)u=v
and v;-"l # 0 because @, (X) > 0. The above contradicts (3.11), and this concludes the proof of
(3.10).

Now, in (iv), if the functions f;, t € T, are differentiable, then ¢y is also differentiable be-
cause it 1s a composition of differentiable functions. Consequently, the regular subdifferential
simplifies to the classical gradient, and formula (3.12) follows from (3.8) as an equality in this

case. Furthermore, in (v), the last argumentation applies if f;, witht € T, are of class CP. [
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The following example illustrates the fact that ¢ has better calculus rules that the classical
max-function.

Example 3.1. Let us consider the functions f1, f> : R — R given by

0 ifx <0,
filx) = e
—/x ifx >0,

and f>(x) =0, for x € R. Then, following [30, Theorem 3.46], we see that
{0} =9dm(0) C{A100df1(0)+2A,00/2(0) : A1 +A; =1 and 4,4, > 0} =]—o0,0],
where m(x) := max{fi(x), f2(x)} and
Mafi(0) ifA; >0,

Aiodfi(0) = {8°°fi(0) if 4, =0.

Finally, it is easy to see that (3.10) provides an equality in this example for the associated
function ¢, given by (3.1).

Now, we investigate how the subgradients of ¢, approximate the subgradients of the supre-
mum function f. To understand this from a variational perspective, we analyze the convergence
in terms of Painlevé-Kuratowski convergence.

Theorem 3.2. Under the assumptions of Theorem 3.1, suppose that there exists € > 0 such that
fi is C' on B (%) for all t € T. Then, for any increasing function j: N — N

Jf (%) C Ls V(1) (%), (3.21)

where the set-valued mapping LsV @ is interpreted in the sense of (2.1). In addition, if T is
compact and the function (t,x) — (f;(x),V fi(x)) is continuous on T X Bg(X), then

Ls V(%) = Li Ve (%) = 9 f(%). (3.22)

Proof. Let us notice that (3.21) follows from the epigraphical convergence of the sequence
o) and [48, Theorem 5.3] (see also [12, Lemma 3.4]). Now, let us assume that the function
(t,x) — (fi(x),Vfi(x)) is continuous on T x B (x). We divide the rest of the proof into some
claims.

Claim 1: For any increasing function j : N — N, the equality in (3.21) holds.

Since for any increasing function j : N — N the inclusion Ls V@) (¥) C Ls V@ (¥) holds, it
is enough to prove that

Ls V(%) C df(X). (3.23)

To prove the above inclusion, let us take x* in the left-hand side set in (3.23) and any 1 €

(0,€). We claim that

x" €8y :=co{Vfi(x):t€Ty(x) and x € By (%)},

where T (%) :={t € T : f;(X) > f(X) —n}. Indeed, let us consider x; — & and k; — o such that
x" = limj e V@, (xj). We can assume, without loss of generality, that x; belongs to the ball
B, (X). Now, taking into account (3.12), we have that

ki
Vo, (x)) = Y AV filx;),
i=1
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with 7Lij = 0;(x), defined in (3.9), which can be also written
L explp Uity) —m (1)
(A k: ’
Z[;] exXp (pkj |:ftl ('xj) - mkj (x])] )

where m;, was defined in (3.3). Now, let us consider

kj , kj , kj ,
vi= ), MVfi(xj), vi= ), Mandziji= Y A/Vf(x)).
i=1 i=1 i=1
1:¢ Ty (%) ti¢ Ty (%) €Ty (%)
Let us show now that v; — 0 as j — oo. Indeed, on the one hand, due to the continuity of
(t,x) — f;(x) and the compactness of T, we conclude the existence of j; € N such that

}f,(xj) —f,()E)| <mn/4forall j> j andreT.
On the other hand, using Corollary 3.1 and (3.4), we can consider jy > j; such that
[y (xj) = f(%)| < /4, forall j > jo.

It follows that for every t; ¢ T (%) and j > jo
Jo(xj) =i (xj) <y (0) 413, (%) = fo(®)| = F (%) + [ (x) = f(R)| < = /2.
Hence, noticing that f;, (x¢;) = my,(xy;) for some / € {1,...,k;}, we have

k;

;GXP (pkj [ftl(xj) _mkj(xj)]) >1,

which implies that, for all j > joandi=1,...,k; with #; ¢ T (X),

A < explpi; (fi(x)) — i (x7))) < exp(—pi;1/2).
Therefore, this yields

v, < kjexp(—pn/2) = exp (—pk,. (n/2+ 1;_@)) 0

kj
(Recall that p, ' In(k) — 0, entailing p — o.). Hence,

Iyill <v;  sup  [[VA(x)]—0.
(1 X)ET xBy (%)

Now, the vector w; := (1 -V j) ! zj belongs to Sy (for large enough j € N), which shows that x*
belongs to the closure of Sy, but Sy, is closed due to the continuity and compactness assumption
of the data. Finally, some standard arguments give rise to

co{Vf(®) :t€T®}= () Sy,

n>0

so x* € co{Vf;(%):t € T(x)}, and Proposition 2.1 implies that x* € d f(x), and we are done
with the claim.
Claim 2: Equation (3.22) holds.
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Let us consider Fj : R"= R" given by F(x) := V@, (x) and F (x) := d f(x). Now, we suppose,
by contradiction, that (3.22) does not hold, that is, there exists v € Ls Fj () such that v ¢ Li Fy.(X).
It follows that there exists an increasing function j : N — N such that

limd((%,v),gphFjq)) > 0. (3.24)

Now, taking into account that gph V¢ is closed and using Lemma 2.2 applied to F ), we con-
clude that there exist a set S and an increasing function ¥ : N — N such that gph ), ;) converges
to S, where v := yo j. Now, using Claim 1, we see that

LiFy () (%) = S(¥) = Ls Fy, () (X) = 9 f(%).
Particularly, the above equality implies that the point v € LiFy, ) (¥), which means that
liminfd((x,v),gphFy)) =0,
k—yoo

but this is a contradiction with respect to (3.24), which ends the proof. [

Remark 3.4. Notice that equality (3.22) implies the notion of the gradient consistency intro-
duced in [16]. This concept plays a pivotal role in investigating first-order information arising
from abstract functions applied to nonsmooth data. Moreover, it was widely employed by vari-
ous authors in diverse contexts (see, e.g., [10,13,36]).

Now, our intention is to establish a similar convergence result of subgradients that the one
given in Theorem 3.2, but replacing the smoothness assumptions over the family of functions
fi» with ¢ € T, with some degree of convexity of this family. Following [17], let us introduce
the following notation, for a given function g : R" — RU {+oco} the set

Ag:={(x,g(x),x") :x" € dg(x)}. (3.25)

Theorem 3.3. Consider a family of functions f; : R" — RU{+oo} witht € T and the sequence
¢ : R" — R U {+o0} defined in (3.1), with py > 0 such that pk_lln(k) — 0. Suppose that
there exist a continuously differentiable function h : R" — R such that f; + h is proper lower

semicontinuous convex function for allt € T. Then d ¢y 49 fand Ay, PK A f-
Proof. We notice that the functions @ := @;+h, k €N, and f = f+h are convex by Proposition
3.1. Moreover, due to Theorem 3.1 and the continuity of 4, we have that ¢ — f. Then, by
Attouch’s Theorem (see [44, Theorem 12.35] and [17, Theorem 2.5]) we have that
dPr 2 9f and Ap, PE-A
The rest of the proof is divided into two claims.
Claim 1: The functions ¢ and f are lower-regular at any point, and for all x € R"

d (@ +h) (x) = I @i (x) + Vh(x)
O (f+h)(x) = df(x) + Vh(x).

Indeed, since @y + & is convex, we have that it is lower regular

A

d (@ +h)(x) =03 (@ +h)(x), forall x € R". (3.27)

Moreover, by the smoothness of % and the sum rules (see, e.g., [30, Proposition 1.107] or [31,
Proposition 1.30]), we see that, for all x € R",

Q@i (x) + Vh(x) = 0 (@ + 1) (x) and d@e(x) + Vh(x) = 9 (@ + h) (x). (3.28)

- (3.26)
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Hence, (3.27) and (3.28) imply that d @ (x) = ék(p(x) for all x € R". This concludes the proof
of the claim for ¢. The proof for the function f is similar, so we omit it.

Claim 2: ¢ 5 f and Ay, “5 A;.
Indeed, first let (x,x;) € gphd @) and (ug, @jx) (ur ), uy) € Ay, for some increasing func-
tion j: N — N such that (x,x;) — (x,x*) and (ug, Q) (uk),uy) — (u,&,u*). Then
(xk,xz + Vh(xk)) S gph&(i)j(k) and (xk, (k) (uk) + h(xk),xz + Vh(xk)) S A(f’k'
Hence, using (3.26) and Claim 1, we see that x* € d f(x), u* € df(u) and oc = f(x). This shows
that
Ls (gphd ) € gphd f and LsAg, C Ay,
Now, we consider a point (x,x*) € gphd f and (u, f(u),u*) € Ay. Then, (x,x*+Vh(x)) € gphd f
and (u, f(u) + h(u),u” + Vh(u)) € A;. Imitating the arguments presented above, it follows
from (3.26) and Claim 1 that there are sequences x; € d@(xx) and uj € d@(uy) such that
(xk,x5) = (,x*) and (ug, @ (ug),u;) — (u, f(u),u*). This proof that
gphd f C Li(gphd @) and Ay CLiAg,,
and that concludes the proof. 0

Remark 3.5. It is important to note that the class of mappings g for which there exists a func-
tion & such that g+ & is convex is quite large. This class particularly includes weakly convex
functions, which were extensively studied from both theoretical and, more recent, numerical
perspectives (see, e.g., [1,20] and the references therein). This ensures that such functions
exhibit similar properties to convex functions.

4. APPLICATION TO SEMI-INFINITE PROGRAMMING

In this section, we consider the following optimization problem
min y(x) subject to f;(x) <0, forallz € T, P)

where v, f; : R" — RU{+o0}, 1 € T, are lower semicontinuous functions. The purpose of this
section is to provide asymptotic relations between optimization problem (P) and the following
approximation

min y(x) subject to ¢y (x) < 0. (Pr)
We denote by v and vy the optimal value of problems (P) and (Py), respectively. Moreover, we
say that X is a stationary point of problem (P) if there exists A > 0 such that A f(x) = 0 and

0 € dy(X)+Adf(X).
Similarly, x; is a stationary point of (P) if there is A; > 0 such that ;¢ (x;) = 0 and
0 € dy(xk) + A0 Pr (k)

The next result strongly relies on the epigraphical convergence established in Theorem 3.1. We
provide the proof for the sake of completeness.

Theorem 4.1. Under the assumptions of Theorem 3.1, consider the sequence of functions @y, :
R" — RU {400} defined in (3.1), with p; > 0 such that pk_l In(k) — 0. In addition, suppose
that the objective function of (P) is coercive and (domy) N{x: f(x) <0} # 0. Then,

(i) vy converges to v.
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(ii) Let x; € argmin(Py) for k € N. Then (x;) is bounded and every accumulation point of
(xx) is a solution of problem (P).

Proof. Notice that optimization problem (P) has an optimal solution since the coercivity of y
implies {x € R" : y(x) <M, and f(x) <0} is compact and nonempty for M large enough.

(i) We start by showing that liminfy_.., vy > v. Indeed, suppose by contradiction that there
exist & € R, and a sequence x;; € R" such that @, (x;) < 0 and y(x;) < o <v. Since
Y is coercive, we can assume that x; converges to some X. Now, using Theorem 3.1,
we obtain that f(xX) <0 and y(x) < o < v, which is a contradiction.

Now, we focus on limsup;,_,,, vy < v. Let us consider a point xo € argmin(P). Then,
using (3.4), we see that xg is a feasible point of optimization problem (P;). Therefore,
vi < y(xp) = v, and it implies that limsup;_,., vy < .

(ii) First, let us consider a point xop € domy N {x: f(x) <0}. Then, xop € domy N {x:
¢r(x) < 0}, and by optimality of x;, we have that x; € {x: y(x) < y(xg)}, where the
last set is bounded due to the coercitivity of y, and this yields the conclusion that (xy)
is bounded. Now, let us suppose that x;, — X. First, let us notice that by Theorem
3.1 f(%) <liminfy; e @, (xx;) < 0, which implies that ¥ is a feasible point of problem
(P). Second, we consider kK € N and x € R" be a feasible point of problem (P), that
is, f(x) <0. Using (3.4), we obtain that ¢ (x) < my(x) < f(x) < 0. Hence, the point
x is also a feasible point of problem (P;). It follows from the optimality of x; that
y(x;) < y(x), which implies by the lower semicontinuity of y that y(x) < y/(x), which
shows the optimality of x.

O

Now, we are in a position to understand the asymptotic behavior of the accumulation points of
the stationary points of problem (P;). Naturally, these results rely on the properties of the limit
of subgradients of the function ¢ in relation to the supremum function, which were explored
in Section 3. The first result relies in the setting of Theorem 3.2.

Corollary 4.1. Under the assumptions of Theorem 4.1, let x; be a stationary point of problem
(Pp) for k € N, and X an accumulation point of xi. Suppose that T is compact and there exists € >
0 such that the functions { f; : t € T } are differentiable on B¢ (x) and (t,x)—(y(x), f:(x), V fi(x))
is continuous on T X Bg(X). Then the point X is a stationary point of problem (P) provided that
the following condition holds

(0™ y(®) Nco V(%) : 1€ T(X)} =0. @.1)

Proof. Let x; be a stationary point of problem (P;) for k € N, and X an accumulation point of
{xx}, letus say x;; — X. It follows from the definition that there exist A; such that A, ¢, (x¢;) =
0 and
0 € Iy (xi) + A, Vopr,, (i )-

Under our assumptions, it is not difficult to show that {V¢y; (xi;) } is bounded, so we can assume
(without relabeling) that ¢y (xkj) — w.

On the one hand, let us suppose that )ij is bounded, so without relabeling we can assume
that A, — A. It follows from Theorem 3.2 that w* € d f(X). Moreover, since Y(x;) — Y(X), we
have that 0 € dy/(x) + Ad f(X). Moreover, by compactness of T and continuity of (¢,x) — f;(x),
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we see that the assumption of Corollary 3.1 holds. Then lim; e @, (x¢;) = f(%). Therefore
A f (%) =0, so, in this case, the conclusion of the corollary holds.

On the other hand, let us suppose that (4;) is unbounded. Taking a subsequence if it is
necessary, we can suppose that Ay, — +oo. Then, it follows that there exists w,’gj € Iy (xy;)

such that V(pkj (ij) = —/lk; lw,’;j. Now, using Proposition 2.1 and Theorem 3.2, we have that
w* € df(x) =co{Vf(X):t € T(x)}. It implies that

Vi€ (=97y(x)) Neo{V fi(x) : 1 € T(X)},

but, by definition of the singular subdifferential, we also have that —w* € d*y(x), which con-
tradicts (4.1), and that ends the proof of the corollary. 0J

Now, we estate a similar result to the previous corollary, under the assumptions of Theorem
3.3. The proof uses similar arguments, so we omit the details.

Corollary 4.2. Under the assumptions of Theorem 4.1, let x; be a stationary point of problem
(Pp) for k € N, and X an accumulation point of x;. Suppose that  is Lipschitz continuous
around X and there exist a continuously differentiable function h : R" — R such that f; + h is
proper lower semicontinuous convex function for all t € T. Then the point X is a stationary
point of problem (P).

Remark 4.1 (min-max problems). Notice that Theorem 4.1 can be applied to the following
min-max problem

min f(x), 4.2)

xeC
where f is the supremum function defined in (2.2), and its corresponding approximation

min @ (x). (4.3)
xeC

In order to see the connection, it is enough to notice that problem (4.2) can be equivalently
reformulated as

min y(x, B) subject to f(x,8) <0, 4.4)

where y(x,B) := B + 8¢c(x) and f(x,8) = f(x) — B. In that case, we can compute the regular-
ization (3.1) associated to the function f, let us say, ¢ corresponds to @ (x, ) = @(x) — B,
with ¢y the regularization (3.1) associated to the function f. Therefore, the regularized problem
proposed in (P;) associated to (4.4) is nothing more than

min y(x, ) subject to @ (x) < B,

which is equivalent to problem (4.3).

4.1. Duality results. In this section, we use the notation f(z,x) = fi(x) and V,f(z,x)) =
Vfi(x)). We assume that y is C' on the whole space R", and we suppose that the functions y
and f;,t € T, are convex on R”, and (¢,x) — (f(¢,x),Vyf(t,x)) is continuous on T' x R". Here
C(T) is the Banach space of real-valued continuous functions on 7', equipped with the maxi-
mum norm ||| = max{|h(z)|: t € T}, and C+(T) is the cone of nonnegative valued functions
in C(T). By M(T) we represent the topological dual of C(T); i.e., the space of finite signed
Borel measures on 7', embedded with the total variation norm. We have
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(h,G) = /T h(1)o(dt) Yo € M(T), Vh € €(T).

Since T is a metric space, C(T) is separable and every finite signed Borel measure on 7 is
regular (see, e.g., [9, Example 2.37].)

By M (T), we represent the positive cone of M(T), i.e., the subset of M(T') composed by the
finite Borel measures on 7. For o € M (T), we have ||c|| = [; o(dt). The key in this section
is the notion of Lagrangian function associated with (P), i.e.,

L(x,0) 1= y(x) + ((-x),0) = y(0)+ [ f(t.x)0(dr),

withx € R" and 0 € M (T).
Associated with our primal problem (P), we define the usual Lagrangian dual problem

SUPsem, (T) ¥(o), (D))
where
Y(o) :=inf{L(x,0): x € R"}.

If v(D) represents the optimal value of (D), the so-called weak duality inequality v(P) > v(D)
always holds. The optimal set of (D) is denoted by Sp.

The following theorem gathers the most relevant properties of the dual pair. The proof comes
straightforwardly from Theorems 5.97 and 5.98, Corollary 5.109, and 5.278 in [9].

Theorem 4.2. Assume that ¥ is level bounded on F := {x : f(x) <0}, where f = sup,c7 fi,
and the Slater condition holds; i.e., there exists x° such that f (xo) < 0. Then, the following
statements hold:

(i) The strong duality v(D) = v(P) is satisfied, and the dual optimal set Sp is nonempty and
bounded for the total variation norm.

(ii) If 6 € M (T) and X € argminW(0) are such that f(t,X) <0 forallt € T and (f(-,X),0)
=0, then X and G are optimal for (P) and (D), respectively. Moreover, under the current
assumptions,

% € argminW(G) <= V,L(%,5) = Vy(x) + /T V. f(1,5)5(dr) = 0.

Suppose that x; is an optimal solution of (P). Since this problem is convex, assuming that
Slater holds, the KKT-conditions are necessary and there will exist A; > 0, k= 1,2,..., satisfying

0=Vy(x)+4Vor(x) and L@ (xx) =0, k=1,2,....

Now we introduce the sequence of discrete measures { 0y} associated with the sequence {x }
by
k
exp [Pxfi (k)]
Oy := lk ai(xk)éi, where OCl'(xk) = :
L T exp [y (4]

(4.5)
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and §; is the Dirac distribution concentrated at point #;. Observe that ||oy|| = [, ok (df) = A,
k=1,2,..., and thanks to (3.12),

(Vo (ox0),00) = /T V. (1,3 ouldr) (4.6)
k
= A Y, 0i(x) V() = MV r(xe). (4.7)

i=1
Next we proceed by applying Theorem 4.2 in order to prove the following dual convergence
theorem, in which we establish the weak*-convergence of a sequence {oy} € M(T), to some
element G € M(T); i.e., limy_o (h,0%) = (h,G), for all h € C(T).

Theorem 4.3. Assume that y is level bounded on F := {x : f(x) < 0}, that we are under
the same assumptions that in the third statement of Theorem 4.1 and, additionally, the Slater
condition holds and p, ! In(k) — 0. Then, the following statements hold:
(i) The sequence {0y} given in (4.5) is strongly bounded.
(ii) There exists at least a weak® —limit point of this sequence, and each weak™ —limit point
of this sequence belongs to Sp.

Remark 4.2 (Previous to the proof). From the assumption that y is C' on the whole space R”,

we have that d°y(X) = {0,} and (4.1) becomes 0 ¢ co{Vf;(x):¢ € T(x)}, which is implied

by Slater.

Proof. (i) In the proof of the statement 3 in Theorem 4.1, we have established that {o;}
is strongly bounded as ||ox|| = A and there is no sequence {A;} converging to +oo.

Therefore, without loss of generality, we assume that Az — 4 € [0, +oo].

(ii) Observe that {0y} is bounded. Since B * = {oc € M(T) : ||o| < 1} is weak*— se-
quentially compact, we see that there exist at least a weak®-limit point. Let ¢ be an
arbitrary weak*-limit point of this sequence. Given an accumulation point X of {x;},
that is optimal for problem (P), and there will exist a subsequence { Oy }rcx such that

lim x;=Xandw"— lim oy=0¢cM(T).
k—o0 k€K k—o0 k€K

Since

k
(fCox),06) = Ay, 0i() f(ti,x) < Ampc(x)
i=1

< M (fpk(xk)+ lnp(f)> < )Lkln(k),

Pr

and (f(-,x;),0r) — (f(+,X),0) < 0. We can say more. Indeed, following the same
argument that in the proof of Claim 1 in Theorem 3.2, we conclude that the support of
0 is included in T'(X) and, consequently, (f(-,X,0) =0.

Finally (see the proof of statement 3 in Theorem 4.1), thanks to (4.6) and (4.7), one
has

0= Vy(x) + 4Vor(xe) = Vy(x) + (Vi f(-,x0), 0k) -
Taking limits yields 0 = Vy/(x) + (V. f(-,X),0) . Then applying Theorem 4.2, it follows
that © is optimal for dual problem (D).
U



558 R. CORREA, M. LOPEZ, P. PEREZ-AROS

5. CONCLUDING REMARKS

In this paper, we investigate an approximation technique for a supremum function f :=
sup,cr fi» where {f;,t € T} is a general family of functions defined on the Euclidean space
and valued in the extended real line, whereas 7 is a metric space. The main conclusions of the
paper are the following:

e We start by observing that if the functions 7' > ¢t — f;(x), x € R", are Isc, the supremum
function can be determined by considering only a countable dense subset {#; };cn of the
T.

e The approximating function is log-exponential. More precisely, if py > 0 with k € N,
we consider the function ¢ : R” — RU{+eo}, given by

1 1 &
Pr(x) == Eln <%;exp [Pkfn(@]) :

e The functions ¢, k = 1,2, ..., epigraphically converge to f.

e Under the additional requirement of uniform continuity of the original functions with
respect to ¢, the functions ¢, k = 1,2,..., are continuously convergent to f.

e Refined calculus rules are established specifying the relations among the subdifferen-
tials (regular and general) of ¢ and that of the functions f;,, i =1,...,k.

e Under mild assumptions, the Painlevé-Kuratowski convergence of the (sub-)gradients
of ¢y to the subdifferential d f(X) is also proven.

e Given a general semi-infinite programming problem (P) : min y/(x) subject to f;(x) <0,
t € T, we propose to replace it by the simple smooth problem, with a single constraint,
(Pr):  miny(x) subject to @ (x) <O0.

e Under standard hypotheses, we prove that the optimal values of the problems (Py) con-
verge to the optimal value of (P), and that the accumulation points of any sequence of
optimal solutions of the problems (Py) are optimal solutions of the problem (P).

e The Lagrangian duality of this problem is also studied, but restricted to the semi-infinite
convex programming problem. We establish a procedure to construct an optimal dual
solution.
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