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SOME REMARKS ON THE ENVELOPE OF A FAMILY OF CURVES
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Abstract. By means of Clarke’s differentiability theory, a generalization of the notion of envelope for a
nondifferentiable family of curves is considered. In particular, we propose an extension of the celebrated
conditions fulfilled by an envelope curve in the continuously differentiable case. An application in the
theory of long-run cost curves in Economics, is also provided.
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1. INTRODUCTION

Consider the family .% of curves
f(x,y,t) =0, teT, (1.1)

where T C Rand f: RxRXT — R.

The envelope of .# is a curve that is tangent, at each of its non singular points, to a curve
of the family .#. The notion of envelope finds applications in many fields, such as Physics,
the Huygens principle in geometric optics [1], and Economics, the theory of long-run cost
curves [2—4]. Recently, the applications to problems arising in matrix theory or hyperbolic
geometry were proposed in [5]. Moreover, there are practical applications in robotics and gear
constructions; see [6].

In the literature, it is in general assumed that each curve of .% is smooth and that f is con-
tinuously differentiable at each (x,y,7) such that f(x,y,r) = 0. In this paper, we consider the
problem of extending the definition of the envelope to a nondifferentiable family of curves. To
this aim, we make use of the generalized differentiability theory of Clarke [7]. In particular, in
the third section of this paper, we state a generalization of the classic conditions fulfilled by the
envelope in the differentiable case:

fa(t),y(@),1) =0, f/(x(t),y(),t) =0,  VteT, (1.2)
where f; denotes the standard partial derivative of f with respect to 7.

Section 4 provides an application to the theory of long-run cost curves in economics. In fact,
it is known that a long-run cost curves can be obtained as the envelope of the family of short-run
cost curves [2,3]. In this context, we present an example where the function f which defines the
family (1.1) of short-run cost curves is nondifferentiable. Section 5, the last section, is devoted
to further developments of the analysis and concluding remarks.
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2. PRELIMINARY RESULTS

Let us introduce the main notations and definitions that are used in the sequel.

Let X C R”. Recall that X is said to be a cone iff AX C X, with A > 0. The closure and the
convex hull of X are denoted, by ¢/ X and convX, respectively.

The normal cone to X at x, denoted by N(X;x), is defined by

NX;x):={yeR": (yz—x) <0, VzeX},

where (-, -) is the inner product in R”.
Let ¢ : X — R. We recall that ¢ is locally Lipschitz at x € X iff there exist a constant K > (0
and a neighbourhood V of x, such that

0 — o) <Kly=yIl,  V()y)eVvnX.

Let ¢ be locally Lipschitz at x € X and let v € R". The generalized directional derivative of ¢
at x in the direction v is defined by

o) = tim supPIFIZ0)

The Clarke generalized subdifferential of ¢ at x [7], denoted by d¢(x), is the set
0 (x) :={E eR": ¢°(x;v) < (E,v), Vv € R

The previous definitions were given in [7] in the more general setting where X is a subset of
a Banach space. In the finite-dimensional case, d¢(x) is a convex compact set for every x € X.
If ¢ is continuously differentiable, then ¢°(x;v) = (V@ (x),v) and d¢(x) = V@ (x). We recall
that, for a differentiable function which is not C!, then the Clarke generalized gradient does not
necessarily coincide with the classic gradient.

When ¢ is a convex locally Lipschitz function on the convex set X, ¢>°(x; v) coincides with
the one sided directional derivative, in the direction v

o (x3) = lim 2EFV =0

t10 t

and d ¢ (x) collapses to the classic subdifferential of convex analysis [8], that is the set of £ € R”
such that

() —9(x) = (8, y—x), WyeX. (2.1
When f is differentiable at (x,y,?), we denote by (f;(x,y,), f5(x,,¢), f{ (x,,1)), the gradient
Vf(x,y,t) and by 9, f(x,y,t) and 9, f(x,y,?) the partial subdifferentials, at (x,y,), of f(-,-,)
and f(x,y,-), respectively.
Throughout the paper, we assume that the following assumptions are fulfilled:

(A1) f(x,y,t) is a Lipschitz function V(x,y,7) € Rx R xT.

(A2) f(x,y,t) is regular in the sense of Clarke [7] i.e., for all (x,y,r) € Rx R XT, the usual
one sided directional derivative f’(x,y,t;v) exists, and f'(x,y,t;v) = f°(x,y,#;v), the Clarke
directional derivative, for allv € R x R x R.

Remark 2.1. If fisaC ! function or if it is convex on R x R x T, provided that T is convex,
then f is regular [7].
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For completeness, we report the following results concerning the main properties of Clarke
subdifferential that are used in what follows.

Let ¢ =goh, where h: X — R" and g : R” — R are given function spaces. The compo-
nents of & are denoted by h;,i = 1,...,n. We assume that each #; is locally Lipschitz at x and
that g is locally Lipschitz at i(x).

Theorem 2.1. [7, Theorem 2.3.9] d¢(x) C cl com{Y" & : & € dhi(x), a € dg(h(x))},
where cl conv denotes the closed convex hull and o, := (o, ..., 0). Equality holds under the
following additional hypotheses: g is regular at h(x) and h is strictly differentiable at x. (In this
case, it follows that f is regular at x and the cl conv is superfluous.

Remark 2.2. We recall that £ is strictly differentiable at x if there exists an element of the
topological dual of X, denoted by Dgh(x), such that, for each v € X,

h —
lim (y+1tv) —h(y)
y—x, t10 t

= (Dsh(x),v).

If & is continuously differentiable at x, then it is strictly differentiable at x [7].

Let X = X; x X,, where X and X, are Banach spaces, and let ¢(xj,x) : X — R be locally
Lipschitz at (x,x3).

Proposition 2.1. [7, Proposition 2.3.15] If ¢ is regular at (x1,x;), then
9 (x1,x2) C Iy @ (x1,%2) X O, @ (x1,X2).
3. A GENERALIZED DEFINITION OF ENVELOPE

We introduce the following generalization of the definition of the envelope of a family of
curves.

Definition 3.1. The envelope of the family .% of curves, defined by (1.1), is a differentiable
curve 7y of parametric equations x = x(t),y = y(t), t € T, such that the following conditions are
fulfilled:

(@) f(x(r),y(t),t) =0, foreveryr € T.

(b) There exists &(t) € dy, ) f(x(¢),¥(t),t) such that ((x'(¢),y'(¢)),&(¢)) =0, forevery t € T
with &(r) #0ae. onT.

Remark 3.1. The set d(, ,f(x(¢),y(),) can be considered as a set of generalized normals to
the curve & := {(x,y) € R*: f(x,y,t) = 0} at the point (x(¢),y(t)), foreacht € T

Condition (b) of Definition 3.1 can be interpreted as a generalized tangency condition of the
envelope ¥ to a generic curve of the family ..

When f is a continuously differentiable function, condition (b) becomes

(' (1), (0)), (fe(x(6),3(2), 1), £3(x(1), ¥(2), 1)) = O,
which is equivalent to say that the envelope 7 is tangent, in the classic sense, to the curve &, at

the point (x(z),y(t)), for every ¢t € T. Therefore, in such a case, Definition 3.1 collapses to the
classic notion of envelope.

By means of the next proposition, we provide a characterization of condition (b) of Definition
3.1 in the convex case.
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Proposition 3.1. If f(x,y,t) is a convex function, with respect to (x,y) jointly, for eacht € T,
then

§ € Juy) f(x(1),y(t),1) & §EN(&,(x(1),y(t))-

Proof. By (2.1), we have that § € dj, ,f(x(t),y(¢),t) if and only if the following inequality
holds:

f(x7y7t)_f(x(t)7y(t)7t)2 <§7(x7y)_(x(t)vy(t))>7 v(xvy)eél' (31)
Since the left-hand side of (3.1) is 0, for each (x,y) € &, then (3.1) holds if and only if & €
N(&, (x(¢),y(t)). This completes the proof. O

Therefore, in the convex case, condition (b) is equivalent to the fact that the tangent to the
envelope at (x(z),y(¢)) is a supporting line for the curve &, for almost every 7 € T.

We aim to state a generalization of the classic conditions (1.2) to the case of a nonsmooth
family of curves. We need two preliminary lemmas.

Lemma 3.1. Let F(t) := f(x(¢),y(t),t), where x(t) and y(t) are continuously differentiable
functions for allt € T. Then dF (t) = {{(a,B) : a € df(x(1),y(t),t), B = (X'(¢),y'(¢),1)}.

Proof. Taking into account that continuous differentiability implies strict differentiability, we
conclude from Theorem 2.1 the desired conclusion immediately. U

Lemma 3.2. If f is regular at (x,y,t), then d f(x,y,t) C 9y f(x,3,1) X O f(x,¥,1).
Proof. The proof follows from Proposition 2.1. 0

We are now in a position to state a generalization of conditions (1.2) to a nondifferentiable
family of curves.

Theorem 3.1. Let T C R be an open set. If a continuously differentiable curve y(t) := (x(t),y(t)),
t € T, is an envelope of the family of curves f(x,y,t) =0, t € T, then it is a solution to the fol-
lowing system

{fumov>n=0, vieT, (3.2)

0 € df(x(t),y(1),1), VteT.

Proof. By condition (a) of Definition 3.1, for every ¢ € T and At sufficiently small, it results
that f(x(r + Ar),y(t + At),t + Ar) = 0. Therefore, for allz € T,
dF t+At),y(t+At),t +Ar) — t),y(t),t
AF () g T A0, 5( A1+ A1) F((0) (), 1)

=0.
dt Ar—0 At

By Lemma 3.1, it follows that 0 = {(a,B) : o € df(x(¢),y(¢),1),B = (¥'(¢),y'(t),1)}. By
Lemma 3.2, we see that d f(x(z),y(z),t) C 8( nf (), (2),) X A f(x(¢),y(t),t), so that each
element of d f(x(¢),y(t),t) can be expressed in the form (§,) with § € 9|, f(x(¢),y(t),t) and
y € df(x(t),y(t),t) and the envelope (x(¢),y(¢)) fulfils the relation

(E,(X(1),y' (1) + y=0.
By the condition (b) of Definition 3.1, it must be (&, (x'(¢),y'(¢))) = 0 for a suitable & €
) f (xX(),¥(t),1). Thus O € J, f(x(¢),y(¢),¢) is fulfilled. B

If f(x,y,-) is a C' function, then Clarke subdifferential collapses to classic gradient [7], so
that d, f (x(r),y(¢),t) = f](x(),y(r),r) and (3.2) collapses to (1.2).
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Example 3.1. Consider the family of curves
fyt) =+ (x—1)?+|x—1|—-y=0, teT:=R. (3.3)

Observe that f is a convex Lipschitz function, so that the Clarke subdifferential collapses to the
classic subdifferential of convex analysis.

[_171]7 if t=x,
atf(x7y7t):2t_2(x_t)+ L, lf 1> x,
-1, if t<x.

Consider the condition 0 € 0, f(x(),y(t),t), t € T. It follows that

0€2t—2(x—1t)+[-1,1], r=nx,

0=4t—2x+1, t>x,
0=4r—2x—1, r<x.
Therefore
; 6[ 1 1}
=X X —
) 272 )
2x—1 - 1
g X —_—
4 ) 27
2x+1 1
= x> —.
4 7 2
Substituting ¢ in the equation f(x,y,t) = 0, we obtain
( 11
2 __ =
* 1 xe [1 2’2]’
X X
e S e—— < —= 3.4
Y 3 2 8 Ty 34
X +x 1 >1
— _—— — x J—
(2 2 8
Observe that
) e[ 1 1}
X X - —
’ 2’2
/ 1 1
V) ={x-5  x<—s
1 12
X—f-E? X>5

so that the envelope of the family of curves (3.3) is a C! function.

The following example shows a case where Theorem 3.1 cannot be applied although an
envelope of the considered family of curves exists.

Example 3.2. Let | < @ <2 and T := R. Consider the family of curves
y— |t|%sin(1/t) — (x —t)[oe|t|*'sin(1/t) — [t|* 2 cos(1/t)], x>t, t#0,

0=f(x 1) = § y— | *sin(1/1) + (x— 1) o]t |2 sin(1/1) 1] 2cos(1/0)], x <1, 1 £0,
v, for t=0.
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An envelope of such a family of curves is given by the function

) x[*sin(1/x), x#0,
O R,

forl <o <2.

Actually, for fixed ¢ # 0, the curve f(x,y,t) = 0 consists of two halflines passing through
the point (%,y) := (¢,¢(¢)), one of which is the tangent to the graph of the function ¢ at (%,¥).
Observe that ¢ is a differentiable function for every x € R, but not locally Lipschitz at x = 0
since

, a|x|* sin(1/x) — |x|*%cos(1/x), x#0,
¢'(x) = {
0, x=0
and limsup,_,, ¢'(x) = +oo, (consider the sequence x; = 1/(2k+ 1)m,k € N). Thus we also

see that f(x,y,7) is not Lipschitz at (x,y,0). Therefore the basic assumption (A1) does not hold
and Theorem 3.1 cannot be applied.

4. AN APPLICATION IN ECONOMICS

The notion of envelope finds an important application in economics, in the theory of long-run
cost curves. Actually, a long-run cost curve turns out to be the envelope of the family of short-
run cost curves [2,3]. The family of short-run cost curves provides the cost of production as a
function of output with the level of a given input as the parameter of the family. The long-run
cost curve is defined by the function that selects the level of input that minimizes the cost.

Let C: X xT — R. If y=C(x,t), t € T, denotes the family of short-run curves, with T
being the set of input parameters, then the long-run function is given by y(x) := min;er C(x,1).
If we assume that C(x, -) is convex on the open convex set 7 C R, then, for all x € X,

y(x) =C(x,t), where 0¢€ d,C(x,t) 4.1)
The previous condition is fulfilled by the envelope of the family of curves
fleyyt):=C(x,t)—y=0, teT. 4.2)
Applying Theorem 3.1, we obtain that the envelope of (4.2) fulfils the system
{O € 9,C(x,1)

4,
y=C(x,1),teT “.3)

Observe that (4.3) is equivalent to (4.1).

Example 4.1. Let L be the amount of labour required for production of a certain good, K > 0
the level of capital input, and Q = Q(L, K) the quantity of product obtained. Moreover, let r > 0
be the unit cost of capital, and let w > 0 be the wage rate. Let X := R, and T :={r € R:1 > 0}.

Assume that the total cost of production is defined by the function C : X x T — R, where

K +wL, 0<K <K,

ClL K= {7 T : (4.4
2r(K—K"/2)+wL, for K>K"°,

and that 0 : X x T — R, where
Q(L,K) :=aVLK, 4.5)
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where K° and a are suitable positive constants. By (4.5), we obtain L = Q?/(Ka?), and substi-
tute in (4.4) that

2
rK + Qz, for0< K <K°,
C(0,K) = Ka WwO? (4.6)
2r(K—K%/2) + <z forkK> K°.
Let us rewrite (4.6) in (1.1)
2
K—f—g—c for0< K <K°,
= f(Q.C.K) := Ka? e (4.7)
2r(K —K%/2) + —~C, forK>K"

K2

Note that f is not differentiable w.r.t. the parameter K and that the envelope of the family of the
short-run cost curves (4.7) fulfils the system

0e aKf(QacaK)a
£(Q.C.K) =0, K >0.

The subdifferential of f w.r.t. K is given by

( 2
_IV(vz_Qaz’ for0< K <K,
2 2
_ wQ wQ
aKf(QJC’K> - [F—W,ZI’— m], fOI"K:KO,
or_ WO forK > K°
\ r K2a2’ or .
Thus 0 € dx f(Q,C, K) iff
Q for 0<K <K,
I"
Ke [ q, for K=K
2’ a

Q\/j for K>K°.

Substituting the previous relations in (4.7), we obtain

2 Qﬁ 0<0<K% \[

C(Q) = rKO+W, KO\/7<Q<K0\/>

Q\/_r—rKO 0> K’a \/;

We observe that C(Q) is a C! function and coincides with the envelope of the family of the
short-run cost curves defined by (4.7).
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5. FURTHER DEVELOPMENTS AND CONCLUDING REMARKS

We considered a generalization of the notion of envelope to a nondifferentiable family of
curves. The analysis was carried out by exploiting Clarke’s generalized differentiability theory
and the calculus rules of the Clarke subdifferential. Further extensions can be obtained by using
suitable subdifferentials that enjoy analogous calculus rules. The presented results were stated
for a family of curves in the plane but it can be shown that they can be generalized to the case
of a family of surfaces. In Section, 4 we considered an application in economics which shows
that we can associate with the solution of a parametric optimization problem the envelope of
a suitable family of curves. Conversely, in [9], it was pointed out that, in the differentiable
case, the problem of finding the envelope of the family of curves (1.1) can be associated with a
parametric optimization problem P(x) defined by

min (ma
nin (max) y (5.1)
fleyt)=0,teT

The first order optimality conditions for (5.1) are actually equivalent to (1.2) assuming that
fy # 0 and that T is an open set. It would be of interest to generalize such an equivalence to the
nonsmooth case. To this aim, the Image Space Analysis [10] could be a powerful tool, in order
to derive optimality conditions for (5.1).
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