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CONVERGENCE ANALYSIS OF A PROXIMAL STOCHASTIC GRADIENT
ALGORITHM WITH ADAPTIVE SAMPLING FOR NON-CONVEX AND
NON-SMOOTH COMPOSITE OPTIMIZATION PROBLEMS
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Abstract. This paper examines the convergence and computational complexity of a proximal stochastic
gradient algorithm that adaptively incorporates sampling techniques for solving large-scale, non-convex,
and non-smooth problems, with a particular emphasis on problems that involve the combination of two
non-convex functions. This an area that has been scarcely explored by current methods. By adjusting
adaptively the sampling size (or mini-batch size) throughout the algorithm’s iterations, this method aims
to balance the trade-off between stochastic gradient noise and convergence stability. It maintains a con-
vergence rate similar to that of the proximal gradient method. Moreover, when the objective function
is a Kurdyka-t.ojasiewicz (KL) function, we demonstrate the convergence rate of the expected function
value on a case-by-case basis, achieving linear convergence under optimal conditions. Finally, some
preliminary numerical results validate the effectiveness and robustness of the proposed method.

Keywords. Adaptive sampling; Kurdyka-Lojasiewicz property; Large-scale; Non-convex and non-
smooth; Proximal stochastic gradient.

1. INTRODUCTION

In this paper, our goal is to minimize the composite objective functions presented in the
finite-sum form:

xeRd

N
min F (x) ::f(x)+h(x):]lvzifi(x)+h(x). (1.1)

Assumption 1.1. The functions in equation (1.1) satisfy the following assumptions:

(A.1) f:R? — R is continuously differentiable, with an L-Lipschitz continuous gradient,
and may be non-convex.

(A2) h:R? — (—oo, +oo] is a proper, lower semicontinuous function, bounded from below,
and may be non-convex and non-smooth.

(A.3) F is bounded from below.

Problem (1.1), which is extensively utilized in the fields of statistics [1] and machine learning
[2], is also known as regularized empirical risk minimization. In general, fi(x) := fi(x, &),

where it is assumed that the training set {& = (a;,b;)}Y, is a collection of independent and
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identically distributed (i.i.d.) samples. Here, a; and b; represent the feature vector and class
label of the i-th example, respectively, and N denotes the size of the dataset, which is usually
quite large. Function & serves as an additional non-smooth regularization term, strategically
introduced to mitigate the risk of overfitting or to encourage specific structures, such as sparsity
or non-negativity, in the variable x. Over the past few years, there has been a surge in interest
towards non-convex regularization techniques, including the [, norm (|| » with 0 < p < 1),
smoothly clipped absolute deviation (SCAD), and minimax concave penalty (MCP). For recent
improvements over convex regularizers, we refer to [3—7] and the references therein.

When N is substantially large, the computation of the exact (or full) gradient becomes pro-
hibitively expensive and may even be infeasible. Consequently, there is an increasing focus on
approximating the exact gradient of f through sampling methods, drawing on the principles of
Stochastic Approximation (SA) method [8]. This methodology entails the random selection of
a sample set of indices .4 ®) with a sampling size N ®) e {1,2,--- N}, to form the stochastic
gradient

W 1 ()
VErw = ym ie§("> v (<)

In the field of high-dimensional optimization, the computational cost is primarily determined
by the total number of gradient evaluations, and the convergence speed of stochastic algorithms
is significantly affected by sampling error. As demonstrated by [9, 10], smaller sampling sizes
are sufficient for optimal progress in the early stages of training, while larger sampling sizes
are required to maintain performance in the later stages. Therefore, determining the appropriate
sampling size has become a critical challenge. To address this challenge, we propose a new sam-
pling strategy that dynamically adjusts the balance between sampling error and sampling size
N® during the optimization process. Specifically, at each iteration k, we generate a sampling
set .4+ (X) based on the gradient information of the current point x*), and use this sampling set
to calculate the next update point x*+1) This method provides a robust and practical approach
that effectively addresses a wide range of stochastic optimization challenges.

Literature review and and motivation. Over the past decade or so, the field of finite sum
optimization with 4 = 0 (1.1) has seen under the research spotlight; see, e.g., [11-16]. Notably,
the norm test proposed by Byrd et al. [11] and the inner product test proposed by Bollapragada
et al. [12] are two important developments in this area. For composite functions with convex f
and convex h, Xie et al. [17] studied the convergence of the inner product test strategy. Recently,
many scholars investigated the case where f is non-convex and / is convex. Beiser et al. [18],
building upon the norm test, conducted a more in-depth study of the projection stochastic gradi-
ent method and the sequential quadratic programming method. Franchini et al. [19] delved into
the use of stochastic line search and adaptive sampling within the context of proximal stochas-
tic gradient method. Building on this, Zhang and Li [20] integrated stochastic line search and
adaptive sampling into the proximal stochastic quasi-Newton method, and eliminating the need
for repeated evaluations of the proximal operator during the stochastic line search process.

However, the existing literature lacks the analysis on the convergence and complexity of
adaptive sampling strategies for non-convex f and non-convex h. Current methods [21-26]
for solving fully non-convex composite optimization problems (1.1) are primarily based on
variance reduction techniques [27], such as SAG [28,29], SAGA [30,31], SVRG [31-33], and
SARAH [34,35]. Although variance reduction techniques can effectively dampen the effects
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of gradient noise and achieve convergence rates s imilar to those of deterministic methods, they
generally either perform full gradient computations periodically, as in SVRG and SARAH,
or require the storage of partial gradients, as with SAG and SAGA. Additionally, during the
iteration process, these methods also need to consider the sampling size, which significantly
affects their performance. Therefore, this motivates us to further explore how adaptive sampling
strategies perform in fully non-convex problems.

TABLE 1. Comparison of Prox-ASSG (proposed method) with state-of-the-art algorithms. “Complexity (non-
convex)” denotes the expected complexity to achieve an -approximate critical point (1.3), “Complexity (KL exponent)”
represents the expected complexity to attain an €-stationary point, and “-” indicates that the result is not provided. k is a
positive constant that can be close to 0.

Algorithm Full gradient | Historical gradients | Complexity (non-convex) | Complexity (KL exponent)
MBSGA (SG) [37] No No o(1/¢) -
VRSGA (SVRG) [37] Yes No On*3)e3)
SPRING (SAGA) [22] No Yes O(n?3/e?)
SPRING (SARAH) [22] Yes Yes O(n'/?/e?) -
Prox-ASSG (This paper) No No O(1/4+¥) O(1/e),0 € [11)

Contributions. In this work, we present Prox-ASSG, a proximal stochastic gradient algo-
rithm that utilizes adaptive sampling to tackle composite finite-sum functions with non-convex
and non-smooth regularization terms. The key contributions of our work are as follows:

e We introduce a progressive batching strategy for proximal stochastic gradient algo-
rithms, designed to adaptively increase the sampling size. This strategy not only pre-
vents the sampling size from increasing too rapidly but also effectively manages the
variance of stochastic gradients in the direction of the smooth component f, reducing
the impact of gradient noise, and thereby restoring the convergence rate to that of the
non-stochastic version.

e In the case where f is non-convex and % is non-convex and non-smooth, the algorithm
generates iterative points that almost surely (a.s.) converge to a critical point x*. The
rate of convergence is given by

E [dist (o,aF <x(R)>>] .y (%) : (1.2)

where R is uniformly chosen from the set {0, 1,--- , K} and dist (x, Q) := minycg ||y —x]|.
To obtain an €-approximate critical point in expectation, i.e.,
E [dist (o, OF (ﬂ’”))} <e, (1.3)

the total number of gradient evaluations (computational complexity) is & (ﬁ) , where

K is a positive constant that can be close to 0.
e Additionally, if problem (1.1) is a KL function with exponent 6 € [0, 1), we demonstrate

that the sequence { F (x(k)> }k>0 generated by Prox-ASSG converges in expectation to
F(x*) of objective function at the following rates:

-If6=1,then E [F (x(k)> —F (x*)} = 0 in a finite number of steps;
176 € [3,1),then B |F (x0)) — F ()] <0 (%), p € (0,1);
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16 € (0,4), then B |F (x¥) —F ()| < 0 (k7).

2. NOTATIONS AND PRELIMINARIES

2.1. Notations. The subsequent sections of this paper employ the following notations. Without
any specification, we use || - || to denote the Euclidean norm (|| - ||, norm). We consistently use
the notation (-,-) to denote the Euclidean inner product. The ceiling function is represented by
[-], and the floor function by |-].

To simplify our notation, we adopt the following abbreviations: f (x(k)> as fK), h (x(k)>
as h(k), F (x(k)> as F (k), exact gradient Vf <x(k)) as 'V f(k), individual Vf; <x(k)> as V fl.(k),
stochastic gradient Vf ) (x(k)) as 'V fj/)(k), subdifferential dh (x(k)) as 0h®) | subdifferential
JdF <x(k)> as JF W), F (x*) = f (x*) + h (x*) as F* = f* +* and F := inf, F(x) and conditional
expectation E [-L%‘(k)} as Ey [].

2.2. Preliminaries. We first outline some common assumptions in stochastic methods.

Assumption 2.1. Let .Z ) denote the o-algebra generated by the sequence {x(o) a0 x®) }
For each iteration k, the following assumptions hold

(A4 B [V, | =v s

(A.5) Ey [HVfi(k) — vk Hz} < 824+ NWBZE, [Hx(k“) —xk) Hz} , where 6 and f3 are positive
constants.

We would like to underscore two key points for emphasis:
e It is straightforward to confirm that, in problem (1.1), the conditional expectation meets
the conditions of Assumption 2.1 (A.4).
e In the literature on stochastic algorithms that utilize mini-batch or adaptive sampling,
such as [11,12,17,19,36], it is often necessary to assume

E, vafk) —Vf(k)Hz] < 82

) E, [Hw}") - Vf<'<>))2] < B°E, [Hx<k+l> _x<k>m |

Relative to these algorithms, our assumptions are more lenient. This leniency stems
from the design of our algorithm, where the sampling size N (k) escalates with each
iteration, and the Assumption 2.1 (A.5) becomes progressively weaker as the iterations
advance.

Definition 2.1. (Proximal mapping [38]) The proximal map of a point x € R? under a proper
and closed function 4 with parameter & > 0 is defined as:
1

5o e, @.1)

ProX;,(x) := argmin, h(z) +

where o > 0.
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In the specific iteration process, the proximal mapping is used as follows:

2D ¢ prox (x(k) _av f(Ak/)@)
= argmin, <Vf£’;)(k),z —x(k)> I % HZ _ L (® H2 h(a), (2.2)

where step size o > 0. It is crucial to recognize that if 4 is a convex function, its associated
proximal mapping corresponds to the minimizer of a strongly convex function, resulting in a
unique solution. In contrast, when % is non-convex, the proximal mapping may not yield a
single solution but rather a set of solutions. In these instances, prox,(x) represents an arbitrary
element from this set of solutions, which complicates the analytical process. Consequently, it
becomes necessary to establish the following definition to navigate these complexities.

Definition 2.2. (Subdifferential [38]) The Frechét subdifferential 0F (x) of x € domF is the set
of u € R¥ such that

imint | F(2) —F(x) " ()
S P

>0,

while the (limiting) subdifferential dF (x) at x € domF is the graphical closure of JF (x):
F(x) = {u:3(x®,F (x0)) = (v, F (x)),0F (x9) 5.4 — u}.

Specifically, this generalized derivative simplifies to the gradient VF when F is continuously
differentiable, and it corresponds to the standard subdifferential when F is convex. From the
optimality condition of equation (2.2), it follows that

k 1
0€ Vf%w + a(x(kﬂ) —x8) 4 9n(x* ).

Definition 2.3. (Critical point) A point x € R? is a critical point of F if and only if (iff) 0 €
dF (x).
Definition 2.4. (Distance) The distance of a point x € R? to a closed set Q C R¢ is defined as:

dist(x, Q) := min ||y — x]|. (2.3)

yeQ

Definition 2.5. (KL property [39]) Let F: RY — RU{co} be a proper and lower semicontinuous
function. A function F : RY — (—oo, +o0] is said to have the KL property at ¥ € dom (JF) if

there exist € € (0, 4] a neighborhood O of ¥ and a continuous concave function ¢ : [0,€) — R
such that, for all

xGOﬂ{xERd:F()E) < F(x) <F(X)+8},
the following inequality holds
@' (F(x) — F(x))dist(0,0F (x)) > 1, (2.4)

where the function ¢ : [0,€) — [0, +eo) satisfying: i. ¢ is concave and continuous on (0,4 ); ii.
@ is continuous at 0, ¢(0) = 0; and iii. @(x) > 0, Vx € (0,¢).

Definition 2.6. (KL function [39]) A function F is said to be a KL function if it satisfies the KL
property at each point of dom (JF).
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To put it simply, KL functions become sharp up to reparameterization via ¢, a desingularizing
function for F. All semi-algebraic and subanalytic functions are the KL function. Notably,
for semi-algebraic functions, the desingularizing function @(x) can be selected in the form
o(x) = gxe, where ¢ is a positive constant and 6 is the KL exponent within the interval (0, 1].
Common examples of semi-algebraic functions encompass real polynomial functions, /, norms
for p > 0, rational functions, real polynomials, rank functions, and so on, as detailed in [39-41].

3. ALGORITHM

We describe Prox-ASSG in Algorithm 1 below.

Algorithm 1 Prox-ASSG
1: Input: Give x9 e RY, 2 < NO) < N, NO 6 NT, o and B are positive constants, and a

non-negative sequence {£®)};~( with Yo € ) < 400,
2: fork=0,1,2,..K do
3: Select a sample set .4 ) of size N(K), compute stochastic gradient

W . 1 (o)
Vv = N&) ie;@ Vi <x > ’

* € prox,y, (x(k) —aV f(j/)(k)>, and sampling gradient variance

I R
S(k) — iey (k (k)
N®—1
N — N®*) 2
4 if S®. NO(N 1) < AW .= glk) 4 g2 Hx+ —x(k)‘ , then the sample set N*¥) is con-
sidered reasonably valid.
s N
5: else N®) = min { N,max{ [ : 1,N® 413 3. Select a new sample set
AR N 1455
N ®) of size N®), and compute V f y and xt
6: end if
xk+1) —
8: end for

3.1. Choice of the sampling size N*). Following [42, p.240] (Appendix 7.1), for an arbitrary
i € /%) we have that

H ] {H -Vt H ] <’<>. (3.1)

B {vaﬁ@ NG N_1

Consequently, it is evident that, by regulating the sampling size N ®) we can manage the vari-
ance bound of the stochastic gradient. Therefore, the inequality

F, [vaﬁj)(m _Vf(k)Hz] <M 4 2R, U’x(kﬂ) _x(k)‘ﬂ (3.2)
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holds if N®) satisfies
2
5[ -]
NW® >

" e 1 B2E, [Hx(kﬂ)_x(k)m '

N
Ek[Hvﬁktvﬂk)Hz}

8(k)+ﬁ2Ek{"x(k+l)_x(k)Hz]

(3.3)
N—-1+

with g®) being a positive value.

In practice, we need to estimate both quantities on the right-hand side of (3.3). As was done,
e.g., in [2, 11, 12], the population variance term in the numerator can be approximated by a
sampling gradient variance

2

Lo sw | VA =V,

N&K) —1

g .

2
to approximate [E; {HV fl.(k) —-Vf (k) H } in inequality (3.1). And it is desired that the obtained

xt € prox,y, (x(k) — anj)(k))

under the current sampling condition satisfies the following inequality:

N—-NW®

(R)_X TN AR . k) 4 g2 H +_x®
NN 1) <AW i =eW 4+ B xT —x
When condition (3.4) is not satisfied, the variance can be reduced by appropriately increasing
the sampling size N ), Considering equation (3.4), we can derive the following after simple
manipulation:

H2 (3.4)

N® >

) W -
AT N—1+45
Additionally, we can establish that N ) must be less than or equal to N. Thus N ®) can be
updated by the following rule:

N N

N® = min{ N, max{ [>— -
; 0 S0
A N—-1+ NGl

1,N® 1

Remark 3.1. We would like to emphasize the following points:
1. From inequality (3.1) and Assumption 2.1 (A.5), we can derive that

Iy
By “\ij% v ] < 5

< 2 e~

(3.5)

Therefore, when N (k) > 36(_’3’ inequality (3.2) holds. Thus the choice of e®) is closely
related to the computational complexity. In this paper, we provide two selection rules



576

il.

1il.

M. ZHANG, S. JIE

for ¥ W and ﬁ, where C and k are two positive constants. The rationale
behind these choices is detailed in Corollary 4.1 and Corollary 4.2.

We slightly reformulate inequality (3.3) as follows:
N

N—1

) (3.6)

Ek{HVfi(k)—Vf(k)Hz}

£<k>+ﬁzEk[Hx(kﬂ),x(k)nz
in a reduction of the right-hand side of inequality (3.6). This implies that the required
N®) decreases, effectively suppressing its growth. Furthermore, in conjunction with As-

where I1 =

] . It can be observed that a smaller value of II results

2
sumption 2.1 (A.5), increasing the upper bound of [E; {HV fi(k) — vk H ] is equivalent

to increasing the denominator of I1, thereby reducing II.
We know that if a large number of samples are used, the sample mean is a random
variable that approximately follows a normal distribution. In our case, this means

52
Vfﬁ% ~V~ (O’W> ;

2
where 62 =E {HV fl-(k) — VW H ] . Under Assumption 2.1 (A.5), we know that

® _ 1
o2 _ E {vat Vf(k)” < NS;) +B°E [HX(H]) —x(k)Hz] ,

NK) NK)
2
In the subsequent proof, it can also be observed that [£ [Hx(k“) —x) H } — 0 (Lemma

4.3). Additionally, we note that N (%) increases progressively. Consequently, during the
iterative process, the variance of the sample mean tends to diminish, and the sample
mean converges to the population mean. This indicates that the estimation precision of
the sample mean is progressively enhanced, leading to more stable results.

4. MAIN RESULTS

In Subsection 4.1, we begin by analyzing the convergence rate and computational complex-
ity of Algorithm 1 when applied to non-convex and non-smooth composite functions. Subse-
quently, we show that KL functions exhibit distinct convergence rates under different condi-
tions, as explained in Subsection 4.2.

4.1. Non-convex and non-smooth problems.

Lemma 4.1. (Robbins-Siegmund) [8] Consider a measurable space (Q,.% ,P) and a sequence
of sub-c-algebras {.F W }1>9 of F such that FO ¢ FW) ... Let {UR} =0, {x% V10,
{EWY =0, and {E W} 150 be sequences of non-negative, integrable, and F ¥)-measurable ran-
dom variables satisfying the following conditions

I.

L.

Yo x® < oo and T7 o W) < too;
Forall ke N, By [U4] < (1420 0 460 — @,
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Then,

i {U (k) }k>0 converges almost surely to a finite random variable U,
ii. Y 06 (kyconverges almost surely.

Lemma 4.1 represents a well-established outcome in stochastic analysis, which aids in our
examination of the algorithm’s convergence.

Lemma 4.2. Let Assumption 1.1 holds and x**'1) be derived from equation (2.2). Then
(1 (n+1)L H (k+1) x(k)‘
2o 2

Proof. By utilizing the relationship that F(x) = f(x) 4+ h(x), we obtain

2

)

1
(k+1) (k) k) gk
F < FW% 4 _ZnL )Vf Vfw(k)

where 1) is a positive constant.

FltD) (i<)f(k) <Vf (k+1) x(> 2H (k1) k)H2+h(k+1)

(b

_)f <Vf (k+1) x(k)>_|_§ Hx(k+1)_x(k)H2

k 1
Lpt <v f%k),xw) —x<’<>> -5 Hx<k+1> ()

04 (V0w 2 0 <2L _ é) Hx<k+1> _x<k>H2
o

(g -

I’ n

(©)

1
(k) o~ (k) _ ¢k
<F® 4 7L ‘Vf Vo

Inequality (a) holds due to the Lipschitz continuity of V f. Inequality (b) can be derived from
the update formula for patagy given by equation (2.2):

g (49w ) < - (- )

2

1.e.,

plk+) < <Vf L) x(k)>_21 H (k1) H
o

Inequality (c) is established because 2 (a,b) < nL||a||* + L L||p||? foralla,p € RYandn >0. O

Lemma 4.3. Let Assumptions 1.1 and 2.1 hold. Let the step sizebe 0 < o < 5 With

__nL_
(m>+n)L>+p
N being a positive constant. The gradient estimator V f v satisfies relation (3.1), i.e.,

Ey “(Vfﬁ’,?m -vrl| } <e® + B2 U\ ) — x| } (42)

where the nonnegative sequence {8 }k>0 satisfies ):k X: k) < oo, Additionally, in conjunction
with Lemma 4.1, the following assertions hold:

i F) .y pee a.s.;
2
i T R {wa = } < foo s
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iii. ZI;’BE {Hx(kﬂ) _x(k)‘ﬂ < oo,

i E U]x<k+1> _x<k>m Y

Proof. By conditioning on .% (k) and computing the expected value in inequality (4.1), we find
that

Ey [F<k+1> - F*L%k)} <F® _F, —E Ki - M) Hx<’<+1> —x® H2 L%’d}

20 2
1 2
T P A e
(4.3)
(2 F® _F, _,_Lg( )
- 2nL
1 (m+nL  B? (k1)
& [<2a 2 2nL H H |J
Recalling Lemma 4.1 and considering U 0 =fFW® _F,, ﬁ(k) = 21‘+L£( ) and

G L |

(ZH?W’ n >0, ):k 0€ %) < oo and €®) > 0, we find that
Lemma 4.3 i and ii hold. Following that, we utilize Lemma 4.3 ii and the properties of condi-

tional expectation to establish the following:

fE {Hx(km _x<k>H2} _ fE {Ek [Hx<k+1> _x<k>H2H
k=0 k=0
400

E -]

k=0

with parameters chosen as o <

=E < o0,

Therefore, we obtain Lemma 4.3 iii and iv. O

Theorem 4.1. Let the conditions of Lemma 4.3 hold. Then
i. any limit point of {x(k) }k>0 is a critical point for problem (1.1) a.s.;

e [ais (0,07 ()] < o (2 ). @)

where R is uniformly chosen from the set {0,1,---  K}.

il.

Proof. We presuppose the presence of a subsequence that converges almost surely to x. That is,
there exists a subset .#” C N for which the following limit holds:

lim x% =zxas..
k—yoo ke X

From optimality condition of (2.2), we have

1
0e fo% + (x(kH) —x<k>) + ohtk),



CONVERGENCE ANALYSIS OF A PROXIMAL STOCHASTIC GRADIENT ALGORITHM 579

Hence, it follows that
v kD) Vf ( (k+1) _ (k)> e V k) L gplktl) — gplktn)
o«

Furthermore, we can deduce the conclusion that

2 2
dist (o, aFU‘“)) < Hv o vy é <x(k+1) _x(k)>

L2 [t 0

2
o? H

ot o ol

Inequality (a) is derived from the fact that, for any vectors a,b € R, the inequality ||a + b||* <
2(||lal|> +|b||?) holds. Taking the expectation on both sides of the above inequality, we have

B {dist (O,&F(Hl))z] <E {4 ‘Vf(kJrl)_Vf(k)Hz] +E Lj H (k+1) H }
+E _4HVf(k)—VfS;)<k> 2]

Wr {4 ‘Vf(k“)_Vf(")Hz] HE[j H (k+1) H } (4.5)

]

< (4L2 b +4ﬁ2> - {H’“(km - Hz} el

Equation (a) holds because of the property of conditional expectation E[-] = E[E[-|#]]. In-

+E|E [4”Vf(k)—Vf(//;)(k)

equality (b) is valid as the stochastic gradient V f » complies with relation (4.2), given the
Lipschitz continuity of V f and o > 0. Therefore, by con31der1ng

E [dist <o,aF (M))] < \/ E [dist(0,9F (x®)))?],

the definition of sequence {s(k) }k>0’ and limy_, o E[||x**D) — x%)||2] = 0 (Lemma 4.3 iv), we

obtain

Jim E [dist (0, OF (x(k)) )] —0.

Then there exists #”' C .# such that

lim  dist (o,aF (M)) —0 as.
k—>+oo ke A"’

According to Definition 2.3, X is a critical point a.s..
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Let us review inequality (4.5). In conjunction with Jensen’s inequality, we obtain

E [dist (0,0F ()]
S\/ E |dist (0,0F (x(®))?]

1 2 K1
<k [ (325 2 va8) B E [l 0] 14 g o).
K k=0

where R is uniformly chosen from the set {0,1,---,K}. By integrating the preceding inequality
along with

(4.6)

fE U\xw _x<k>\ﬂ < 4o

and Zk 0 e < 400, we derive the result expressed as inequality (4.4). 0

Corollary 4.1. Based on the conditions outlined in Theorem 4.1, if we choose e® 10 be of
the form C(k+1)"'=%1, which is tailored for the worst-case scenario where N (k) grows as
o ((k+ I)HKI), then the computational complexity to reach an €-approximate critical point is

% (#), where C, K = 2K and K| are three positive constants.
Proof. The proof is detailed in Appendix 7.2. 0
4.2. KL functions. We initially establish the basis for stochastic KL inequality (4.7).

Lemma 4.4. Let the conditions of Lemma 4.3 hold and the sequence {x(k) >0 be bounded. Let
o := {x : 3 an increasing sequence of integers {ky} en such that x%a) 5 x as g — 4-oo}. Then,
the following statements hold:
Byt ’ k+1)
i. E [F <x(k>>} s F,, where F, € [F,o0) and F := inf, F(x);
E [dist (o, OF (x(k)>>} - 0;
iv. The set @ is non-empty, and for all x* € @, E[dist(0,dF (x*))] =0;
dist (x(k),a)) —0a.s.;
Vi. @ is a.s. compact and connected;
vii. E[F (x*)] = F, for all x* € o.
Proof. The proof is detailed in Appendix 7.3. 0

2
— x) ’ < 4o a.s., and Hx(k“) —x(k)H —0a.s.;

iii.

~

=

Lemma 4.5. ( [22, Lemma 4.5]) Suppose that the conditions of Lemma 4.4 are satisfied, and
x%®) has not reached a critical point of F within a finite number of iterations. Let F be a
semialgebraic function that satisfies the KL property, with the desingularizing function @(x) =
%xe, where ¢ > 0 and 0 € (0,1] are constants. Under these conditions, there exist an index kg
and a desingularizing function @ such that, for all k > ko,

o' (E[F® - Fe] ) E[dist (0,0F9)] > 1, (4.7)

where F is a non-decreasing sequence converging to E[F (x*)] for some x* € .
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Remark 4.1. In [22, Lemma 4.5], the constructed F}* satisfies
E [F(k) - Fk*} >0, (4.8)

which in turn ensures that ¢ ([F (k) —F,(*D >0 and ¢’ (E [F (k) —Fk*D > 0. Additionally,

since F}" is a non-decreasing sequence converging to IE [F (x*)], it follows from Lemma 4.4 ii
and vii that

0<E [F<’<> _ F*] —E [F(k) —F*} <E [F(k) _ F,:] k> ko. 4.9)

Theorem 4.2. Let the conditions of Lemma 4.5 hold and €¥) = Cp*, where p € (0,1) and C be
two positive constants. Then

i. If 8 =1, then there exists an ki and such that E [F(k) — F*} =0forallk > ky;
ii. If6 = [%, 1), then exist positive constants ky, C1 and p € (0,1) such that

E [F(k) — F*] <Cip*, k> ko (4.10)
1
ii. If 6 = (O, %) and p < (%) 2729 " then exist constants k3 and C» such that
1\ 720
E[F(k)—F*] <G <%) k> ks, @.11)

Proof. Applying the expected version of the KL inequality (4.7) with ¢(x) = %xe and some
constants ¢ > 0,0 € (0, 1], one sees that there exists ko such

¢ (E [F(k) _ Fk*] ) g [dist (0, aﬂ”ﬂ > 1, k> ko. 4.12)

Furthermore, inequalities (4.12), (4.5), and (4.3) ensure that
- 20— 2 2
1< (E[FO - g |)" E[dist (0,0 (x¥))]

<c? (]E :F(k)—Fk 29 2E{dlst 0 aF >>>21

(455)(;2 (E :F() Fk 29 z(<4 —+4B )E Mx(">—x<’<1>H2] +4e(k)> (4.13)
(?S)(E[F%m__ })26 2<c1<E[ } [p%@}>_+czgw—n>7
where

2, 22 2
2 4L + 5 +4ﬁ
1 (m+nL  p?
200 2 2nL

cl=~¢C

and ¢, = ¢? (2%—'L +4> are two positive constants. Inequality (a) holds due to the Jensen’s

inequality. Denote

4.8
=g [r0 -] o, (4.14)
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Combining (4.13) and the fact that F{* is a non-decreasing sequence, we obtain

1< (r(k))ze_z (Cl (r(kfl) — r(k)> —|—c28(k*1)> , k> ko. (4.15)

Below, we discuss each case separately for 6 = 1, 6 = [%, 1) and 6 € (0,1).

i. Case 6 = 1. In this case, (4.13) becomes

1< (E [F(k_l) —F*} _E [F(k) —F*D tere® D k> k.

Because £ [F(k) — F*} —0,c1 >0, ¢ >0 ,and gk=1) 0, this is a contradiction. Thus there
exists k; such that [F ®) _F *] =0 for all k > k;. The algorithm terminates in finite steps.
ii. Case 0 € [1,1). In this case, 2—26 € [0,1). As r) — 0, there exists k, such that r*) <

2-20 .
<r(k)> with k > k. Therefore, we obtain

2-20 (4.15)
A < (+0) D (K50 =) e, k2 ko

with k£, = max {ko,fcz}. By performing some simple calculations on the previous expression,
we derive the subsequent relationship:

*) « S =) 2 1) psg 4.16
r _1+Clr +1+018 , k> k. (4.16)

Next, we discuss the following two cases (4.16):
If

TN I SR ()
I+cy “v(l+4c)

where v > 1 is a constant, then

A0 < (1+c1> 1w
1% 14+c¢y

If e = Cp* and
BN R S ()
I4+c V(l —|—Cl)
then
r(k) < VC]C28(k_1) 4 c S(k_l) < C2(1 +VC])C k—1
I+cy I+c 14c¢

where p € (0,1) is a constant. Combining these two cases, we obtain

Y

(4.9)
E[F®—F7] < < max {r(kz), wc"h } gl k>
1

where p = max { (% + c1) ﬁ, p} and v > 1. Therefore, there exist positive constants k», Cy,

and p € (0, 1) such that (4.10) holds.
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iii. Case 6 € (0,1). In case, 260 —2 € (—2,—1) and 26 — 1 € (—1,0). By performing a simple

transformation and scaling on (4.15), we obtain

. (4;) (r(k)>26_2 <c1 (r(k_]) _ r(k)> _|_Cz€(k—1)>
@ (r<k>)29‘2 (2 (#5 — ) 4 )

= (r(k)>262 <<r(k*1) +C3Cpk*1) — <r(k) + 03Cpk>

. <C3C— 2c- C3Cp> p“)
1

(b)

<er (PO) T (K0 g eet D) (#0 4ese®)) k> ko

Equation (a) holds because eW) = Cp*, and inequality (b) holds by setting positive constant

Cc3 2 ﬁ Set
1K) . (k) +C3g(k)_
Then
20-2
1<¢ <r(k)> (z(k—” —t(k)> k> ko.

As ) < t=1) and t®) — 0, we see that there exists 123 such that

(t(k)>26_2 N <tk_1>20_2, .y <t(i‘3))26_1 cc <t(k)>29_1, k> .

Define auxiliary function

% 291
(P(x) '_1_29‘x )

then
o' (x) = —eax?02,

Next, we will discuss in two cases. If

(t(k)>262 -5 (t(k_1)>2627

then

Substituting 18 .= k) 4 36 (4.17) into the previous expression, we obtain

- 1
2-26 (g) 7-20
rlk) > (%) (V(kil) —|—C38(k71)) —C3£(k) > c3C ((%) —p) pkil_

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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1
Inequality (a) holds because r*~1) > 0 and set p < (%) 2729 Therefore,

(k) (k—1)

¢ (z(k>> —9 (r(k—ﬁ) = /<k ) o' (1)dt (4.21) 04/(; 20-2 7,
o t
>y (t(kfl) —t(k)) (t(kl))ze_z

P8 4 ey ) 20-2 (4.23)

(
20-2
(4.22) ca ( C3CPk

(m)”‘l Y= (t<k1>)29_1 . (4.24)

Therefore, we obtain

¢ (t(k)> — (t(k_1)> (4.20) 1_C429 ((t(k)>291 B (t(k_1)>261>

(4—19) 1f429 (2% B 1) (’(k3)>29_] k2 ks

Letting

2

20-2
_ 201
¢5 = min 2c_4 (1 + +) 710_429 (2%37_% — 1) (t(k3)> 7
Cc 379 —
1 (1)2 20 —p
we can combine cases (4.23) and (4.25) to obtain

0 (r<’<>) — (t(k_l)> > ¢s5, k> ks,
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and
k . .
¢ (t(")) > ¢ (t(")) —¢ (N@)) =Y ¢ (t“)) —¢ (t("”) > (k—k3)cs, k> ks.
i=kz+1
Reviewing the definition of ¢(¢) := lf;Eetw*l (4.20) and performing some simple transforma-
tions on the above expression, it can be inferred that
C4

1-26
Substituting %) := r&) 4 c3e®) (4.17) and r*) = E [F (k) —Fk*} (4.14) into the previous ex-
pression, we obtain

20—1
(t(k)> < (k—ks)cs, k> ks.

(4.9) ca 20
E [F<’<> - F*] < b < _eng®
=" = k—k3)es (1-26) “
1 1
cs 26 1 26
<| — k> k3.
_(65(1—29)> (k—k3) =
Therefore, there exist constants k3 and C, such that (4.11) holds. [

Corollary 4.2. Based on the conditions outlined in Theorem 4.2 ii, if we choose €®) to be
of the form C(1 + k)=, which is tailored for the worst-case scenario where N®) grows as
O ((1+x)X), then the computational complexity to reach an €-solution is € (1/¢).

Proof. The proof is detailed in Appendix 7.4. U

5. NUMERICAL EXPERIMENTS

To evaluate the performance of our proposed method, we apply it to a fundamental minimiza-
tion problem in the training of a binary classifier. The problem is formulated as follows:
1 N
F(x)=—
N &

=

(1 —tanh (b; {a;,x))) + h(x). (5.1)

We investigate the Iy regularization term A4 ||x||o and the /; , regularization term A4 ||x||; />, with 4

set to ﬁv' The development environment consists of Python 3.10.9, which was executed on a
personal computer with Windows 10 as the operating system. The PC was powered by an AMD
Ryzen 7 5700X octa-core Processor with a clock speed of 3.40 GHz and was equipped with 32.0
GB of RAM. We assessed various algorithms using three distinct datasets sourced from the LIB-
SVM dataset repository:https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/.

TABLE 2. Summary of datasets

dataset training size N | testing size | feature
w8a 49,749 14,951 300
rcv1.binary. 20,242 677,399 | 47,236
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We conducted a comparative analysis with the state-of-the-art algorithms reported in current
academic literature.
k) o a(o)

R ENRTE
e Prox-SVRG [33] and Prox-SARAH [35]: number of internal cycles 2N ,Aﬁxed sampling

size and fixed step size.
e Prox-SAGA [30]: fixed sampling size and fixed step size.

e Prox-SG [43]: fixed sampling size and vanishing step size a

e Prox-ASSG: adaptive sampling and adaptive step size a® = min {(x(o)%, amax}.

It is well-known that there is a subtle relationship between sampling size and step size. Based on
the research in references [10,44], we apply a linear scaling rule in the Prox-ASSG algorithm:
as the sampling size increases, the step size is also scaled up by a corresponding factor. We
selected the step size from the collection {278,276,274 272 1,22 24 26 27} and the sampling
size from the collection {1,2%,26,27 28 2°1. The optimal parameters were identified based on
the convergence rate and the objective function’s performance on the training dataset. These op-
timal values F'(x*) were obtained through exhaustive iterations employing the Prox-SG method.
We subsequently detail the optimal parameters for the algorithms in the subsequent tables.

TABLE 3. Optimal parameters (/)

algorithm w8a rcv1.binary.
Prox-SG | a® =27 N =24 | ¢(0) =20 N(K) = 2%
Prox-SVRG | a =24 N® =27 | o =27, N =28
Prox-SAGA | a =22, N® =24 | q=2% NK =2*
Prox-SARAH | o =22, N® =24 | a=27, N® =2°
Prox-ASSG a® =24 o, =2 NO =16

TABLE 4. Optimal parameters (/; ;)

algorithm w8a rcv1.binary.
Prox-SG | a® =20, N =26 | q(0) =26 N(K) =24
Prox-SVRG | a =22, N® =2* | a =27, NV =27
Prox-SAGA | a=1,N® =2 | =20 NK =26
Prox-SARAH | 00 =22, NV =26 | o =27 N(K =2°
Prox-ASSG o =24, o =27, NO =16

We have defined A in the adaptive sampling strategy as e®) =10-0.999* and set B=10""%.
The ensuing Figures 1-16 depict the performance of several algorithms when applied to non-
convex and non-smooth functions, as specified by equation (5.1), across various datasets.
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Training Loss (lp): w8a
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FIGURE 1. The function values of algorithms change with epochs on training set (/o).
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FIGURE 2. The function values of algorithms change with time on training set (/y, 50 epochs).
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The value of N®¥ changes with the iteration count k (lp): w8a

The value of N¥) changes with the iteration count k (lp): rcvl.binary.
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FIGURE 4. The sampling size N%) change with the number of iterations k (Io).
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FIGURE 5. The step size and sampling size effects on Prox-SG algorithm (/).
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FIGURE 6. The step size and sampling size effects on Prox-SVRG algorithm (/).
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FIGURE 8. The step size and sampling size effects on Prox-SARAH algorithm (/o).
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Training Loss (l12): w8a Training Loss (/12): rcvl.binary.
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5.1. Numerical experiment results. Figures 1-16 display the results of the various methods
applied to each dataset. These figures indicate that the algorithm we proposed demonstrates
promising and competitive performance across all test cases. Subsequently, we offer an in-
depth analysis based on the findings of our numerical experiments:

e In fact, the Prox-ASSG algorithm employs an adaptive sampling strategy, which ensures

a more suitable sampling size. As a result, the Prox-ASSG algorithm not only matches
the computational speed of comparative algorithms but also outperforms them in certain
scenarios. This is observed even when the comparative algorithms are operating with
the optimal step size and sampling size, as illustrated in Figures 1-3 and 9-11. Although
the algorithm may initially lag due to an inappropriate current sampling size, it is de-
signed to catch up during later iterations through the adjustments made by the adaptive
sampling strategy, as depicted in Figures 2 and 10.

Secondly, it is important to note that the optimal sampling size and step size for various
algorithms differ across different datasets. This variability is observed even for the same
algorithm when applied to different datasets, as shown in Tables 3 and 4, and Figures 5-8
and 13-16. In light of this, we have adopted the strategy proposed in references [10,44],
which posits that the step size should increase linearly with the sampling size, yet remain
bounded.

Lastly, Figures 4 and 12 demonstrate the efficacy of our proposed adaptive sampling
strategy in mitigating the rapid growth of N ),

6. CONCLUSIONS

In existing literature, most methods aimed at reducing the noise of stochastic gradients and
accelerating convergence for non-convex and non-smooth composite problems are based on
frameworks such as SVRG, SAGA, and SARAH, which typically use a fixed sampling size.
This paper introduced an innovative adaptive sampling strategy and provides a detailed analy-
sis of its application in the proximal stochastic gradient algorithm. We demonstrated that the
algorithm can converge to critical points, and in functions that satisfy the KL property, for the
exponent 6 € [0,1), we studied the convergence speed under different values of 6 and found
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that, under optimal conditions, the convergence speed is linear. This method not only has ex-
cellent generalization performance and robustness to parameter changes but also exhibits rapid
convergence characteristics. The experimental results clearly demonstrate the superiority of our
method.

However, it should also be noted that, at present, we only established the convergence prop-
erties of the objective function under the KL exponent. This is primarily because we need to
utilize the property of the “exponent of block-separable sum for KL functions” [41, Theorem
3.3], which is currently only applicable to functions of the KL exponent type. Therefore, how
to achieve global convergence under the condition that the objective function only satisfies the
KL property is a topic worthy of further exploration. Additionally, we believe that the proposed
adaptive sampling strategy is also worth further investigation in the context of accelerating sto-
chastic algorithms.
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7. APPENDIX

7.1. Variance of the sample mean in finite samples.

Lemma 7.1. [42, p.240] If X is the mean of a random sample of size n taken without replace-
ment from a finite population of size N with the mean L and the variance var(X), then

- - var(X) N—n
(®) = and var(X) =20 T
7.2. Proof of Corollary 4.1.
Proof. From (4.6), we obtain
T
E@a@ﬁF@w)}g——ga 7.1
R b

where

T:= ( (Lz—{—ﬁ ) Z E [Hx (k+1) (k)HZ] —}—41(2"13(@
k=0

Therefore, in order to show that inequality (7.1) holds, it is necessary that K > f:—z e®) could

be defined as where C and k7 are positive constants. This definition ensures that the

C
(k 1)1+K1 H
series Zk 08( ) converges to a finite value and that g approaches zero as k tends to infinity.
Concurrently, based on equation (3.5), it can be deduced that

+ BEy {Hx(kﬂ) — 5% Hz}

(k)
Ekmvﬁww “] k+11+m

is valid under the condition that the sampling size is given by

62(](_’_ 1>1+K1 _‘

N — [ -
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Upon completion of iteration k, the total number of gradient computations is approximately

2 ,L.Z
K-1 8 k 1)1+x (?H_l S2K1+K
_ i )
Y w - 2 RACTEL P M e
k=0 k=0 k=1
2

- C 24K +E.

Consequently, the computational complexity to reach an €-approximate critical point is & ( vy H)
O

7.3. Proof of Lemma 4.4. The proof for Lemma 4.4 iv-vii is primarily based on Lemma 4.3
from reference [22].

Proof. For Lemma 4.4 i-iii, the results have been established in Lemma 4.3 and Theorem 4.1.

To prove Lemma 4.4 part iv, we start by assuming that x* is a limit point of {x(k)}kzo. The
presence of such a limit point is warranted by our presupposition that the sequence {x(k)} k>0 18
bounded. Therefore, there exists a subsequence {x(kq) }qu that converges to x*, as demonstrated
by the limit:

lim xka) — x*, (7.2)
g—reo
Since £ is lower semicontinuous, then
liminfh (x(kq)> > h(x*). (7.3)
g—reo
By the updata rule for x k) (2.2). Letting z = x*, we obtain
1
\V L) (k)> _H (k+1) H k1)
< f x) + o X +
1
= <Vf$)<k>»X* _x(k)> Ny x =l H +A
1.e.,
pltD) < <Vf o (k+1)>+i x*_x(@Hz_iH (k+1) _ H s
2o 2o

Setting k = ky, and taking the limit g — oo, one has
limsuph(*ke+1) <limsup <V Flka) * —x(k‘7+1)> n <V FUa =Vt x(k‘1+1)>

g—roo g—o0
Ul )P = L ’x<kq+1>_x<kq> P
2a 2a

As xtka) — x* (7.2), we can infer from the gradient’s Lipschitz continuity that V f (k9) is bounded.
Moreover, according to Lemma 4.4 iii, it follows that x(ket1) — x(ke) 5 0 as.. Additionally,

based on inequalities (3.1), €% — 0 and H (k1) _ x(0) H — 0 a.s., we can deduce that V fi’:f&q) —
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kg+1)

Vf (k) — 0 a.s.. Therefore, we can obtain lim sup, _mh( < h* a.s.. Together with equation

(7.3), this implies that nkat1) s p* as.. Recalling that f is continuous, we can immediately
conclude that

lim F (x(k‘?)) - 11mf< ) +h< (ky >) = F(x*) as..
q—reo
Together with Lemma 4.4 iii and the fact that the subdifferential of F' is closed, we have
E [dist(0,0F (x*))] =
Lemma 4.4 v and vi hold for any sequence satisfying H (k1) _ x(k) H — 0 a.s. [39, Remark 5]

and [22, Lemma 4.3].
Finally, we must show that F has constant expectation over ®. According to Lemma 4.4 ii,

we deduce that E {F <x(k)>} — F,, which further suggests that £ [F (x(kq))} — F, for every

subsequence {x(kq)} N converging to some x* € @. During the proof of Lemma 4.4 iv, it is
q€

demonstrated that F (x(kq)) — F (x*) a.s., leading to the conclusion that E [F (x*)] = F, for all
X Ew. O

7.4. Proof of Corollary 4.2.
Proof. From equation (4.10), we deduce that the number of iterations k required to ensure

E[F0—F| <cpt <,

1
Trezp’ 1 +K2} Therefore, the condition

_ log(e™!) +1log(ky)
log(p~1)

must be satisfied. If NX) grows in accordance with NK) = (‘2—(1 + 1), then

where p = max { (% +cz71)

g(k) (%<5) K1

T (4 k)t

must hold true. Upon completion of iteration k, the total number of gradient computations is
approximately

62(1+K)k+1_1

1 )’
+ 2 K1 (1+K2)—1

log(e~ )—Hog(cl)
lo

25-1) , and then

Now, let us set &k to

log(e™ 1 )+log(Cy)

(14 K’z)k =(1+Kky) loee™")

ex log(e’l)-l—log(Cz)o
- p( log(p ") 1g<1+,<2>>

log((1+x2) ™ 1)

C2 log(p)
-\ e
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1 _ (1 1
I+ (V +C271) I4c1° then

Zk:Nm _ 8 2(+m) -1
- C K> )

Consequently, the computational complexity to reach an €-solution is &' (%)

In particular, if we let
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