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Abstract. In this paper, we propose a splitting algorithm involving the Bregman distance for solving
pseudomonotone equilibrium problems where the equilibrium bifunction is the sum of two bifunctions.
The convergence of the sequence generated by the proposed algorithm is established under some suit-
able assumptions on the Bregman function and the equilibrium function. We also give some numerical
examples to support our algorithm and convergence results.
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1. INTRODUCTION

Let H be a real Hilbert space, C be a nonempty, closed, and convex subset of H , and
f : C×C→R be a bifunction. The equilibrium problem (in short, EP) is to find x̄ ∈C such that

f (x̄,y)≥ 0, ∀y ∈C. (1.1)

We denote the solution set of the EP (1.1) by S( f ,C). Some important problems such as varia-
tional inequalities, saddle point problems, fixed point problems, and Nash equilibrium are also
particular cases of the EP (1.1); see, for example, [1–3] and the references therein. For historical
details and applications, we refer to [1, Chapter 1]. Various solution methods were developed
to solve EPs; see, for example, [4–13] and the references therein.

For a function g : C→R and λ > 0, the proximal operator of g is the mapping Proxg : C→C
defined by

Proxg(x) = argmin
y∈C

{
λg(y)+

1
2
‖x− y‖2

}
, ∀x ∈C.
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By using the proximal operator, the following extragradient algorithm for solving EP (1.1) was
proposed in [8, 13]: 

x0 ∈C,

yk = argmin
y∈C

{
λ f (xk,y)+

1
2
‖y− xk‖2

}
,

xk+1 = argmin
y∈C

{
λ f (yk,y)+

1
2
‖y− xk‖2

}
.

(1.2)

Go back to the paper of Blum and Oettli [2], where they considered equilibrium bifunction f
as a sum of two bifunctions, say, f1 and f2, that is,

f (x,y) := f1(x,y)+ f2(x,y), ∀x,y ∈C.

In particular, they considered the following form of the equilibrium problem, also known as
mixed equilibrium problem:

Find x̄ ∈C such that f (x̄,y) := f1(x̄,y)+ f2(x̄,y)≥ 0, ∀y ∈C, (1.3)

where f1, f2 : C×C→ R are bifunctions.
It is worth to mention that the eignvalue problems, hemivariational inequalities, the problem

of finding anti-period solutions for nonlinear evolution equations, boundary value problems
related to the stationary Navier-Stokes equations for heat-conducting fluids, nonlinear implicit
differential equations associated to a time-dependent operator, and so on can be formulated in
the form of an equilibrium problem (1.3); see, for example, [14–16] and the references therein.
Several solution methods for solving equilibrium problem (1.3) were proposed and analyzed
in the literature. In [17], Zeng et al. proposed hybrid proximal-type algorithms for finding a
common solution of the EP (1.1) and mixed equilibrium problem (1.3) in the setting of Banach
spaces.

Some splitting algorithms, similar to the extragradient algorithm (1.2), were proposed in
[4, 7, 18, 19] to investigate equilibrium problems whose objective bifunction f can be decom-
posed into the sum of two bifunctions, say f1 and f2, that is, to deal with the mixed equilibrium
problem (1.3). Pham and Trinh [4] proposed splitting algorithms where one of the component
bifunctions, say, f1, needs to be Hölder continuous and the other, say, f2, needs to be Lipschitz
continuous. With the Euclidean distance as the regularized term in the algorithms, the conver-
gence of the sequence generated by their proposed algorithm to a solution of the EP (1.3) was
obtained in [4] under the assumptions that bifunction f is strongly pseudomonotone and with
respect to the second argument, the component bifunctions f1 and f2 are convex and lower semi-
continuous. Recently, Hai and Vinh [19] proposed the following splitting algorithm to solve EP
(1.3), which is different from the one studied in [4]

Take x0 ∈H and set z0 = x0. Choose{λk} ⊂ (0,1).

yk = argmin
t∈C

{
λk f1(xk, t)+

1
2
‖t− xk‖2

}
,

xk+1 = argmin
t∈C

{
λk f2(yk, t)+

1
2
‖t− yk‖2

}
,

zk+1 =
∑

k+1
n=1 λnxn

∑
k+1
n=1 λn

.

(1.4)
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They also used the Euclidean distance as the regularized term in algorithm (1.4). They studied
the convergence of the sequence generated by algorithm (1.4) under the assumptions that f is
pseudomonotone and with respect to its first argument, concave and weakly upper semicontin-
uous, while the component bifunctions f1 and f2 are convex and lower semicontinuous with
respect to the second variable. For the convergence of this algorithm, both f1 and f2 need to be
Hölder continuous.

Recently, the quadratic regularization term ‖·‖2 has successfully been replaced by a distance-
like function d(., .) and applied to solve many problems. A proper choice of d(., .) helps the
iterative steps to be in the interior of the constraint set. Bregman distance is a well-known
example of such a regularization. The concept of the Bregman function was first used by Breg-
man [20] to find common point of convex sets. But the name “Bregman function” was first
used by Censor and Lent in [21]. Bregman function is now used in various ways in order to
design and analyze iterative algorithms for solving feasibility problems, optimization problems,
variational inequalities and also for computing fixed points of nonlinear mappings; see, for ex-
ample, [5, 22–26] and the references therein.

In this paper, We use the Bregman distance in place of quadratic regularized term ‖ · ‖2

in algorithm (1.4) and study the convergence of the generated sequence under some suitable
assumptions. At each iteration, our algorithm deals with component bifunctions separately
instead of solving subproblems involving the objective bifunction. We show that, for a particular
choice of the Bregman function, our method reduces to the one proposed in [4]. So, our method
is more general and helpful to solve a larger class of equilibrium problems.

The remaining part of this paper is arranged as follows. In Section 2, we mention some
notations, basic definitions, and results, which are required in the sequel. The concepts of the
Bregman function and its properties are also discussed in this section. In Section 3, we propose
our algorithm and prove the convergence for equilibrium problem (1.3). In Section 4, the last
section, some numerical examples are given to show the applicability of our proposed method.

2. PRELIMINARIES

2.1. Basic definitions and results. Let H be a real Hilbert space whose inner product and
norm are denoted by 〈., .〉 and ‖ · ‖, respectively. The strong convergence and the weak conver-
gence of a sequence {xk}k∈N to x ∈H are denoted by xk→ x and xk ⇀ x, respectively.

For a nonempty subset Z in H , the normal cone at x ∈ Z, denoted by NZ(x), is defined by

NZ(x) = {µ ∈H : 〈µ,y− x〉 ≤ 0, ∀y ∈ Z}.

If Z is a nonempty, closed, and convex subset in H , then NZ(x) is nonempty, closed, and
convex. Let g : H → R∪{±∞} be an extended real-valued function. The effective domain of
g is defined by Dom(g) = {x∈H : g(x)<+∞}. Moreover, g is said to be proper if g(x)>−∞

for all x ∈H , and there exists at least one x ∈H such that g(x)<+∞.
Let C be a nonempty and convex subset of H . Recall that a function g : H → R is said to

be

(a) convex on C if g(λx + (1− λ )y) ≤ λg(x) + (1− λ )g(y) for all x,y ∈ C and for all
λ ∈ [0,1];
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(b) strongly convex on C with modulus α if there exists α > 0 such that

g(λx+(1−λ )y)≤ λg(x)+(1−λ )g(y)−λ (1−λ )
α

2
‖x− y‖2, ∀x,y ∈C,∀λ ∈ [0,1].

If the inequality in (a) is strict whenever x 6= y, then g is said to be strictly convex on C.
For a function g : C→ R, the usual subdifferential, also known as Fenchel subdifferential, at

a point x ∈C is defined by

∂g(x) := {u ∈H : 〈u,y− x〉 ≤ g(y)−g(x), ∀y ∈C} .
The elements in ∂g(x) are called the subgradients of g at x. Function g is called subdifferentiable
at x if ∂g(x) 6= /0; and subdifferentiable on C if ∂g(x) 6= /0 for all x ∈C. It is known that if g is
convex, then ∂g(x) is nonempty and bounded.

Lemma 2.1. [27] Let f : C→ R be convex and subdifferentiable on C. Then, x∗ is a solution
to the minimization problem: min{ f (x) : x ∈ C} if and only if 0 ∈ ∂ f (x∗)+NC(x∗), where 0
denotes the zero vector of H .

Let us now recall the following definitions of lower semicontinuity and weakly lower semi-
continuity. A function ψ : H → R∪{+∞} is said to be:

(a) lower (upper) semicontinuous at x0 ∈H if

liminf
k→∞

ψ(xk)≥ ψ(x0)

(
limsup

k→∞

ψ(xk)≤ ψ(x0)

)
,

for any sequence {xk}k∈N converging to x0 in H .
(b) weakly lower (upper) semicontinuous at x0 ∈H if

liminf
k→∞

ψ(xk)≥ ψ(x0)

(
limsup

k→∞

ψ(xk)≤ ψ(x0)

)
,

for any sequence {xk}k∈N that weakly converges to x0.
The following proposition gives the relation between lower semicontinuity and weakly lower

semicontinuity of a function ψ : H → R∪{+∞}.

Proposition 2.1. [28, Proposition 5.4.4] A convex and lower semicontinuous function ψ : H →
R∪{+∞} is weakly lower semicontinuous.

Recall that an operator B : H →H is said to be weakly-weakly continuous on a nonempty,
closed, and convex set C ⊆H if

∀{xk}k∈N ⊂C, xk ⇀ x =⇒ B(xk)⇀ B(x).

Let C be a nonempty set in H . A bifunction f : C×C→ R is said to be:
(a) monotone if, for all x,y ∈C, f (x,y)+ f (y,x)≤ 0;
(b) pseudomonotone if, for all x,y ∈C, f (x,y)≥ 0 ⇒ f (y,x)≤ 0;
(c) β -strongly pseudomonotone if there exists β > 0 such that, for all x,y ∈C,

f (x,y)≥ 0 ⇒ f (y,x)≤−β‖x− y‖2.

It is clear that (a) =⇒ (b) and (c) =⇒ (b). There are strongly pseudomonotone bifunctions
which are not necessarily monotone; see, for example, [29]. It is important to note that when
the EP (1.1) corresponding to a strongly pseudomonotone bifunction has a solution, then the
solution is unique.
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Definition 2.1. A bifunction f : C×C→ R is said to be τ-Hölder continuous in the first argu-
ment (respectively, second argument) if there exist constants L > 0 and τ ∈ (0,1] such that, for
all x,y,z ∈C,

| f (x,y)− f (z,y)| ≤ L‖x− z‖τ (respectively, | f (x,y)− f (x,z)| ≤ L‖y− z‖τ) .

We need the following lemmas to prove the main results of this paper.

Lemma 2.2. [30] If {ak} and {bk} are two sequences of nonnegative real numbers such that
ak+1 ≤ ak +bk for all k ∈ N and ∑

∞
k=1 bk <+∞, then limk→∞ ak exists.

Lemma 2.3. [31] Let {ak} and {λk} be two sequences of nonnegative real numbers such that

lim
k→∞

ak = a, lim
k→∞

λk = 0, and
∞

∑
k=1

λk = ∞.

Then,

lim
k→∞

∑
k
n=1 λnan

∑
k
n=1 λn

= a.

2.2. Basics of Bregman distance. Recall that a function ψ : H → R∪{+∞} is said to be
Gâteaux differentiable at a point x ∈ int(Dom(ψ)) if the limit

ψ
G(x,d) = lim

t→0

ψ(x+ td)−ψ(x)
t

(2.1)

exists for any d ∈H , where int(Dom(ψ)) denotes the interior of the domain of ψ , denoted by
Dom(ψ). Recall that ψ is said to be Gâteaux differentiable if it is Gâteaux differentiable at every
x ∈ int(Dom(ψ)). In addition, if the limit in (2.1) is uniformly attained for all d with ‖d‖= 1,
then ψ is called Fréchet differentiable at x. ψ is said to be uniformly Fréchet differentiable on
a subset C of H if the limit is attained uniformly for all x ∈C and all d ∈H with ‖d‖= 1.

Remark 2.1. If the function ψ : H → R∪{+∞} is Gâteaux differentiable at x, then ψG(x,d)
coincides with 〈∇ψ(x),d〉, where ∇ψ(x) is the gradient of ψ at x.

Let ψ : H → R∪{+∞} be strictly convex, proper, and lower semicontinuous with closed
domain D := Dom(ψ)⊂H , and Gâteaux differentiable on Dom(∇ψ) = int(Dom(ψ)), where
∇ψ denotes the gradient of ψ . The Bregman distance dψ : Dom(ψ)× int

(
Dom(ψ)

)
→ [0,+∞)

is defined by
dψ(x,y) = ψ(x)−ψ(y)−〈∇ψ(y),x− y〉, ∀x,y ∈H . (2.2)

The function ψ : H → R∪{+∞} is known as the Bregman function. The set of all Bregman
functions is denoted by B. We mention that the bifunction dψ does not satisfy all the properties
of a metric. For example, it is not symmetric and does not satisfy the triangle inequality, and
hence, it is not a metric. However, the Bregman distance satisfies the following identities; see
(2.2): For all x ∈ Dom(ψ) and all y,z ∈ int(Dom(ψ)),

dψ(u,v)+dψ(v,u) = 〈∇ψ(u)−∇ψ(v),u− v〉 , ∀u,v ∈ int(Dom(ψ)) , (2.3)

and
dψ(x,y)+dψ(y,z)−dψ(x,z) = 〈∇ψ(z)−∇ψ(y),x− y〉. (2.4)

Identity (2.4) is known as the three point identity. The examples of Bregman functions can be
found in [26, 32, 33].
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Lemma 2.4. [21, Lemma 2.1] For every ψ ∈B, dψ(x,y) ≥ 0; and dψ(x,y) = 0 if and only if
x = y.

For the partial level sets of dψ(x,y), we adopt the following notations for α ∈ (0,+∞):

L1(α,y) =
{

x ∈D : dψ(x,y)≤ α
}
, L2(x,α) =

{
y ∈ intD : dψ(x,y)≤ α

}
.

The sets L1(α,y) and L2(x,α) are called left level set of dψ(·,y) and right level set of dψ(x, ·),
respectively.

The concept of quasi-Fejér convergence is known in the scalar case with the Euclidean norm.
Let us define the concept of quasi-Fejér convergence to a set using Bregman distance. A se-
quence {xk} ⊂ intD is said to be dψ -quasi-Fejér convergent to a nonempty set U ⊂ intD if, for
all k ∈N, dψ(x,xk+1)≤ dψ(x,xk)+γk, where γk is a sequence of nonnegative real numbers such
that ∑

∞
k=1 γk < ∞.

We now provide the conditions under which a dψ -quasi-Fejér convergent sequence is bounded.

Lemma 2.5. Let ψ : H → R∪ {+∞} be a proper, strictly convex, lower semicontinuous,
and Gâteaux differentiable function on int(Dom(ψ)). Suppose that U ⊂ int(Dom(ψ)) is a
nonempty set and {xk} ⊂ int(Dom(ψ)) is dψ -quasi-Fejér convergent to U. If the right level set
L2(x,α) is bounded for all x ∈ Dom(ψ) and for all α ≥ 0, then {xk} is bounded.

Proof. Let z ∈U be arbitrary fixed. Since {xk} ⊂ int(Dom(ψ)) is dψ -quasi-Fejér convergent to
U , then there exists a sequence {γk} of nonnegative real numbers with ∑

∞
k=1 γk < ∞ such that

dψ(z,xk+1)≤ dψ(z,xk)+ γk

≤ dψ(z,xk−1)+
k

∑
n=k−1

γn

· · ·

≤ dψ(z,x1)+
k

∑
n=1

γn

≤ dψ(z,x1)+ s, ∀k ∈ N,

where s=∑
∞
n=1 γn. Therefore, {xk} is bounded as xk ∈L2(z,α) for all k∈N with α = dψ(z,x1)+

s. �

As mentioned by Butnariu and Resmerita [34] that an intrinsic feature of the Bregman dis-
tance in designing iterative algorithms consists of ensuring that the sequences generated by
these algorithms lie in the domain of a convex function ψ . The convergence can be guaranteed
if we have

lim
k→∞

dψ(xk,x) = 0 =⇒ lim
k→∞
‖xk− x‖= 0. (2.5)

Butnariu et al. [35] pointed out that a special type of functions which satisfy (2.5) are known as
totally convex functions.

Let ψ : H → (−∞,+∞] be a proper convex function. The modulus of total convexity of ψ

at x ∈ int(Dom(ψ)) is the function νψ(x, ·) : [0,+∞)→ [0,+∞) defined by

νψ(x, t) = inf
{

dψ(y,x) : y ∈ Dom(ψ), ‖y− x‖= t
}
.
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ψ is called totally convex at x∈ int(Dom(ψ)) if νψ(x, t)> 0 for all t ∈ (0,∞). It is called totally
convex when it is totally convex at every point x ∈ int(Dom(ψ)). The following result shows
that the total convexity is a strong form of strict convexity.

Proposition 2.2. [24]

(a) If ψ is totally convex at any x ∈ int(dom(ψ)), then it is strictly convex on the set
int(dom(ψ)).

(b) If dimH <+∞, Dom(ψ) is closed and the function ψ restricted to Dom(ψ) is contin-
uous and strictly convex, then ψ is totally convex at any x ∈ int(Dom(ψ)).

Examples of totally convex functions can be found, for instance, in [24, 34]. Resmerita [36]
demonstrated that the totally convex functions are the only convex functions which satisfy (2.5).

The following proposition regarding the characterization of total convexity is crucial to the
proof of our main results.

Proposition 2.3. [34] Let H be a real Hilbert space and ψ : H → (−∞,+∞] be a convex
function. If x ∈ int(Dom(ψ)), then the following statements are equivalent:

(a) ψ is totally convex at x.
(b) limk→∞ dψ(yk,x) = 0 =⇒ limk→∞ ‖yk− x‖= 0 for any sequence {yk}k∈N ⊆ Dom(ψ).
(c) For any ε > 0, there exists δ > 0 such that if y ∈ Dom(ψ) and dψ(y,x) ≤ δ , then
‖x− y‖ ≤ ε .

Proposition 2.4. [23, Proposition 3.2] Let ψ : H → (−∞,+∞] be proper, closed, and convex
with int

(
Dom(ψ)

)
6= /0. If ψ is Gâteaux differentiable on int(Dom(ψ)), then

{yk} ⊆ int
(
Dom(ψ)

)
, yk→ y ∈ int

(
Dom(ψ)

)
=⇒ dψ(y,yk)→ 0.

Proposition 2.5. [9] Let ψ : H → R be a strictly convex and Gâteaux differentiable function.
If ψ is strongly convex with modulus β on a convex set C ⊂ int

(
Dom(ψ)

)
, then dψ(x,y) ≥

β

2 ‖x− y‖2 for all x,y ∈C.

Definition 2.2. [27] A proper convex function ψ : H → (−∞,+∞] is called essentially strictly
convex if it is strictly convex on every convex subset of Dom(∇ψ).

Theorem 2.1. [23, Theorem 3.7] Let ψ : H → (−∞,+∞] be proper, convex, and lower semi-
continuous, Gâteaux differentiable on int(Dom(ψ)) 6= /0 and essentially strictly convex. Then,
for any y ∈ int(Dom(ψ)), dψ(·,y) is proper, convex, and lower semicontinuous on H , differen-
tiable on int(Dom(ψ)), and essentially strictly convex.

Now we state the following lemma regarding the characterization of strong convexity of
function dψ(·,y) for every y ∈ intD , where D := Dom(ψ).

Lemma 2.6. [7, Lemma 3.8] Let ψ : H → R∪ {+∞} be proper, α-strongly convex, and
Gâteaux differentiable on intD . Then, the function dψ(·,y) is also α-strongly convex for every
y ∈ intD .

Throughout the paper, unless otherwise specified, we consider the following assumptions on
the Bregman function ψ .
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Assumption 2.1. Let ψ : H → R∪ {+∞} be a proper and lower semicontinuous function
with closed domain D = Dom(ψ) and uniformly Fréchet differentiable with its weakly-weakly
continuous gradient ∇ψ on Dom(∇ψ) = intD . Moreover, let C be a nonempty, closed, and
convex set in H such that C ⊂ intD .

(A1) ψ is β -strongly convex on C with modulus β > 0. Then, dψ(x,y) ≥ β

2 ‖x− y‖2 for all
x,y ∈C.

(A2) The right level set L2(x,α) is bounded for all x ∈ Dom(ψ) and for all α ≥ 0.
(A3) The function ψ is totally convex.
(A4) The gradient of the function ψ is Lipschitz continuous with constant L > 0, that is,

‖∇ψ(x)−∇ψ(y)‖ ≤ L‖x− y‖, ∀x,y ∈ intD .

If ψ satisfies assumption (A1), then it is strictly convex on every convex subset of intD . From
Theorem 2.1 and Lemma 2.6, it follows that dψ(·,y) is proper, β -strongly convex, and lower
semicontinuous for every y ∈ intD . Moreover, ψ is lower semicontinuous and by (A1), it is
convex. Hence, by Proposition 2.1, ψ is weakly lower semicontinuous.

The Bregman projection of x ∈ intD onto a nonempty, closed, and convex set C ⊂ Dom(ψ)
with respect to function ψ is defined by Pψ

C (x) = argmin
{

dψ(y,x) : y ∈C
}
. Since H is reflex-

ive, ψ is totally convex, and Gâteaux differentiable on intD and lower semicontinuous, then
there exists a unique minimizer of the function dψ(·,x) in C for every x ∈ intD (see [24, Propo-
sition 2.1.5]).

The Bregman projection mapping Pψ

C (·) is characterized by the following proposition.

Proposition 2.6. [37] Assume that the function ψ : H → R∪{+∞} satisfies Assumption 2.1
and C ⊂H is a nonempty, closed, and convex set such that C∩ intD 6= /0, where intD denotes
the closure of intD . Let y ∈ intD and Pψ

C (y) ∈ intD , Then, for any z ∈C∩ intD ,

dψ

(
Pψ

C (y),y
)
≤ dψ(z,y)−dψ

(
z,Pψ

C (y)
)
.

3. ITERATIVE ALGORITHMS AND THEIR CONVERGENCE ANALYSIS

For a bifunction f : C×C→R, we assume that f (x,y) = f1(x,y)+ f2(x,y) for every x,y∈C.
We adopt the following assumptions on f , f1, and f2 to study equilibrium problem (1.1):

Assumption 3.1. (B1) f is pseudomonotone, and f (·,y) is concave, and weakly upper semi-
continuous for every y ∈C.

(B2) For each x ∈C, fi(x, ·) are convex, lower semicontinuous, and fi(x,x) = 0, i = 1,2.
(B3) S( f ,C), the solution set, is nonempty.

We state following proposition which is used in the proof of our main results.

Proposition 3.1. [19, Proposition 2] Under the Assumption 3.1,
(a) S( f ,C) = {y ∈C : f (x,y)≤ 0, ∀x ∈C},
(b) S( f ,C) is closed and convex.

If ψ(x) = ‖x‖2, then dψ(y,xk) = ‖y−xk‖2 and dψ(y,yk) = ‖y−yk‖2. Therefore, for this par-
ticular choice of Bregman function, Algorithm 1 reduces to the one proposed in [19, Algorithm
1]. Moreover, since, for every x ∈C, fi(x, ·), i = 1,2, are proper, convex, and lower semicon-
tinuous, and dψ(·,x) is proper, lower semicontinuous, and β -strongly convex, for every λ > 0,
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Algorithm 1 Sequential Splitting Algorithm with Bregman Distance

Step 0: Choose the sequence {λk} ⊂ (0,1). Take x0 ∈H and set z0 = x0, k = 0.
Step 1: Given xk, compute yk, xk+1 and zk+1 as

yk := argmin
y∈C

{
λk f1

(
xk,y

)
+

1
2

dψ(y,xk)

}
, (3.1)

xk+1 := argmin
y∈C

{
λk f2

(
yk,y

)
+

1
2

dψ(y,yk)

}
. (3.2)

and

zk+1 =
∑

k+1
n=1 λnxn

∑
k+1
n=1 λn

.

Step 2: Update k := k+1 and go to Step 1.

we have that λ fi(x, ·)+ 1
2dψ(·,x), i = 1,2, are proper, lower semicontinuous, and β -strongly

convex. Therefore, for every k ∈ N, yk in (3.1) and xk+1 in (3.2) are uniquely determined (see,
e.g., [38, Corollary 11.17]). Thus Algorithm 1 is well-defined.

To prove the convergence of the sequence generated by Algorithm 1, we need the following
lemma.

Lemma 3.1. Let C be a nonempty, convex, and closed subset of H and f : C×C→ R be a
pseudomonotone bifunction such that f := f1 + f2, where f , f1, and f2 satisfy Assumption 3.1.
Further, assume that f1 is τ1-Hölder continuous in the first or second argument while f2 is τ2-
Hölder continuous in the first one. Then, the sequences {xk} and {yk} generated by Algorithm
1 have the following properties:

(S1) There exists M > 0 such that

dψ(xk,yk)≤Mλ

2
2−τ1

k and dψ(xk+1,yk)≤Mλ

2
2−τ2

k , ∀n ∈ N;

(S2) If τ := min{τ1,τ2}, then there exists L > 0 such that

dψ(x,xk+1)≤ dψ(x,xk)+2λk f (xk,x)+Lλ

2
2−τ

k , ∀x ∈C.

Proof. (S1) Since yk is the unique solution to (3.1), we see by Lemma 2.1 that there exist
uk ∈ ∂ f1(xk, ·)(yk) and qk ∈ NC(yk) such that 0 = λkuk +

1
2

(
∇ψ(yk)−∇ψ(xk)

)
+qk, that is,

qk =
1
2

(
∇ψ(xk)−∇ψ(yk)

)
−λkuk.

From the definition of NC(yk), we have

1
2

〈(
∇ψ(xk)−∇ψ(yk)

)
,y− yk

〉
≤ λk

〈
uk,y− yk

〉
, ∀y ∈C. (3.3)

Since uk ∈ ∂ f1(xk, ·)(yk), we have〈
uk,y− yk

〉
≤ f1(xk,y)− f1(xk,yk), ∀y ∈C. (3.4)
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Combining (3.3) and (3.4) yields〈
∇ψ(xk)−∇ψ(yk),y− yk

〉
≤ 2λk

(
f1(xk,y)− f1(xk,yk)

)
, ∀y ∈C,

equivalently, it follows from three point identity (2.4) that

dψ(y,yk)+dψ(yk,xk)−dψ(y,xk)≤ 2λk

(
f1(xk,y)− f1(xk,yk)

)
, ∀y ∈C. (3.5)

Taking y = xk ∈C in (3.5), we obtain

dψ(xk,yk)+dψ(yk,xk)≤−2λk f1(xk,yk)≤ 2λk

∣∣∣ f1(xk,yk)
∣∣∣ . (3.6)

Since f1 is τ1-Hölder continuous in the first or second argument and f1(x,x) = 0 for all x ∈C,
then there exists a constant Q1 > 0 such that∣∣∣ f1(xk,yk)

∣∣∣≤ Q1‖xk− yk‖τ1 ≤ Q1

(
2
β

) τ1
2 [

dψ(xk,yk)
] τ1

2
, (3.7)

where the last inequality follows from Assumption 2.1 (A1). Combining (3.6) and (3.7), we
obtain

dψ(xk,yk)≤ 2λkQ1

(
2
β

) τ1
2 [

dψ(xk,yk)
] τ1

2
,

that is,

dψ(xk,yk)≤ (2Q1λk)
2

2−τ1

(
2
β

) τ1
2−τ1

. (3.8)

Since xk+1 is the unique solution to (3.2), we also have

dψ(y,xk+1)+dψ(xk+1,yk)−dψ(y,yk)≤ 2λk

(
f2(yk,y)− f2(yk,xk+1)

)
, ∀y ∈C. (3.9)

Letting y = yk ∈C in (3.9) and using the assumption that f2(x,x) = 0 for all x ∈C, we arrive at

dψ(yk,xk+1)+dψ(xk+1,yk)≤−2λk f2(yk,xk+1)≤ 2λk| f2(yk,xk+1)|. (3.10)

Using τ2-Hölder continuity in the first argument of f2 and proceeding as in the case of f1, we
obtain

dψ(xk+1,yk)≤ (2Q2λk)
2

2−τ2

(
2
β

) τ2
2−τ2

. (3.11)

Taking

M := max

{
(2Q1)

2
2−τ1

(
2
β

) τ1
2−τ1

,(2Q2)
2

2−τ2

(
2
β

) τ2
2−τ2

}
,

we find the desired results from (3.8) and (3.11), respectively.
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(S2) By adding (3.5) and (3.9), and using τi-Hölder continuity of fi, i = 1,2, we conclude

dψ(y,xk+1)

≤ dψ(y,xk)−dψ(xk+1,yk)−dψ(yk,xk)

+2λk

(
f1(xk,y)+ f2(yk,y)− f1(xk,yk)− f2(yk,xk+1)

)
≤ dψ(y,xk)+2λk

(
f (xk,y)+

∣∣∣ f2(yk,y)− f2(xk,y)
∣∣∣+ ∣∣∣ f1(xk,yk)

∣∣∣+ ∣∣∣ f2(yk,xk+1)
∣∣∣)

≤ dψ(y,xk)+2λk

(
f (xk,y)+Q2‖yk− xk‖τ2 +Q1‖xk− yk‖τ1 +Q2‖yk− xk+1‖τ2

)
. (3.12)

From Assumption 2.1 (A1), (3.8) and (3.11), for all y ∈C, we have

2λk

(
f (xk,y)+Q2‖yk− xk‖τ2 +Q1‖xk− yk‖τ1 +Q2‖yk− xk+1‖τ2

)
≤ 2λk f (xk,y)+2λk

(
Q2

(
2
β

) τ2
2 [

dψ(xk,yk)
] τ2

2
+Q1

(
2
β

) τ1
2 [

dψ(xk,yk)
] τ1

2

+ Q2

(
2
β

) τ2
2 [

dψ(xk+1,yk)
] τ2

2

)

≤ 2λk f (xk,y)+2λk

(
Q2

(
2
β

) τ2
2

(2Q1λk)
τ2

2−τ1

(
2
β

) τ1τ2
2(2−τ1)

+ Q1

(
2
β

) τ1
2

(2Q1λk)
τ1

2−τ1

(
2
β

) τ2
1

2(2−τ1)

+2λkQ2

(
2
β

) τ2
2

(2Q2λk)
τ2

2−τ2

(
2
β

) τ2
2

2(2−τ2)

≤ 2λk f (xk,y)+2λk

(
Q2Q

τ2
2−τ1
1

(
4
β

) τ2
2−τ1

λ

τ

2−τ

k +Q
2

2−τ1
1

(
4
β

) τ1
2−τ1

λ

τ

2−τ

k

)

+2λkQ
2

2−τ2
2

(
4
β

) τ2
2−τ2

λ

τ

2−τ

k , where τ = min{τ1,τ2}.

From (3.12), we obtain

dψ(y,xk+1)≤ dψ(y,xk)+2λk f (xk,y)+Lλ

2
2−τ

k , ∀y ∈C, (3.13)

where L= 2
(

Q2Q
τ2

2−τ1
1

(
4
β

) τ2
2−τ1 +Q

2
2−τ1
1

(
4
β

) τ1
2−τ1 +Q

2
2−τ2
2

(
4
β

) τ2
2−τ2

)
. This completes the proof.

�

We are now ready to prove the weak convergence of the sequence generated by Algorithm 1.

Theorem 3.1. Let C be a nonempty, convex, and closed subset of H , and let f : C×C→R sat-

isfy all the conditions of Lemma 3.1. Suppose that {λk} satisfies ∑
∞
k=1 λk = ∞ and ∑

∞
k=1 λ

2
2−τ

k <

∞, where τ = min{τ1,τ2}. Then, the sequence {zk} generated by Algorithm 1 converges weakly
to a solution of EP (1.1).
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Proof. We divide the proof into four steps.
STEP 1. We prove the boundedness of {xk} and {zk}.
Since f is pseudomonotone, for any x̄ ∈ S( f ,C), we have f (xk, x̄) ≤ 0 for all k ≥ 1. Taking

y = x̄ ∈ S( f ,C)⊂C in (3.13), we see that

dψ(x̄,xk+1)≤ dψ(x̄,xk)+Lλ

2
2−τ

k , ∀k ≥ 1.

Thus {xk} is dψ -quasi-Fejér convergent to S( f ,C). Hence, by Assumption 2.1 (A2) and Lemma
2.5, we conclude that {xk} is bounded. Then, there exists N > 0 such that ‖xk‖ ≤ N for all

k≥ 1. Observe that the definition of {zk} yields ‖zk‖ ≤ ∑
k
n=1 λn‖xn‖
∑

k
n=1 λn

≤ N, which implies that {zk}
is bounded. Hence, there exists a subsequence {zki} ⊂ {zk} such that zki ⇀ z̄ ∈C.

STEP 2. We show that z̄ ∈ S( f ,C).

We re-write (3.13) as dψ(y,xk+1)−dψ(y,xk) ≤ 2λk f (xk,y)+Lλ

2
2−τ

k for all y ∈C and k ∈ N.
Taking k = 1, . . . ,ki and summing all the inequalities, we obtain

dψ(y,xki+1)−dψ(y,x1)≤ 2
ki

∑
n=1

λn f (xn,y)+L
ki

∑
n=1

λ

2
2−τ

n , ∀y ∈C.

By using the concavity of f (·,y), we have

dψ(y,xki+1)−dψ(y,x1)

∑
ki
n=1 λn

≤ 2
∑

ki
n=1 λn f (xn,y)

∑
ki
n=1 λn

+L
∑

ki
n=1 λ

2
2−τ

n

∑
ki
n=1 λn

≤ 2 f

(
∑

ki
n=1 λnxn

∑
ki
n=1 λn

,y

)
+L

∑
ki
n=1 λ

2
2−τ

n

∑
ki
n=1 λn

= 2 f
(

zki,y
)
+L

∑
ki
n=1 λ

2
2−τ

n

∑
ki
n=1 λn

.

Since ∑
∞
k=1 λk = ∞, ∑

∞
k=1 λ

2
2−τ

k < ∞, zki ⇀ z̄, and f (·,y) is weakly upper semicontinuous, we
have f (z̄,y) ≥ limsupi→∞ f

(
zki,y

)
≥ 0 for all y ∈ C. Thus z̄ ∈ S( f ,C). We take Bregman

projection of xk on the nonempty, closed, and convex set S( f ,C) for each k ∈ N and define
uk = Pψ

S( f ,C)
(xk). Then, uk is uniquely determined for each xk. If we show that uk→ z̄, then all

the weak limit points of the sequence {zk} are equal to z̄ and the whole sequence {zk} weakly
converges to z̄.

STEP 3. We prove the convergence of the sequence {uk}.
Since uk ∈ S( f ,C) and f is pseudomonotone, we find from (3.13) that

dψ(uk,xk+p)≤ dψ(uk,xk)+L
p−1

∑
n=k

λ

2
2−τ

n , ∀k ∈ N, p≥ 1. (3.14)

Since uk+p = Pψ

S( f ,C)
(xk+p) = argmin

{
dψ(y,xk+p) : y ∈ S( f ,C)

}
, we have

dψ(uk+p,xk+p)≤ dψ

(
1
2
(uk +uk+p),xk+p

)
≤ 1

2
dψ(uk,xk+p)+

1
2

dψ(uk+p,xk+p),

that is,

dψ(uk+p,xk+p)≤ dψ(uk,xk+p), ∀k ∈ N, p≥ 1. (3.15)
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By combining (3.14) and (3.15), we obtain

dψ(uk+p,xk+p)≤ dψ(uk,xk)+L
p−1

∑
n=k

λ

2
2−τ

n , ∀k ∈ N, p≥ 1. (3.16)

Taking p = 1 in (3.16), we obtain dψ(uk+1,xk+1)≤ dψ(uk,xk)+Lλ

2
2−τ

k , and hence, by Lemma
2.2, limk→∞ dψ(uk,xk) exists. Since uk+p is the Bregman projection of xk+p onto S( f ,C), Propo-
sition 2.6 implies

dψ(uk+p,xk+p)≤ dψ(z,xk+p)−dψ(z,uk+p), ∀z ∈ S( f ,C).

Taking z = uk ∈ S( f ,C) in the above inequality and using (3.14), we obtain

0≤ dψ(uk,uk+p)≤ dψ(uk,xk+p)−dψ(uk+p,xk+p)

≤ dψ(uk,xk)+L
p−1

∑
n=k

λ

2
2−τ

n −dψ(uk+p,xk+p)

≤ dψ(uk,xk)−dψ(uk+p,xk+p)+L
∞

∑
n=k

λ

2
2−τ

n , ∀k ∈ N, p≥ 1.

Since limk→∞ dψ(uk,xk) exists and limk→∞ ∑
∞
n=k λ

2
2−τ

n = 0, we conclude that limk→∞ dψ(uk,uk+p)
= 0 for all p≥ 1. Since the Bregman function ψ is totally convex, by using Proposition 2.3 (c),
we obtain limk→∞ ‖uk+p−uk‖ = 0 for all p ≥ 1, which shows that {uk} is a Cauchy sequence
in a complete space, and hence converges to ẑ for some ẑ ∈ S( f ,C).

STEP 4: We prove ẑ = z̄.
Since uk = Pψ

S( f ,C)
(xk), by Proposition 2.6, we have dψ(y,uk)+dψ(uk,xk)≤ dψ(y,xk) for all

y ∈ S( f ,C). Since x̄, ẑ ∈ S( f ,C), we have

dψ(x̄,uk)+dψ(uk,xk)≤ dψ(x̄,xk), dψ(ẑ,uk)+dψ(uk,xk)≤ dψ(ẑ,xk).

In view of (A1) and (A4) of Assumption 2.1, we obtain by choosing β ≥ 2L that

dψ(xk, ẑ)≤
〈

∇ψ(xk)−∇ψ(ẑ),xk− ẑ
〉
−dψ(ẑ,uk)−dψ(uk,xk)

≤ ‖∇ψ(xk)−∇ψ(ẑ)‖‖xk− ẑ‖−dψ(ẑ,uk)−dψ(uk,xk)

≤ L‖xk− ẑ‖2−dψ(ẑ,uk)−dψ(uk,xk)

≤ L‖xk−uk +uk− ẑ‖2−dψ(ẑ,uk)−dψ(uk,xk)

≤ L‖xk−uk‖2 +L‖uk− ẑ‖2 +2L‖xk−uk‖‖uk− ẑ‖−dψ(ẑ,uk)−dψ(uk,xk)

≤
(

2L
β
−1
)

dψ(uk,xk)+

(
2L
β
−1
)

dψ(ẑ,uk)+2L‖xk−uk‖‖uk− ẑ‖

≤ 2L‖xk−uk‖‖uk− ẑ‖

≤ 2L

√
2
β

dψ(uk,xk)

√
2
β

dψ(ẑ,uk)

≤ 4LM
β

dψ(ẑ,uk),
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where M2 = sup
{

dψ(uk,xk) : k ≥ 1
}
< +∞. Writing the above inequality with an index n and

summing from n = 1 to ki, we obtain
ki

∑
n=1

λndψ(xn, ẑ)≤ 4LM
β

ki

∑
n=1

λndψ(ẑ,un).

Therefore,

dψ(zki, ẑ) = dψ

(
∑

ki
n=1 λnxn

∑
ki
n=1 λn

, ẑ

)
≤ ∑

ki
n=1 λndψ(xn, ẑ)

∑
ki
n=1 λn

≤ 4LM
β

∑
ki
n=1 λndψ(ẑ,un)

∑
ki
n=1 λn

. (3.17)

Since uk → ẑ, we have dψ(ẑ,un)→ dψ(ẑ, ẑ), that is, dψ(ẑ,un)→ 0. Since ∑
∞
n=1 λn = ∞, by

applying Lemma 2.3 with ak = dψ(ẑ,uk), we obtain from inequality (3.17) that

lim
i→∞

dψ(zki, ẑ)≤ 0, that is, dψ(z̄, ẑ)≤ 0,

which shows z̄ = ẑ, and this completes the proof. �

When f2 ≡ 0 in Algorithm 1, we obtain the following algorithm.

Algorithm 2 One-projection Sequential Algorithm with Bregman Distance

Step 0: Choose x0 ∈H .
Step 1: Given xk, compute xk+1, zk+1 as

xk+1 := argmin
y∈C

{
λk f (xk,y)+

1
2

dψ(y,xk)

}
, zk+1 :=

∑
k+1
n=1 λkxk

∑
k+1
n=1 λk

.

We derive the following corollary from Theorem 3.1 which provides the weak convergence
of the sequence generated by the Algorithm 2 to a solution of the EP (1.1).

Corollary 3.1. For a nonempty, convex, and closed subset C of H , suppose that f : C×C→R
satisfies the following conditions:

(i) f is pseudomonotone and τ-Hölder continuous in the first or second argument;
(ii) For each x ∈C, f (x, ·) is convex, lower semicontinuous, f (·,x) is concave and weakly

upper semicontinuous, and f (x,x) = 0;
(iii) S( f ,C) 6= /0.

Assume that the sequence {λk} of positive numbers satisfies ∑
∞
k=1 λk = ∞ and ∑

∞
k=1 λ

2
2−τ

k < ∞.

Then, the sequence {zk} generated by Algorithm 2 converges weakly to a point in S( f ,C).

If we choose ψ(x) = ‖x‖2, then Algorithm 2 and Corollary 3.1 reduces to the corollary given
in [19, Corollary 1].

4. NUMERICAL EXAMPLES

In this section, we give an example to show the efficiency of our method. We also compare
our algorithm for different choices of Bregman functions. The computational programming
were performed in MATLAB R2024a running on Acer Swift 3 PC with 11th Gen Intel(R)
Core(TM) i5 @ 2.42 GHz processor and RAM 16.0 GB.
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We consider the following Bregman functions ψ1, ψ2, ψ3, and ψ4 to show the convergence
of the sequence generated by Algorithm 1.

(i) ψ1 : Rn→ R defined by ψ1(x) = ‖x‖2.
(ii) ψ2 : Rn→ R defined by ψ2(x) = 1

2x>Ax, where A ∈ Rn×n is a symmetric and positive
definite matrix.

(iii) ψ3 : Rn
+→ R defined by ψ3(x) = ∑

n
i=1 xi log(xi), where x = (x1, . . . ,xn) ∈ Dom(ψ3) =

Rn
+.

(iv) ψ4 : Rn
+→ R defined by ψ4(x) = −∑

n
i=1 log(xi), where x = (x1, . . . ,xn) ∈ Dom(ψ4) =

Rn
+.

The corresponding Bregman distances are given by

(i) dψ1(x,y) = ‖x− y‖2, known as the Euclidean distance (in short, ED),
(ii) dψ2(x,y) =

1
2(x− y)>A(x− y), known as Mahalanobis distance (in short, MD),

(iii) dψ3(x,y) = ∑
n
i=1

(
xi log

(
xi
yi

)
+ yi− xi

)
, known as Kullback-Leibler distance (in short,

KLD),
(iv) dψ4(x,y) = ∑

n
i=1

(
xi
yi
− log

(
xi
yi

)
−1
)

, known as Itakura-Saito distance (in short, ISD),

respectively.

Example 4.1. Let f1, f2 : Rn×Rn→ R be bifunctions defined by

f1(x,y) = 〈Px+Qy+q,y− x〉 , ∀x,y ∈ Rn,

and

f2(x,y) = ‖y‖4−‖x‖4, ∀x,y ∈ Rn,

where P = M>M, Q = N>N, M, N are n× n matrices, M(i, j), N(i, j) and q(i) ∈ [0,1] are
randomly generated. Consider the equilibrium problem (1.1) in which the bifunction f is of the
form f = f1 + f2 whose feasible set is

C =

{
x ∈ Rn

+ :
n

∑
k=1

xk ≤ n

}
.

It can be easily seen that P and Q are positive definite and all the conditions of Assumption 3.1
are satisfied. We use randomly generated point x0 as our starting point. The n×n positive defi-
nite matrix A for Mahalanobis distance (MD) is randomly generated. We set ‖zk+1−zk‖< 10−3

as stopping criterion to compare the convergence of the sequence {zk} generated by Algorithm
1 corresponding to ED, MD, KLD, and ISD. For different choices of Bregman function, we
choose λk =

1
102.5k0.7 and the convergence results are shown in Figure 1 (A), (B), (C), and (D)

for n = 5,10,50 and 100, respectively. Number of iterations and CPU times (secs) for different
choices of Bregman functions are displayed in Table 1.
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n Observations ED MD KLD ISD

5 No. of Iterations 272 128 177 127

CPU Times (Secs) 4.1364 3.0883 4.7968 2.6620

10 No. of Iterations 336 93 229 157

CPU Times (Secs) 5.5512 3.3780 8.3058 5.6937

50 No. of Iterations 159 97 124 297

CPU Times (Secs) 6.1853 15.0329 20.5170 47.9316

100 No. of Iterations 175 296 96 290

CPU Times (Secs) 12.0500 66.4745 14.9310 46.0127

TABLE 1. Performance of Algorithm 1 for different Bregman distances

(A) n = 5 and x0 = rand(1,5) (B) n = 10 and x0 = rand(1,10)

(C) n = 50 and x0 = rand(1,50) (D) n = 100 and x0 = rand(1,100)

FIGURE 1. Convergence of Example 4.1
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