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Abstract. The existence of a bilateral solution at a given height to the strongly nonlinear and degenerate
problem A(u) = p (u)|Vo|?, div(p(u)Ve) =0in Q, u =0 and ¢ = @y on I, where A is a Leray-Lions
operator, is proved in the framework of anisotropic Sobolev space. The bilateral solution is obtained
through a double approximation process, with the first one being a penalization technique.
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1. INTRODUCTION

We consider a nonlinear coupled system of elliptic type in the framework of anisotropic
Sobolev spaces. This system is given as follows.

A(u) =p(w)|Vol* inQ,

div(p()Ve) =0  inQ,
u=>~0 on dQ,
¢ =@ on 0Q,

(1.1)

where A is a strongly nonlinear operator in divergence form, namely,
A(u) = —div(a(x,u,Vu)). (1.2)

As a model example, operator (1.2) includes the particular case of the p-Laplacian,
N
_A[‘)’u: - Z av(|avl/l|pv_zavu), (av - a/axV).
v=1

Notice that system (1.1) is a generalized model of the well-known thermistor problem. In that
setting, u stands for the temperature, @ is the electric potential, p(«) is the temperature depen-
dent electric conductivity, Q@ C R" is the region in the space occupied by the semiconductor
device (thermistor), and N > 1 is the space dimension. The first equation of (1.1) expresses the
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diffusion of heat inside the semiconductor which is generated from the source term p (u)| V|,
which is Joule’s effect. The second equation describes the conservation of electric charges.

The difficulty in the mathematical analysis of a problem like (1.1) does not only come from
the nonlinearities appearing in both partial differential equations but from the nonuniformly
elliptic character of the second equation as well. Indeed, in most practical situations, one has
p € C(R) is such that p(s) > 0 with p(s) — 0 as s — +eo. In order to deal with this difficulty,
Xu ([1]) introduced the notion of capacity solutions to the thermistor problem (evolution case)
in the framework of Sobolev spaces with p = 2. He proved the existence of a capacity solution.
Afterwards, other existence results were obtained by many authors, In particular, the authors in
[2, 3] proved an existence result of a capacity solution to a nonstationary thermistor problem
in the classical Sobolev spaces W!» (Q) for any p > 2. Also, the authors in [4, 5] studied the
existence of a solution for both the steady-state and the evolution thermistor problem in the
context of Orlicz-Sobolev spaces.

In [6, 7], Ortegon Gallego, Rhoudaf and Talbi analyzed the existence of a capacity solution to
a coupled nonlinear elliptic or parabolic-elliptic systems in the context of anisotropic Sobolev
spaces. This result was generalized to the anisotropic Orlicz-Sobolev space by Ortegdn Gallego,
Ouyahya and Rhoudaf in [8]. In all these results, the authors have just considered the case of
a Sobolev space with p > 2 or the Orlicz-Sobolev space with an equivalent condition, that

is, the N-function M admits the representation M(s) = fos‘ m(t)dt with m(t) >t for all > 0.
Due to this assumption, we may deduce that the right-hand side of our first equation lies in a
‘good’ dual space. Moreover, by considering p (u)V ¢ as a single function, we may derive a new
variational formulation and the solution to this new formulation is called a capacity solution.
For the other cases, namely 1 < p < 2, or m(t) <t in the context of the Orlicz spaces, the right
hand side of the first equation does not belong to the adequate dual space, even for capacity
solutions. The introduction of the notion of bilateral solutions may deal with these situations so
that this analysis fills the gap 1 < p <2 orm(t) <.

The notion of bilateral solutions to problem (1.1) was recently introduced by the authors
in [9] in the context of isotropic Sobolev spaces, W!”(Q), 1 < p < 0. In this paper, under
more restrictive assumptions on the data, we demonstrate the existence of a bilateral solution to
problem (1.1) in the framework of anisotropic Sobolev spaces. In order to prove an existence
result of a solution for a certain approximate problem, we make use of the so-called penaliza-
tion technique, which was firstly introduced by Boccardo and Murat in [10]. These authors
approximated the following variational inequality

To find u € J# such that,
(A(u),v—u) > (f,v—u), forallve 7,

where the convex set % is defined by % = {v € Wol P(Q): v(x)] < 1ae. in Q}, the mapping
A is given by A(u) = —Apu = —div(|Vu|P~2Vu) and f € WL (Q), and by the sequence of
problems
{ A(tn) + un|"Pup=f  in 7'(Q),
u,=0 on dQ.

Inspired by this approach, we investigate certain bilateral solutions to system (1.1) at a given
height M > 0 in the sense of the Definition 3.1 given below. Notice that the existence, in the
framework of anisotropic Sobolev spaces of order r and exponent p := (po,...,pn), Wor’ﬁ (Q),
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with rpy > N, po = min;<y,<y{py}, of weak solutions to the following problem

Alw) +glxu)=f inQ,
{ u=0 ondQ. (1.3)

where A is a strongly nonlinear operator satisfying the monotonicity, coerciveness, and growth
conditions, and where the nonlinear perturbation term g is a Carathéodory function and satisfies
the sign condition g(x,#)t > 0, for all r € R, but without any restriction on its growth, was proved
in [11] in the following sense

ue W017ﬁ(Q),g(x,u) € L'(Q) and g(x,u)u € L' (Q)
- 1.4
(A(u),v)—l—/gg(x,u)vdx:<f,v>, forallvEWOLP(Q)ﬂL‘”(Q). (19

If rpo > N, we have Wor’ﬁ (Q) C L=(Q) and the test functions in (1.4) run the whole space

Wor’ﬁ (Q). Problem (1.3) was also considered in [12, 13] for r = 1, p being an admissible vector
and with a less restrictive assumption on the domain Q. In these works, the authors proved, by
using the Hedberg-type’s approximation, that the solution, u, of (1.3) could be taken as a test
function in (1.4), and then problem (1.3) has a solution in the following sense

ueWyP(Q), g(x,u) € L'(Q) and g(x,u)u € L'(Q)
_ (1.5)
(A(u),u—v>—|—/Qg(x,u)(u—v)dx: (fyu—v),forallve Wol’p(Q)ﬂLw(Q).

In this paper, we focus on r = 1 and any exponents p such that 1 < p, < oo, for all v =
0,...,N. In particular, this covers the case 1 < py, < 2 for at least one v € {0,...,N}, so
that the required condition above py > N, which may not be satisfied, is included as well. In
fact, without assuming that py > N, we will show that problem (1.3) still has a solution in the
sense (1.5), forany f € W*I’ﬁl(Q). For the particular case when py = p forallv=1,...,N, we
refer to [14]. The case 0 < r < 1, where fractional derivatives spaces are involved ([15]), may
be the subject of future works.

In [16], where the dependence of the solution with respect to different choices of the three
exponents pp, p2, and p3 was remarked, we can find some 3D numerical simulations of prob-
lem (1.1). Moreover, these numerical simulations seem to infer that the problem may have
multiple solutions when one the exponents is close enough to 1 while the others two are kept
constant. Thus the question of the uniqueness of the solution is still open.

In order to study the problem (1.1) under the assumptions given below, we adopt the following
organization. In Section 2, we introduce the definition of the anisotropic Sobolev spaces, recall
some of their properties, and give some technical lemmas. In Section 3, we enumerate the
assumptions on the data and introduce the notion of bilateral solutions adapted to our context.
In Section 4, we present our main results. In the last section, Section 5, we present the proof of
the main results.

2. PRELIMINARIES

In this section, we begin by recalling the definition of the anisotropic Sobolev spaces, and
giving some of their properties.
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Let Q be an open bounded domain in RV (N > 2) with boundary 9. We denote by p :=
(p1,...,pN) and by po = min;<y<n{py}, and we introduce the anisotropic Sobolev space of
exponent j, denoted by W!7(Q), as

WP (Q) = {u € LP(Q)/ dyu € LM (Q), forall v =1, ... ,N} .

The space W!7(Q) is a Banach space equipped with the norm |[ul|; = ¥_ [ dvul| »,» Where

dou = u, dyu = a‘)x” ,and | -|| p, is the standard norm in LV (). Since we will consider homoge-

nous Dirichlet boundary conditions, we use the functional space WO1 P (Q) defined as the closure
of 2(Q) in W'P(Q).

Both spaces W17(Q) and Wol’ﬁ(Q) are separable when 1 < p, < e forall v=1,...,N, and
reflexive when 1 < py < o forall v =1,... N (the proof is an adaptation from Adams [17]).
When 5 € [1,+e0)V, the dual of W, ?(Q) is denoted by W=17(Q), B’ := (p},...,p}), Pl €
(1, +oo) U {+oo} being the conjugate of py, 1e 1/p,+1/py=1foral v=1,...,N. In
Wo ’p(Q) the seminorm || defined as [u|; =¥ _, [dvull,,. u€ Wol’ﬁ(Q)7 is anormin Wol’ﬁ(Q),
which is equivalent to the norm || - || 5, that is, there exists a constant Cy = Cy(L, p) such that

lul 5 < ||u]l 5 < Colul5, for all u € Wy P (Q). 2.1)
Lemma 2.1. Let Q be a bounded open set of RN. Then, the natural injection WO] P (Q) —
LPo(Q) is compact.

The proof of this lemma follows immediately from the classical embedding theorems of
Sobolev spaces and the fact that Wl’p (Q) — Wl’p ?(Q) with continuous injection. In particular,
since Wl’pO(Q) C L1(Q) with g = pj = Npo/( —po) if po < N, any ¢ € [1,) if pg =N, or
q = o if pg > N, the same is true for WO (Q) The next result tells us that we may improve this
Li-regularity for the functions in WO P(Q).

Lemma 2.2 ([18, 19, 20]). Let py,...,pn € R such that po = minj<y<y{pv} > 1. Let p be the
harmonic mean of these numbers, that is 1/p = 1/N ZQ’:l 1/py. Then, there exists a constant

C > 0 such that

N —
lullg < CTT l0vullylY, for all u e W, P (), 2.2)
v=1

where ¢ = p* = Np/(N = B) if < N, any g € [1,%) if p > N.

A straightforward consequence of Lemma 2.2 is the continuous injection WO1 P(Q) C L1(Q)
where ¢ means the same as in this last result. Indeed, this is due to (2.2) together with the
celebrated inequality relating the geometric mean and the arithmetic mean, namely,

N
N 1
ay < =) ay,forallay,...,ay € |0,+o0).
H _NVZ::1 v 1 N E [ )

The next lemma is useful in combination with the assumption (3.4) below.

Lemma 2.3. Let py,...,pN,ai,...,an be 2N real numbers such that pg = minj<y<y{py} > 1
and minj<y<y{ay} > 0. Then,

l(al—l—---—l—aN)pO—(N—l).

1
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Proof. Since pg > 1, we see that s € [0, +o0) — 570 is convex. Thus
aj+---+ay\" 1
(T) < yla’+o+ay),

and

PO .. PO
a + +aN ZNPO_l

On the other hand, the following inequalities hold
a +1>al°, forallv=1,...,N,

(a1 +---+an)™.

with @}’ = &}’ for at least one v € {1,...,N}. Summing up these inequalities, we obtain

al' - +all >a’ 4+ a) —(N-1) > (ap+--+an)?—(N—1).

Npo—1
Corollary 2.1. Let p = (p1,...,pn) € R such that pg = minj<y<y{py} > 1. Then,

N
1 1.5

y /Q|(9vu|pv > el = (N 1), for ailu € Wy 7 (),

v=l1 0

where Cy > 0 is the constant appearing in (2.1).

Proof. Letu € Wol’ﬁ(Q) and put ay = ||dyu||p, = (o ]3vu]pv)1/pv forv=1,...,N. According
to Lemma 2.3, we have

N
1
\;1/9 |dyulPy = all’l + .- +a11\’/N > NP0 (ap+-+ay)?—(N—1)= Voo |u|§° —(N—1).
Using (2.1) we obtain the desired result immediately. U

For the sake of completeness, we recall the definition of some useful concepts in abstract
Banach spaces. In these definitions, X stands for a reflexive Banach space with norm || - ||x and
X* its dual space ([21]).

Definition 2.1. Let G: X — X be a mapping.
(1) G is bounded if it transforms any bounded set of X in a bounded set of X*.
(2) G is said to be coercive if
G .
hm < (u)’u>X 7X — +OO,
lullx = Jullx

where (-, -)x+ x is the duality product between X* and X.
(3) G is monotone if

(G(u) —G(v),u—v)x=x >0 forany u,v € X. (2.3)

and strictly monotone if inequality (2.3) is strict whenever u # v.
(4) G is said to be hemicontinuous if, for all u,v,w € X, lim, ,o+(G(u +tv),w)x+ x =
(G(u),w)x+ x.

Another important concept in this context is the notion of a pseudo-monotone mapping. This
can be done through two equivalent definitions.
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Theorem/Definition 2.1. Let G : X — X* be a bounded mapping. We say that G is pseudo-
monotone if it satisfies one of the two following equivalent conditions:

(PM1) For any sequence (u,) C X such that u,, — u weakly in X and limsup,_,..(G(up),u, —
u)x+ x < 0, it follows that liminf,, e (G(up),un — v)x* x > (G(u),u —v)x+ x forall v €
X.

(PM2) For any sequence (u,) C X such that u, — u weakly in X, G(u,) — x weakly in X* and
limsup,,_,..(G(un),u, —u)x+x < 0, it follows that G(u) = x and lim, (G (uy),u, —
u)X*,X =0.

Proof. (PM1)=-(PM2) Let (u,) C X, u € X, and ) € X* such that u,, — u weakly in X, G(u,) —

x weakly in X*, and limsup,,_,..(G(un),u, —u)x-x < 0. Letting v € X, we have

(G(un),un —v)x+x = (Gun),un — u)x+ x + (G(un),u —v)x+x.
Using this identity and (PM1) yields

(G(u),u—v)x+x < lirginﬂG(un), Up —V)X* X
Nn—>oo
:li’gigolﬂG(un), Uy — u)X*,X + <Xa u— V>X*7X (2.4)

<limsup(G(un),un —u)x* x + (X, u —V)x+ x < (X, u—V)x*x.
n—so0

Consequently, (G(u) — x,u—v)x+ x <0 forany v € X. Hence G(u) = x and all the inequalities
in (2.4) are in fact equalities. In particular, (G(u),u — v)x+ x = liminf, e (G(ttn),ttn — v)x* x
for all v € X. Taking v = u, we deduce

liminf(G(uy),un —u)x+ x =0 > limsup(G(uy), u, — u)x+ x,
n—eo i n—yoo

which implies that limy, (G (uty, ), up — u)x+ x = 0.

(PM2) = (PM1) Let (u,) C X, u € X such that u, — u weakly in X and limsup,,_,..(G(u,),u, —
u)x+ x < 0. Since (u,) C X is bounded and G is a bounded mapping, one has that (G(u,)) C X*
is bounded. Due to the reflexivity of X, one deduce thats, for some subsequence (G(uy)) C
(G(uy)), there exists y € X* such that G(u) — x weakly in X*. From (PM2), we obtain
that ¥ = G(u) and that it is the whole sequence (G(uy)), which is weakly convergent to G(u).
Moreover, limy, ;e (G (1), un — u)x* x = 0. Now, letting v € X, we have (G(uy),un —v)x* x =
(G(up),upn —u)x+ x + (G(un),u—v)x+ x. Thus lim, e (G(un),ttn —v)x+ x = (G(u),u —v)x= x.

0J

Remark 2.1. The definition of a pseudo-monotone mapping given in (PM1) is used in [11, 21]
and the equivalent condition (PM2) appears in [14]. The advantage of (PM2) is that, under these
assumptions, one can readily identify the weak limit of the sequence (G(u,)) as G(u).

A well-known result relates the concepts of monotonicity and pseudo-monotonicity under
certain conditions.

Lemma 2.4. Let G: X — X* be a bounded, hemicontinuous, and monotone mapping. Then, G
is pseudo-monotone.

Proof. Let (u,) C X, u € X, and ¥ € X* such that u,, — u weakly in X, G(u,) — x weakly in
X* and limsup,,_,.,(G(up),un —u)x+ x < 0. Then, for any v € X,

0 <(G(up) —G(v),un —v)x* x = (G(up),un — u)x+x + (G(upn),u —v)x+ x — (G(vV),up —v)x* x.
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Thus
0 < limsup(G(up),un — u)x+ x + (X, u—v)x:x —(G(v),u—v)x+ x, (2.5)

n—soo
which yields 0 < (y — G(v),u —v)x+ x, for all v € X. Taking v =u+tw for ¢ € (0,1) and
w € X in this last inequality, we obtain 0 < (y — G(u+1tw),w)x« x forany s € (0,1) and w € X.
Making 7 — 07, and using the hemicontinuity of G, we have 0 < (¥ — G(u),w)x+ x for all
w € X. Consequently, ¥ = G(u). Owing to (2.5), we see that
limsup(G(uy),u, —u)x+ x =0. (2.6)
n—soo

On the other hand, we have

0 <(G(un) — G(u),un —u)x+x = (G(un),un — ) x= x — (G(u),up — u)x+x.
Taking the liminf in this inequality, we readily obtain liminf,, ,..(G(up), u, —u)x+ x > 0, which,
together with (2.6), leads to limy, ;e (G (¢, un — u)x* x = 0. O

The most interesting result on pseudo-monotone mappings is that, under certain assumptions,
they are surjective.

Theorem 2.1 ([21]). Let X be a real reflexive Banach space and suppose G: X — X* is con-
tinuous, coercive and pseudo-monotone. Then, for every f € X* there exists a solution u € X of
the equation G(u) = f. Moreover, if G is strictly monotone, then this solution is unique.

The following lemma involves a sequence of monotone operators. In fact, it is a generaliza-
tion of the so-called monotonicity trick.

Lemma 2.5 ([22]). Let X be a Banach space, X* its dual and <7;: X — X*, j > 1, a sequence
of mappings. Assume that the sequences (<7;) and (u;) C X fulfill the following conditions:

(a) <7 is monotone for each j > 1;

(b) uj — uweakly in X, for some u € X;

(c) Aj(u;) — x weakly in X*, for some y € X*;

) (j(uj),uj) = (u);

(e) there exists a mapping </ : X — X* such that (/j(v),u;) — (/' (v),u) for all v € X;

(f) < is hemicontinuous.

Then, <7 (u) = X.

We go back to the framework of anisotropic Sobolev spaces. Let p = (p1,...,py) € RN and
assume po = minj<y<y{pyv} > 1. We then consider the reflexive Banach space X = WOI"5 (Q)
and denote by (-,-) the duality product between W17 (Q) and WO1 P (Q). Let A: WO1 P (Q) —
W_l'ﬁ/(Q) be a continuous, coercive and pseudo-monotone operator, and let g: Q X R —

R be a Carathédorory function such that, for any s > 0, there exists i, € L!(€) such that
Sup|,|<s |8(x,1)| < hs(x) a.e. in Q. We assume also the sign condition on g, namely,

g(x,1)t > 0,for a.e. x € Q and for all 7 € R.
Lemma 2.6. For every f € W17 (Q), there exists u € WO] ’ﬁ(Q) solution to

Au)+g(xu)=f inQ,
u=>0 on dQ)
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in the sense of (1.5).

Proof. We follow the same arguments as in [13, 14]. Let g (x,u) = Ti(g(x,u)), where Tj(s) is
the truncation function at height k, Ty (s) = min(k, max(s, —k)), for all s € R. For a given k > 0

and a function u € WO1 P(Q), we associate the element Gyu € W17 (Q) defined as
Gu: WP (Q) = R
Vi / gr(x,u)vdx.
Q

It is easy to check that Gy: WO1 Z (Q) — W~17(Q) is continuous. Due to the coerciveness of
A and the sign condition on g, it is clear that A + Gy is also coercive. Moreover, since, for
any sequence (u,) C Wol’ﬁ(Q), u, — u weakly in Wol’ﬁ(Q), we have limy, e (Grity, Uy — u) =
0, which is straightforward to show that A 4- Gy is pseudo-monotone. Thus, we may apply
Theorem 2.1 to deduce the existence of a function u; € WO1 P(Q) such that A (uy) + gi(x,ux) = f
or in its variational formulation,

(A(),v) + /Q gr(xu)vdr = (f,v) forall v € W17 (Q). 2.7)

Due to the assumptions on A and g, by taking v = u;, we may deduce that (i) is bounded
in Wol’p(Q) and (A(ug)) is bounded in W17 (Q). Thus, there exist some u € Wol’p(Q) and
xewLP /(Q), and a subsequence still denoted in the same way such that

u; — u weakly in Wol’ﬁ(Q), A(uy) — x weakly in W’l’ﬁ/(Q).

On the other hand, we have that [, gx(x, ug)urdx < C for all k > 1, where C is a constant not
depending on k. Then, we can also deduce that ([14])

glx,u) € LY(Q), g(x,u)u € L'(Q) and g (x,ur) — g(x,u) in L'(Q).
Consequently, by passing to the limit in (2.7), we obtain
<x,v>—|—/ g(eu)vdx = (f,v) forall v € WP (Q) NL™(Q). 2.8)
Q

Taking v = Tj(u) as a test function in the last equation, we have

(0 Ti(u)) + /Q g, u)Te(u) dx = (f, T (u)).
It is clear that
0Te(w) = (ow)  and  (f, Te(w)) — (fu) 2.9)

On the other hand, we have g(x,u)T; () — g(x,u)u a.e. in Q and 0 < g(x,u) T (u) < g(x,u)u €
L'(Q). Thus, by the Lebesgue dominated convergence theorem, we obtain

g(x,u) T (u) — g(x,u)u in L'(Q). (2.10)

By (2.9) and (2.10), we conclude that equation (2.8) is still valid for v = u. It remains to prove
that y = A(u). Indeed, by using Fatou’s lemma, we have

im sup(A ).t — 1) = Limsup(A(u). ) — (1,10 < (/o) = [ g(x.pudr— (i) = .

k—yoo k—yo0
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Since A is pseudo-monotone, we obtain y = A(u). Thus,

<A(u),u—v>—{—/Qg(x,u)(u—v)dx: (f,u—v) forallv e Wol’ﬁ(Q)ﬂLw(Q).

O
3. ASSUMPTIONS AND DEFINITIONS
We consider the following nonlinear elliptic coupled system
—diva(x,u,Vu)=p(u)|Ve|* inQ,
div(p(u)Ve)=0 in Q, G3.1)
u=0 on dQ, '
0= on dQ,

where Q is an open, bounded, connected and smooth enough set of RV with N > 2 being an

integer. Let p = (p1,...,pn) € (1,4, pl, = pfﬁl, and v =1,...,N. The assumptions on
the data are the following.

(A1) The vector field a: Q x R x RN — RN, a(x,u, Vu) = (ai(x,u,Vu),...,an(x,u,Vu)), is

a Carathéodory vector function and such that, for all £, € RV, & # 1, s € R, and for

ae. xcQ,
N
Y (av(x,5,8) —av(x,5,m)) (& —nv) >0, (3.2)
v=1
Jav(x,5, )] < B ey () +[s170/7 4 1& |71 forall v =1,.., N, (33)
N N
Zav(X,Saé)évZaZ |§V|pv7 (34)
v=1 v=1
where & = (§1,...,&y), 1 = (N1,...,Mn), & and B are positive constants, and ¢, €
LPv(Q), v =1,...,N are nonnegative functions.
(A2) p e C(R) and
0 < p(s) forall s € R. (3.5)

(A3) @y € H'(Q) and it is not a constant function on €.

For any M > 0, we denote by .%#}, the closed and convex set in WO1 P (Q) is given as
S = {v e Wy P(Q) /[v(x)] < M ae. in Q}.

Now we introduce the definition of a bilateral solution to problem (3.1).

Definition 3.1. Let M be a positive real number. A pair (u, @) is called a bilateral solution to
problem (3.1) at height M if the following conditions are fulfilled

(C1) u€ Ay and ¢ — @y € Hj (Q).
(Cy) Forallv € H#yy,

N
‘EILGV(Xa”aV”)av(u—V) S/Qp(u)]V(p\z(u—v). (3.6)

(C3)
/Qp(u)V(pVI// =0, Yy € H}(Q).



820 F. ORTEGON GALLEGO, M. RHOUDAF, H. TALBI

Remark 3.1. Assume that (u, @) is a bilateral solution at a certain height M > 0 such that, for
some constant ¥ > 0, |u(x)| <y < M for almost everywhere x € Q. Then, (u, ) is a weak
solution to problem (3.1), that is,

([ ueWP(Q), ¢—@eHLQ),

N o
y / ay (o, 14, Vit) Byv — / p()|Voy, forallv e Wy (QNL™(Q), (37
v=1/8 Q '

/ p(u)VoVy =0, for all v € H} (Q).
\ JQ

Indeed, if w € Wol’ﬁ(Q) NL>(Q), then, for 6 = (M —y)/(1 + ||w||«), v+ = u+ dw belong to
. Plugging v in (3.6), we readily obtain (3.7).

Conversely, any weak solution (u, @) with u € L*(Q) is readily a bilateral solution at any
height M > ||u||. In the case pp = minj<y<y py > 2, where the existence of a capacity solution
was shown ([6]), any u € L*(Q) leads to a weak solution as well. Thus, in this case, the notions
of weak, capacity, and bilateral solution coincide.

Remark 3.2. In general, we cannot assure that if (u, @) is a weak solution, then u is bounded.
Thus, we may interpret a bilateral solution at a given height M as the solution of the projection
problem on the convex set .#y; given by conditions (C})-(C3).

4. MAIN RESULTS

The nature of a bilateral solution (u, @) is by approximation. This means that (u, ) is ob-
tained as the limit of the solutions of certain approximate problems. To do so, for any two
integers n > 1 and m > 1, we first consider the following problem

n|n—2 n
—diva(x,u),,Vul,) + uﬁm uﬁm:Tm(Pm(unm)W(P%z) in Q,
div(pm(u2)Ve)) =0 in Q, 4.1)
uly =0, on dQ,
@ =0 on dQ,

where the regularized function, py,(s), is given by
Pm(s) = p(Ty(s)) for all s € R. 4.2)

The existence of a solution (u,, @) to this approximate problem is guaranteed by the fol-
lowing result, which is proved in the next section.

Lemma 4.1. There exists (u}),, @) solution to problem (4.1) in the following sense

(un e W P(Q)NL*(Q), o — gy € HY(Q) and
N n—2 n
Y [ v, Vi) au sy —v)+ [
v=17€ Q

u
— | Talpn ) V94 s — ). for all v e Wy 7 (@),
Q

n

Y
M

g =) 4.3)

and
/ ()OI Y = 0 for all v € H(Q). (4.4)
Q



BILATERAL SOLUTION TO A COUPLED SYSTEM 821

Now, we fix m > 1 and consider the sequences (u},),>1 C Wol’ﬁ(Q) and (@),>1 C H) (Q).
We also show in the next section the following result.

Lemma 4.2. Let (u}},, ¢}) € Wol’ﬁ(Q) x H'(Q) be a solution to (4.3)-(4.4). Then, there exist
U € iy and @, € H' (Q) with Omjoq = Po, and subsequences, still denoted in the same way,
such that ul}, — u,, weakly in WO1 "ﬁ(Q) and Q' — @ in H'(Q) as n — oo, and (uy,, ¢, satisfies
the approximate bilateral problem

N
Y /Q ay (X, um, Vitm) Oy (ttm —v) < /Q Trs(Pm (1) |V @|*) (= ), for all v € Hy,  (4.5)
v=1

/ Pt )V OuVY = 0, for all w € HY(Q). (4.6)
Q
The main result of this work now follows.

Theorem 4.1. Assume (A1)-(A3) and let (um, ) be a solution to (4.5)-(4.6). Then, there exists
a subsequence of (up, ) that converges to a bilateral solution (u, @) of the problem (3.1).

5. PROOF OF THE MAIN RESULTS
This section is devoted to the proof of lemmas 4.1 and 4.2 and Theorem 4.1.

Remark 5.1. From now on, we denote by C (respectively, C,,) any positive constant, which
may depend on the data of our problem but not on n or m (respectively, on n), and whose value
may differ from one occurrence to another.

Proof of Lemma 4.1. The proof is based on Schauder’s fixed point theorem. Let @)} € LP0(Q),
and consider the following elliptic problem
div(pa(@)VOR)=0  inQ,
n (5.1)
Q=@ ondQ.
Since 0 < min <, P(s) < pm(@y,) < max(s<,, P(s), we find by Lax-Milgram’s theorem that
(5.1) has a unique solution ¢” € H'(Q).
Now we consider the following monotone elliptic problem

n|n—2 n

_m

—diva(x, ), Vu,,)+ M

= Tm(pm(wrr:z”V(Pf;;’z) in Q, (5.2)
=0 on dQ.

By the definition of the truncation function, 7j,, it is clear that the right hand side of (5.2)
belongs to L™(Q) € W17 (Q). Also, the mapping A: Wol’ﬁ(Q) — WL7(Q) defined by
A(u) = —diva(x,u,Vu) is (i) bounded and continuous, thanks to (3.3); (i) strictly monotone,
thanks to (3.2); and (iii) coercive, by a direct application of (3.4) and Corollary 2.1 since po > 1.
In view of Lemma 2.4, A is a pseudo-monotone mapping. Thus Lemma 2.6 implies that there
exists at least a solution u?, € WO1 P (Q)NL"(Q) to (5.2) in the following sense

n
~7 (U =)

N
7 n)vn ou (Ut — / M_m m
VZJQ“V(X O V) = F Jo 1| w (5.3)

—/ Ton (P @)V [2) (1, — ), for all v € W P(Q) N L2(Q).
Q

_m

M
n
m

n—2
u’
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Since ¢ — |t\s_2t is non-decreasing, it follows from condition (3.2) that this solution to (5.2)
is unique. It remains to show the regularlty ull, € L*(Q) and then the test functions v in (5.3)

may be taken in the whole space W (Q) In order to show that u is bounded in € ,we use the
Stampacchia method of truncations. This is based in the following result due to Stampacchia
([23, Lemma 4.1]).

Lemma 5.1. Let kg € R and ®@: [k, +o0) — [0, 4o0) be a non-increasing function such that

(@(K))® for all h > k > k,

c
0= G pa
where ¢ and @ are positive constants and B > 1. Then,
P(ko+d) =0, (5.4)
where d% = ¢(®(ko))P ~'22B/(B-1),

The original result of Stampacchia in [23] also gives estimates for ® when B =1 and B < 1
(in this case, with kg > 0), but we do not use them in this presentation. Obviously, condi-
tion (5.4) implies that ®(k) = 0 for all k > ko +d.

Now, let h > k > 0 and take v = u/,, — T}, (R (u},)) in (5.3), where Ry (s) = s — Ti(s) ([18, 23]).
This yields the estimate

N
Y [ vl 0 Vi) AT (Re(uty)) < [ Topn(@3) V3 P) T e (Riae).
v=1
Hence,
N
Z/Qav(x,605’1,VTh—k(Rk(MZ)))9vTh—k(Rk(uﬁ1)) < m(h—k)|Agl,
v=1

where Ay = {|uy,| > k} and |A;| = [, dxis the Lebesgue measure of the set A¢. From (3.4), we
obtain

/|a T o(Re(u ]l’1<a2/ 1Oy Tk (R ()P < m(h—K)|Ag], for each j € {1,...,N}.

Therefore,

N
— 1 N — — —
o P TT N0 Tt Re ()5, < m"/P(h— k) /7| /7
j=1
In view (2.2), we deduce the existence of ¢ > p and a constant C,, > 0 such that

1Tk (Reudy) g < Con(h =)'/ P14 '/7.
Since
TR )G = [ TR DI = [ (TRl = (=K 4,
([ |>h}
we finally deduce

C‘]
|Ay| <

<~ (k)—]l/p|Ak|q/p forall h >k > 0.
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Putting ® (k) = |A¢|, ko =0, ¢ = Ch, @ = q(1—1/p), and B = g/ p, we see that this function ®
satisfies the assumptions of Lemma 5.1. Consequently, there exists K;;, > 0 such that d(s) =0
for all s > K, and this means that |u]},| < K,, a.e. in Q. Thus u}}, € L*(Q) and

||| 0 < Ky for all myn > 1. (5.5)
Now we introduce a mapping G from L”°(Q) into itself, namely,
G: @], € L"(Q) — G(al}) = ul, € Wy P (Q)NL™(Q) C L(Q),

with #?, being the unique solution to (5.3). We have the following lemma which is proved in
the Appendix below.

Lemma 5.2. The mapping G satisfies the hypotheses of Schauder’s fixed point theorem.

By Lemma 5.2 and the Schauder’s fixed point theorem, we conclude that G has at least one
fixed point u};, = G(u},,), which means that

n|n—2 n
um Mm n n :
== T (P () |V ) in Q. (5.6)

—diva(x,ul,,Vu,)+ o

Thus we have the existence of a solutlon (ul}, @) to the approximate problem (4.1), where 1},

belongs to the Sobolev space W (Q) with the extra regularity u, € L”(Q), @ — ¢ belongs
to H (Q) and div(p,(u?,)Vel) = 0 in Q. O

Proof of Lemma 4.2. We first deduce some estimates on the sequences (u,),~; and (@), -
By taking ¢/, — ¢ € HJ (Q) as a test function in (4.4) and using (A2), we have

[ onu)904P = [ puts) Voo < 5 [ pulis)IVehP+5 [ pulits) Ven®

Since p is continuous, we see from the definition of p,, given in (4.2) that

minp(s) [ IV05 < | pu(us) V@ < maxp(s) | Vool

s|<

Thus, we deduce the estimate

/Q V@2 < C(m, gy) = Co, 5.7)

where C,,, does not depends on n.
On the other hand, it is known that if ' C Q is a smooth enough hypersurface, then the norm

1/2
lollr = (/Q'V‘”'2+/r"’2) , e H'(Q), (5.8)

is equivalent to the usual norm of H'(Q). In particular, taking I' = dQ, we deduce from (5.7)
that ||} (|3, < Cm+ [50 @ for all m,n > 1. Consequently, for every m > 1, (@/1),>1 is bounded
in H'(Q). Hence, there exists a function ¢, € H'(Q) and a subsequence, still denoted in the
same way, such that

@" — @, weakly in H'(Q) and strongly in L>(Q) as n — co. (5.9)



824 F. ORTEGON GALLEGO, M. RHOUDAF, H. TALBI

As for (u}},)n>1, taking v = 0 as a test function in (4. 3) we obtain

Z/Qav(x,uﬁl,Vu ) Oy, —l—/
v=1

Using (3.4) yields
ocZ / Oyid | + /

In view of Corollary 2.1, we deduce oco||um||p O+ JoM

S R ACALT AT

Q

<m [q, |u},| + a1, for some positive

u’
_m
M

u’
_m

ul‘ﬂ

constants 0 and . From Young’s 1nequa11ty, we obtam

n
*o
aolluty |0+ [ M52 <2 [ Jup|m 4G

Consequently, we have the following estimates, for all m,n > 1,

|l 5 < Cons (5.10)
n|n
and 0 < fg ‘% < Cy. By (5.10), we may extract a subsequence, still denoted in the same way,
such that
Uy, — upy weakly in Wol’ﬁ(Q)7 strongly in LP°(Q) and a.e. in Q, as n — oo. (5.11)

Moreover, we have the following lemma, whose proof can be found in [9].
Lemma 5.3. The weak limit u,, appearing in (5.11) verifies |u,,| < M almost everywhere in Q.

From (4.4), (5.9) and the almost everywhere convergence of (u},),>1 to u,,, we readily obtain
the equation for ¢,,, namely,

/ P (i) VOV Y = 0, for all y € H(Q). (5.12)
Q

Now, it is easy to deduce that the convergence of (¢),>1 to @, in H'(Q) is, in fact, strongly.
Indeed, from (4.4) and (4.6), we have, for all m,n > 1,

/Q P (1) V@ VY = /Q Pon(ttm) VOV, for all y € Hy(Q).
Taking ¥ = @, — ¢, in the last equality, we obtain
/ P (143)V 9V (@ — Pm) = /Q P (t4m )V @V (@ — Pm)-
Inserting — Py, (1}, )V, V(9] — ¢,,) in the integral above, we have
Pl @h =)= [ (Puitn) = pus6) V0¥ (91— 90

Using Holder’s inequality yields [o, |V(92 — @m)|* < Cu Jo |Pm(tm) — P ()12 V @ |?. By the
continuity of p, we have p,, () — pp(um) — 0 a.e. in Q, and

| P (m) _pm(”:ln)|2|v¢m|2 < Cm|V(Pm‘2~
Since V¢, € LZ(Q), then we conclude by the Lebesgue convergence theorem that

[ 19m(atn) = P PIV @ = 0 s 1 .
Q
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Thus [ V(@ — @m)|> — 0 as n — oo, that is, V. — V@, strongly in L*(Q).
Now, it remains to show that u,, satisfies variational inequatity (4.5). To do so, we take Ov as
a test function in (5.6), with v € #)j; and 6 is a real number such that 0 < 6 < 1. This yields

N
Z/av(x,u”m,Vu )oy (uy, — Ov) —|—/
v=1/2

S AT AR

For the right hand side, using (5.11) again, since 7, (o, (u,)|V@Z|?) is bounded in L™(Q) and
IVl |> = |V@n|? strongly in L' (Q) and a.e. in © (modulo a subsequence), one has

T (P (1) [V [2) = T (P (1) [V @ |*) in LY(Q) for all 1 < g < oo

n—2 n

u n
42 (1, — 0v)

n

(5.13)

Thus, bearing in mind that «/}, converges to u,, weakly in Wl’l7 (Q) yields

/T o (1) [V ) (. — —>/T O (1tm) [V O |?) (s — OV) a5 15 00, (5.14)

For the second term in the left hand side of (5.13), we observe that u}},(u];, — 6v) > 0 in the set
P defined by P = {u}, > 0 and u)}, > Ov} U{u}, <0 and u}, < 6v}. The complimentary set of P,
P, is given by
P={u}, <0and ), > Ov}U{u} >0andu), < Ov}
={0<u, <OviU{Ov <u, <O0}.
Thus

n—2

n
2t — 6)
2

n—-2 n n
u
m

U [ n /

= (u} — 6v) >

M( " )2 {o<ur <6v} | M
Uy

n
“
{6v<u}t, <0} M

n
um

M

A

(5.15)
-2 n )
ﬁ(”m - GV) = 11111,11 +Il%1,n'

Notice that ‘ ’”’ < 6 in both sets {0 < ul, < v} and {Ov < u!, < 0}. Hence, bearing in mind
that 0 < 8 < 1 and v € %}, one has

Mn n un n—1
O>I,i1n —/ M|-= —/ - Ov
{0<ull,<06v} M {0<ull,<0v} M
un n—1
2—/ = 9\12—/ G"VZ—G"/V,
{o<ur,<ov} | M {0<ut,<6v} Q
and
n |n n |(n—1
021,3“1:/ m|4n +/ Un| gy
’ {Ov<ut, <0} M {Ov<ut, <0} M
n—1

n
_m
M

2/ GVZ/ |6|”v29"/v.
{Ov<ut <0} {6v<u, <0} Q

Thus hm,HwI =0 and lim, e [y, 2 = (. Consequently, owing to (5.15),

n—2

n n
liminf [ |2 ”ﬁm(u; —6v) >0 (5.16)

n—oo Q
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For the first term in the left hand side of (5.13), by (3.3) and (5.10), we see that there exist
8™ ¢ LPv(Q) for each v = 1,..., N such that

ay (x,up, Vur) — 8, weakly in L”,V(Q), asn — oo, foreachv=1,...,N. (5.17)

Let 6™ = (9{",...,6y). Then, (5.17) implies that A(u};,) — —div6” weakly in W~ LP(Q) as
n — oo, We next prove that

—div 8™ = A(um). (5.18)

Indeed, taking v = u,, in (4.3), we see that

Z/avxu vul,) —I—/

For the second term and the right hand side, by a similar argument as in (5.14) and (5.16), one
can prove that

n’lzn

(= tt) = [ o) V052 0, — ).

n |n—2 "
h,E%‘f , M(um Up) >0

and

lim | T (P (1) [V 03, ) (5, — ttm) = 0.

n—e J
Thus

limsup(A (u'%), u’, — ) = limsup Z / ay (X, Uy, Vity,) Oy (1, — um) < 0.
n—oo n—oo

Since the mapping A is pseudo-monotone, we deduce in particular that A(u!,) — A(u,,) weakly
inW- (Q), that is, (5.18). Returning to (5.13), in view of (5.14) and (5.16), we have, for all
vE Hpyand 6 € (0,1),

hmsupZ / ay (o, 1, Vil Oy (i, — Ov) < /Q Ton (o (16) [V Ol (e — 6. (5.19)

n—oo
Using again the pseudo-monotonicity of A, we have

(A(t),upm — Ov) < lirgigf(A(u%),u"m — 6v) <limsup(A(u},),u, — OVv)

n—soo

Combining this last expression with (5.19), we find that

For all v € %}y,

N

y / iy (5, tyn, Vi) Dy (1t — OV) < / TP (1) [V 0| 2) (1 — V).
v=17€ Q

Finally, letting 6 tend to 1, we readily obtain that, for all v € %},

y 2
‘/Z:“l/gav(ﬁum,Vum)av(um—v) SLTm(pm(um)’V¢m| )(um—V). (520)

This ends the proof of Lemma 4.2. U
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Proof of Theorem 4.1. We begin with the derivation of some a priori estimates for (u,,) and
(¢n), and then we show that (u,,,@,) converges, up to a subsequence, to a bilateral solu-
tion to problem (3.1). Notice that p,,;(uy) = p(uy) for m > M. From now on, we assume
that m > M. By taking v = @,, — @ as a test function in (4.6), we obtain [, P (tt)|V@n|* =
Jo P (um)V@, V. Since p is continuous, then Lemma 5.3 yields

m1n /\V(pmlz /p Up |V(pm] <maxp /]V(pmHV(po\
|<M |s|<M

Hence,

/ Vo> <C, forallm> 1, (5.21)
Q

where C does not depend on m. Observe that ¢, |y = @ for all m > 1. From (5.8) and (5.21),
we deduce that (¢,,) is bounded in H' (). Consequently, there exist a function ¢ € H'(Q) and
a subsequence, still denoted in the same way, such that ¢,, — ¢ weakly in H!(Q), Po0 = Po-
In fact, once we establish the almost everywhere convergence, for some suitable subsequence,
of (up,), we obtain

@ — @ strongly in H'(Q). (5.22)
Taking v = 0 in (5.20) yields

Z Ly 5t Vi)t < [ T ) V it

Thus, using Lemma 5.3, one arrives at

Z/av X, U, Vi, 8vum§M/ P (um ]V(pm\ ).

From (3.4) and the definition of the truncation function, we further obtain

N
@Y. [ 10wl <M [ plun)]VonP.
v=17€ Q

Therefore, from Corollary 2.1 and (5.21), we have ||u|| 5 < C for all m > 1. Hence, there exist
RS WO1 7 (Q) and a subsequence, still denoted in the same way, such that
Uy — u weakly in Wol’ﬁ(Q), strongly in LP°(Q) and a.e. in Q. (5.23)

Now, we are going to pass to the limit in (5.20). Using (5.23) and the fact that p is continu-
ous, we have p(u,,) — p(u) a.e. in Q. Using (3.5) and the Lebesgue theorem yields p (u,,) —
p(u) in L9(Q) for all g < e. Hence, it follows from (5.22) that

P () |V@u|* — p(u)|Vo|* strongly in L' (Q),

and
TP (um) |V @u|*) — p ()| V|* strongly in L'(Q). (5.24)

Using (5.24), having in mind that |u,,| < M a.e in Q and that u,, — u a.e in Q, we can pass to
the limit in the right hand side of (5.20) to obtain

[ TP ) V0uP) =) = [ p(u)| V(=) (5.25)
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In particular, combining (5.20) and (5.25), for v = u, we have

N
limsup Z / ay (x, tpy, Vit )0y (U — u) < 0.
Q

m—ree y—|
Since A is a pseudo-monotone mapping, we conclude that A(u,,) — A(u) weakly in W~ 17(Q)

and also Zlyzl Joav(x,um, Vi) 0y (uym —u) — 0 as m — co. In particular,

n—oo

N N
lim Z/av(x,um,Vum)avum: Z/av(x,u,Vu)avu,
v=1/Q v=17Q

and, for all v € %),

N N
li viA, m,v m)Ov\Um — - viX, ,V v —V). 2
im ‘/Z:I/Qa (2, tpy Vi, ) Oy (U — V) \;Z::l/ﬂa (x,u,Vu)dy(u—v) (5.26)

n—soo b=

Consequently, from (5.25) and (5.26), we can pass to the limit in inequality (5.20). This yields

N
Z/Qav(x,u,Vu)av(u—v)S/Qp(u)|V(p|2(u—v) forall v e Hjy.
v=1

Finally, using (5.22) and (5.23), we can pass to the limit in (5.12) and obtain [ p(¥)VoVy =0
for all y € H} (Q). This completes the proof of Theorem 4.1. O

APPENDIX

Proof of Lemma 5.2. Here, m and n are two fixed positive integers. We will write u instead of
ul, and we put G(®) = u. First of all, we show that G has an invariant convex, closed, and
bounded set. Indeed, let us consider v = 0 as a test function in (5.3). Note that

N u
a x,w,Vu&u-l—/‘—
vgl/g o0 Vot [ |2

Thus, by the definition of 7;,, one has

N wn
Z/av(x,a),Vu)avu—f—/M‘—‘ Sm/ |ul.
=/a o M Q

By repeating the same steps as in the proof of the Lemma 4.2, we deduce that

n—2

i _ n|2
sz~ [ Tu(pu(@) Va5 P)u

[ul| 5 < Cp- (5.27)

In view of (5.5), we have ||u|;=(q) < K. Let G, > 0 be the constant appearing in (5.27) and
consider the closed ball B,, C LP(Q) given by B,, = {v € LP*(Q)/||v||py < C} - Since ||u||p, <
||u]| 5 for all u € WO1 P (Q), from (5.27), we have G(B,,) C B, and B,, is bounded, closed, and
convex. On the other hand, due to the estimate (5.27) together with the compact embedding
Wol’ﬁ (Q) — LP(Q), we deduce that G is compact. It remains to show that G is continuous. To
this end, let (®;) C By, such that

®; — o strongly in L7 (Q) (5.28)
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and consider the corresponding functions to @ and ®;, that is, u = G(w), u i=G (a)j) , @j and
@, i.e., the couple (u;, @;) verifies the following system

. uj|n—2uj .
~diva(x,;, Vi) + | 12| L =T (pu()|Ve,) in @,
. . (5.29)
div(pn(@,)V9;) =0 in©,
uj=0, ¢;=qo, on dQ,
whereas (u, @) is the unique solution to
-2
—diva(x,0,Vu)+ || = m< n(@)|VoP2) in @,
M (5.30)
le(pm(CO) ¢)= inQ, ’
u=0, o= (po on dQ,

We want to show that u; — u strongly in LP°(Q). Let <7}, for each j > 1, and & : WO1 ’ﬁ(Q) —
W‘l’ﬁ’(Q) be the mappings defined as follows

N N
@ =% | avle0;,9)Vw, CCE) [ vt 0.9 Vwax

Now, we want to check that the sequences (.#7;) and (u;), together with .27, verify the conditions
(a)-(f) of the Lemma 2.5.

(a) From (3.2), <7; is monotone for each j > 1.
(b) The variational formulation of the first equation of (5.29) is as follows

To find u; € W' N L*(Q) such that

uj |- u] 1.5 (5.31)
oi(uj), +/ Tn(pm(®;)|@j)*)v  forall v € W, P (Q).
According to the estimates already derived, we know that
lujll < Cn, forall j > 1, [uj|ew < Ky, forall j>1, (5.32)

where C,, and K, do not depend on j. Hence, for a suitable subsequence, there exists
ii € W, () such that

u; — i weakly in WO] ’ﬁ(Q), strongly in LI(Q) for all ¢ < 4o and a.e. in Q. (5.33)

(c) Using (5.33), we obtain
n—2 ~

- 1\14 in L7(Q) for all g < 0.

uj|n=2u;
Ml MM

As in the proof of Theorem 4.1, we can show that, for some subsequence, still denoted in
the way,

Pn(©))|V;|* = pu(@)|Vo|* strongly in L'(Q), (5.34)
where ¢ € H'(Q) verifies the second equation of (5.30) together with the boundary condi-
tion @yq = @o. From (3.3), (5.28), and (5.32), we deduce that (av (-, ®j,u;)) is bounded in
LPv(Q) forevery v =1,...,N. Thus, o/;(u;) = —diva(-, ®;,u;) is bounded in wL(Q).
Consequently, there exists a subsequence, still denoted in the same way, and there exists
x € W17 (Q) such that /;(uj) — x weakly in wL7(Q).
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(d) Putting v =u; in (5.31) and using (5.33)-(5.34), we obtain

n

@WWWﬁ%AEMMmWWW—LMM

M
On the other hand, passing to the limit as j — oo in (5.31), we deduce that

= [ TutpnoivoPi— [ |2

—v, forall ve W, ’p.
B taking v = i7, we infer that (o7} (u;),u;) — (X, ).
(e) Letv e WO P . Then, from (3.3), there exists a subsequence, still denoted in the say, such
that ay (-, w;, Vv) — ay (-, ®,Vv) strongly in LPv(Q) forall v=1,...,N. Consequently,

(v /av x,0;,Vv)Vujdx — Z / ay (x, , V) Viidx = (7 (v), ).

(f) Finally, thanks to (3.3), we see that .o/ is continuous and. In particular, it is hemicontinuous.

Therefore, we can apply Lemma 2.5 to deduce that <7 (ii) = ), which means that (i, @) is
also a solution to problem (5.30). Since the solution is unique, we deduce that ii = u and it is the
whole sequence G(®;) = u; that converges to u = G(®). This shows that G is continuous. [

CONCLUSIONS

In this paper, we studied a strongly coupled, nonlinear and nonuniformly elliptic problem
in the framework of reflexive anisotropic Sobolev spaces, WO1 P (Q). In fact, in this setting, the
search for weak solutions, or even capacity solutions if one of the exponents p, belongs to the
interval (1,2), is not well suited. Here we presented another approach by using the concept of
bilateral solutions at a given height. The main result of this work establishes the existence of
a bilateral solution to this strongly coupled nonlinear system. The problem may be regarded
as a generalization of the well-known thermistor problem. The proof of this result is based on
a penalization technique combined with a fixed point argument. Indeed, this kind of solution
(u, @) was obtained as the limit of solutions to certain approximate problems. The analysis relies
in the theory of monotone and pseudo-monotone mappings from a reflexive Banach space onto
its dual space. This work generalizes the results obtained in [9] in the isotropic case to the
anisotropic case.
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