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Abstract. In this paper, the Bergman-Morrey space .o/ 7+ (By,) is introduced in the open unit ball of C"
and the identity operator from .27”*(B,) into a tent space g? ) (1) 18 characterized. Furthermore,

the boundedness, compactness, and essential norm of the Rlemann Stieltjes operators V, and U, on
2/ P*(B,,) spaces are investigated.
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1. INTRODUCTION

Let B, and S, denote the open unit ball and its boundary, respectively, in C". In the case of
n = 1, the open unit ball B, reduces to the open unit disc D in C. We use H(B,,) to denote the
space of all holomorphic functions on B,,. For a function f € H(B,), we define the complex
gradient and radial derivative of f as follows:

Vf(z) = (ngl()gzi( ) izj8 , z€B,.

For any a € B, \{0}, let 6, denote the biholomorphic mapping of B,,, that is,

a—Fu(z) = /1—aP(z— Pu(2))

1—(z,a) ’

0a(z) = 2 € By,

where P,(z) = {299 Tt is known that 6, 0 0,(z) = z and

_ (I—laP)(1 -z
1 —|ou(2)]* = 11— (a2

For 0 < p < oo, the Bergman space <7”(BB,,) is the space of all functions f € H(B,,) such that

71 sy = [, @AV (2) <
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where dV denotes the normalized Lebesgue measure on B,,. It is known that f € <77 (B,,) if and
only if (1 — |z]2)%f(z) € LP(B,,dV). Moreover,

7105y = PO + [ 12511 = [2)0aV @)

We refer to [41, 42] for more results about Bergman spaces.
For 0 < a < oo, we define the a-Bloch space % as the set of all f € H(IB,,) satisfying (see
[42])

Ifllze = sup |2 f(2)|(1—|z*)* < eo.

zeB,
It is evident that 8% is a Banach space under the norm || f|| = | f(0)| + || f|| . In particular, the
classical Bloch space 4 is just 2'. We denote the little Bloch space by %, which consists of
all f € & such that lim;_,; (1 — 12|*)|2f(z)| = 0. We use H* = H*(B,,) to represent the space
of all bounded holomorphic functions on B,,.
Let0< p <o, —(n+1) < g <oo,and 0 < s < o be such that g+ s > —1. The general space
F(p,q,s) consists of all f € H(B,) satisfying the following norm condition:

117 gy = LI +sup [ [VF(@)IP(1—|2*)g*(z,a)aV (z) < oo,

acB, n

where g(z,a) = log m According to [39, Theorem 3.1], we have

1 1E (g = O+ sup | |ZF @I (1 =11~ |oa() YV (2)
acB, / bn

The space F(p,q,s) was originally introduced by Zhao on D in [40]. Special values of p,q,s
correspond to some classical function spaces, such as weighted Dirichlet spaces, weighted
Bergman spaces, BMOA, Q; spaces, and others (see, e.g., [14, 25]; for the unit disk setting, see
[39]). It is worth noting that F(p,q,s) is a subspace of BnH149/P and when s > n, F(p,q,s)
is equivalent to the space Z"t1+49)/P_ In [18], Morrey introduced the Morrey space, which
has been utilized in the investigation of partial differential equation solutions’ regularity and
harmonic analysis on Euclidean spaces. In [31], Wu and Xie proposed and examined the holo-
morphic Morrey space denoted by £2%* on the unit disk. In [15], Liu and Lou provided a
characterization of the Carleson measure for .Z2*.

Let p >0, 0 <A < 2. The Bergman-Morrey space «7/P* (D) is defined as the set of all
functions f € H(D) satisfying the following norm condition:

2-A
£ 1] ooy = [£(0)] +suﬂr)>)(1 —al*) 7" || f 0 6a— f (@)l o) < .
ac

This space was originally introduced by Yang and Liu in [36]. They provided a characterization
of the identity operator from .77 (D) into a tent space, as well as the boundedness and essential
norm of the corresponding Volterra operators on the space .o/? A (D). In recent decades, scholars
introduced and studied various Morrey type spaces. For more information on these spaces and
their properties, we refer to [5, 15, 30, 31, 32, 34, 36, 38] and the references therein.

Based on the work of [36], we introduce the Bergman-Morrey space .o/ pA (B,) on the unit
ball as follows: for 0 < A < 1 < p < oo, &/P*(B,) is the space of all f € H(B,,) satisfying

_ 0 - 2 (1-2)(n+1) _
1 g,y = LF(O)] + S‘%’( jal”) 7 Ifooa— fla)llarm,) <o
acy,
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We note that &/?%(B,) = o/?(B,) and 2/?!(B,) = %. Furthermore, it is straightforward to
verify that 2 C @/P*(B,) C &/P(B,), 0 < A < 1.

The organization of this paper is as follows. Section 2 presents a characterization of the
boundedness and compactness of the identity operator from .«7”*(B,,) into 5 Zin (1), atent

space, which is defined in the same section. Section 3 investigates the boundedness of the
Riemann-Stieltjes operators Vg, U,, and the multiplication operator M, on <7 )“( ). Addition-
ally, Section 4, the last section, covers the determination of the essential norm of the operators
Ve and Us,. In this paper, we use the notation A ~ B to denote that A S B < A for two functions.
Specifically, B S A means that there exists a positive constant C such that B < CA.

2. EMBEDDING THEOREM

This section begins with the definition of the Carleson measure, which was first proposed by
Carleson [2] in the unit disk and has numerous applications. For 0 <t < oo, a positive Borel
measure [ on B, is called a z-Carleson measure if

]|z, = sup {% €Sy d> 0}

where 25(8) ={z€ B, : |1 —(z,{)| < 8} forany { €S, and § > 0. When { = ﬁ and

8 = /1 —lal?, we write 25(§) = 2(a). The measure  is called a vanishing ¢-Carleson
measure if

- 1(25(8)
(%1;1}) S =0for § €8S,.

An equivalent description of #-Carleson measure is stated as follows (see [41, Theorem 45]).

Lemma 2.1. Let t,r > 0 and U be a positive Borel measure on B,. Then U is a t-Carleson

measure if and only if
(1—lal?)’
su —————dU(z) < oo.
aeIEli?n B, |1 — (z,a)|"*" 1(z)
Further,

H H S (1_’a|2)r
~ SU e —
et ™ o Jo, T— )

du(z).

For 0 < p,s < o, the non-isotropic tent type space 9;‘;(/4) is defined as the set of all u-
measurable functions f on B,, such that

p _ —ns p .
10 =500 {37 [, 1FGIPdR(E)E 5,8 >0 <

From [20, Proposition 2.1 ], we obtain the following equivalent characterization for space
s (1)
Lemma 2.2. Let p,s m > 0 and U be a positive Borel measure on B,. Then a function f €

H(By) belongs to 7,7 (1) if and only if

(1= al?)™
su )P
aelé)n B, |f( )l |1 . <Z7a>|ns+m

du(z) <oe.
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Moreover,

1— 2\m
11~ w0 [ 7P o)

acB, /By, |1 - <Z,a>‘ns+m
From [38, Theorem 1], we immediately obtain the following conclusion.

Lemma 2.3. Let 0 < A < 1 < p <ooand f € H(B,). Then f € <«/P*(B,) if and only if

sup | | Zf(2)|P (1= |z)P (1= |ou(2) ) Vav (2) <

acB,,

Lemma 2.4. Let 0 < A <1< p <o and f € o/P*(B,). Then

T
|f(a)| f§ (1 | |2)(1*}~)(ﬂ+1) , ac Bn.
—|a

Proof. Assume that f € o/ PA (B,). By [39, Lemma 2.1], we have

1
!%f(a)lfi(1 o) Cf o s,
—|a

Integrating both sides of the above inequality, the desired result can be obtained immediately.
O

The following lemma can be found in [20, Corollary 2.1].

Lemma 2.5. Form > —1, r,t >0 withO<r—+t—m—n—1 <r, there exists a constant C > (0
such that

(1- 1) c
f i a O =

Next, we describe the boundedness and compactness of the identity operator from .77 A (B,)
into space 9 YR (1). The following two theorems are the main conclusions of this section.

Theorem 2.1. Let 0 < A <1 < p < o and WU be a positive Borel measure on B,. Then the
identity operator 1y : /P*(B,) — 9“’ i1y (1) is bounded if and only if W is an %-Carleson

n

measure.

Proof. First we suppose that the operator I, : o7P*(B,) — 9 * (u) is bounded. For any

n+l

{eS,and0< 6 < 1, we set

fg,s(Z) = 1 (A=A (n+l) *
(I—(z(1=6)¢)) 7
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By Lemma 2.5, we have

sup / |2 fr 5(2)|P (1= 2P+ (1 = [ou(2) ) av (z)

acB,

|(1-6)JP 2 p-A(nt1) 2\ A(nt1)
< _ p—A(n _ n
<20 [ e 0 P

(1 = [z)7(1 = Jaf) o
<
= act Jo, [T — (@) PR I[1— (; ,<1—6><:>|<1 I
<o,

Then Lemma 2.3 yields that fy 5 € /P (B,). Since |1 — (z,(1—8)¢)| ~ & for all z € 25({),
one has

dv(z)

p > 6_“”—’—1)/ 2)|Pd 5 (n+1) 9 ’
0 ) o Mes@dn 2 670 u(25(8))
which means that t is an == "“ -Carleson measure by the arbitrariness of d.
Conversely, we ssume that U is an %I-Carleson measure. From Lemma 2.2, we just need to
show that, for any f € o/ A (B,), there exists a t > 0 such that

Iy o P e
T~ 28 Jo, MO g i

1) <A1 s,

Let p—1 < & <2p. Choose a constant 7 such that r > max{(2—A4)(n+1),2—-A)(n+1) —
p—n+elandt < (2—A)(n+1)+ p. Then

ap [ 1P <ap [ 1p@ - pap—
a€B, I Bn 11— (z,a) M+ D+ ~ e I, 11— (z,a)[AtD)+
(1~ laly
P

Employing Lemmas 2.1 and 2.4 and noting thatt > (1 —A)(n+ 1), we see that

( ’a‘ ) (1-2)(n+1)
sup
acB, /B, ‘1 _ <z,a)]k n+1)-+t

Since {t is an ”nil-Carleson measure, [41, Theorem 50] yields that </? C Lj;. Therefore,

F S e, a () < .

i V4
E<sup [ | [ VEZS@) M'ﬁ,' PN = Pyav @+ 171,
acBy /B (- (z.a))
411 Y
S8 b 1=
1)~ (o)1 o)
+oup [ e PPV Q)+

= BB+ f1nm,)
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In view of t > A(n+ 1), one has

|2 £ ()P (1~ la])*0+1)

2
E; 5:;%) By, 11— (z,a)[PA(+1) (1—1z|7)PdV(z)
=sup [ IQP (=[P (1~ o)) av o)
ac
R i,y <

From [42, page 51], Holder’s inequality and [42, Theorem 1.12 ], for any a € B, and f € H(B,),
one has

|[f 00a(z) = fo0u(0)[7

(1= |wP)? ’
< ( L |%<foaa><w>|mdv<w>>

- oo
(7 0 6, w) s sV ()
h 1= )l (1= )]
(1= WP+ (=1 o\
S oo T g V) (/E TGP dv(w))

(1—|w*)P+e

SRyt [P s

dv(w),

where f is large enough. Therefore, using Lemma 2.5 and the change of variable z = ¢, (u), we
have

E> = sup ‘f(z)—f(a)|l’(1_|a’2)z

1—z]*)Pav
acB, /By |1—<Z7a>’l(n+l)+t+p ( ‘Z’ ) (Z)

_ T e o L X 0 o L A e A N
_aS:]BE, Bn‘f Oa(u) — f Ga(0)|p|17<6a() a)[Ar+1) +P+’<\1—<u,a>|2> dv(u)

(1= [u)? (1~ Ja?) = A)D

= — p
_aSél]gﬂ B, ‘fo O-a(u) fo Ga(())‘ ‘1 _< >’(2 A«)(l’l-‘r])-‘y—p P dV(M)
— 2p—l-g(1 _ |a‘2)(1—l)(n+1)
< p B+e |u\ ) (
S [ tros) o e eV V)

Ssulg 1% (fo0a)(w)I”(1 — [w[?)TCREEDERH (] —|a?)TR DY ()
ach, n

S sup (1= [P0 [ 122(70.0,) ()7 (1= W)V (w)

acB,

Ssup (1—[a) M| fo o, — f(a@)]2,
acB,

N||f||£/pl < oo,
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Then
L —laP)
p ~ P ( < )
which means that Id : AP (B,) — T Zrwin (1) is bounded. O
P

The identity operator I : &/ P*(B,,) — ,7"" ) (u) is said to be compact if kangM (i

0 as k — oo, when {f;} is a bounded sequence in <7 P& (B,) that converges to 0 uniformly on
every compact subset of BB,,.

Theorem 2.2. Let 0 < A < 1 < p < oo and U be a positive Borel measure on B, such that
the point evaluations are bounded functionals on %, A1) (1). Then the identity operator I
p

AP (B,) — <7°° A1) (1) is compact if and only if | is a vanishing %—Carleson measure.

Proof. First we suppose that I, : o/P*(B,) — 9 = (1) is compact. For any § € S, and

A(n+1)
n

O — 0 as k — oo, we set
1—|1-§
fC,k(Z) = A-A)(nt1) , ;"
=l 4
(1= (1=8)8))
Itis easy to see that {f¢ ; } is a bounded sequence in </ P (B,) and converges to 0 uniformly on

every compact set of B, as k — co. Using the fact that |1 —(z, (1 — &)C)| > & when z € 25 ({),
we have

2
%{f”gaﬂnﬂ /ﬁ(2 o eI S

P
—0
A1) ()
P
as k — oo, which means that g is a vanishing = 1+1_Carleson measure.
Conversely, we assume that u is a vamshmg M—Carleson measure. Let {f;} be a bounded

sequence in &7/ A(]B%n) and converge to 0 uniformly on every compact set of B,,. Then the
definition of 7%, ., (&) and Theorem 2.1 imply

? n

§—An+1) /Q f@IPdp @) S Illga oy Ll s,
5

Therefore, for any 0 < r < 1, we have

5 A 1)/ fi(2)|Pdu(z
5—l(n+1)/ p Jol<r d 6—1(114—1)/ p oo d
= S(0) | fi(2)] X{zeB,:|z|<r} u(z) S(0) | fi(2)] X{z€B,:|z|>r} u(z)

<§ At /g o VO ezt Ll

where d{l;(z) = X{zeB,:|;|>rd1(z). Since {fi} converges to O uniformly on {z € B, : [z| < r},
one has

5—%,(71-0—1)/ p ) . d O
9,(0) | (@DP X zeB ) <nd i (z) —
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as k — oo. Now, we just need to proof that ||y,

Cll gy 0 when r — 1 (It is worth noting that

the proof of this fact was given in [4, Lemma 3.1],nbut here we present an alternative proof).
For { €S, and § > 0, let

2s(8)={neS,:[1-(n,8)| <5}
From the proof of [10, Theorem 4.1 ], it is clear that 25(8) C D45({) C 2465(¢), where
Q}(C)z{zeIB%n:éefj(g(g),l—édzkl}.

Thus 25(&) in the definition of (vanishing) ¢-Carleson measure can be replaced by g ().
Then, for any £ > 0, there exists & > 0 such that u(Z2s({)) < €8"*! forall § < &y and ¢ €S,
If 6 > &, we choose a natural number m satisfying % <m< % for any 0 < 2. From [19,

Lemma 3.3], we have that 25 can be covered by N balls £ on S,, where N < Cm", C > 1.
Therefore, 95N {z € B, : |z| > ro} C %QA% with rg=1— % Then

tr(Ds) < piry (UL ) < iy (U2g) < 3 11(Ls)
N

m

25\"
<Nes™' <cC (g) e8! < Ce8"5 T < e,

which implies that, for r > r, /.Lr(ﬁ(g) < Ced" T, Therefore,
sV [ )Pt Se.
25(8)

Thus I, : &/P*(B,) — T Zy sy (1) is compact. O
Py

3. RIEMANN-STIELTJES OPERATORS

This section aims to study the boundedness of the Riemann-Stiltjes operators V, U, and the
multiplication operator M, on .o/ A (B,). Now we recall the definitions of these operators. Let
g € H(B,). The Riemann-Stieltjes operator Vj is defined by

1 d
Vef (2) = /0 fls2)R8(s2)%>, 1 € H(B,), z€ By,

The operator V, was first introduced and studied by Hu in [7]. A related operator Uy is defined
by

! ds
Uef(@) = [ #1(:2)s(62) 5, S € H(B,), 2 € By

Clearly, the multiplication operator M, is determined by

M, f(z) = f(2)g(z) = f(0)g(0) + Vo f(2) + Ug f(2), f € H(By), z € B,

Some information on these integral-type operators and related operators on the unit disk and
the polydisk and many references up to the end of 2006 can be found in [3, 22]. For some
later results on the operators and their extensions in [23] and [24] we refer to, for example,
[1,3,8,9,11,12, 13,16, 17, 19, 20, 21, 25, 27, 28, 33] and the references therein.

Now we state and prove the main results in this section.
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Theorem 3.1. Ler 0 < A <1< p <o and g € H(B,). Then V, : o/P*(B,) — o/P*(B,) is
bounded if and only if g € A.

Proof. Assume first that V, : &7 P*(B,,) — o/P*(B,,) is bounded. Since Z(V, f)(z) = f(2)%g(2),
we find by Lemma 2.3 that

Vel Nl sz s, = sup | |f @712 (1= [P0 (1 [ou(e) ) Vav (2)

acB, n

=sup | |f(2)P

acB, /By |1 -

(1 o |a|2)/l(n+1)
(z,a) |27L(n+1) dug(z)

N||f||ﬂpl

where du, = |#g(z)|P(1 — |z|*)PdV (z). This with Lemma 2.2 implies that I, : &/?*(B,) —

T (e (Ug) is bounded. Using Theorem 2.1, we obtain that i, is an ”“ -Carleson measure.
p7

Lemma 2.1 yields that u, is an ”“ -Carleson measure if and only if

- (1 - |a|2)n+1
(o) Su
ac, /8, [T — (z,a) P D)

=sup (Z5(2)|7 (1= [2*)P~ "D (1 = o))"V (2),

acB,

de(z)

which implies that g € F(p,p— (n+1),(n+1)) = A.

Conversely, we suppose that g € Z = F(p,p— (n+1),(n+1)). From the definition of
F(p,p—(n+1),(n+1)), we see that i, is an “t!-Carleson measure. By Theorem 2.1, we
obtain that I, : «/P*(B,) — ﬂp “ i1 (Ug) is bounded. Then Lemma 2.2 gives that

n

Vef Nl sz s,y = sup | @128 (1— 2P~ (1 |ou(e) ) Vav (2)

acB, n

(1= Jaf)*+D)
>|27L (n+1) ,ug(z) <

=sup | |f(2)P

acB, B, |1 _< Z,a

The proof is complete. O

Theorem 3.2. Let 0 <A < 1 < p < oo and g € H(B,). Then U, : o/P*(B,) — o/P*(B,) is
bounded if and only if g € H.

Proof. Suppose that U : /P*(B,) — o/P*(B,) is bounded. For a € B, with |a| > 2, we set

1—laf?
TR € By.

—A(n (
() (=)

Note that [20, Lemma 2.4] yields that || f,]| ,/p2 (B,) < 1. It is known that

fa(2) =

V(D(a, )~ (1= |a?)"™!, 1= a = 1 - |z ~ |1 - (z,q)],
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for all z € D(a, %), where D(a,r) denotes the Bergman metric ball. Noting that, for z € D(a, %),
|(z,a)| 2 1. Employing the subharmonicity of |g|” (see [42, Lemma 2.24]), we obtain that

1
KO S 5 T ey APV

2

1
< p _ 2\p
~ (1 —|al2)r+1+p /D(a,;) 1g(2)|P(1 = |z|7)PdV (z)
p
1 —af? ) (1—|al?)*+D
S’/ G |g(2)7 (1 —2])” dv (z)
Dlaz) \ |1 — <Z’a>‘%+z (1= (z,a))2A0+D)
p
1 —la]*)|{z,a)| (1—|al)r+)
5/ ( 1g(2)[P(1—|z*)P dv(z)
e \[1-(a) (1= (5, a)PA0+D

2\A(n+1
, (1= rD)

S fyy OP @I~ o S av ()

5;‘%’ s [ fa(2)P[8(2)17 (1 = |27~ (1 = oy () )M+ Dav (2)
€by

SNfall ) S WVl ) <=

which means that g € H*.
Conversely, we assume that g € H™. Let f € o/P* (B,). Using Lemma 2.3 twice, we have

1Uef s,y S SUP | (2 f @) [g(2)1P (1= 2P0 (1 = |oa(z) )+ Dav (2)

Sligll sup [ [27(2)P (1= 12?1 = |oa(z) ) av (2)

acB, n

Sl A 1505 g,
which implies that U, : &7P*(B,) — @%M (B,) is bounded. O

Theorem 3.3. Let 0 < A < 1 < p < and g € H(B,). Then M, : &/P*(B,) — o/P*(B,) is
bounded if and only if g € H”.

Proof. First, we suppose that g € H”. Using Theorems 3.1 and 3.2 and the fact that H* C %,
we obtain that V, and Uy are bounded on </”* (B,,). Therefore, M, : o/ P*(B,) — </P*(B,) is
bounded by the fact that M, f(z) = f(0)g(0) + V, f(z) + Us f(2).

Conversely, we suppose that M, : o/P*(B,) — «/P*(B,) is bounded. For any a € D with
la| > 1/2, we set
(1—laP*)? 1—laf?

(1-4)(n+1) - (1=2)(n+1)
(I-(za) » 7 (I-(za) »

fa(z): 9 ZEB}’!

Then

(AN 4 2) (1= JalPP () (CE 1) (1 JaP)z,a)
%fa(z) = (-A)(nt1) | 5 B (A=A)(tD) | 5 )
(1-(za) 7 (1—(za) 7
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It is clear that

(=)@t |
p .

fala) =0, Zfa(a) =la*(1~al*)”

A : y 14 A )
Thus we see that f, € /7" (B,) and sup,eg, || fall o0 (,) < oo Since &/7* (B,) C % N
we see that
00 >||\Mg fall oo (m,) 2 ||Mgfa||%1+<143)<n+l>
5 14 U=A)t D)
2 sup [ #8(2) fa(2) + 8(2) Z fa(2)|(1 = [2]7) " 7
2€B,,
CETSICESS)
2| %8(a) fala) + (@) fal@)|(1 = [al*) "
Zlg(@)llal?,
from which it easily follows that g € H*. ([l

4. ESSENTIAL NORM

This section is devoted to the essential norm of the operators V, and U, on /”*(B,,). Let

A and B be two Banach spaces. The essential norm of a bounded linear operator 7 : A — B is
defined as

1]

eAB = igf{HT — K||a—p : K is compact from A to B}.

As we know, T : A — B is compact if and only if ||T||,4—p = 0. For recent research on the
estimating essential norm of some integral-type operators, we refer to [4, 6, 26, 27, 35].

Let Q and B be two Banach spaces such that Q is a subspace of B. Given f € B, the distance of
f to Q is defined as distz(f,Q) = infecq || f — g|/p- From [4, Lemma 4.1], the distance formula
for the function in the space Z to the space %, is stated as follows.

Lemma 4.1. Let g € AB. Then
disty (g, o) ~ limsup [|g — g [| » ~ limsup|Zg(2)|(1 - [z[*).

r1- |1~
Similar to the proof of [37, Lemma 5], we have the following result.

Lemma 4.2. Let 0 < A <1 <p<ooand g€ HB,). If0<r<1and g€ B, then V,, :
A/ P*(B,) — /P*(B,) is compact.

Tjani, in [29], established the following findings within the open unit disc D, which are fun-
damental in investigating the essential norm of integral operators on different analytic function
spaces. It is noteworthy that these findings also hold true in the open unit ball B,,.

Lemma 4.3. Let X,Y be two Banach spaces of analytic functions on B,,. Suppose that

(i) The point evaluation functionals on Y are continuous.
(ii) The closed unit ball of X is a compact subset of X in the topology of uniform convergence
on compact sets.
(iii) T : X — Y is continuous when X and Y are given the topology of uniform convergence
on compact sets.

Then T is compact if and only if for every bounded sequence {f,} in X such that f, — 0
uniformly on every compact set of B, then the sequence {T f,} converges to 0 in the norm of Y.
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Theorem4.1. Let0 < A < 1< p<ooand g€ H(B,). If Vg : o/P*(B,) — o/P*(B,) is bounded,
then

Velly oo (8, i 5,) = distz (g, Bo) = limsup | Zg(2)| (1 - [2]*).

|z|—1~
Proof. From the proof of Theorem 3.1, it is easy to see that g € % and
||Vg||5aﬂ7~,7L B,)—o/P* (B ~ |18l -
From Lemma 4.2, we see that V,, : &/P*(B,) — o/P* (IB%,,) is compact. Hence
Velle,crv (8,)—orrr 8,) < Ve = Vel orra (8,)— vt 8,)

—Hngngb@zp,/l B,)— o/ P (B ~ ||g — gl »-

Since Zg, € H”, we see that g, € %. So,

Velloorna(8,)—rv B, S limsup |l — gl =~ limsup| Zg(2)|(1 — [2]*).
r—1- |z] =1~

Next, we estimate the lower bounded. Let {a;} be a bounded sequence in B, such that
limy o0 |agx| = 1. Set

(1-A)(nt1)
(1—|al?) 7
Jilz) = e <€ By,.

(1= (a)” >
Then {f;} is bounded in .o pA (B,) and converges to zero uniformly on every compact subset
of B, as k — co. Let K : &/P*(B,) — «/P*(B,) be a compact operator. By Lemma 4.3, we
have

I (K fill v ,) = O-
Therefore, using [42, Lemma 2.24], we have

Ve =Kl oo () v (8,)
Zlimsup || (Vg — K) (f) | o7r2.B,)

k—ro0
2 lim SUP(HngkHﬂp,k(Bn) —limsup||K fil ;v (B,)
k—>oc0 k—so0

=limsup |V fill o/ s,
k—yo0

1

ziimsp [ @R~ P00 - o, P Vav(e) )
k—yo0 n

‘ !ak! 17L)(n+l)+7t,(n—|—l) )
—timsup | [ AR (1 a2
sup | [ o

>1; Realz)|P(1— gy ()
2 limsup ot )I g(@)[P(1—|z|*)P~ (z)
ak7r

k—>oo

> limsup [Zg(ax)| (1 — |ax|*),

k—yoo
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which implies that

Velle,orr Bo)srr2 (B,) 2 l‘ir|nslup 1%28(2)|(1—|z*).
Z|—1"

The proof is complete. 0

Theorem 4.2. Let 0 <A < 1 < p <o and g € HB,). If Uy : P*(B,) — o/P*(B,) is
bounded, then

1Uglle o (1) .0 ,) = 118l
Proof. We define K and {a;} as in the proof of Theorem 4.1. Set
(1=A)(n+1)
(1 —la®) 7
filz) = NEDIEE z € By,
(1= (za))” 7

where {a;} satisfies |a;| > 3/4 and |ax| — 1 as k — oo. Then {f;} is a bounded sequence in
o P (B,) and converges to zero uniformly on every compact subset of B, as k — . Hence

[Ug = K| o0 (By)—> 2/ P (By,) Zliin sup || (Ug — K)(fi) "g{p,l(]gn)
—>00

L limsup [Ug full v g,) —limsup [|Kfill ;72 g,)
k—oo k—yo0

=limsup |Ug fill o (8,)-
k—o0

From the proof of Theorem 3.2, we see that [|Ug fill ,y»p,) 2 |g(ax)|, which implies that

1Uglle,crr (B,)—scrrt(,) 2 I8l

Conversely, we have by Theorem 3.2 that

1Uglle, v (B,)—rr2 (B,) S WUl o ()= ) S 181

This finishes the proof. O

From Theorems 4.1 and 4.2, we have the following corollary.

Corollary 4.1. Let0 < A <1 < p <o and g € H(B,,). Then the following statements hold.

(i) The operator V, : o P (B,) — o P (B,) is compact if and only if g € PBy;
(ii) The operator Uy : APA(B,) — P (B,) is compact if and only if g = 0.
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