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PEAK SOLUTIONS FOR LOGARITHMIC SCALAR FIELD SYSTEMS

XINAN DUAN, ZIJUAN GAO, QING GUO∗

College of Science, Minzu University of China, Beijing 100081, China

Abstract. We are concerned with a class of important Schrödinger equations in mathematical physics
with logarithmic nonlinearities: −ε2∆u+V (y)u = u log|u|, u > 0, in H1(RN), where N ≥ 3, ε is a small
positive parameter, and V (y) denotes the potential function. The main difficulties to apply Lyapunov-
Schmidt reduction to logarithmic scalar equations are caused by the non-smooth property and sublinear
growth of the logarithmic non-linearity. Our method is fundamentally based on a new type of inner-
outer decomposition, setting it apart from conventional gluing techniques that usually require distinct
constructions for the inner and outer problems. Rather than this traditional separation, we incorporate
the minimization operator for the outer problem directly with the operator related to the fixed-point the-
orem, enhancing the reduction framework to be applicable. We prove the existence of positive multipeak
solutions under certain assumptions on V (y). Finally, we also use the local Pohozaev identities to obtain
the non-degenerate of positive multipeak solutions.

Keywords. Inner-outer gluing; Local Pohozaev Identities; Lyapunov-Schmidt reduction method; Loga-
rithmic Schrödinger systems; Multi-peak Solutions; Non-degeneracy.

1. INTRODUCTION

We consider the following logarithmic scalar field system:

− ε
2
∆u+V (y)u = u log|u|, u > 0, in H1(RN), (1.1)

where ε is a small positive parameter and N ≥ 3. This system arises from the following time-
dependent logarithmic Schrödinger system:

iε∂tu+
ε2

2
∆u−V (y)u+u logu = 0, (1.2)

which was proposed by Bialynicki-Birula and Mycielski [3] as a model of nonlinear wave me-
chanics. System (1.2) finds extensive applications across various fields, including quantum
optics [4], nuclear physics [13], geophysical phenomena like magma transport [9], effective
quantum gravity theories, superfluidity, Bose-Einstein condensation, and open quantum sys-
tems (see [18] and the references therein). Mathematically, there has been considerable recent
interest in the existence and qualitative properties of solutions to nonlinear Schrödinger equa-
tions. Studies such as [1, 2, 5, 6, 7] examine the existence and stability of standing waves and
address the Cauchy problem within an appropriate functional framework for system (1.2).
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However, for the systems with logarithmic non-linearity, new challenges arise when applying
the Lyapunov-Schmidt reduction method to (1.1). Specifically, the sublinear growth of the log-
arithmic nonlinearity near zero complicates the identification of a suitable contraction mapping.
In this paper, we develop a novel approach to applying Lyapunov-Schmidt reduction to investi-
gate the existence of multiple solutions to (1.1). To introduce our main result, we suppose that
V (y) ∈C2 : RN → R satisfies the following conditions:
(V1): V (y) ∈ L∞(RN) and 0 < infRN V (y)≤ supRN V (y)< ∞.
(V2): There exist k points ξ1, · · · ,ξk such that ∇V (ξ j) = 0 and deg(∇V,Bδ (ξ j),0) 6= 0, for any
j = 1, · · · ,k.

A function u ∈ H1(RN) is said to be a (weak) solution to (1.1) if it satisfies∣∣∣∫
RN

u2 log|u|dy
∣∣∣< ∞

and ∫
RN

(ε2
∇u∇v+V (y)uv)dy =

∫
RN

(uv log|u|)dy, for all v ∈C∞
0 (RN).

The primary results are as follows.

Theorem 1.1. If N ≥ 3 , V (y) satisfies (V1) and (V2), then problem (1.1) has a k-peak solution
concentrated at ξ1, · · · ,ξk for ε > 0 sufficiently small.

Theorem 1.2. If N ≥ 3 , V (y) satisfies (V1) and x0 is an isolated local maximum point of V (y),
then problem (1.1) has a k-peak solution concentrated at x0, for ε > 0 sufficiently small.

We consider the following system

−∆u+V (x j)u = u log|u|, u > 0, in H1(RN), (1.3)

and as ε→ 0, x j→ ξ j, j = 1, · · · ,k. It is known from [8, 14] that system (1.3) has a unique pos-

itive solution U j(y) := eV (x j)+N
2 e−

|y|2
4 , which is non-degenerate in the sense that if u ∈ H1(RN)

with
∫
RN u2|y|2dy < ∞ satisfies

−∆u+
( |y|2

4
− N

2
−1
)

u = 0, u > 0, in H1(RN), (1.4)

then u ∈ span{∂U j
∂yi
|i = 1, · · · ,N, j = 1, · · · ,k}. Actually, the uniqueness of positive solutions

to (1.3) was established in [14] for N ≥ 1 and in [8] for N ≥ 3. The non-degeneracy of these
solutions was proved in [8] for N ≥ 3, with the proof also valid for N ≤ 2.

For any x j ∈ RN with j = 1, · · · ,k, we denote

Uε, j(y) = eV (x j)+N
2 e−

|y−x j |2

4ε2 ,

which is the solution to
−ε

2
∆u+V (x j)u = u log|u|, in RN .

To recover smoothness, as in [17], we introduce a family of perturbed problems, for small τ > 0,

− ε
2
∆u+V (y)u = gτ(u), y ∈ RN , u ∈ H1(RN), (1.5)

where gτ(u) = τ−1(|u|τu− u). Since gτ(s)→ s log|s| in Cloc(R) as τ → 0+, the solutions to
(1.1) can be obtained by taking the limits of those to (1.5) with some uniform estimates. We
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first solve equation (1.5) with uniform estimates independent of τ . Next, we introduce some
notations.

Denote d := minm 6= j|xm− x j|,m, j = 1, · · · ,k,

〈u1,u2〉ε =
∫
RN

ε
2
∇u1∇u2 +V (y)u1u2, u1,u2 ∈ H1(RN),

〈u1,u2〉ε,Ω =
∫

Ω

ε
2
∇u1∇u2 +V (y)u1u2, u1,u2 ∈ H1(RN),

〈η1,η2〉ε,Ω =
∫

Ω

ε
2
∇η1∇η2 +V (y)η1η2, η1,η2 ∈ H1(RN)∩L∞(RN)

and the norms

‖u‖ε =
√
〈u,u〉ε , u ∈ H1(RN),

‖u‖ε,Ω =
√
〈u,u〉ε,Ω, u ∈ H1(RN),

‖η‖ε,Ω =
√
〈η ,η〉ε,Ω, η ∈ H1(RN)∩L∞(RN).

Let

W (y) :=Wε(y) :=Wε,τ(y) :=
k

∑
j=1

Uε, j(y),

where Uε, j(y) = eV (x j)+N
2 e−

|y−x j |2

4ε2 .
We verify Theorem 1.1 and Theorem 1.2 by proving the following Theorem 1.3 and Theorem

1.4.

Theorem 1.3. If N ≥ 3, V (y) satisfies (V1) and (V2). There exist δ > 0,ε0 > 0 and τε ∈ (0,e−e
1
ε )

such that, for any ε ∈ (0,ε0], τ ∈ (0,τε ], Bδ (ξm)∩Bδ (ξ j) = /0, m, j = 1, · · · ,k, problem (1.5)
has a solution uε,τ of the form

uε,τ =Wε,τ +ψε,τ ,

where x j ∈ Bδ (ξ j), ‖ψε,τ‖ε = O
(
ε

N
2 +1), ‖ψε,τ‖L∞ = O

(
ε
)
.

Theorem 1.4. If N ≥ 3 , V (y) satisfies (V1) and suppose x0 is an isolated local maximum point

of V (y). There exist ε0 > 0 and τε ∈ (0,e−e
1
ε ) such that, for any ε ∈ (0,ε0], τ ∈ (0,τε ], problem

(1.5) has a solution uε,τ of the form

uε,τ =Wε,τ +ψε,τ ,

where x j→ x0,
|x j−xm|

ε
→+∞ if m 6= j and ‖ψε,τ‖2

ε = o(εN), ‖ψε,τ‖2
L∞ = o(ε2).

In fact, the non-degeneracy of positive multipeak solutions to the nonlinear Schrödinger equa-
tion has garnered significant interest in recent years (see [11] and references therein). The non-
degeneracy refers to the stability of these solutions against small perturbations. The study of
the non-degeneracy result is inspired by Guo-Musso-Peng-Yan [10]. Before introducing the
non-degeneracy result, we need some notations.

Denote

Hε(RN) =

{
η ∈ H1(RN) : ‖η‖∗ = sup

y∈RN

( k

∑
j=1

e−
|y−x j |2

4ε2
)−1
|η |

}
.
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For any η ∈ Hε(RN), we define

Lε(η) =−ε
2
∆η +V (y)η− (1+ loguε)η , (1.6)

where uε =Wε +ψε . From the proof Theorem 1.1, we can know that Wε and ψε are the limits
of Wε,τ and ψε,τ as τ → 0 in Theorem 1.3.

We obtain the non-degeneracy of the positive k-peak solution of (1.1).

Theorem 1.5. Let the assumptions of Theorem 1.1 hold. Suppose that potential function V (y)
satisfies

det

((
∂ 2V (ξ j)

∂ξ j,i∂ξ j,l

)
1≤i,l≤N

)
6= 0, for all j = 1, . . . ,k.

Let {uε}ε>0 be a family of positive solutions to problem (1.1), concentrating at the set {ξ1, . . . ,ξk}⊂
RN . Let ηε ∈ Hε(RN) be a solution to the linearized equation Lεηε = 0, where Lε is defined
as (1.6). Then ηε ≡ 0.

Remark 1.1. In Theorem 1.5, we address the non-degeneracy of the concentrated solutions with
separated k points obtained in Theorem 1.1. As for the case of clustering concentrated solutions
in Theorem 1.2, a completely new technical approach is required for the precise handling of
interaction terms and so we will treat it as an independent work in a subsequent paper.

Then, we give a brief introduction to the ideas and methods of the article.
Step (I): The existence of positive multipeak solutions.
We apply the Lyapunov-Schmidt method by solving the perturbed problem:

Lεψε − lε −Rε(ψε) = 0, (1.7)

where Lε is a bounded linear operator in H1(RN) defined by

〈Lεψ,v〉ε =
∫
RN

(ε2
∇ψ∇v+V (y)ψv−g′τ(W )ψv), ∀v ∈ H1(RN), (1.8)

lε ∈ H1(RN) by

〈lε ,v〉ε =
∫
RN

( k

∑
j=1

(V (x j)−V (y))Uε, j +
(

gτ(W )−
k

∑
j=1

g(Uε, j)
))

v, ∀v ∈ H1(RN), (1.9)

and Rε(ψ) ∈ H1(RN) by

〈Rε(ψ),v〉ε =
∫
RN

(gτ(W +ψ)−gτ(W )−g′τ(W )ψ)v, ∀v ∈ H1(RN). (1.10)

We expect Kε the approximate kernel of Lε given by

Kε = span
{

∂Uε, j

∂yi
, j = 1, · · · ,k, i = 1, · · · ,N

}
.

What challenges are we facing in this work? To explain this, we denote

E := Eε := K⊥ε

=
{

v ∈ H1(RN) :
∫
RN

f ′(Uε, j)
∂Uε, j

∂yi
v =

∫
B

2ε

√
V (x j)+N

2 +2
(x j)

f ′(Uε, j)
∂Uε, j

∂yi
v = 0, j = 1, · · · ,k

}
where we refer to the definition (2.1) and (2.2) in Section 2.
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First, we know that to apply the reduction method, the process to construct a k-peak solution
for (1.1) consist of two steps:

Step (i): Finite dimensional reduction: We solve (1.7) up to an approximate kernel Kε of Lε .
That is, for any given x j, we prove the existence of ψε ∈ Eε , such that, for some constants ai, j,

Lεψε − lε −Rε(ψε) =
k

∑
j=1

N

∑
i=1

ai, j f ′(Uε, j)
∂Uε, j

∂yi
.

Step (ii): Solve the finite dimensional problem and it suffices to choose x j, j = 1, · · · ,k ap-
propriately such that all the constants ai, j = 0 in Step (i).

A significant challenge arises during the execution of reduction Step (i). The logarithmic
non-linearity maps an infinitesimal to a lower order one, making it infeasible to directly apply
the implicit function theorem or the contraction mapping principle to solve Lεψ = lε +Rε(ψ),
ψ ∈ E, with any uniform bound independent of τ . To address this issue, we will follow a three-
step approach. Before that, we first partition the space into inner regions (near the concentration
points) and an outer region (far from the concentration points) based on the distribution of the
concentration points (refer to Section 3 for details).

Step 1: Although the reduction cannot be performed in the outer region, we can modify
the nonlinear terms to make the corresponding functional convex. This involves considering a
boundary value problem in the outer region where the solution u matches any given function
u0 in the inner region. By exploiting the convexity of the functional, we obtain an energy-
minimizing solution corresponding to the boundary value problem in the outer region, depen-
dent on the boundary function. This establishes a mapping S(u0) relative to the class of bound-
ary functions, and it can be shown that this mapping exhibits favorable regularity.

Step 2: We combine S with the operator T derived from the fixed point theorem. Using the a
priori estimates of the minimizer, it is straightforward to verify that the composite operator T S
satisfies the conditions of the fixed point theorem, even though T alone does not. Essentially,
we perform the reduction only within the inner region, achieving dimensional reduction, which
facilitates the next phase of the reduction method, allowing us to address a finite-dimensional
problem.

Step 3: We rigorously establish that the fixed point of the operator T S inherently corresponds
to the fixed point of the operator T , thereby confirming the existence of the fixed point for T .

Finally, using the uniform estimates for ψε,τ , Theorem 1.1 can be obtained by taking the
limits of uε,τ in Theorem 1.3. Specifically, we find a positive solution uε to (1.1) of the form
uε = Wε +ψε , where Wε and ψε are the limits of Wε,τ and ψε,τ as τ → 0. See Section 4 for a
rigorous proof.

Step (II): The non-degenerate of positive multipeak solutions.
For using the local Pohozaev identity, estimating the ‖η‖ε is vital. We estimate the ‖η‖ε

and the perturbation’s term ‖ψ‖ε smaller by dividing regions, which are inner regions (near
the concentration points) and an outer region (far from the concentration points) based on the
distribution of the concentration points (refer to Section 5 for details).

In this paper, we denote various generic constants by C. We use O(A), o(A) to mean

|O(A)| ≤C|A|, and o(A)/|A| → 0 as |A| → 0,

respectively.
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his paper is organized as follows. In Section 2, we introduce some notations and provide
basic estimates. In Section 3, we modify the reduction framework and reduce the problem to
a finite-dimensional one. In Section 4, we present the proofs of Theorem 1.1, Theorem 1.2,
Theorem 1.3, and Theorem 1.4. The non-degeneracy of the multi-peak solutions in Theorem
1.5 is established in Section 5. Finally, the Appendix contains fundamental estimates related to
the energy expansions.

2. PRELIMINARIES AND MODIFICATION

Inspired by [17], system (1.5) can be rewritten as −ε2∆u +V (y)u + hτ(u) = fτ(u), u ∈
H1(RN), where τ ∈ (0,1) and

hτ(u) = fτ(u)−gτ(u) =


τ−1(u−|u|τu

)
, if |u| ≤

(1−τ

1+τ

)τ−1
,

u+
(1−τ

1+τ

)1+τ−1
, if u >

(1−τ

1+τ

)τ−1
,

u−
(1−τ

1+τ

)1+τ−1
, if u <−

(1−τ

1+τ

)τ−1
,

fτ(u) =


0, if u≤

(1−τ

1+τ

)τ−1
,

τ−1(|u|τu−u
)
+u+

(1−τ

1+τ

)1+τ−1
, if u >

(1−τ

1+τ

)τ−1
,

τ−1(|u|τu−u
)
+u−

(1−τ

1+τ

)1+τ−1
, if u <−

(1−τ

1+τ

)τ−1
.

We also denote

h(u) =


−u log|u|, if |u| ≤ e−2,

u+ e−2, if u > e−2,

u− e−2, if u <−e−2,

f (u) =


0, if u≤ e−2,

u log|u|+u+ e−2, if u > e−2,

u log|u|+u− e−2, if u <−e−2,

(2.1)

and
g(u) = u log|u|=−h(u)+ f (u),

H(u) =
∫ u

0
h(t)dt, F(u) =

∫ u

0
f (t)dt, G(u) =

∫ u

0
g(t)dt,

Hτ(u) =
∫ u

0
hτ(t)dt, Fτ(u) =

∫ u

0
fτ(t)dt, Gτ(u) =

∫ u

0
gτ(t)dt.

Here, we give some properties of gτ ,hτ , and fτ .

Lemma 2.1. [16] There exists τ0 > 0 such that, for τ ∈ (0,τ0], the following conclusions hold

(i) gτ ,hτ , and fτ are odd and C1 in R; gτ ∈C2 in R\{0}; hτ is strictly increasing in R and
concave in (0,∞); h′τ is locally Lipschitz continuous; Hτ is even, convex and nonnegative in R.
(ii) For any t1, t2 ∈ R with t1 ≥ t2,

t1− t2 ≤ hτ(t1)−hτ(t2)≤ 2hτ

(t1− t2
2

)
.



PEAK SOLUTIONS FOR LOGARITHMIC SCALAR FIELD SYSTEMS 7

(iii) Let δ ∈ (0, 1
2e−2]. For any s≥ δ , t ∈ R,

|hτ(s+ t)−hτ(s)| ≤ 2|t logδ |,

|hτ(s+ t)−hτ(s)−h′τ(s)t| ≤
8t2

δ
|logδ |.

Lemma 2.2. There exists τε ∈ (0,e−e
1
ε ) such that, for each τ ∈ (0,τε),

‖gτ(uε)−g(uε)‖L∞(RN)+‖g′τ(uε)−g′(uε)‖L∞(RN) = O
(

e−e
1
ε

)
,

k

∑
j=1
‖g′τ(Uε, j)−g′(Uε, j)‖L∞(RN)+‖g′τ(W )−g′(W )‖L∞(RN) = O

(
e−e

1
ε

)
,

k

∑
j=1
‖gτ(Uε, j)−g(Uε, j)‖L∞(RN)+‖gτ(W )−g(W )‖L∞(RN) = O

(
e−e

1
ε

)
,

and
k

∑
j=1
‖gτ(Uε, j)−g(Uε, j)‖L2(RN)+‖gτ(W )−g(W )‖L2(RN) = ε

N
2 O
(

e−e
1
ε

)
.

Proof. According to the uniform convergence gτ(s)→ g(s) on any closed interval as τ→ 0, we
can obtain the first three conclusions of the lemma.

Next, we claim that there exists τε ∈ (0,e−e
1
ε ) such that ‖gτ(W )−g(W )‖L2(RN) ≤Cε

N
2 e−e

1
ε

for some C > 0 independent of ε and τ .
In fact, for some C,c > 0, there holds |W (y)| ≤Ce−c|y|2 for y ∈ RN\B

e
1
ε
(0). From |gτ(s)|+

|g(s)| ≤C
(
|s| 23 + s2) for C independent of τ ∈ (0,1), we obtain

‖gτ(W )−g(W )‖2
L2
(
RN\B

e
1
ε

(0)
) ≤C‖W‖2

L2
(
RN\B

e
1
ε

(0)
)+C‖W‖

3
2

L
3
2
(
RN\B

e
1
ε

(0)
) ≤Cε

Ne−e
1
ε
.

On the other hand, as τ → 0, gτ(W (y))→ g(W (y)) uniformly for y ∈ B
e

1
ε

(0). So, we find τε ,

such that, for τ ∈ (0,τε ], ‖gτ(W )−g(W )‖2
L2
(

B
e

1
ε

(0)
) ≤CεNe−e

1
ε . Then

‖gτ(W )−g(W )‖L2(RN) ≤Cε
N
2 e−e

1
ε
.

Similarly,
k

∑
j=1
‖gτ(Uε, j)−g(Uε, j)‖L2(RN) = ε

N
2 O
(

e−e
1
ε

)
.

�

Throughout the paper, we assume that d =minm6= j|xm−x j|> 0 is a constant with j = 1, · · · ,k.
We denote s± = max{0,±s} for s ∈ R. In what follows, we always assume τ ∈ (0,τε ], where
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τε is determined in Lemma 2.2. Define

E := Eε := K⊥ε

=
{

v ∈ H1(RN) :
∫
RN

f ′(Uε, j)
∂Uε, j

∂yi
v =

∫
B

2ε

√
V (x j)+N

2 +2
(x j)

f ′(Uε, j)
∂Uε, j

∂yi
v = 0, j = 1, · · · ,k

}
,

(2.2)

which is a closed subspace of the Hilbert space H1(RN).
We denote, for each M ∈ (0, 1

2d),

QM =
k⋃

j=1

BM(x j) and EM = E ∩H1
0 (QM).

We remark that if M ∈
(

2ε

√
V (x j)+ N

2 +2, 1
2d
)

, then EM and H1
0
(
RN\QM

)
can be considered

as closed subspaces of E.

Remark 2.1.
k

∑
j 6=m
‖Uε, j‖L∞(B 1

2 d(x
m)) +

k

∑
j 6=m
‖Uε, j logUε, j‖L∞(B 1

2 d(x
m)) = O

(
e−

d2

32ε2
)
. (2.3)

In fact, to show (2.3), we only need to notice that, for y ∈ B 1
2 d(x

m)) and for any j 6= m , we

have |y− x j|> 1
2d, so

k

∑
j 6=m

Uε, j ≤
k

∑
j 6=m
|Uε, j logUε, j|=

k

∑
j 6=m

eV (x j)+N
2 e−

|y−x j |2

4ε2
∣∣∣V (x j)+

N
2
− |y− x j|2

4ε2

∣∣∣= O
(

e−
d2

32ε2
)
.

Lemma 2.3. For any α > 0,β > 0 and l 6= j, there exists a constant σ > 0 such that
∫
RN Uα

ε,lU
β

ε, j≤

CεNe−σ
|xl−x j |2

ε2 .

Proof. We may suppose α ≥ β . Recalling the expression of Uε, j, by direct calculation, we have∫
RN

Uα
ε,lU

β

ε, j =
∫
RN

e(αV (xl)+βV (x j)+N
2 (α+β ))e−

α|y−xl |2+β |y−x j |2

4ε2

≤Cε
N
∫
RN

e(αV (xl)+βV (x j)+N
2 (α+β ))e−α|x|2e−

β |2εx+xl−x j |2

4ε2

=

CεNe(αV (xl)+βV (x j)+N
2 (α+β ))e−β

|xl−x j |2

8ε2 , if α > β ,

CεNe(αV (xl)+βV (x j)+N
2 (α+β ))e−(β−θ)

|xl−x j |2

8ε2 , if α = β ,

where C > 0 is independent of ε and τ and θ > 0 is arbitrarily small. �

In what follows, we always assume τ ∈ (0,τε ], where τε is determined in Lemma 2.2.

Lemma 2.4. There exist some C > 0 independent of ε and τ , τ ∈ (0,τε), such that

‖gτ(W )−
k

∑
j=1

g(Uε, j)‖L∞(Q 1
8 d

) = O
(

e−
49d2

512ε2
)
, (2.4)
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‖gτ(W )−
k

∑
j=1

g(Uε, j)‖L∞(RN) = O
(

e−
d2

256ε2
)
, (2.5)

sup
ψ∈H1(Q 1

8 d
),‖ψ‖ε=1

∫
RN

(gτ(W )−
k

∑
j=1

g(Uε, j))ψ = ε
N
2 O
(

e−
d2

16ε2
)
, (2.6)

and

sup
ψ∈H1(RN),‖ψ‖ε=1

∫
RN

(gτ(W )−
k

∑
j=1

g(Uε, j))ψ = ε
N
2 O
(

e−
d2

32ε2
)
. (2.7)

Proof. (i) In B 1
8 d(x

m), we have

g(W )−
k

∑
j=1

g(Uε, j)

=W log|W |−
k

∑
j=1

Uε, j log|Uε, j|

=(
k

∑
j=1

Uε, j) log
∣∣∣ k

∑
j=1

Uε, j

∣∣∣− k

∑
j=1

Uε, j log|Uε, j|

=(Uε,m + ∑
j 6=m

Uε, j) log
∣∣∣Uε,m + ∑

j 6=m
Uε, j

∣∣∣−Uε,m log|Uε,m|− ∑
j 6=m

Uε, j log|Uε, j|

=(Uε,m + ∑
j 6=m

Uε, j) log
∣∣∣1+U−1

ε,m ∑
j 6=m

Uε, j

∣∣∣+ ∑
j 6=m

Uε, j log(Uε,mU−1
ε, j )

= ∑
j 6=m

Uε, j +U−1
ε,m( ∑

j 6=m
Uε, j)

2 + ∑
j 6=m

Uε, j log(Uε,mU−1
ε, j )+Uε,mR(U−1

ε,m( ∑
j 6=m

Uε, j)),

where R(s) = (1+ s) log|1+ s| − s(1+ s). Since, for each s ∈ R, |R(s)| ≤ 2s2, then it holds
that ∣∣∣Uε,mR(U−1

ε,m( ∑
j 6=m

Uε, j))
∣∣∣≤ 2U−1

ε,m( ∑
j 6=m

Uε, j)
2.

Note that, in B 1
8 d(x

m), Uε, j <Uε,m ( j 6= m), so Uε, j log(Uε,mU−1
ε, j ) is positive. Hence

∣∣∣g(W )−
k

∑
j=1

g(Uε, j)
∣∣∣≤ ∑

j 6=m
Uε, j +U−1

ε,m( ∑
j 6=m

Uε, j)
2 + ∑

j 6=m
Uε, j log(Uε,mU−1

ε, j ).

In B 1
8 d(x

m), there holds

∑
j 6=m

Uε, j = ∑
j 6=m

eV (x j)+N
2−
|y−x j |2

4ε2 and U−1
ε,m

(
∑
j 6=m

Uε, j

)2
≤C ∑

j 6=m
e2V (x j)−V (xm)+N

2 e−
|y−x j |2

4ε2 ,

∑
j 6=m

Uε, j log(Uε,mU−1
ε, j )≤C ∑

j 6=m
eV (x j)+N

2 e−
|y−x j |2

4ε2
(

V (xm)−V (x j)+
|xm− x j|2

4ε2

)
.
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When j 6= m, for y ∈ B 1
8 d(x

m), we have |y− x j|> 7
8d, so

∥∥∥g(W )−
k

∑
j=1

g(Uε, j)
∥∥∥

L∞(B 1
8 d

(xm))
= O

(
e−

49d2

512ε2
)
,

∥∥∥g(W )−
k

∑
j=1

g(Uε, j)
∥∥∥

L∞(∪B 1
8 d

(xm))
= O

(
e−

49d2

512ε2
)
.

(2.8)

By Lemma 2.2 and (2.8), we obtain (2.4).
(ii) Since, in RN \

⋃k
m=1 B1

8 d
(xm), we have

g(W )−
k

∑
m=1

g(Uε,m) =
k

∑
m=1

Uε,m log
∣∣∣∑k

s=1Uε,s

Uε,m

∣∣∣≤C
k

∑
m=1

U
1
2

ε,m

( k

∑
s=1

Uε,s

) 1
2

≤C
k

∑
m=1

Uε,m +C ∑
s 6=m

k

∑
m=1

U
1
2

ε,mU
1
2

ε,s = O
(

e−
d2

256ε2
)
,

(2.9)

which together with (2.8) and Lemma 2.2 yields

‖gτ(W )−
k

∑
j=1

g(Uε, j)‖L∞(RN) = O
(

e−
d2

256ε2
)
.

(iii) For any ψ ∈ H1(RN) with ‖ψ‖L2(B 1
8 d

(xm)) ≤ ‖ψ‖ε = 1, by the Hölder inequality, in

B 1
8 d(x

m), there holds

∣∣∣∫
B 1

8 d
(xm)

(g(W )−
k

∑
j=1

g(Uε, j))ψ
∣∣∣≤C

(∫
B 1

8 d
(xm)
|ψ|2

) 1
2‖g(W )−

k

∑
j=1

g(Uε, j)‖L2(B 1
8 d

(xm))

≤C‖g(W )−
k

∑
j=1

g(Uε, j)‖L2(B 1
8 d

(xm)).

When j 6= m, for y ∈ B 1
8 d(x

m), we have

∑
j 6=m

∫
B 1

8 d
(xm)

U2
ε, j = ∑

j 6=m

∫
B 1

8 d
(xm)

e2V (x j)+Ne−
|y−x j |2

2ε2

≤Cε
N
∫

B d
16ε

(0)
e2V (x j)+Ne−|x|

2
e−
|xm−x j |2

4ε2 = ε
NO
(

e−
d2

4ε2
)
,
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∑
j 6=m

∫
B 1

8 d
(xm)

(Uε, j logUε, j)
2

= ∑
j 6=m

∫
B 1

8 d
(xm)

(
V (x j)+

N
2
− |y− x j|2

4ε2

)2
e2V (x j)+Ne−

|y−x j |2

2ε2

≤Cε
N
∫

B d
16ε

(0)

(
V (x j)+

N
2
− 1

2
|x|2− |x

m− x j|2

8ε2

)2
e2V (x j)+Ne−|x|

2
e−
|xm−x j |2

4ε2

= ε
NO
(

e−
d2

8ε2
)

and

∑
j 6=m

∫
B 1

8 d
(xm)

(Uε, j log(Uε,mU−1
ε, j ))

2

= ∑
j 6=m

∫
B 1

8 d
(xm)

(
V (xm)−V (x j)+

|y− x j|2−|y− xm|2

4ε2

)2
e2V (x j)+Ne−

|y−x j |2

2ε2

≤Cε
N
∫

B d
16ε

(0)

(
V (xm)−V (x j)+

1
2
|x|2− |x

m− x j|2

8ε2

)2
e2V (x j)+Ne−|x|

2
e−
|xm−x j |2

4ε2

= ε
NO
(

e−
d2

8ε2
)
.

When j 6= m, for y ∈ B 1
8 d(x

m), there holds |y− x j|> 7
8d and∥∥∥g(W )−

k

∑
j=1

g(Uε, j)
∥∥∥

L2(B 1
8 d

(xm))
= ε

N
2 O(e−

d2

16ε2 ),

∥∥∥g(W )−
k

∑
j=1

g(Uε, j)
∥∥∥

L2(∪B 1
8 d

(xm))
= ε

N
2 O
(

e−
d2

16ε2
)
.

(2.10)

By Lemma 2.2, we obtain (2.6) from (2.10).
(iv) In RN \

⋃k
m=1 B1

8 d
(xm), from (2.9), we also have

∣∣∣∫
RN\B 1

8 d
(xm)

(g(W )−
k

∑
j=1

g(Uε, j))ψ
∣∣∣

≤
(∫

RN\B 1
8 d

(xm)
|ψ|2

) 1
2‖g(W )−

k

∑
j=1

g(Uε, j)‖L2(RN\B 1
8 d

(xm))

≤C‖g(W )−
k

∑
j=1

g(Uε, j)‖L2(RN\B 1
8 d

(xm)) = ε
N
2 O
(

e−
d2

32ε2
)
,

which together with (2.10) and Lemma 2.2 yields

sup
ψ∈H1(RN),‖ψ‖ε=1

∫
RN

(gτ(W )−
k

∑
j=1

g(Uε, j))ψ = ε
N
2 O
(

e−
d2

32ε2
)
.

�



12 X. DUAN, Z. GAO, Q. GUO

We end this section with an estimate of L∞. This is a variant of the De Giorgi-Nash-Moser’s
iteration.

Lemma 2.5. [16] Assume R> 0, l ∈N\{0}, {ui}l
i=1⊂C1

0(BR(0)) with
∫

BR(0) uiu j =
∫

BR(0) ui = 0
i, j = 1, · · · , l, i 6= j. If φ ∈H1(BR+2(0)

)
satisfies

∫
BR+2(0)∇φ∇v+b1φv =

∫
BR+2(0) b2v for all v∈

Hn, where Hn =
{

v ∈ H1
0 (BR+2(0)) :

∫
BR(0) vui = 0, i = 1, · · · , l

}
and b1, b2 ∈ Lq(BR+2(0)) for

some q > N
2 , then ‖φ‖L∞(BR+1(0)) ≤C

(
‖φ‖H1(BR+2(0))+‖b2‖Lq(BR+2(0))

)
, where C > 0 is a con-

stant depending only on N,q,‖b1‖Lq(BR(0)), and supy∈BR+1(0)‖b
−
1 ‖Lq(B1(y)). In addition, if ui = 0

for all i = 1, · · · , l, then the constant C depends only on N,q, and supy∈BR+1(0)‖b
−
1 ‖Lq(B1(y)).

3. REDUCTION OF THE PERTURBED PROBLEM

System (1.5) can also be rewritten as the following equation about ψ:{
Lεψ = lε +Rε(ψ), in RN ,

ψ ∈ H1(RN),

where Lε is a bounded linear operator in H1(RN), defined by

〈Lεψ,v〉ε =
∫
RN

(ε2
∇ψ∇v+V (y)ψv−g′τ(W )ψv), ∀v ∈ H1(RN),

lε ∈ H1(RN) satisfies

〈lε ,v〉ε =
∫
RN

( k

∑
j=1

(V (x j)−V (y))Uε, j +
(

gτ(W )−
k

∑
j=1

g(Uε, j)
))

v, ∀v ∈ H1(RN),

and Rε(ψ) ∈ H1(RN) satisfies

〈Rε(ψ),v〉ε =
∫
RN

(gτ(W +ψ)−gτ(W )−g′τ(W )ψ)v, ∀v ∈ H1(RN).

We define
dε := ε

N
2 +1−θ and ḋε := ε

1−θ , (3.1)
where θ > 0 is a small enough constant.

We also define the projection Pε from H1(RN) to E as follows:

Pεu = u−
k

∑
j=1

N

∑
i=1

∫
B

2ε

√
V (x j)+N

2 +2
(x j)

(
f ′(Uε, j)

∂Uε, j

∂yi
u
)

∂Uε, j

∂yi
.

Our aim in this section is to solve PεLεψ = Pε lε +PεRε(ψ) in

Λ =
{

ψ ∈ E ∩L∞(RN) | ‖ψ‖ε ≤ dε and ‖ψ‖L∞(RN) ≤ ḋε

}
.

Before the statement of main idea of the proof, we give some notations. Denote σε := 1
2ε
√
|lnε|.

For i = 1,2,3, we set Di :=
⋃k

j=1 Biσε
(x j). Take χ ∈ E ∩C1

0(RN) such that

0≤ χ ≤ 1, |∇χ| ≤ 2σ
−1
ε , χ =

{
1, in D2,

0, in RN\D3.
(3.2)

Then, for any v ∈ E, we have χv ∈ E ∩H1
0 (D3) and (1−χ)v ∈ E ∩H1

0 (RN\D3).
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3.1. The Minimization Problem. In this section, we are to solve the following boundary prob-
lem {

−ε2∆(W +φ)+V (W +φ)+hτ(W +φ) = 0 in RN\D1,

φ = ψ, in D1.
(3.3)

For each ψ ∈ E, we denote a set Eψ = {u ∈ E| u = W +ψ in D1} and define a functional
Γ : Eψ → R as

Γ(u) =
1
2

∫
RN

(ε2|∇u|2 +Vu2)+
∫
RN

Hτ(u), u ∈ Eψ .

Noting that Hτ is a strictly convex function and Hτ(t) ≥
t2

2
for any t ∈ R, there holds that Γ

is a strictly convex functional on Eψ and Γ(u)→ ∞, as ‖u‖ε → ∞. Then there exists a unique
minimizer to the following minimization problem

inf
u∈Eψ

Γ(u). (3.4)

We define the operator S : E→ E as follows:

Definition 3.1. For each ψ ∈ E, let uψ ∈ Eψ be the unique minimizer to (3.4). Define S(ψ) =
uψ −W.

It is clear that S(ψ) = ψ in D1. Moreover, φ = S(ψ) if and only if φ is the unique weak
solution to (3.3). We next give some estimates on S restricted to Λ.

Lemma 3.1. There exist θ > 0 small enough and ε0 > 0 such that, for any ε ∈ (0,ε0), τ ∈ (0,τε)
and some constants C1 > 0 independent of ε and τ , the following statements hold:

(i) If ψ ∈ Λ, then ‖S(ψ)‖ε,RN\D1
≤C1

σ2
ε

ε2 dε and

‖S(ψ)‖ε,RN\D2
≤C1ε

θ dε , ‖S(ψ)‖L∞(RN\D2)
≤C1ε

θ ḋε .

Furthermore, if ‖ψ‖L∞(D2\D1) ≤
1
2 ḋε , then ‖S(ψ)‖L∞(RN\D1)

≤C1ḋε .
(ii) If ψi ∈ Λ and ‖ψi‖L∞(D2\D1) ≤ ḋε , i = 1,2, then

‖S(ψ1)−S(ψ2)‖ε,RN\D1
≤C1

σ2
ε

ε2 ‖ψ1−ψ2‖ε,D3\D1,

‖S(ψ1)−S(ψ2)‖ε,RN\D2
≤C1ε

θ‖ψ1−ψ2‖ε,D3\D1,

‖S(ψ1)−S(ψ2)‖L∞(RN\D1)
≤C1

σ2
ε

ε2 ‖ψ1−ψ2‖L∞(D3\D1),

‖S(ψ1)−S(ψ2)‖L∞(RN\D2)
≤C1ε

θ‖ψ1−ψ2‖L∞(D3\D1).

Proof. (i) In RN\D1, we have ‖W‖L∞(RN\D1)
≤∑

k
j=1 eV (x j)+N

2 e−
σ2

ε

4ε2 . So, for all small ε, fτ(W )=

0 in RN\D1 and for v ∈ E ∩H1
0 (RN\D1), τ ∈ (0,τε ] , by (2.7), there holds∫

RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)
v = O

(
ε
−(1+θ)e−

d2

32ε2 dε

)
‖v‖ε
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and ∫
RN

(
VW −

k

∑
j=1

V (x j)Uε, j
)
v

=
∫
RN

(
(V (x j)+ 〈∇V (x j),y− x j〉+O(|y− x j|2))W −

k

∑
j=1

V (x j)Uε, j
)
v

=
∫
RN

(
〈∇V (x j),y− x j〉+O(|y− x j|2)

)
Wv

=O
(
ε

θ dε

)
‖v‖ε .

Hence,∫
RN

(
ε

2
∇W∇v+VWv+hτ(W )v

)
=
∫
RN

(
ε

2
∇W∇v+VWv+hτ(W )v− fτ(W )v

)
=
∫
RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)
v+
(
VW −

k

∑
j=1

V (x j)Uε, j
)
v

=O
(
ε

θ dε

)
‖v‖ε .

(3.5)

Setting φ = S(ψ), by (3.3) and (3.5), we obtain, for each v ∈ E ∩H1
0 (RN\D1),∫

RN

(
ε

2
∇φ∇v+V φv+(hτ(W +φ)−hτ(W ))v

)
= O

(
ε

θ dε

)
‖v‖ε . (3.6)

For n = 1,2, · · · ,
[

1
2ε

√
|lnε|

]
−1, we take η̃n ∈ E ∩C1

0(RN) such that

0≤ η̃n ≤ 1, |∇η̃n| ≤ 2, η̃n =

{
0, in Qσε+(n−1)ε2,

1, in RN\Qσε+nε2.
(3.7)

Setting v = η̃nφ in (3.6), we obtain from Lemma 2.1 (ii) that

‖φ‖2
ε,RN\Q

σε+nε2
≤
∫
RN

(
ε

2|∇φ |2 +V φ
2)

η̃n

≤
∫
RN

(
ε

2|∇φ |2 +V φ
2 +(hτ(W +φ)−hτ(W ))φ

)
η̃n

=−
∫
RN

ε
2(

∇φ∇η̃n
)
φ +O

(
ε

θ dε

)
‖η̃nφ‖ε

≤
∫

Q
σε+nε2\Q

σε+(n−1)ε2

(ε2|∇φ |2 + ε
2
φ

2)+O
(
ε

θ dε

)
‖φ‖ε,RN\Q

σε+(n−1)ε2

≤2e−
1
2‖φ‖2

ε,RN\Q
σε+(n−1)ε2

−‖φ‖2
ε,RN\Q

σε+nε2
+O

(
ε

2θ d2
ε

)
.

Therefore, it holds that

‖φ‖2
ε,RN\Q2σε−ε2

≤ e−
√
|lnε|
4ε
−1‖φ‖2

ε,RN\D1
+(1+

∞

∑
n=1

e−
n
2 )O
(
ε

2θ d2
ε

)
= e−

√
|lnε|
4ε
−1‖φ‖2

ε,RN\D1
+O

(
ε

2θ d2
ε

)
.

(3.8)
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Let χ ∈ E ∩C1
0(RN) be the truncation function satisfying (3.2). Substituting v = χ(φ −ψ) ∈

E ∩H1
0 (D3\D1) in (3.6), we have

‖φ‖2
ε,D2\D1

≤
∫

D3\D1

(
ε

2|∇φ |2 +V φ
2)

χ

≤
∫

D3\D1

(
ε

2|∇φ |2 +V φ
2 +(hτ(W +φ)−hτ(W )φ)

)
χ

=−
∫

D3\D1

ε
2(∇φ∇χ)φ +

∫
D3\D1

ε
2
∇φ∇(χψ)+V φψχ

+
∫

D3\D1

(
hτ(W +φ)−hτ(W )

)
ψχ +O

(
ε

θ dε

)
‖φ −ψ‖ε,D3\D1.

(3.9)

Since ∑
k
j=1 eV (x j)+N

2 e−
9σ2

ε

4ε2 ≤W < e−2 in D3\D1, by Lemma 2.1 (iii), we have

|hτ(W +φ)−hτ(W )| ≤ 2
∣∣∣φ log

( k

∑
j=1

eV (x j)+N
2 e−

9σ2
ε

4ε2
)∣∣∣≤ 9σ2

ε

2ε2 |φ | in D3\D1. (3.10)

Then by (3.9), (3.10) and the Young’s inequality, we have

‖φ‖2
ε,D2\D1

≤2εσ
−1
ε ‖φ‖2

ε,RN\D1
+

σε

ε
‖ψ‖2

ε,D3\D1
+
∫
(D3\D1)

5
σ2

ε

ε2 |φψ|

+O
(
ε

θ dε

)(
‖φ‖ε,D3\D1 +‖ψ‖ε,D3\D1

)
≤
(
2εσ

−1
ε +

1
3
)
‖φ‖2

ε,RN\D1
+C

σ4
ε

ε4 ‖ψ‖
2
ε,D3\D1

+O
(
ε

2θ d2
ε

)
.

(3.11)

From (3.8) and (3.11), we obtain, for ε sufficiently small,

‖φ‖ε,RN\D1
≤C

σ2
ε

ε2 ‖ψ‖ε,D3\D1 +O
(
ε

θ dε

)
≤C

σ2
ε

ε2 dε . (3.12)

Moreover, recalling that σ2
ε = 1

4ε2|lnε|, by (3.8) and (3.12), we obtain, for some C,c > 0,

‖φ‖ε,RN\D2
≤ ‖φ‖ε,RN\Q2σε−ε2

≤C
σ2

ε

ε2 e−
√
|lnε|
4ε
−1‖ψ‖ε,D3\D1 +O

(
ε

θ dε

)
≤Ce−c σε

ε2 dε +O
(
ε

θ dε

)
≤Cε

θ dε .

Note by (3.3) that φ weakly solves

−ε
2
∆φ +V φ +hτ(W +φ)−hτ(W ) =

k

∑
j=1

V (x j)Uε, j−VW +gτ(W )−
k

∑
j=1

g(Uε, j),

in H1
loc(R

N\D1). By monotonicity of h and (2.5), we have

hτ(W +φ)−hτ(W )

φ
≥ 0

and ∥∥∥( k

∑
j=1

V (x j)Uε, j−VW
)
+gτ(W )−

k

∑
j=1

g(Uε, j)
∥∥∥

L∞(RN\D1)
= O

(
ε

θ ḋε

)
.
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Thus, as ε is small, |φ | weakly solves

−ε
2
∆|φ |+V |φ | ≤ ε

θ ḋε , in H1
loc(R

N\D1).

We get by the local L∞ estimate ([12], Theorem 8.17) that, for some C(N)> 0 depending only
on N,

‖φ‖L∞(RN\D2)
≤C(N)

(
‖φ‖2

ε,RN\Q2σε−ε2
+ ε

θ ḋε

)
≤Cε

θ ḋε .

Now, we assume further that ‖ψ‖L∞(D2\D1) ≤
1
2 ḋε . Setting φ̃(x) = φ(σεx+ x j), there holds

−ε
2
∆|φ̃ |+V (σεx+ x j)|φ̃ | ≤ σ

2
ε ε

θ ḋε , in B2(0)\B1(0).

By the global L∞ estimate ([12], Theorem 8.16), one has

‖φ‖L∞(D2\D1) = ‖φ̃‖L∞(B2(0)\B1(0))

≤ sup
∂B2(0)∪∂B1(0)

|φ̃ |+C(N)σ2
ε ε

θ ḋε

=
1
2

ḋε +C(N)σ2
ε ε

θ ḋε

≤ 1
2

ḋε .

(ii) Note that φ1 = S(ψ1) and φ2 = S(ψ2) satisfy φ1− φ2 = ψ1−ψ2 in D1 and for all v ∈
H1

0 (RN\D1),∫
RN

ε
2
∇(φ1−φ2)∇v+

∫
RN

(
V (φ1−φ2)+hτ(W +φ1)−hτ(W +φ2)

)
v = 0. (3.13)

Set v = η̃n(φ1−φ2) in (3.13) where, η̃n, n = 1,2, · · · ,
[ 1

2ε

√
|lnε|

]
−1, are truncation functions

taken as (3.7). Then similar to (3.8), we obtain for some C,c > 0

‖φ1−φ2‖2
ε,RN\D2

≤ ‖φ1−φ2‖2
ε,RN\Q2σε−ε2

≤Ce−c σε

ε2 ‖φ1−φ2‖2
ε,RN\D1

. (3.14)

On the other hand, let χ be the truncation function as (3.2) and set

v = χ(φ1−φ2)−χ(ψ1−ψ2) ∈ H1
0 (D3\D1).

By (i), |φ1|+ |φ2| ≤ ḋε ≤ W
2 in D3\D1, we have in D3\D1,

|hτ(W +φ1)−hτ(W +φ2)| ≤
∣∣∣h′τ(W

2
)
∣∣∣|φ1−φ2| ≤C

σ2
ε

ε2 |φ1−φ2|.

Similar to (3.11), it follows that

‖φ1−φ2‖2
ε,D2\D1

≤
(

2εσ
−1
ε +

1
3

)
‖φ1−φ2‖2

ε,RN\D1
+C

σ4
ε

ε4 ‖ψ1−ψ2‖2
ε,D3\D1

. (3.15)

Thus, (3.14) and (3.15) imply

‖φ1−φ2‖2
ε,RN\D1

≤C
σ4

ε

ε4 ‖ψ1−ψ2‖2
ε,D3\D1

,

‖φ1−φ2‖2
ε,RN\Q2σε−ε2

≤C
σ4

ε

ε4 e−c σε

ε2 ‖ψ1−ψ2‖2
ε,D3\D1

≤Cε
θ‖ψ1−ψ2‖2

ε,D3\D1
.

(3.16)



PEAK SOLUTIONS FOR LOGARITHMIC SCALAR FIELD SYSTEMS 17

To obtain the L∞ estimate, we note that by Lemma 2.1 (ii) |hτ(W +φ1)−hτ(W +φ2)| ≥ |φ1−φ2|.
Therefore, (3.3) implies that |φ1−φ2| weakly solves

−ε
2
∆|φ1−φ2|+(V +1)|φ1−φ2| ≤ 0, in RN\D1.

Then the conclusion of (ii) follows from (3.16) and the local L∞ estimate ([12], Theorem 8.17).
�

The following lemma proves that linear operator PεLε is bounded and invertible from E to E.

Lemma 3.2. There exist ε0 > 0, δ > 0, γ > 0 such that, for any ε ∈ (0,ε0), τ ∈ (0,τε) and
x j ∈ Bδ (ξ j), ‖PεLεψ‖ε ≥ γ‖ψ‖ε for all ψ ∈ E.

Proof. Arguing by contradiction, we assume that there exist εn→ 0 , x j,εn → ξ j, τεn → 0 and
ψεn ∈ Eεn such that ‖PεnLεnψn‖ε = o(1)‖ψn‖ε . For simplicity, we denote PεLε for PεnLεn . We
may assume ‖ψn‖2

ε = 2NεN
n , so∫

RN
ε

2
n ∇ψn∇v+(V (y)+ τ̄

−1
n )ψnv−

(
1+ τ̄

−1
n
)
W τ̄nψnv

=〈Lεψn,v〉εn = 〈PεLεψn,v〉εn = o(1)‖ψn‖εn‖v‖εn = o
(

2
N
2 ε

N
2

n

)
‖v‖εn, ∀v ∈ E.

(3.17)

In particular, ∫
RN

ε
2
n |∇ψn|2 +(V (y)+ τ̄

−1
n )ψ2

n −
(
1+ τ̄

−1
n
)
W τ̄nψ

2
n = o

(
2N

ε
N
n

)
(3.18)

and ∫
RN

ε
2
n |∇ψn|2 +V (y)ψ2

n = 2N
ε

N
n . (3.19)

Let ψ̄n(x) = ψn(2εnx+ x j,εn). Then limsupn→∞

∫
RN |∇ψ̄n|2 +V (2εnx+ x j,εn)ψ2

n ≤ 1. Without
loss of generality, we may assume there exist ψ ∈ H1(RN) such that

ψ̄n ⇀ ψ weakly in H1
loc(R

N) and ψ̄n→ ψ strongly in L2
loc(R

N).

In view of ∫
RN

f ′(Uεn, j)Z jv =
∫
B

2εn

√
V (x j)+N

2 +2
(x j)

f ′(Uεn, j)Z jv = 0,

we have ∫
RN

f ′(U j)
∂U j

∂xi
v̄n =

∫
B√

V (x j)+N
2 +2

(0)
f ′(U j)

∂U j

∂xi
v̄n = 0, i = 1, · · · ,N.

Thus
∫
RN f ′(U j)

∂U j
∂xi

v = 0.
Next, we claim that ∫

RN
|y|2ψ

2dy < ∞. (3.20)

To show (3.20), we have ‖W‖L∞(RN) ≤ ∑
k
j=1 eV (x j,εn)+N

2 . By (3.18), we have, for some C > 0
independent of εn,∫

RN
ε

2
n |∇ψn|2 +V (y)ψ2

n +h′τ̄n
(W )ψ2

n =
∫
RN

f ′τ̄n
(W )ψ2

n +o(2N
ε

N
n )≤C

∫
RN

ψ
2
n +2N

ε
N
n .
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From (3.19), we have 0 ≤
∫
RN h′

τ̄n
(W )ψ2

n ≤CεN
n . On the other hand, there exists R1 > 0 inde-

pendent of εn such that 0 <W (y)≤ 1
2e−2 for y ∈ B 1

4 d(x j,εn)\B2εnR1(x j,εn). So, for any R≥ R1, we
have B2

√
εnR(x j,εn) ⊂ B 1

4 d(x j,εn) for all small εn and

limsup
n→∞

∫
B2
√

εnR(x j,εn )\B2εnR1(x
j,εn )

1−W τ̄n

τ̄n
ψ

2
n

≤ limsup
n→∞

∫
B 1

4 d(x j,εn )
\B2εnR1(x

j,εn )

(h′τ̄n
(W )+1)ψ2

n ≤Cε
N
n .

That is,

limsup
n→∞

∫
B R√

εn
(0)\BR1(0)

1−
(

U j(x)+∑m 6= j Um(2εnx+ x j,εn)
)τ̄n

τ̄n
ψ

2
n ≤C, (3.21)

where C > 0 is independent of R and εn. Hence, as n→ ∞, we have

1−
(

U j(x)+∑m 6= j Um(2εnx+ x j,εn)
)τ̄n

τ̄n
→− logU j. (3.22)

Note that in B R√
εn
(0)\BR1(0), U j(x) = eV (x j)+N

2 e−|x|
2 ≤W (2εnx+ x j,εn)≤ 1

2e−2. Then by (3.21),

(3.22) and Fatou s Lemma, we have
∫

B R√
εn

(0)\BR1(0)
−(logU j)ψ

2 ≤C, for some C independent of

R. Since U j(x) = eV (x j)+N
2 e−|x|

2
, we obtain (3.20) by letting εn→ 0.

Next, we clam ψ = 0. Let

Ē =
{

ψ ∈ H1(RN) :
∫
RN

f ′(U j)
∂U j

∂xi
ψ = 0,

∫
RN
|y|2ψ

2dy < ∞

}
be the Banach space with the norm ‖v‖2

1 = ‖v‖2
εn
+
∫
RN |y|2v2 for all v ∈ Ē. For any R > 0, let

v∈C∞
0 (BR(0))∩ Ē, vn(y) := v

(
y−x j,εn

2εn

)
∈C∞

0
(
B2Rεn

(
x j,εn

))
, then we find from (3.17) and (3.22)

that ∫
RN

∇v∇ψ +V (ξ j)vψ− vψ− (logU j)vψ = 0. (3.23)

By the density of C∞
0 (RN) in v ∈ Ē, (3.23) holds for any v ∈ Ē. However, (3.23) also holds for

v = ∂U j
∂xi

. Thus, for any v ∈ H1(RN) with
∫
RN |y|2v2 < ∞ (3.23) holds. Or equivalently, ψ solves

(1.4). Since U j is non-degenerate, then ψ = ∑
N
i=1Ci

∂U j
∂xi

. We obtain Ci = 0, so ψ = 0. Thus∫
B2Rεn(x j,εn)

ψ
2
n = o(2N

ε
N
n ), ∀R > 0.

Since

W (y) =
k

∑
j=1

Uεn, j(y) =
k

∑
j=1

eV (x j,εn)+N
2 e
− |y−x j,εn |2

4ε2n ,

we fix an R > 0 such that W (y)≤ e−3 for y ∈ RN\∪k
j=1 B2εnR(x j,εn) and W (y)≤ 2eV (x j,εn)+N

2 for
y ∈ ∪k

j=1B2εnR(x j,εn). Then, for n sufficiently large,

τ̄
−1
n − (1+ τ̄

−1
n )W τ̄n ≥ τ̄

−1
n − (1+ τ̄

−1
n )e−3τ̄n ≥ 1 in y ∈ RN\∪k

j=1 B2εnR(x j,εn)
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and

τ̄
−1
n − (1+ τ̄

−1
n )W τ̄n ≥−V (x j,εn)− N

2
−2log2−2 in y ∈ B2εnR(x j,εn).

Thus

o(2N
ε

N
n )

=
∫
RN

ε
2
n |∇ψn|2 +(V (y)+ τ̄

−1
n )ψ2

n −
(
1+ τ̄

−1
n
)
W τ̄nψ

2
n

=
∫
RN\∪k

j=1B2εnR(x j,εn )

ε
2
n |∇ψn|2 +(V (y)+ τ̄

−1
n )ψ2

n −
(
1+ τ̄

−1
n
)
W τ̄nψ

2
n

+
∫
∪k

j=1B2εnR(x j,εn )

ε
2
n |∇ψn|2 +(V (y)+ τ̄

−1
n )ψ2

n −
(
1+ τ̄

−1
n
)
W τ̄nψ

2
n

≥
∫
RN

ε
2
n |∇ψn|2 +

∫
RN\∪k

j=1B2εnR(x j,εn )

ψ
2
n +

k

∑
j=1

∫
B2εnR(x j,εn )

(
−V (x j,εn)− 1

2
N−2log2−2

)
ψ

2
n

+o(2N
ε

N
n )

= 2N
ε

N
n +o(2N

ε
N
n ).

This is a contradiction to (3.18). �

We define the operators B and T as follows:

Definition 3.2. Define B(ψ) := Pε lε +PεRε(ψ). From Lemmas 3.2, we can define T (ψ) :=
(PεLε)

−1B(ψ) = (PεLε)
−1Pε lε +(PεLε)

−1PεRε(ψ).

3.2. Finding the Fixed Point of T S. Due to the sublinear nonlinear term, it is very difficult or
even impossible to directly prove the existence of a fixed point for the operator T . Therefore,
we utilize the a priori estimates obtained for the minimizer to first find a fixed point of the
composite operator T S, and then demonstrate that it is indeed a fixed point of T . To apply the
fixed point theorem to the composite operator T S, we require the following estimates.

Lemma 3.3. There exist θ > 0 small enough and C > 0 independent of ε and τ , such that
‖lε‖ε ≤Cεθ dε and ‖lε‖L∞(RN) ≤Cεθ ḋε .

Proof. Recall that 〈lε ,v〉ε =
∫
RN

(
∑

k
j=1(V (x j)−V (y))Uε, j +

(
gτ(W )−∑

k
j=1 g(Uε, j)

))
v. One

has ∣∣∣∫
RN

(V (y)−V (x j))Uε, jv
∣∣∣

≤C
(∫

RN
(V (y)−V (x j))2U2

ε, j

) 1
2‖v‖ε

=C
(

2N
ε

N
∫
RN

(V (2εx+ x j)−V (x j))2U2
ε, j(2εx+ x j)

) 1
2‖v‖ε

≤Cε
N
2

(∫
RN

(ε|∇V (x j)||x|+ ε
2|x|2)2U2

ε, j(2εx+ x j)
) 1

2‖v‖ε

≤Cε
N
2 (ε|∇V (x j)|+ ε

2)‖v‖ε =Cε
θ dε‖v‖ε .

(3.24)
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On the other hand, from lemma 2.1 and lemma 2.5, we have∣∣∣∫
RN

(
gτ(W )−

k

∑
j=1

g(Uε, j)
)

v
∣∣∣≤∫

RN

∣∣∣ k

∑
j=1

g(Uε, j)−gτ(W )
∣∣∣|v|

≤Cε
−(1+θ)e−

d2

32ε2 dε‖v‖ε ≤Cε
θ dε‖v‖ε .

(3.25)

From (3.24) and (3.25), we see that ‖lε‖ε ≤Cεθ dε . Similarly, ‖lε‖L∞(RN) ≤Cεθ ḋε . �

Next, it is more difficult to estimate the error term Rε(S(ψ)).

Lemma 3.4. There exist θ > 0 small enough and C > 0 independent of ε and τ , such that
‖Rε(S(ψ))‖ε ≤Cεθ dε and ‖Rε(S(ψ))‖L∞(RN) ≤Cεθ ḋε .

Proof. Recall that 〈Rε(ψ),v〉ε =
∫
RN (gτ(W + ψ)− gτ(W )− g′τ(W )ψ)v. In D2, for any θ̄ ∈

(0,1), from Lemma 3.1, we direct calculate

|〈Rε(S(ψ)),v〉ε |=
∣∣∣∫

D2

(
gτ(W +S(ψ))−gτ(W )−g′τ(W )S(ψ))v

∣∣∣
=
∣∣∣∫

D2

g′′τ (W + θ̄S(ψ))
(
S(ψ)

)2v
∣∣∣

≤
∫

D1

∣∣∣g′′τ(e−
σ2

ε

4ε2
)(

S(ψ)
)2v
∣∣∣+∫

D2\D1

∣∣∣g′′τ(e−
σ2

ε

ε2
)(

S(ψ)
)2v
∣∣∣

≤Ce
σ2

ε

4ε2 ḋεdε‖v‖ε +Ce
σ2

ε

ε2 ḋεdε‖v‖ε ≤Cε
θ dε‖v‖ε .

(3.26)

On the other hand, in RN\D2, we use the fact that S(ψ) is a solution of system (3.3). Since
system (3.3) is equivalent to LεS(ψ) = lε +Rε(S(ψ)), then, by Lemma 3.1, there holds

‖Rε(S(ψ))‖2
ε,RN\D2

=‖LεS(ψ)− lε‖2
ε,RN\D2

≤C‖S(ψ)‖2
ε,RN\D2

+C‖lε‖2
ε,RN\D2

≤CC2
1ε

2θ d2
ε +Cε

2θ d2
ε ≤Cε

2θ d2
ε .

From (3.26) and (3.26), we have ‖Rε(S(ψ))‖ε ≤Cεθ dε . Similarly, we can obtain

‖Rε(S(ψ))‖L∞(RN) = O
(
ε

θ ḋε

)
.

�

Based on the above estimates, we have the following result.

Proposition 3.1. There exist δ > 0, θ > 0 small enough and ε0 > 0 such that, for any ε ∈
(0,ε0], Bδ (ξm)∩Bδ (ξ j) = /0, m, j = 1, · · · ,k, there exist a unique C1-map ψ ∈ E satisfying

ψ = T S(ψ) and ‖ψ‖ε ≤ dε , ‖ψ‖L∞ ≤ ḋε .

Proof. Recalling that the operator of T is defined in 3.2. In view of Lemma 3.2, there holds

ψ = T S(ψ) = (PεLε)
−1Pε lε +(PεLε)

−1PεRε(S(ψ)).

Now, we apply the fixed point theorem in Λ =
{

ψ ∈ E∩L∞(RN) | ‖ψ‖ε ≤ dε and ‖ψ‖L∞(RN) ≤
ḋε

}
.

(i) T S maps Λ onto Λ. In fact, for any ψ ∈ Λ, it follows from Lemmas 3.3 and 3.4 that

‖T S(ψ)‖ε ≤C‖lε‖ε +C‖Rε(S(ψ))‖ε ≤
1
2

dε . (3.27)
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Similarly, ‖T S(ψ)‖L∞(RN) ≤ 1
2 ḋε .

(ii) T S is a contraction map. To prove this claim, from Lemma 3.1, for any ψ1,ψ2 ∈ Λ and
θ̄ ∈ (0,1), in D1, we have

|Rε(S(ψ1))−Rε(S(ψ2))|

=
∣∣∣((gτ(W +S(ψ1))−

(
gτ(W +S(ψ2))

)
−g′τ(W )

(
S(ψ1)−S(ψ2)

)∣∣∣
=
∣∣∣(g′τ(W +S(ψ2)+ θ̄(S(ψ1)−S(ψ2)

)(
S(ψ1)−S(ψ2)

)
−g′τ(W )

(
S(ψ1)−S(ψ2)

)∣∣∣
=
∣∣∣(g′τ(W +S(ψ2)+ θ̄(S(ψ1)−S(ψ2)))−g′τ(W )

)(
S(ψ1)−S(ψ2)

)∣∣∣
=
∣∣∣(g′′τ (W + θ̄(S(ψ2)+ θ̄(S(ψ1)−S(ψ2))))(S(ψ2)+ θ̄(S(ψ1)−S(ψ2)))

)(
S(ψ1)−S(ψ2)

)∣∣∣
=
∣∣∣(g′′τ (W +S(ψ2)+ θ̄S(ψ1)+(θ̄ − θ̄

2)S(ψ2))(θ̄S(ψ1)+(1− θ̄)S(ψ2))
)(

S(ψ1)−S(ψ2)
)∣∣∣

≤
∣∣∣g′′τ(e−

σ2
ε

4ε2
)(

S(ψ1)−S(ψ2)
)(

S(ψ1)+S(ψ2)
)∣∣∣

≤Ce
σ2

ε

4ε2 ḋε(ψ1−ψ2).

Similarly, in D2\D1, there holds

|Rε(S(ψ1))−Rε(S(ψ2))| ≤
∣∣∣g′′τ(e−

σ2
ε

ε2
)(

S(ψ1)−S(ψ2)
)(

S(ψ1)+S(ψ2)
)∣∣∣

≤Ce
σ2

ε

ε2 ḋε(S(ψ1)−S(ψ2)).

(3.28)

Recalling the definitions of σε and ḋε , from Lemmas 3.1, we have

‖T S(ψ1)−T S(ψ2)‖2
ε

≤C‖Rε(S(ψ1))−Rε(S(ψ2))‖2
ε

=C‖Rε(S(ψ1))−Rε(S(ψ2))‖2
ε,D1

+C‖Rε(S(ψ1))−Rε(S(ψ2))‖2
ε,D2\D1

+C‖Rε(S(ψ1))−Rε(S(ψ2))‖2
ε,RN\D2

≤Ce
σ2

ε

4ε2 ḋε‖S(ψ1)−S(ψ2)‖2
ε,D1

+Ce
σ2

ε

ε2 ḋε‖S(ψ1)−S(ψ2)‖2
ε,D2\D1

+C‖S(ψ1)−S(ψ2)‖2
ε,RN\D2

≤1
4
‖ψ1−ψ2‖2

ε,D1
+C

σ4
ε

ε4 e
σ2

ε

ε2 ḋε‖ψ1−ψ2‖2
ε,D3\D1

+CC2
1ε

2θ‖ψ1−ψ2‖2
ε,D3\D2

≤1
4
‖ψ1−ψ2‖2

ε .

Therefore, ‖T S(ψ1)−T S(ψ1)‖ε ≤ 1
2‖ψ1−ψ2‖ε . Similarly, ‖T S(ψ1)−T S(ψ2)‖L∞(RN)≤ 1

2‖ψ1−
ψ2‖L∞(RN). By the fixed point theorem, we conclude that, for any ε ∈ (0,ε0], Bδ (ξm)∩Bδ (ξ j) =

/0, m, j = 1, · · · ,k, there exists ψ ∈ Λ, depending on x j and ε , satisfying ψ = T S(ψ). Similar to
(3.27), we obtain

‖ψ‖ε = ‖T S(ψ)‖ε ≤C‖lε‖ε +C‖Rε(S(ψ))‖ε ≤
1
2

dε
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and

‖ψ‖L∞(RN) = ‖T S(ψ)‖L∞(RN) ≤C‖lε‖L∞(RN)+C‖Rε(S(ψ))‖L∞(RN) ≤
1
2

ḋε .

�

3.3. The Fixed Point of T . Based on the fixed point of the composite operator T S and the
solution of the minimizer problem, we have the following result.

Proposition 3.2. There exist δ > 0, θ > 0 small enough and ε0 > 0 such that, for any ε ∈
(0,ε0], Bδ (ξm)∩Bδ (ξ j) = /0, m, j = 1, · · · ,k, there exists a unique C1-map ψ ∈ E, which is
given in Proposition 3.1, satisfying ψ = T ψ .

Proof. Recalling the definition of operator B, there holds B(S(ψ)) = Pε lε +PεRε(S(ψ)). For
any ψ ∈ Λ, we claim ψ = T S(ψ) = T ψ. Since S(ψ) is a solution of (3.3), then PεLεS(ψ) =
Pε lε +PεRε(S(ψ)). For any v ∈ H1

0 (RN\D1), we have〈
B(S(ψ))−PεLεS(ψ),v

〉
ε
= 0. (3.29)

On the other hand, ψ is the fixed point of T S, so PεLεψ = PεLεT S(ψ) = Pε lε +PεRε(S(ψ)).
For any v ∈ H1

0 (RN\D1), we have〈
B(S(ψ))−PεLεψ,v

〉
ε
= 0. (3.30)

From (3.29) and (3.30), we obtain
〈
PεLε(ψ−S(ψ)),v

〉
ε
= 0. In particular,

〈
PεLε(ψ−S(ψ)),ψ−

S(ψ)
〉

ε
= 0. Therefore, in RN\D1, by Lemma 3.1, we obtain ψ = S(ψ). In fact, ψ = S(ψ) in

D1. Hence, ψ = T S(ψ) = T ψ and we complete the proof. �

Completion of Proof of Proposition 3.2. Let ψ ∈ Λ be the fixed point of T in Proposition 3.2.
We remark that ψ is well-defined by the uniqueness. In light of the implicit function theorem,
it suffices to prove that the operator Lε : E→ E defined as follows is invertible:

〈Lεu,v〉=
∫
RN

ε
2
∇u∇v+(V (y)−g′τ(W +ψ))uv, u,v ∈ E.

For any u∈ E, let u = u1+u2 with u1 = χu∈ E2σε
and u2 = (1−χ)u∈ E∩H1

0 (RN\D1), where
χ ∈ E ∩C1

0(RN) is the truncation function satisfying (3.2). By the choice of χ , we check that

‖u‖ε ≤ ‖u1‖ε +‖u2‖ε ≤ 2‖u‖ε (3.31)

On one hand,

‖Lεu‖ε = sup
v∈E,‖v‖ε=1

〈Lεu,v〉 ≥ sup
v∈E2σε

,‖v‖ε=1
〈Lu,v〉= sup

v∈E2σε
,‖v‖ε=1

〈Lu,χv〉

= sup
v∈E2σε

,‖v‖ε=1

∫
RN

ε
2
∇u∇(χv)+(V (y)−g′τ(W +ψ))χuv

≥ sup
v∈E2σε

,‖v‖ε=1

∫
RN

ε
2
∇(χu)∇v+(V (y)−g′τ(W +ψ))χuv−4εσ

−1
ε ‖u‖ε

≥ sup
v∈E2σε

,‖v‖ε=1
〈L2σε

u1,v〉−‖g′τ(W +ψ)−g′τ(W )‖L2(D2)
‖u‖ε −4εσ

−1
ε ‖u‖ε ,
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where 〈L2σε
u1,v〉 is defined as

〈L2σε
u1,v〉ε =

∫
Q2σε

ε
2
∇u1∇v+(V (y)+ τ

−1)u1v−
(
1+ τ

−1)W τu1v

=
∫
RN

ε
2
∇u1∇v+

(
V (y)−g′τ(W )

)
u1v, u1,v ∈ E2σε

.

(3.32)

In view of ‖ψ‖L∞(RN) ≤ ḋε , as ε is small, we obtain

‖Lu‖ε ≥ γ‖u1‖ε −5εσ
−1
ε ‖u‖ε . (3.33)

On the other hand, since −g′τ(W +ψ) = h′τ(W +ψ)≥ 1 in RN\D1, we have

〈Lεu,u2〉ε =
∫
RN

ε
2
∇u∇u2 +(V (y)−g′τ(W +ψ))(1−χ)u2

≥‖u2‖2
ε +

∫
RN

ε
2
∇u1∇u2

=‖u2‖2
ε +

∫
RN

ε
2(u(1−2χ)∇u∇χ−u2|∇χ|2)+

∫
RN

ε
2
χ(1−χ)|∇u|2

≥‖u2‖2
ε −

∫
RN

ε
2(|u||∇χ||∇u|+ |∇χ|2u2)

≥‖u2‖2
ε −2εσ

−1
ε ‖u‖ε .

Therefore,
‖Lεu‖ε‖u2‖ε ≥ ‖u2‖2

ε −2εσ
−1
ε ‖u‖ε . (3.34)

By (3.31) C(3.34), we have

2‖Lεu‖ε‖u2‖ε ≥ ‖Lεu‖(‖u1‖ε +‖u2‖ε)≥
1
2

min{1,γ}‖u‖2
ε −7εσ

−1
ε ‖u‖2

ε .

Thus Lε is invertible, and we have completed the proof. �

4. PROOF THE EXISTENCE OF THE SOLUTIONS

4.1. proof of Theorem 1.1 and Theorem 1.3. For ε ∈ (0,ε0) and τ ∈ (0,τε ], let ψ be given
in Proposition 3.1. To show our main theorems, we need some results as follows. Section 3
implies that

Lεψ− lε −Rε(ψ) =
k

∑
j=1

N

∑
i=1

ai, j f ′(Uε, j)
∂Uε, j

∂yi
(4.1)

for some constants ai, j. Every ai, j is determined by the following equations The second step is
to choose x j suitably, such that ai, j = 0, i = 1, · · · ,N, j = 1, · · · ,k. The function in the right
hand side of (4.1) belongs to

E⊥ = span
{

∂Uε, j

∂yi
, i = 1, · · · ,N, j = 1, · · · ,k

}
.

Therefore, if the left hand side of (4.1) belongs to E, then the function in the right hand side of
(4.1) must be zero. Recall that uε,τ =Wε +ψε,τ = ∑

k
j=1Uε, j +ψε,τ . Then one has

〈Lεψ− lε −Rε(ψ),v〉ε =
∫
RN

ε
2
∇uε,τ∇v+V (y)uε,τv−gτ(uε,τ)v, ∀v ∈ H1(RN).
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Let χ0 ∈C1
0(RN) be a fixed truncation function such that

0≤ χ0 ≤ 1, |∇χ0| ≤ 2σ
−1
ε , |∆χ0| ≤ 2σ

−2
ε , χ0 =

{
1, in D1,

0, in RN\D2.
(4.2)

Lemma 4.1. If x j satisfies∫
RN

(
− ε

2
∆uε,τ +V (y)uε,τ −gτ(uε,τ)

)
χ0

∂Uε, j

∂yi
= 0, i = 1, · · · ,N, j = 1, · · · ,k, (4.3)

then ai, j = 0, i = 1, · · · ,N, j = 1, · · · ,k.

Proof. If (4.3) holds, then

k

∑
j=1

N

∑
h=1

ai, j

∫
RN

f ′(Uε, j)
∂Uε, j

∂yi
χ0

∂Uε, j

∂yh
= 0, i = 1, · · · ,N, j = 1, · · · ,k.

By direct calculation, we have∫
RN

f ′(Uε, j)
∂Uε, j

∂yi
χ0

∂Uε, j

∂yh

=
∫
B

2ε

√
V (x j)+N

2 +2
(x j)

(2+ logUε, j)
∂Uε, j

∂yi

∂Uε, j

∂yh

=2
∫
B

2ε

√
V (x j)+N

2 +2
(x j)

∂Uε, j

∂yi

∂Uε, j

∂yh
+
∫
B

2ε

√
V (x j)+N

2 +2
(x j)

logUε, j
∂Uε, j

∂yi

∂Uε, j

∂yh

=2
∫
B

2ε

√
V (x j)+N

2 +2
(x j)

∂Uε, j

∂yi

∂Uε, j

∂yh
+
∫
B

2ε

√
V (x j)+N

2 +2
(x j)

∣∣∣V (x j)+
N
2
− |y− x j|2

4ε2

∣∣∣∂Uε, j

∂yi

∂Uε, j

∂yh

=2N+1
ε

N
∫
B√

V (x j)+N
2 +2

(0)
∂Uε, j(2εz+ x j)

∂ zi

∂Uε, j(2εz+ x j)

∂ zh

+2N
ε

N
∫
B√

V (x j)+N
2 +2

(0)

∣∣∣V (x j)+
N
2
−|z|

∣∣∣∂Uε, j(2εz+ x j)

∂ zi

∂Uε, j(2εz+ x j)

∂ zh

=ε
N−4(δhic j +o(1)),

where δhi = 0 if h = i, and δii = 1,c j > 0 is a constant. Moreover, it follows from Lemma 2.3
that ∫

RN
f ′(Uε, j)

∂Uε, j

∂yi
χ0

∂Uε,m

∂yh
= ε

N−4O
(

e−σ
|xm−x j |2

ε2
)
, j 6= m.

So, we conclude that ai, j = 0, i = 1, · · · ,N, j = 1, · · · ,k. �

Now, we are ready to complete our main results.

Proof of Theorem 1.3. We only need to solve (4.3). The main task is to find the main term
for the function in the left hand side of (4.3). Recall that Wε = ∑

k
j=1Uε, j(y), where Uε, j(y) =
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eV (x j)+N
2 e−

|y−x j |2

4ε2 . Note that χ0 is defined in (4.2). Then the function in the left hand side of
(4.3) become∫

RN

(
− ε

2
∆uε,τ +V (y)uε,τ −gτ(uε,τ)

)
χ0

∂Uε, j

∂yi

=
∫
RN

(
− ε

2
∆Wε +V (y)Wε −gτ(Wε)

)
χ0

∂Uε, j

∂yi

+
∫
RN

(
−gτ(uε,τ)+gτ(Wε)+g′(Uε, j)ψε,τ

)
χ0

∂Uε, j

∂yi

+
∫
RN

(V (y)−V (x j))χ0
∂Uε, j

∂yi
ψε,τ +

∫
RN

(
−2ε

2
∇χ0∇

∂Uε, j

∂yi
ψε,τ − ε

2
ψε,τ

∂Uε, j

∂yi
∆χ0

)
= : A1 +A2 +A3 +A4.

Firstly, applying the symmetry of Uε, j and Lemma 2.3, we have∫
RN

(V (y)−V (x j))Wε χ0
∂Uε, j

∂yi

=
∣∣∣∫

RN
(V (y)−V (x j))χ0

∂Uε, j

∂yi
Uε, j

∣∣∣+ ∑
j 6=m

∣∣∣∫
RN

(V (y)−V (x j))χ0
∂Uε, j

∂yi
Uε,m

∣∣∣
=
(∫

D2

(V (y)−V (x j))2
(

∂Uε, j

∂yi

)2) 1
2‖Uε, j‖L2(RN)+ ε

N−1O
(

e−
c

ε2
)

=C
(

2N
ε

N
∫
RN

(V (2εx+ x j)−V (x j))2
(

∂Uε, j(2εx+ x j)

∂xi

)2) 1
2‖Uε, j‖L2(RN)+ ε

N−1O
(

e−
c

ε2
)

=Cε
N
2

(∫
RN

(ε|∇V (x j)||x|+ ε
2|x|2)2

(
∂Uε, j(2εx+ x j)

∂xi

)2) 1
2‖Uε, j‖L2(RN)+ ε

N−1O
(

e−
c

ε2
)

≤Cε
N(|∇V (x j)|+ ε),

for some c > 0. Therefore, by Lemmas 2.2, we have

A1 =
∫
RN

(V (y)−V (x j))Wε χ0
∂Uε, j

∂yi
+
∫
RN

( k

∑
i=1

g(Uε,i)−gτ(Wε)
)

χ0
∂Uε, j

∂yi

=Cε
N(|∇V (x j)|+ ε)+ ε

N−θ O
(

e−e
1
ε

)
≤Cε

N(|∇V (x j)|+ ε).

For A2. Next, we claim that the contribution of the error term ψε,τ to the function in the left
hand side of (4.3) is negligible. Then

|A2| ≤
∣∣∣∫

RN

(
gτ(uε,τ)−gτ(Wε)−g′(Uε, j)ψε,τ

)
χ0

∂Uε, j

∂yi

∣∣∣+ ∣∣∣∫
RN

(
g(Wε)−gτ(Wε)

)
χ0

∂Uε, j

∂yi

∣∣∣
≤
∣∣∣∫

RN

(
gτ(Wε +ψε,τ)−gτ(Wε)−g′(Wε)ψε,τ

)
χ0

∂Uε, j

∂yi

∣∣∣
+
∣∣∣∫

RN

(
g′(Wε)ψε,τ −g′(Uε, j)ψε,τ

)
χ0

∂Uε, j

∂yi

∣∣∣= A21 +A22.
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Since ψε,τ ∈ Λ. By Lemmas 2.2, we obtain

A21 ≤
∣∣∣∫

RN

(
gτ(Wε +ψε,τ)−gτ(Wε)−g′τ(Wε)ψε,τ

)
χ0

∂Uε, j

∂yi

∣∣∣
+
∣∣∣∫

RN

(
g′τ(Wε)−g′(Wε)

)
ψε,τ χ0

∂Uε, j

∂yi

∣∣∣
=
∣∣∣∫

RN

(
gτ(Wε +ψε,τ)−gτ(Wε)−g′τ(Wε)ψε,τ

)
χ0

∂Uε, j

∂yi

∣∣∣+ ε
N−θ O

(
e−e

1
ε

)
=
∣∣∣∫

D2

(
gτ(Wε +ψε,τ)−gτ(Wε)−g′τ(Wε)ψε,τ

)
∂Uε, j

∂yi

∣∣∣+ ε
N−θ O

(
e−e

1
ε

)
≤
∣∣∣∫

D2

g′′τ (e
−σ2

ε

ε2 )(ψε,τ)
2 ∂Uε, j

∂yi

∣∣∣+ ε
N−θ O

(
e−e

1
ε

)
≤Cε

N
2−1e

σ2
ε

ε2 ḋε‖ψε,τ‖ε +Cε
N
2−1ḋε‖ψε,τ‖ε + ε

N−θ O
(

e−e
1
ε

)
=O(εN+ 3

4−2θ ).

There exists a constant δ > 0 such that

A22 =
∣∣∣∫

RN
(logWε − logUε, j)χ0

∂Uε, j

∂yi
ψε,τ

∣∣∣≤ ∫
RN

∣∣∣(logWε − logUε, j)
∂Uε, j

∂yi
ψε,τ

∣∣∣
=
∫

Bδ (x j)

∣∣∣( log(1+
∑s 6= j Uε,s

Uε, j
)
)

∂Uε, j

∂yi
ψε,τ

∣∣∣+∫
RN\Bδ (x j)

∣∣∣( log
∑

k
s=1Uε,s

Uε, j

)
∂Uε, j

∂yi
ψε,τ

∣∣∣
=O
(

ε
−1
∫

Bδ (x j)
(∑

s 6= j
Uε,s)ψε,τ +

∫
RN\Bδ (x j)

U
1
2−θ

ε, j (
k

∑
s=1

Uε,s)
1
2 ψε,τ

)
=O
(

ε
−1e−

c
ε2 ‖ψε,τ‖ε

)
.

By Lemmas 2.2, we see that

|A3|=
∣∣∣∫

RN
(V (y)−V (x j))χ0

∂Uε, j

∂yi
ψε,τ

∣∣∣
≤C
(∫

D2

(V (y)−V (x j))2
(

∂Uε, j

∂yi

)2) 1
2‖ψε,τ‖ε

=C
(

2N
ε

N
∫
RN

(V (2εx+ x j)−V (x j))2
(

∂Uε, j(2εx+ x j)

∂xi

)2) 1
2‖ψε,τ‖ε

≤Cε
N
2

(∫
RN

(ε|∇V (x j)||x|+ ε
2|x|2)2

(
∂Uε, j(2εx+ x j)

∂xi

)2) 1
2‖ψε,τ‖ε

≤Cε
N+1−θ (|∇V (x j)|+ ε).
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In D2\D1, we know that
∣∣∣∇∂Uε, j

∂yi

∣∣∣ = O
(

ε
− 31

16 |lnε|
)

and
∣∣∣∂Uε, j

∂yi

∣∣∣ = O
(

ε
− 15

16
√
|lnε|

)
. Recall the

definition of σε and ψε,τ ∈ Λ. Finally, we obtain

|A4| ≤
∣∣∣∫

RN
2ε

2
∇χ0∇

∂Uε, j

∂yi
ψε,τ

∣∣∣+ ∣∣∣∫
RN

ε
2
ψε,τ

∂Uε, j

∂yi
∆χ0

∣∣∣
≤4
∫

D2\D1

ε
2
σ
−1
ε

∣∣∣∇∂Uε, j

∂yi

∣∣∣|ψε,τ |+2
∫

D2\D1

ε
2
σ
−2
ε |ψε,τ |

∣∣∣∂Uε, j

∂yi

∣∣∣
=O
(

σ
N
ε ε

2
σ
−1
ε

∣∣∣∇∂Uε, j

∂yi

∣∣∣|ψε,τ |+σ
N
ε ε

2
σ
−2
ε |ψε,τ |

∣∣∣∂Uε, j

∂yi

∣∣∣)= O(εN+θ ).

In conclusion, we have∫
RN

(
− ε

2
∆uε,τ +V (y)uε,τ −gτ(uε,τ)

)
χ0

∂Uε, j

∂yi
=Cε

N(|∇V (x j)|+ ε)+O(εN+θ ).

Therefore, system (4.3) is equivalent to

∇V (x j) = O(εθ ), j = 1, · · · ,k. (4.4)

By the assumption that deg(∇V,Bδ (ξ j),0) 6= 0, we deduce that (4.4) has a solution x j ∈ Bδ (ξ j),
and |x j− ξ j| = O(εθ ). For ε ∈ (0,ε0) and τ ∈ (0,τε ], we prove that Wε +ψε,τ is a solution to
(1.5). �

Proof of Theorem 1.1. By Theorem 1.3, for ε ∈ (0,ε0) and τ ∈ (0,τε ], there exists Wε,τ +ψε,τ

which is a solution to (1.5). In addition, ‖ψε,τ‖ε ≤ 1
2dε . Then, up to a subsequence, we may

assume as τ → 0,

ψε,τ ⇀ ψε weakly in H1(RN),

Wε,τ →Wε strongly in H1(RN).

We have that Wε,τ +ψε,τ ⇀Wε +ψε := uε and uε is a solution to (1.1).
Next, we prove that uε is positive. As ε → 0, there holds ‖u−ε ‖Lp ≤ ‖ψε‖Lp → 0 for all

p ∈ (2,2∗). However, by (1.1) and the Sobolev inequality, we have

‖u−ε ‖2
Lp ≤Cp

∫
RN

(
ε

2|∇u−ε |2 +V (u−ε )
2
)
≤Cp

∫
RN

(u−ε )
2 log(u−ε )≤ ‖u−ε ‖

p
Lp,

for some Cp > 0 independent of ε . Therefore, u−ε = 0 for small ε and the maximum principle of
[15] implies uε > 0. As a result, Wε +ψε is a positive solution to (1.1). The proof for Theorem
1.1 is completed. �

4.2. proof of Theorem 1.2 and Theorem 1.4. We outline the steps of the proof of Theorem
1.2 and Theorem 1.4. Similar procedures to Theorem 1.1 are not repeated here. Note that x0
is an isolated local maximum point of V (y). We take k points x1, · · · ,xk such that x j → x0,

j = 1, · · · ,k, as ε → 0. In this case, taking d := minm 6= j|xm− x j| =
√

ε ln
1
ε
,m, j = 1, · · · ,k,

Lemma 2.2 and Lemma 2.4 are also available.
For any fixed δ > 0 small enough, we always assume

x ∈ Sε :=
{

x : x j ∈ Bδ (x0), j = 1, · · · ,k, |xm− x j| ≥
√

ε ln
1
ε
, m 6= j

}
. (4.5)
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Step (i): For each x ∈ Sε and ψ ∈ E, we set J(ψ) = I(W +ψ). Thus〈
∂J(ψ)

∂ψ
,v
〉

ε
=
∫
RN

ε
2
∇(W +ψ)∇v+

∫
RN

(V (W +ψ)−gτ(W +ψ))v, v ∈ E,

which can be written as〈
∂J(ψ)

∂ψ
,v
〉

ε
= 〈Lεψ− lε −Rε(ψ),v〉ε , v ∈ E,

where Lε , lε and Rε(ψ) are defined in (1.8), (1.9), and (1.10). Similar to the proof of Theorem
1.3 in Section 3, by replacing ξ j with x0, j = 1, · · · ,k, we can solve ∂J(ψ)

∂ψ
= 0 in

Λ =
{

ψ ∈ E ∩L∞(RN) | ‖ψ‖ε ≤ dε and ‖ψ‖L∞(RN) ≤ ḋε

}
,

where dε and ḋε are defined in (3.1).
Step (ii): For ε ∈ (0,ε0), x ∈ Sε , and τ ∈ (0,τε ], we have reduced the perturbed problem to

∂J(ψ)

∂ψ
= Lεψ− lε −Rε(ψ) =

k

∑
j=1

N

∑
i=1

ai, j f ′(Uε, j)
∂Uε, j

∂yi
,

for some constants ai, j. Therefore, we need to choose x j suitably such that ai, j = 0, i =
1, · · · ,N, j = 1, · · · ,k. For this purpose, we use the following result, which can be proved
by standard analysis.

Lemma 4.2. Denoting F(x) for I(W +ψ), suppose that x∗ is a critical point of F(x). Then
ai, j = 0 for i = 1, · · · ,N and j = 1, · · · ,k.

From Lemma 4.2, we only need to prove that F(x) has a critical point in Sε . To show our
main theorems, we need some energy expansions as follows.

Lemma 4.3. There exits θ > 0 small enough such that J(ψ) = I(W )+O
(
εN+1−2θ

)
.

Proof. Step (i): To obtain the lower bound for J(ψ), we expand J(ψ) as follows

J(ψ) = I(W +ψ) = I(W )+ I1 + I2 + I3,

where

I1 =
1
2

∫
RN

(ε2|∇ψ|2 +V ψ
2)+

∫
RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)

ψ,

I2 =
∫
RN

(Hτ(W +ψ)−Hτ(W )−hτ(W )ψ),

I3 =−
∫
RN

(Fτ(W +ψ)−Fτ(W )− fτ(W )ψ).

From Lemma 2.4, one sees that I1 = O
(
εN+1−2θ

)
. By the mean value theorem and Lemma 2.1

(ii), there holds I2 =
∫
RN (hτ(W + θ̄ψ)−hτ(W ))ψ ≥ 0, where θ̄ ∈ (0,1). On the other hand, we

have
|I3| ≤ ‖ f ′τ(2|W |)‖L∞‖ψ‖2

ε = O
(
ε

N+1−2θ
)
.

Therefore,
J(ψ)≥ I(W )+O

(
ε

N+1−2θ
)
.
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Step (ii): We estimate the upper bound. Let χ ∈ E ∩C1
0(RN) be as in (3.2). We can know

χψ ∈ E ∩H1
0 (D3). Since ψ is the fixed point of S, by Lemma 3.1 and the definition of dε , one

fnds

‖χψ‖2
ε = ‖ψ‖2

ε,D2
+‖χψ‖2

ε,RN\D2

≤ ‖ψ‖2
ε,D2

+‖ψ‖2
ε,RN\D2

≤ 1
4

d2
ε +‖S(ψ)‖ε,RN\D2

≤ 1
4

ε
N+2−2θ +C2

1ε
2θ d2

ε ≤
1
4

ε
N+2−2θ .

(4.6)

By Proposition 3.2 and the definition of S, it holds that ψ = S(ψ) = S(χψ), where S be the
operator given in Definition 3.1. Then by Lemma 3.1 (i), there holds

J(ψ) = J(S(ψ)) = inf
u∈Eψ

Γ(u)

= J(S(χψ)) = I(W +S(χψ))

= Γ(W +S(χψ))

≤ Γ(W +χψ) = I(W +χψ) = I(W )+ Ī1 + Ī2,

where

Ī1 =
1
2

∫
RN

(ε2|∇χψ|2 +V (χψ)2)+
∫
RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)

χψ,

Ī2 =−
∫
RN

(Gτ(W +χψ)−Gτ(W )−gτ(W )χψ),

and the last inequality holds because

J(S(ψ)) = Γ(S(ψ)) = inf
u∈Eψ

Γ(u)≤ Γ(W +χψ).

By Lemma 2.4 again, Ī1 = O
(

εN+1−2θ

)
.

On the other hand,

‖χψ‖L∞(D2) ≤
1
2

ḋε <
1
2

inf
D2
|W |. (4.7)

Therefore, it holds from (4.6) and (4.7) that

|Ī2|=
∣∣∣∫

D2

(Gτ(W +χψ)−Gτ(W )−gτ(W )χψ)
∣∣∣

≤
∫

D2

|g′τ
(1

2
inf
D2
|W |
)
|(χψ)2 ≤C

σ2
ε

ε2 ε
N+2−2θ = O

(
ε

N+1−2θ

)
.

�

Now, we are ready to complete our main results.

Proof of Theorem 1.4. With Sε defined in (4.5), we consider the following maximization prob-
lem

max
x∈Sε

F(x).

Then it is achieved by x∗ ∈ Sε . In order to prove that x∗ is a critical point of F(x), it suffices
to show that x∗ is an interior point of Sε . We take x j, j = 1, · · · ,k, satisfying |x j − x0| ≤ εβ
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and |xm− x j| ≥
(√

ε ln 1
ε

)1−β

, m 6= j, where 1� β > 0 is a small fixed constant. Then, for

x∗ = (x1, · · · ,xk) ∈ Sε , one has

F(x∗) =
1
4

Akε
Ne2V (x0)+N + ε

NO
(
ε

2β
)
.

Suppose that there exists x j0 such that, for x j0 ∈ ∂Bδ (x0),

F(x)≤ 1
4

ε
N(2π)

N
2 e2V (xε, j0)+N +

1
4 ∑

j 6= j0

ε
N(2π)

N
2 e2V (x0)+N +o

(
ε

N)< F(x∗).

But this contradicts the fact that x∗ is a maximum point of F(x) in Sε .

Suppose that there exist xm0 and x j0 , m0 6= j0, such that |xm0− x j0|=
√

ε ln
1
ε

. Then

F(x)≤ 1
4

kε
N(2π)

N
2 e2V (x0)+N−Bε

N+ 1
8ε e2V (x0)+N + ε

NO(ε)< F(x∗),

for some B > 0, which is also a contradiction. For ε ∈ (0,ε0), x ∈ Sε and τ ∈ (0,τε ], we have
proved that x∗ is a maximum point of F(x) in Sε . Then Wε,τ +ψε,τ is a critical point of I and a
solution to (1.5).

�

Proof of Theorem 1.2. By simply repeating the proof process of Theorem 1.1, we can derive
Theorem 1.2 immediately.

�

5. THE NON-DEGENERACY OF THE SOLUTIONS

In this section, we prove the non-degeneracy of positive multi-peak solutions Theorem 1.5.
From Section 4, we find a positive solution uε to (1.1) of the form uε =Wε +ψε , where Wε and
ψε are the limits of Wε,τ and ψε,τ as τ→ 0. In order to obtain some important estimates, system
(1.1) can also be rewritten as the following equation about ψε :{

L̃εψε = l̃ε + R̃ε(ψε), in RN ,

ψε ∈ H1(RN),

where L̃ε is a bounded linear operator in H1(RN), defined by

〈L̃εψε ,v〉ε =
∫
RN

(ε2
∇ψε∇v+V (y)ψεv−g′(W )ψεv), ∀v ∈ H1(RN),

l̃ε ∈ H1(RN) satisfies

〈l̃ε ,v〉ε =
∫
RN

( k

∑
j=1

(V (x j)−V (y))Uε, j +
(

g(W )−
k

∑
j=1

g(Uε, j)
))

v, ∀v ∈ H1(RN),

and R̃ε(ψε) ∈ H1(RN) satisfies

〈R̃ε(ψε),v〉ε =
∫
RN

(g(W +ψε)−g(W )−g′(W )ψε)v, ∀v ∈ H1(RN).
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5.1. Pohozaev identities. The crucial Pohozaev type identities we will use are as follows.

Proposition 5.1. Let u be the solution of (1.1), Lε(η) = 0. Then the following local Pohozaev
identities hold:∫

Ω

∂V (y)
∂yi

u2 =−2ε
2
∫

∂Ω

∂u
∂yi

∂u
∂ν

+ ε
2
∫

∂Ω

|∇u|2νi−
∫

∂Ω

u2 log|u|νi +
∫

∂Ω

(V (y)+
1
2
)u2

νi,

(5.1)
and∫

Ω

∂V (y)
∂yi

uη =−ε
2
∫

∂Ω

(
∂u
∂ν

+
∂η

∂yi
)+

∫
∂Ω

(ε2〈∇u,∇η〉+V (y)uη)νi−
∫

∂Ω

log|u|uηνi, (5.2)

where ν = (ν1, · · · ,ν2) is the unit outward normal of ∂Ω.

Proof. Identity (5.1) is obtained by multiplying ∂u(y)
∂yi

on both sides of (1.1) and integrating on

∂Ω. While the identity in (5.2) is obtained by multiplying ∂η(y)
∂yi

and ∂u(y)
∂yi

on both sides of (1.1)
and Lε(η) = 0, respectively, and integrating on ∂Ω. We omit the details. �

5.2. Some estimates on the multipeak solutions. First, we need to estimate uε on ∂Bδ (x j,ε)
as the following Lemma.

Lemma 5.1. Let {uε}ε>0 be a positive solution to (1.1) concentrating at ξ1, · · · ,ξk ⊂ RN . For
any fixed R >> 1, there exist constants c > 0 enough small and C > 0 such that

|uε(y)| ≤C
k

∑
j=1

e−c |y−x j,ε |
ε , ∀ y ∈ RN , j = 1, · · · ,k. (5.3)

and

|∇uε(y)| ≤C
k

∑
j=1

e−c R
ε , ∀y ∈ RN“BRε(x j,ε), j = 1, · · · ,k. (5.4)

Proof. Set Vm = 1
2 infy∈RN V (y) and write−ε2∆uε +(V (y)− log|uε |)uε = 0. For fixed R enough

big and ε enough small, for any α ∈ (0,Vm), there exists R > 0 such that

V (y)− log|uε | ≥ α, y ∈ RN \
k

∑
j=1

BRε(x j,ε).

Therefore, we have −ε2∆uε +αuε ≤ 0 in RN \∑
k
j=1 BRε(x j,ε). Let L̄εv = −ε2∆v+αv, v ∈

H1(RN). For v j(y) = e−
√

α|y−x j,ε |
ε , j = 1, · · · ,k, it follows that

L̄εv j(y) =−ε
2
(

α

ε2 −
(N−1)

√
α

ε|y− x j,ε |

)
v j(y)+αv j(y)≥ 0.

Taking ṽ j(y)= cv j(y)−uε(y), one has L̄ε ṽ j(y)= cL̄εv j(y)−L̄εuε(y)≥ 0, in RN \∑
k
j=1 BRε(x j,ε).

Since uε ∈ Cloc(RN), in ∂BRε(x j,ε), then there exists M > 0 such that |uε | ≤ M. When c =

Me
√

αR, in ∂B2Rε(x j,ε), one has ṽ j(y) = cv j(y)−uε(y)≥ ce−
√

α|y−x j,ε |
ε −M ≥ 0. Therefore,

L̄ε ṽ j(y)≥ 0, in RN“∑
k
j=1 BRε(x j,ε),

ṽ j(y)≥ 0, in ∂BRε(x j,ε),

ṽ j(y)→ 0, as y→ ∞.
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Hence, by the comparison theorem, we obtain ṽ j(y)≥ 0 in RN“∑
k
j=1 BRε(x j,ε). While in BRε(x j,ε),

we have the estimate Me
√

αR
∑

k
j=1 e−

√
α
|y−x j,ε |

ε ≥ M ≥ uε . This completes the proof of (5.3).
(5.4) is similar to (5.3). �

Corollary 5.1. If ψε in Theorem 1.1 satisfies ‖ψε‖ε = O
(
ε

N
2 +1), for any fixed δ > 0 enough

small, then there exist constants c> 0 enough small and C > 0 such that |ψε | ≤C ∑
k
j=1 e−c |y−x j,ε |

ε

for all y ∈ RN and |∇ψε | ≤Ce−
c
ε for all y ∈ ∂Bδ (x j), j = 1, · · · ,k.

For using the crucial Pohozaev type identity (5.1), we also need the following result.

Proposition 5.2. Let uε = ∑
k
j=1Uε, j +ψε be the solution of (1.1). Then ‖ψε‖ε = O(ε

N
2 +2).

Proof. From Lemma 2.2 and the definition of Lε , we see that

〈Lεψε ,ψε〉ε =
∫
RN

ε
2|∇ψε |2 +V (y)(ψε)

2−g′τ(W )(ψε)
2

=
∫
RN

ε
2|∇ψε |2 +V (y)(ψε)

2−g′(W )(ψε)
2 +O(e−e

1
ε

∫
RN

(ψε)
2)

= 〈L̃εψε ,ψε〉ε +O(e−e
1
ε

∫
RN

(ψε)
2).

Note that γ̃‖ψε‖2
ε ≤ 〈Lεψε ,ψε〉ε ≤ 〈L̃εψε ,ψε〉ε , ψε ∈ Eε . We mainly estimate 〈L̃εψε ,ψε〉ε .

〈L̃εψε ,ψε〉ε =
∫
RN

l̃εψε +
∫
RN

R̃ε(ψε)ψε ,

Under the condition (V2), we obtain∣∣∣∫
RN

(V (y)−V (x j))Uε, jψε

∣∣∣≤C
(

2N
ε

N
∫
RN

(V (2εx+ x j)−V (x j))2U2
ε, j(2εx+ x j)

) 1
2‖ψε‖ε

≤Cε
N
2

(∫
RN

(ε|∇V (x j)||x|+ ε
2|x|2)2U2

ε, j(2εx+ x j)
) 1

2‖ψε‖ε

≤Cε
N
2 +2‖ψε‖ε .

(5.5)

On the other hand, from Lemma 2.2, we have∣∣∣∫
RN

(
gτ(W )−

k

∑
j=1

g(Uε, j)
)

ψε

∣∣∣≤ ∫
RN

∣∣∣ k

∑
j=1

g(Uε, j)−gτ(W )
∣∣∣|ψε | ≤Ce−e

1
ε ‖ψε‖ε . (5.6)

Recalling the definition of l̃ε , we see from Lemma 2.2, (5.5), and (5.6) that

〈l̃ε ,ψε〉ε = 〈lε ,ψε〉ε +O(e−e
1
ε

∫
RN

ψε)≤Cε
N
2 +2‖ψε‖ε .

In D2, for any θ̄ ∈ (0,1), we direct calculate∣∣∣∫
D2

(
gτ(W +ψε)−gτ(W )−g′τ(W )ψε)ψε

∣∣∣
=
∣∣∣∫

D2

g′′τ (W + θ̄ψε)
(
ψε

)2
ψε

∣∣∣≤ ∫
D2

∣∣∣g′′τ(e−
σ2

ε

ε2
)(

ψε

)2
ψε

∣∣∣≤Ce
σ2

ε

ε2 ε‖ψε‖2
ε ≤Cε

3
4‖ψε‖2

ε .

(5.7)
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On the other hand, in RN\D2, we use the fact that ψε is a solution of system (1.1). Since
system (1.1) is equivalent to L̃εψε = l̃ε + R̃ε(ψε), there holds∫

RN\D2

R̃ε(ψε)ψε =
∫
RN\D2

(L̃εψε − l̃ε)ψε ≤Cε
N
2 +2‖ψε‖ε,RN\D2

. (5.8)

On the other hand, from Lemma 2.2, (5.7) and (5.8), we obtain

〈R̃ε(ψε),ψε〉ε = 〈Rε(ψε),ψε〉ε +O(e−e
1
ε ‖ψε‖ε) = o(1)‖ψε‖2

ε +O(e−e
1
ε ‖ψε‖ε).

Finally, we obtain ‖ψε‖ε = O(ε
N
2 +2).

�

From the crucial Pohozaev type identity (5.1) and Proposition 5.2, we have the following
known result.

Lemma 5.2. Let uε be the solution of (1.1) concentrating at k, k ≥ 2, different non-degenerate
critical points {ξ1, · · · ,ξk} ⊂ RN of V (y). Then it holds

|x j,ε −ξ j|= O(ε), for j = 1, · · · ,k. (5.9)

Proof. Applying (5.1) to uε with Ω = Bδ (x j,ε), where δ > 0 enough small, we have∫
Bδ (x j,ε )

∂V (y)
∂yi

u2
ε =−2ε

2
∫

∂Bδ (x j,ε )

∂uε

∂yi

∂uε

∂ν
+ ε

2
∫

∂Bδ (x j,ε )
|∇uε |2νi

−
∫

∂Bδ (x j,ε )
u2

ε log|uε |νi +
∫

∂Bδ (x j,ε )
(V (y)+

1
2
)u2

ενi,

(5.10)

From Lemma 5.1, we know that |uε |+ |∇uε | ≤Ce−
c
ε for all y ∈ Bδ (x j,ε), j = 1, · · · ,k, where

c > 0 is a constant. Then,

u2
ε loguε ≤Ce−

2c
ε (

c
ε
− logC) = O(e−

c
ε ).

Therefore, (5.10) equivalent to∫
Bδ (x j,ε )

∂V (y)
∂yi

u2
ε = O(e−

c
ε ), i = 1, · · · ,N.

On the other hand,∫
Bδ (x j,ε )

(
∂V (y)

∂yi
− ∂V (x j,ε)

∂yi

)
u2

ε

=
∫

Bδ (x j,ε )
〈∇2V (x j,ε),y− x j,ε〉u2

ε +O(
∫

Bδ (x j,ε )

(
|y− x j,ε |2

)
u2

ε)

=
∫

Bδ (x j,ε )
〈∇2V (x j,ε),y− x j,ε〉(U2

ε, j +2Uε, jψε +(ψε)
2)+O(e−

c
ε + ε

N+1)

Now, by the symmetry of Uε, j, we have
∫

Bδ (x j,ε )〈∇2V (x j,ε),y− x j,ε〉U2
ε, j = 0, i = 1, · · · ,N. By

Hölder’s inequality, we have∫
Bδ (x j,ε )

〈∇2V (x j,ε),y− x j,ε〉(2Uε, jψε +(ψε)
2) = o(εN+1).
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Therefore,
∫

Bδ (x j,ε )
∂V (y)

∂yi
u2

ε = o(εN+1). Then, for i = 1, · · · ,N,∫
Bδ (x j,ε )

〈
∂ 2V (ξ j)

∂xi∂xl
,yl− x j,ε,l〉u2

ε = o(εN+1).

So, combining the condition (V2) and
∫

Bδ (x j,ε ) u2
ε = O(εN), we obtain (5.9). �

5.3. Non-degeneracy result. Let uε be a solution of (1.1) constructed in Theorem 1.1. Sup-
pose that there exist εm→ 0, satisfying ηεm ∈ H1(RN),‖ηεm‖L∞(RN) = 1, and Lεmηεm = 0. Let
ηεm, j(x) = ηεm(2εmx+ x j,εm). Now we study the asymptotic behavior of ηεm, j(x).

Lemma 5.3. It holds ηεm, j(x)→∑
N
i=1 a j,i

∂U j
∂xi

, uniformly in C1(BR(0)) for any R > 0, where a j,i
are some constants.

Proof. In view of |ηεm, j| ≤C, we may assume that ηεm, j→ η j in Cloc(RN). Then η j satisfies

−∆η j +V (ξ j)η j = (1+ logU j)η j, in RN ,

which implies η j = ∑
N
i=1 a j,i

∂U j
∂xi

. �

We decompose

ηεm, j(x) =
N

∑
i=1

am, j,i
∂U j

∂xi
+η

∗
εm, j.

As in the proof of Lemma 5.1, it is standard to obtain the following two lemmas.

Lemma 5.4. There are constants c > 0 and δ > 0 enough small, such that |ηε |+ |∇ηε | =
O(e−

c
ε ) for all y ∈ ∂Bδ (x j), j = 1, · · · ,k.

Lemma 5.5. There exist ε0 > 0 and δ > 0 enough small, R > 0 enough big and c > 0 enough
small, for any ε ∈ (0,ε0), such that |η∗

εm, j|+ |∇η∗
εm, j|=O(e−

c
ε ) for all y∈ ∂Bδ (x j), j = 1, · · · ,k.

For using the crucial Pohozaev type identity (5.2), we also need the following result.

Proposition 5.3. For ηε satisfying Lε(η) = 0, it holds ‖ηε‖ε = O(ε
N
2 ).

Proof. From −ε2∆η(y)+V (y)η− (1+ loguε)η(y) = 0, we have

‖ηε‖2
ε =

∫
RN

(1+ loguε)(ηε)
2 =

∫
RN

g′τ(uε)(ηε)
2 +O(e−e

1
ε

∫
RN

(ηε)
2).

Since |ηε | ≤ 1 and |ψε |< ε , then∣∣∣∫
D2

g′′τ (W + θ̄ψε)
(
ψε

)2
(ηε)

2
∣∣∣≤∫

D2

∣∣∣g′′τ(e−
σ2

ε

ε2
)(

ψε

)2
(ηε)

2
∣∣∣

≤1
2

∫
D2

[ 1
ε2

(
g′′τ
(

e−
σ2

ε

ε2
))2(

ψε

)4
+ ε

2(ηε)
4
]

≤Ce
2σ2

ε

ε2 ε
N+4 + ε

2
∫

D2

(ηε)
2 ≤Cε

N + ε
2‖ηε‖2

ε,D2
.

For ε enough small, for y ∈ B2σε
(x j), we have W (y)≤ 2e

N
2 . For y ∈ B2σε

(x j), there holds

g′τ(W ) = τ
−1((1+ τ)|W |τ −1)≤V (x j)+

N
2
+ log2+2.



PEAK SOLUTIONS FOR LOGARITHMIC SCALAR FIELD SYSTEMS 35

By Cauchy’s inequality and the fact |ηε | ≤ 1, we see that∣∣∣∫
D2

g′τ(W )ψε(ηε)
2
∣∣∣≤1

2

∫
D2

[ 1
ε2

(
g′τ(W )

)2(
ψε

)2
+ ε

2(ηε)
4
]

≤Cε
N+2 + ε

2
∫

D2

(ηε)
2 ≤Cε

N + ε
2‖ηε‖2

ε,D2
.

Therefore, for any θ̄ ∈ (0,1), it holds∫
D2

g′τ(uε)(ηε)
2 =

∫
D2

(
g′τ(W +ψε)(ηε)

2−g′τ(W )ψε(ηε)
2
)
+
∫

D2

g′τ(W )ψε(ηε)
2

=
∫

D2

g′′τ (W + θ̄ψε)(ψε)
2(ηε)

2 +
∫

D2

g′τ(W )ψε(ηε)
2 ≤Cε

N + ε
2‖ηε‖2

ε,D2
.

Therefore,

‖ηε‖2
ε,D2

=
∫

D2

g′τ(uε)(ηε)
2 +O(e−e

1
ε

∫
D2

(ηε)
2)≤Cε

N + ε
2‖ηε‖2

ε,D2
. (5.11)

By Cauchy’s inequality and the fact |ηε | ≤ 1, we see that∫
RN\D2

g′(uε)(ηε)
2 <C

∫
RN\D2

g′(uε)e
−σ2

ε

ε2 ‖η‖∗ηε

<C
∫
RN\D2

e−
c
ε ‖η‖∗ηε

≤Cε
N + ε

2‖ηε‖2
ε,RN\D2

.

So, ‖ηε‖2
ε,RN\D2

≤CεN + ε2‖ηε‖2
ε,RN\D2

, which together with (5.11) finishes the proof. �

To see a contradiction, we also need the following crucial result.

Proposition 5.4. Let a j,i be defined as in Lemma 5.3. Then a j,i = 0 for j = 1, · · · ,k, i= 1, · · · ,N.

Proof. Applying (5.2) to uε with Ω = Bδ (x j,ε), where δ > 0 enough small, we have∫
Bδ (x j,ε )

∂V (y)
∂yi

uεηε

=− ε
2
∫

∂Bδ (x j,ε )
(
∂uε

∂ν
+

∂ηε

∂yi
)+

∫
∂Bδ (x j,ε )

(ε2〈∇uε ,∇ηε〉+V (y)uεηε)νi

−
∫

∂Bδ (x j,ε )
log|uε |uεηενi,

(5.12)

where ν = (ν1, · · · ,ν2) is the unit outward normal of ∂Bδ (x j,ε), i = 1, · · · ,N. From Lemma 5.1,
we see that

uε loguε ≤Ce−
c
ε

( c
ε
− logC

)
= O(e−

c
ε ).

In view of |ηε | ≤ 1, one has
∫

∂Bδ (x j,ε ) log|uε |uεηενi = O(e−
c
ε ). From Lemmas 5.1 and 5.4, we

have ∫
∂Bδ (x j,ε )

(ε2〈∇uε ,∇ηε〉+V (y)uεηε)νi = O(e−
c
ε ),

and

ε
2
∫

∂Bδ (x j,ε )
(
∂uε

∂ν
+

∂ηε

∂yi
) = O(e−

c
ε ).
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So, (5.12) is equivalent to
∫

Bδ (x j,ε )
∂V (y)

∂yi
uεηε = O(e−

c
ε ), i = 1, · · · ,N. As a result,∫

B δ
2ε

(0)

∂V (2εx+ x j,ε)

∂xi
uε(2εx+ x j,ε)ηε(2εx+ x j,ε) = O(ε−Ne−

c
ε ), i = 1, · · · ,N.

Then∫
B δ

2ε

(0)

(
∂V (2εx+ x j,ε)

∂xi
− ∂V (x j,ε)

∂xi
uε

)
uε(2εx+ x j,ε)ηε(2εx+ x j,ε) = O(ε−Ne−

c
ε ),

which also implies that

ε

N

∑
l=1

∫
B δ

2ε

(0)

(
∂ 2V (x j,ε)

∂xi∂xl

)
xluε(2εx+ x j,ε)ηε(2εx+ x j,ε) = o(ε). (5.13)

Letting ε → 0 in (5.13), one sees that

N

∑
l=1

∫
BR(0)

(
∂ 2V (y)
∂xi∂xl

|y=ξ j

)
xlU j

K

∑
i=1

a j,i
∂U j

∂xi
=

K

∑
i=1

N

∑
l=1

(
∂ 2V (y)
∂xi∂xl

|y=ξ j

)
a j,i

∫
RN

xlU j
∂U j

∂xi
= 0,

(5.14)
but ∫

RN
xlU j

∂U j

∂xi
=

1
2

∫
RN

xl
∂ 2U j

∂xi
=−1

2

∫
RN

U2
j < 0.

We obtain from (5.14) that(
∂ 2V (y)
∂xi∂xl

|y=ξ j

)
N×N

(a j,i)
T = (0, · · · ,0)T, j = 1, · · · ,k,

where a j,i = (a j,i,1, · · · ,a j,i,N). By the non-degeneracy of ξ j, we conclude that a j,i = 0, j =
1, · · · ,k, i = 1, · · · ,N. �

Proof of Theorem 1.5. In conclusion, we have proved ηε = o(1) in BRε(x j,ε), j = 1, · · · ,k,
which, together with Lemma 5.4, gives ‖ηε‖L∞(RN)= o(1). This is a contradiction to ‖ηε‖L∞(RN)=
1. �

APPENDIX A. ENERGY EXPANSIONS

In this section, we expand I(W ), where

I(u) =
1
2

∫
RN

(ε2|∇u|2 +V (y)u2)dy−
∫
RN

Gτ(u)dy, u ∈ H1(RN).

Proposition A.1. It holds following estimate

I(W ) =
1
4

k

∑
m=1

ε
N(2π)

N
2 e2V (xm)+N− ∑

j 6=m
ε

N(2π)
N
2 eV (xm)+V (x j)+Ne−

|x j−xm|2

16ε2

+ ε
NO
(

∑
j 6=m

e−
(1−2

√
ε)2|x j−xm|2

8ε2 + ε

k

∑
m=1

∇V (xm)
)
.
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Proof. We note that

I(W ) =
1
2

∫
RN

(ε2|∇W |2 +V (y)W 2)−
∫
RN

Gτ(W )

=
1
2

∫
RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)

W +
1
2

∫
RN

( k

∑
j=1

(V (y)−V (x j))Uε, j

)
W

+
1

2(2+ τ)

∫
RN

W τ+2.

(A.1)

Recall that d := minm 6= j|xm− x j|,m, j = 1, · · · ,k. When j 6= m, for any y ∈ B2
√

εd(x
m), there

holds

∫
B2
√

εd(xm)

(
g(W )−

k

∑
j=1

g(Uε, j)
)

W

≤
∫

B2
√

εd(xm)
Uε,m ∑

j 6=m
Uε, j +4

(
∑
j 6=m

Uε, j

)2
+3U−1

ε,m

(
∑
j 6=m

Uε, j

)3
+ ∑

j 6=m
Uε,mUε, j log(Uε,mU−1

ε, j )

+
(

∑
j 6=m

Uε, j

)(
∑
j 6=m

Uε, j log(Uε,mU−1
ε, j )
)

= ∑
j 6=m

ε
N(2π)

N
2 eV (xm)+V (x j)+Ne−

d2

16ε2 + ε
NO
(

e−
d2

8ε2
)
.

Hence,

∫
∪k

m=1B2
√

εd(xm)

(
g(W )−

k

∑
j=1

g(Uε, j)
)

W = ∑
j 6=m

ε
N(2π)

N
2 eV (xm)+V (x j)+Ne−

d2

16ε2 + ε
NO
(

e−
d2

8ε2
)
.

(A.2)

From (A.2) and Lemma 2.2, we have

∫
RN

( k

∑
j=1

g(Uε, j)−gτ(W )
)

W

=−
∫
RN

(
g(W )−

k

∑
j=1

g(Uε, j)
)

W + ε
NO(e−e

1
ε
)

=−
∫
∪k

m=1B2
√

εd(xm)

(
g(W )−

k

∑
j=1

g(Uε, j)
)

W

−
∫
RN\∪k

m=1B2
√

εd(xm)

(
g(W )−

k

∑
j=1

g(Uε, j)
)

W + ε
NO(e−e

1
ε
)

=− ∑
j 6=m

ε
N(2π)

N
2 e2V (x0)+Ne−

d2

16ε2 + ε
NO
(

e−
(1−2

√
ε)2d2

8ε2
)
.

(A.3)
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When j 6= m, for any y ∈ B2
√

εd(x
m), we obtain∫

B2
√

εd(xm)

(
V (y)−V (xm)

)
Uε,mW

=
∫

B2
√

εd(xm)

(
V (y)−V (xm)

)
U2

ε,m +
∫

B2
√

εd(xm)

(
V (y)−V (xm)

)
Uε,m ∑

j 6=m
Uε, j

+
∫

B2
√

εd(xm)

(
V (y)−V (xm)

)
∑

j 6=m 6=l
Uε, jUε,l

≤Cε
N
∫

B d√
ε
(0)

(
V (2εx+ xm)−V (xm)

)
e2V (xm)+Ne−2|x|2

+ ∑
j 6=m

ε
N
∫

B d√
ε
(0)

(
V (2εx+ xm)−V (xm)

)
e2V (x0)+Ne−

3
2 |x|

2
e−
|xm−x j |2

8ε2

+ ∑
j 6=m6=l

ε
N
∫

B d√
ε
(0)

(
V (2εx+ xm)−V (xm)

)
e2V (x0)+Ne−

3
2 |x|

2
e−
|x j−xl |2

8ε2

=ε
N+1O

(
∇V (xm)+ ε

)
.

Hence, ∫
∪k

m=1B2
√

εd(xm)

k

∑
m=1

(
V (y)−V (xm)

)
Uε,mW = ε

N+1O
( k

∑
m=1

∇V (xm)+ ε

)
. (A.4)

From (A.4), we have∫
RN

k

∑
j=1

(
V (y)−V (x j)

)
Uε, jW

=
∫
∪k

m=1B2
√

εd(xm)

k

∑
m=1

(V (y)−V (xm))Uε,mW +
∫
RN“∪k

m=1B2
√

εd(xm)

k

∑
m=1

(
V (y)−V (xm)

)
Uε,mW

=
∫
∪k

m=1B2
√

εd(xm)

k

∑
j=m

(V (y)−V (xm))Uε,mW + ε
N+1e−

d2

8ε2 O(∇V (xm)+ ε)

=ε
N+1O(

k

∑
m=1

∇V (xm)+ ε).

(A.5)

Finally, due to the choice of τεn , there holds

1
2(2+ τ)

∫
B2
√

εd(xm)
W τ+2 =

1
4

(
1+O

(
e−e

1
ε

))∫
B2
√

εd(xm)

(
Uε,m + ∑

j 6=m
Uε,m

)2

=
1
4

∫
B2
√

εd(xm)
U2

ε,m + ε
NO
(

e−
d2

8ε2
)

=
1
4

ε
N(2π)

N
2 e2V (xm)+N + ε

NO
(

e−
d2

8ε2
)
.
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Thus,

1
2(2+ τ)

∫
∪k

m=1B2
√

εd(xm)
W τ+2 =

1
4

m

∑
i=1

ε
N(2π)

N
2 e2V (xm)+N + ε

NO
(

e−
d2

8ε2
)
. (A.6)

As a result,

1
2(2+ τ)

∫
RN

W τ+2 =
1

2(2+ τ)

∫
∪k

m=1B2
√

εd(xm)
W τ+2 +

1
2(2+ τ)

∫
RN“∪k

m=1B2
√

εd(xm)
W τ+2

=
1

2(2+ τ)

∫
∪k

m=1B2
√

εd(xm)
W τ+2 + ε

NO
(

e−
(1−2

√
ε)2d2

8ε2
)

=
1
4

m

∑
i=1

ε
N(2π)

N
2 e2V (xm)+N + ε

NO
(

e−
(1−2

√
ε)2d2

8ε2
)
.

(A.7)

Thus, the result of Proposition A.1 follows from (A.3), (A.5), and (A.7). �
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