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INHOMOGENEOUS INCOMPRESSIBLE HALL-MAGNETOHYDRODYNAMIC
SYSTEM
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Abstract. We study the global well-posedness of an inhomogeneous incompressible Hall-MHD system
in the whole space R3. Let py be the initial density of the fluids. Under certain appropriate smallness
assumptions on ag/r, where ag = (1/po) — 1 and r = (x? +x3)!/2, we demonstrate the global regularity of
the solutions to the Cauchy problem of the inhomogeneous Hall-MHD system with axisymmetric initial
data, where the swirl component of the velocity field and magnetic vorticity field vanish.

Keywords. Axisymmetric; Inhomogeneous incompressible hall-magnetohydrodynamic; Global regular-
ity.

1. INTRODUCTION

In this paper, we consider the global well-posedness result to the Cauchy problem of three
dimensional density dependent incompressible Hall-magnetohydrodynamic (Hall-MHD) with
axisymmetric initial data

o;p +div(pu) =0,

p(du+u-Vu)—Au+VP =B-VB,

OB+u-VB—AB+hV x ((VxB)xB)=B-Vu, (1.1)
divu =0, divB =0,

p(0,x) = po, u(0,x) = ug, B(0,x) = By.

In the following context, we denote P = p+ % |B|?, the unknown functions p (z,x), u(t,x), p(t,x),
B(t,x) denote the density, velocity field, pressure, magnetic field of the fluid, respectively, and
h is the Hall’s constant.

When the initial magnetic field By is identically zero, system (1.1) is nothing but the inho-
mogeneous incompressible Navier-Stokes (N-S) system. In addition, there are numerous well-
posedness results with axisymmetric conditions on the initial data. For the homogeneous N-S
system, Ukhovskii and Iudovich [1], LadyZenskaja [2], and Leonardi et al. [3] proved the global
existence, uniqueness, and regularity of the generalized solutions when the swirl component of
the velocity field is trivial. For the inhomogeneous N-S system, Abidi and Zhang [4] proved the
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global existence of the solutions when ||%2 ||, is sufficiently small, where ag = plo — 1. More-
over, when the initial velocity belongs to L7 for some g € [1,2), Abidi and Zhang [4] also proved
that the velocity field decays to zero with exactly the same rate as the classical N-S system. A
similar result for the case that ||u§||;3 is nontrivial but sufficiently small was proved by Chen et
al. [5]. For more global well-posedness results with axisymmetric initial data, we refer to [6, 7]
and the references therein.

When h =0, (1.1) is the classical MHD system with magnetic diffusion. In what follows, let
us briefly recall some known results on the MHD system. Firstly, in the case of R¢(d represents
the dimensionality), for the viscous and resistive homogeneous MHD system, Duvaut and Lions
[8] established the global existence and uniqueness of the solutions in classical Sobolev spaces
for small initial data. The local well-posedness of classical solutions for fully viscous MHD
system was established by Sermange and Temam [9], in which the global well-posedness was
also proved in R?.

For the viscous and non-resistive problem, Lin, Xu and Zhang [10] constructed the global
smooth solutions around the equilibrium by imposing some admissible conditions in the R?
case. Later on, the global existence of small solutions without imposing such admissible con-
ditions on the initial magnetic field was obtained by Ren, Wu, Xiang and Zhang [11] (see [12]
for a simplified proof).

For the non-resistive MHD system in the R? case, the global well-posedness result was ob-
tained by Xu and Zhang [13] by introducing the Lagrangian reformulation of the problem,
and by imposing some admissible conditions on the initial magnetic field in [10]. Such ad-
missible conditions were removed by Abidi and Zhang [14] under a more intrinsic Lagrangian
reformulation. The existence of global solutions in a periodic domain was obtained by Pan,
Zhou and Zhu [15]. The global regularity of the axisymmetric solutions was proved by Lei
[16]: If up,Bo are both axisymmetric divergence-free vectors with ug = By = By = 0, and

%]
(ug,Bg) € H, s > 2, B ¢ L, then the MHD system satisfies

r

5
14

t 7
||u(t,-)||12{z+IIB(Z,-)II?JH/O |Vull7z ds S expfe 0},

For more studies on MHD system, we refer to [17]-[33] and the references therein.

Let us now briefly recall some known results on the homogeneous Hall-MHD system (the
case of p =11n (1.1)). The global existence of weak solutions and local well-posedness with
initial data (uo,Bo) € H® x H*(R*) when s > 3 were obtained by Chae, Degond and Liu [34].
Later on, Benvenutti and Ferreira [35] improved the results to H 2 (R3) and Dai [36] showed the
local well-posedness when (ug,Bo) € H® x H"17¢(R?) with s > § and small constant € > 0.
More recently, the global well-posedness of small initial conditions with (ug,Bp) in critical
space was obtained by Danchin in [37].

Under the assumption of axisymmetric data, motivated by [16], Fan, Huang and Nakamura
[38] obtained the global well-posedness result to the viscous Hall-MHD system. Recently,
Li and Cui [39] established the global well-posedness for the horizontal dissipation Hall-MHD
system. For more studies on Hall-MHD system, we refer to [40]-[52] and the references therein.

The aim of this paper is to establish the global solutions of the inhomogeneous Hall-MHD
system (1.1) with axisymmetric initial data. Without loss of generality, we assume & = 1. For
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that, let x = (x1,X2,x3) € R,

X2
r= x%-i—xz, 0 = arctan—, z=x3,
X1

and

(t,r,z)er +u(t,r,z)e;,

p(t,x):p(t,r,z),
B(t,x) = BY(t,1,2)eq,

where the basis vectors e, eg, e, are given by
€r:()€1/l”,xz/l",0), 69:(—X2/1’,X1/l’,0), eZ:(07071)7
and we have assumed that u®(¢,r,7) = B’ (t,r,z) = B(t,r, z) = 0. In these settings, we find that

B@
u-V=uo,+u*d;,;Vx((VxB)xB)= —2—330 eg = —0, ( r) eg.
Then (1.1) can be rewritten as
( Op+u-Vp =0,
p (O’ +u-Vu') — Au’ + 9,P = —@,
p(u*+u-Vut) — Au 4 d,P = 0, (12)
~ - 0\2 .
OB® +u-VB® —ABY — B | 5 (B)
Opu" + " + dut =0,
L Pli=0 = po, (", u*)|1=0 = (ug, ug), BY|—o= Bg»
where | . |
2 2,32 X
A:ar—f—;ar—f—ﬁae—f—az, A:A—ﬁ
Denote o
() B
a):8zur—8ruz, I'= 7, HZT (13)
By elementary analysis, one can see that I" and IT satisfy
o,P d,P o, +2T
o' +u" 0, +u*d,I'+— {8 ( ) — 0, (Z—> — 0, (i)}
P P P 1.4
o.r I° (4
() (%)=
p p
and 5
O+ u-VII = (A+;8,)H+8ZH2. (1.5)
We now state our main result in the following.
Theorem 1.1. Let ag = — — 1 with (po)*! € L*, 20 € L”, and assume that there exist two

constants m, M such that O <m< pg <M. For the axzsymmetric initial data, let uy = ugpe, +

r BG
uge; € H® and By = Bgeg € H*, s > 2, and assume that ”_ro €l?> Ty= % e? I)= Leld
with q € [2,0|. In addition, if
ag

r

< &, (1.6)
[
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where gy denotes a sufficiently small positive constant, then there exists a global solution u of
(1.1) such that for all t > 0

"V“|’1%;°(L2) + “at”HiZ(Lz) + HVZMHiZ(LZ) + ‘|VP||1%3(L2) < C%’fﬂr?‘hz, (1.7)
where
2
= 6+ 2 callClf + [Tol) ) (19)
with
%:exp(<\|uo||iz+||Bo||i2)(1+||uo|\22+||Bo|!22)), (1.9)
and
1 2 U 2 2 2 2
0= 7=, G0=Vuol z+‘ — ||+ Mol ([[uollz2 + [1Boll72)- (1.10)
2|7, L g2 L L L
Furthermore,

[u(t, ) g2 +[|B(2,) || g2 < CE(2), Vi >0,
where & (t) denotes a bounded function of t.

Before ending this section, we present some notations which will be used in this paper.

Notations. For any 1 < g < eo and any measurable scalar or vector function f, we use || f|| ¢
to denote the usual L7 norm. We denote RZ = (0,00) x R and &'(t) represents a function about
t. For any two quantities X and Y, we denote X <Y if X < CY for a constant C > 0. Similarly
X 2Yif X > CY for C > 0. We denote X ~Y if X <Y and Y < X. The dependence of the
constant C and function &(¢) on other parameters or constants are usually clear from the context
and we usually suppress this dependence. Finally, we denote V= (0y,0;).

The rest of this paper is organized as follows. In Section 2, we provide some preliminary
lemmas that are needed in this paper. In Section 3, we present the basic energy estimates for
the solutions under the axisymmetric case. In Section 4, the last section, we first construct the
approximate solutions and give the a priori uniform bound of the smooth solutions, and the
proof of the global well-posedness result is also given in the last section by using a standard
compactness argument.

2. PRELIMINARIES

In this section, we provide some preliminary lemmas that are used through out this paper.
First, we recall some maximal principle results. The proof of them are referred to [53]. For the
sake of completeness, we give the details below.

Lemma 2.1. Let p and 11 be satisfy (1.2), and (1.5), respectively. Then the following estimates
hold for any t > 0,

lo(@)llze < Cllpollze, Vg € [2,0], (2.1)

M) [|ze < ClTo|za, Vg € [2,%9], (2.2)
and

T Ze 12y + [IVTTN 2 2 < ClITo |7 (2.3)
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Proof. By using characteristic argument, one can directly obtain that the p in (1.2); satisfies the
maximal principle which read as ||p(¢)||ze < C||po||r4, for all > 0.

For the proof of (2.2), multiplying (1.5) by |T1|"I1, and then taking L?(R%;rdrdz) inner
product, we write

LIl = [ @+

+

3 2
:/2 (8,2+—+8Z2)H-|H|q_2Hrdrdz—|——/2 9, [T| rdrdz
R2 r qg+1J/r2

2

—II- |H|q_2Hrdrdz+/2 o.IT% - |I1|92TIrdrdz
r R2
2> 2 2
:—(q—l)/ IT14-2|vT| rdrdz——/ ITI(1,0,2)[9 dz.
R} qJr
Observe that

1d .
IO+ =) [ 1129 rard:
K ) = (2.4)
:—5AganQW@go.

Integrating it with respect to time gives ||I1(¢)||zs < C||IIp||zs for all g € [2,00). Taking g — oo,
we have ||T1(¢)||z~ < C||TIp||=. Particularly, when g = 2, there holds (2.3). O

Lemma 2.2. Let ® and I be defined in (1.3). Then the following estimates hold:

. 2 2 2 2 2 2
Vol + [Tz < C(HM?HLz + iz + [l D[ 2 4 Il || 2
2

)
12

o pl2 2 2 2 2

IVP[7, < C(HM?HLz + 2 + [l D[ 72 4 |-t || 2

2
L2.

Proof. One can refer to [53] for the proof. For the sake of simplicity, we omit the proof. 0J

2.5)
(B%)?

+wwafmﬁWM@fﬁﬁw

and

(59)? (2.6)

%Wf%fﬁﬁwﬁéfﬁﬁw

3. ENERGY ESTIMATE

In this section, we obtain the H'! energy estimate of (1.1). To achieve it, we start with L2
energy estimate, and then obtain local in time H'! estimate. Finally, by using the standard
continuity argument, the global in time H' estimate holds true. Before going any further, we
first deduce from (2.1) that there exist two absolute positive constants m, M such that

m<p(t,rz) < M, (3.1)

provided that 0 <m < py < M.
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Lemma 3.1. [43] (L? energy estimate) Let (p,u, B) be a smooth solution to (1.1) with (ug,By) €
H?. Then there holds for all t > 0

2 2 2 2 2 2
[l 7o g2y + 1Bl 12y + Vel 2 12y + [IVBIl2 12y S Mol 72 + 1 Bollz2- (3.2)

Lemma 3.2. (H' energy estimate)
Let (p,u,B) be a smooth solution to (1.1) with (ug,Bo) € H?. Then there holds for all t > 0

2

ur

2
HV”HL;X’(LZ)‘I'

2 2 2 2
- + Ha,uHL,z(Lz) + HuHLtZ(HZ) + HFHL%(LZ) + “VPHL}(&)
Lo (L

(3.3)
<% (‘50 1T 2y + HVFHig(LZ)) )

where 4y and 6 are given in (1.9) and (1.10).

Proof. By taking L*(R? , rdrdz) inner product of (1.2), 3 with u and u}, respectively, and using
integration by parts, we have

1d [, (@uy+@ 2 YN et [, plauraras
2dr Jr2 " ¢ r2 R2 !

(B%)?

r

= —/ p (u"0pu" + u*ou") (9tu'rdrdz+/ PO, (du'r) drdz—/ o;u"rdrdz,
R? R2 R2

u ¥
and
1d
2dt
= —/ p (u O + u*ou’) 3,uzrdrdz+/ PO, (0;u*r)drdz.
R? R%

+

/ (D) + (9)?) rdrdz + / p(9u)2rdrdz
RZ R

Using the incompressibility condition and the maximal principle (3.1), we have

1d = u’)?
__/ <|Vu|2+( 2) )rdrdz+||8,u|!iz
R2 r

2dt
5 P (3.4)

<2+ 1002+ 1 DB + 0 + H

12

Let € > 0 be a small positive constant, which will be chosen later. Summing up (3.4) with
€ X ((2.5) + (2.6)) and choosing € = %, one has

r 2

: 0

4 (HVu(t)Hiﬁ’

2) +I9ullZz + I Vollz + Tz + [ VPIIZ

2
L2.

L
(B°)

<c (HurarurHinrHuzazurHinrHuraruz\liﬂrHuzazuzl\ifr H
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According to the standard calculation in [4], for any 6 > 0, we see that

) (leollZ2 + IT1I72)

2 v 2 2 uT12
+8 (llol2 + Vol 22 + [T + VT2

r 12

~ u
o Dyl Z2 <Collu’ |2 <r|wn,%z+' .

12

and
0.2 <Cs ((1 a2 ) 1922 (192, + T2

+(1+ ||uzuz‘z>||azu||iz) +8 (ITIZ, + Vol 2 + VT2 ).

Note that, for the axisymmetric flow, we have the conclusions that, for 1 < g < e

r

H%uHLq—F —

0
~ Ve, Nlolla ~ [Valla, [Vollr+ | 2]~ 1920
14 r L

Furthermore, from (1.3), we have
(B9
r

< ||z 1B° s
L2

< T2 [VB? ..
Combining the above estimates, we take 0 to be sufficiently small and apply Gronwall’s in-
equality. It follows that

2

r

2 u

+ Hat”Hig(LZ) + ||u||i2(H2) + HFHirZ(LZ) + ||VP||i?(L2)

2
L?(L2)> }

(U 111 2y ) 1Vl 2

Ly (L)

5exp{(1+||u||2mz)) (||Vu||z,2(Lz)+

2

ur

.
=0

<||wo||Lz+\

12
T3 (2) + VT2 g2y + 1123 I VBC)I
Lr(L2) L} (1?) L7 (L3) LX(1?) |

from which (2.2) and (3.2), Lemma 3.2 follows. O

Lemma 3.3. (The estimate of T') If (p,u,B) is a smooth solution to (1.1) with (ug,Bo) € H?,
then there holds, for all t > 0,

01 g2y + VI 2y - coll e g + €0l VT 2 0,

2 2 ap ||? E—
Seollo s+ ITlollZ + % |2 _exp (1113 1T s

x (%m HruimzﬁHvrrﬁ,z(m),

where %y and 6, are given in (1.9) and (1.10).
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Proof. By taking L? inner product of (1.4) with I" and using integration by parts, one has

5O+ [ S9rPraraz =2 [ o (2 rare

= [ a(apar - a.pa)ardz - [ 2. drd
RZ RZ p

Sk

19T 2 | T[] 3 [T .-

- 1
vp VI 2+ || =
TP+ ]

From [5, Lemma 3.2], we have a(z,0,z) = 0. By integration by parts, we have

r 8 r
-2 o (—) FdrdzZ—CHgH I ||L2
RZ  \p r 4 N
Using condition (3.1) again, we conclude
d ~
ST+ 19T < || 22 (I9PIZ: + 102 + I v, (3.6)
Moreover, when g = 2, (2.4) shows
d
& I0OIZ+IVITE <o. 3.7)

In addition, by taking co = |2 and summing up (3.7) with ¢ x (3.6), one has

2HH \

d ~
4 (collC@)172+ 1T 172) + ol VII[Z + VI 72

ap - ) (3.8)
S||5[ Pz +imi).
On the other hand, as [4, (2.26)], we have
.
Yol < |2 exp(||= . (3.9)
r L r L Ltl (Loo)
From [54, 55], we obtain
u" 3
Sl S AT 2 VT o (3.10)
L (L>)

By integrating (3.8) over [0,t], and combining (3.9)-(3.10), we have
T2 g2y + VT2 g+ €oll Dl gy + €0l VT 2
SeollTollz + 1ol 72

ao || 2 v 2
22 exp (P gy 19T ) ) (9Pl + T 230

Plugging estimate (3.3) into the above inequality leads to (3.5). U
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4. BOUNDEDNESS OF THE APPROXIMATE SOLUTIONS

In this section, we construct a sequence of approximate solutions to (1.1). It is well known
that if the initial data (pg,uq,Bo) satisfies the condition, 0 < m < pg < M, ug,By € H?, then
system (1.1) possesses a unique local solution (p,u,B) on [0,T*) satisfying

p € L™(0,;R?), (u,B) € C([0,7];H*) and (Vu,VB) € L*(0,1;H*(R?)),

forall t < T*, where T* is the maximal existence time of the solutions. Under the axisymmetric
condition, we now mollify the initial data (po,uo,Bo) as follows. Let J¢ =& 3J(%,2) be a
mollifier, with

0<J<1, suppJC{0<r<2, —1<x3<1},

1 1 1
J i xE{O_r_z, 2_)63_2}, /de ;

and
ps=J%xpo— (JEx(po—1))(0,x3), ul=J%*uy, B§=J®*By.

We then see that (pf,uf,Bj) is still axisymmetric and thus system (1.1) has a unique global
smooth axisymmetric solution (p&,u?, Bf) in [0,7*(¢)) with the initial data satisfying the same
assumptions in Theorem 1.1. Here 7*(g) denotes the maximal lifespan to the approximate
system. In what follows, we are going to show that 7*(¢) has a uniform low bound which only
depends on the initial data. Denote a® = # — 1. For the sake of convenience, we omit the index
€ and let (a,u,B) be the local smooth solutions on [0,7*). By using Lemma 3.2 in [5], we
also have a|,—y = 0. The following proposition asserts that, for the local solutions constructed
above, we can obtain a uniform low bound for 7*.

Proposition 4.1. Let (p,u,B) be a smooth enough solution of (1.2) on [0,T*), which satisfies

(3.1). Then, under the assumption of (1.6) and co = w there exists a positive time t; < T*
3

such that
I, )+ VT )+ ol )+ T2, 12)) < 2 (collCollZ + 1Tl s e

and

2

u

Vul[?.. 2 +
H ”HLII(LZ)

+|’9t“|\1%g (L2)+Hu”i2 ) T HFHiz (Lz)+HVPHi2 12) S 0, (4.2)
L;T(Lz) 1 1 1 1

where t| is given by

4
€0 2 2 :
2 co||T + [|TT
def \V m( ol[Toll72 + |l 0||Lz) , 4.3)

=
Vol [Toll 2 + Mol 2 2|2 |74
and 7% is given in (1.8).

Proof. To prove (4.1), we first assume that, for all 7 € [0,7*), (4.1) holds. Plugging (4.1) into
the right side of (3.5), we have

2 2 2 2
ITTR 12y + I9TE 22 2 + €l 2o 2+ €0l VTR

< 2 2 ao || 3 /2
SeollCollfa-+ 1Mol + 6 | 2 [ _exp (¢4 = (VaolIToll + 1Tol2) )
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Choosing ¢ such that

4

¢ 3
Vi m(COHFOHinrHHoHZz)

Vol Tollz2 + [[Tol| 2 2[R 117~

=

under the smallness condition on H “70 || > WE obtain

(collToll72 + 1Mol 72) -

| W

)% vI|? 2. V|12, 0 <
I, g2y + IV, () + ol )+ oI VT, (1) <
Plugging the above estimate into (3.3) yields (4.2). 0

We now have the following global in time H'! energy estimate.

Proposition 4.2. Let (p,u,B) be the local unique smooth solutions to (1.1) on [0,T*), which
satisfies (3.1). Suppose that there exists to, such that ||Vu(t)||;2 + [[VB(t)|l;2 < N1. Then the
following inequality holds true

t
HV“(I)HiHHVB(f)Hinr/t m(||du(t)||72 + |1 9B(t')][72) dt’
0
' 2 2 2 2 2 (4.4)
+/ m(IV2u( )72+ IV*B() 72+ [IVP()||72) di’ '
To

2 2
< [[Vulto)[|72 + [IVB () 72,

0
By
r

where My and My, depend only on ||ugp||;2,||Bol|;2 and )
small that ty < t1. Then T* = o and (1.7) holds true.

. Furthermore, take €y in (1.6) so

Proof. Firstly, from the proof of [53, Proposition 3.7], one has

1 1
IVu(to) I3 +[IVB(t0) 17> < 5 lV/Pouollz> + 5 I1BollZ < 7t (4.5)

where N denotes a large constant. Then, by taking the L? inner product of (1.1), with d;u and
using integration by parts, one has

1d
||\/55zu(f)||iz +§a||Vu(t)||%2 =—(pu-Vu | du),,+ (B-VB| o),

Iv/Porul| 2
L

N

1
2112 2 212
<Cllel o[ Vaull 2 Va2 + 3 /Pl 2 + ClIBI 2|V B 2 [ V=BT,

<CllVplllull sl Vaell sl /P Orull 2 + C| Bl 13| VB s

which gives

1d

3
EEHV”(f)Hiz + ZH\/ﬁat”(f)Hiz
(4.6)

< c(uuankuLzuvzuuzz+ HBuLzHVBanHVZBHiz).
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Similarly, by taking the L? inner product of (1.1); with d,B and using integration by parts, one
has

1d
—(Vx(VxB)xB|dB),,

sc(uuHLzkuyuszn,%z+|\B|rLz\|VBHLsz2uH,%2 4.7)

BG

i

1

2p112 2
VB2V BHL2> + 108072
L

The inequality in (4.7) can be proved as follows. First, we note that
1
IVB|?> = |(e,0, + —egdg + e.0.)B%eq|* = |[VBO |> + |11
r

Thus ||T1]|;2 < ||VB||;2. Therefore, the hall term reads as

9:(B%)
r

(Vx(VxB)xB|8,B)L2§C/3 0;Bdx
R

1 1
2 2

Be

BO

;. 19:B% 11 5119:B° | 2

BG
< || —
|l r

e

2 Lo

1

2nl12 2
IVBI| 2 [[V=BIIz2 + 35 9Bl -
Lo

Combining (4.6) and (4.7) gives

S IV B2+ 19BO)IZ) + 5 (1B + [13B0)]2) ..
(4.8)
<c (il plvals +181,515815+ | | 198l ) x (192l + 197812
On the other hand, from the following equations
—Au+VP=—pdiu—pu-Vu+B-VB,
{ ~AB=—-3B—u-VB+B-Vu—V x ((V x B) x B), (4.9)

and the L7 estimate of elliptic equations, we have

IV2ull72 + IVPIIZ <C(lpdullz + llpu- Vull7. +||B- VBI|72)
<C (lpdhull 2 + Pz leel 73 Veell 76 + 1 BIIZ: [ VBII7e) (4.10)
<C (19el72 + Nl 2| Vull 2 V2ull 72 + 1B1 2 1V BIl 2 V2Bl 72)
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and
2112 2 2 2 2 2 d.(B%)? ?
VB2 < C | ||0:Bl|}2+ ||ull7s1|VBIl76 +1|Bll73 I Vull 6 + || ——— X
L
> tDl|r2 Uj|r2 U2 12 12 12 Uy .
< C| |10:B|72 + lull 2 |Vul| 2| V*B| 72 + | Bl 2| VB]| .2 | Vul ; (4.11)
B 2 pi2
|5 e BHL2>,
L6
where
2.(B)2 ||’ B|| ||B°
|ZEE| <c|Z) |E] roe
r 12 Fllpsll 7oz
B 25112
<C|—| IVB|lIV°B|;2.
r L6

Then, for any 1, > 0, (4.8) + 1n2((4.10) 4 (4.11)), one has
1d

3m
52 (VU + VB 32) + (— —an) (ol + 1B

4
HVBHLz)}
L6

B9
{1 = (a9 + 139+ | 2

% (IIV2ull72 + V2Bl 72 + VP 72) <.
This implies that

1d 3m
e (vt + 1980 + (s ) (auls +1381%)
B 412
+{772—C<||”0||L2+||BO||L2+ 70 )(||V”||L2+||VB||L2)} (4.12)
L6

212 2112 2
X ([[V7ullp2 + VB2 + IVP[[12) < 0.

In the following, we use the standard continuity argument to show that the maximal lifespan 7
can be extended to any positive time. For that, we denote

x def *
v sup{ 1 € [10,77) | [Vut) 2 + [ VBE)|2 < 2m1 }. (4.13)

If ny is sufficiently small and 7, is suitably selected small number, then ¥ =T7*. When 7" < T*,
taking 12 = 7, and
)

d
3 (Va2 +IVB@)172) +m(0u] 72 + [19:BI72)

+ma(IV2ullf> + [ V2BI7: +1IVP|7) <o.

2
m< 77
2 (luollz2 + 1 Boll 2 +

we deduce from (4.12) that, for all ¢ € [ry, T*),

0
By
r
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Combining with (4.5), we have
,r*
IIVM(t)IIimLIIVB(I)Ilinr/t (m(llazu(t’)llifr||<9zB(t’)||iz)
0

+ (V2|7 + IVBE) |72 + [ VP() H%z)) dr’
<||Vu(io) (172 + I VB(10) 172
<ny.

Thus, it contradicts (4.13). Therefore, T° = T*.
On the other hand, we define #; in (4.3). Then, by choosing ||a7°H [ SO small that #; > ¢.
Therefore, by summing up (4.2) and (4.4), we can obtain for t < T*

2 2 2 12 2
HV”HL;’(B) + Hat“HLg(Lz) +[IV “HL,Z(LZ) + HVPHL?(Lz)
2 2 2 112
<IVulz0apiz2) 190N 220402y + 1V 4l 220 1022)
2 2 2 212 2
+ HVPHL2(O,to;L2) + HVu”L“’(to,t;Lz) + H8’uHLZ(Io,t;L2) +IV uHLz(to,t;Lz) + HVPHLZ(IOJ;LZ)

<CHp+ni,
(4.14)

for 7 given by (1.8). Thanks to (4.14) and the blow-up criteria in [56], we conclude that T* =
oo, By summing up (3.2) and (4.14), (1.7) holds true. We then finish the proof of Proposition
4.2. O

Before proving Theorem 1.1, we derive the estimates of ||B®||;~ and || VB 2.

Lemma 4.1. (The estimate of BY)
Under the assumptions of Proposition 4.1. There holds, for allt > 0

1B°(0)l|e= < £(0), (4.15)
and
IVBI i) + V2Bl 722y S €10), (4.16)
each & (t) denotes different function about t.

Proof. Firstly, multiplying (1.2), with ¢|B®|772B% 2 < g < oo and taking L?(R%;rdrdz) inner

product, one has
-

t
I8 0o < 188 e+ 1Bl

By Gronwall’s inequality, (3.10) and (4.1), we have

u
r

ds.
LOO

thu”

180 s < 1B uvex | [

Taking g — oo, (4.15) follows immediately. For the proof of (4.16). We first apply V to (1.1)3,
and have

<
Lwds S E(1).

O, VB+Vu-VB+u-VVB—VAB=VB-Vu+B-VVu—VV x ((VxB) x B).
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Taking L? inner product with VB, we have
1d 2 2nl12
S IVBOI+ VB2, :—/R3 vu.VBVde+/R3VB.vuVde
+/3B-VVuVde—/3VV>< ((V x B) x B)VBdx
R R

1
2 2 2p012
SIVullp[[V7ul VB2 + 5 [IV7BIIZ2
2
2
IVB| 7.
LDO

0

B
+ 1BIIZ- | VBI + [IV2ulz + | —

We can use Gronwall’s inequality, (1.7), (2.2) and (4.15) to estimate

2 2112
19812212y + VBl 13
2
ds
LOO

! 2 2 Be
Sewp [/ 19l 72l + 1813+ | 2

t
< (1980l + [ Iv2ulas)
< 0)

We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. By taking 9, to (1.1), 3, we write
p (a[l/l[ —+u- Vl/lt) — Al/ll + VP; = —ptut — (pl/l)l . Vl/l—f—Bt . VB+B . VB;,

and
attB—AB,—I—ut-VB—i-u-VB, = —atVX ((VXB) XB)+B¢VM+BVMI‘

Taking the L? inner product of the above equations with u; and B; and combining the equations,
respectively, using (1.1); 4, we obtain that

1d
o (IvPu ()22 + 1B (0)1172) + |V () |72 + || VB: (2) |7
:—/ pt]u,|2dx—/ ptu-Vuutdx—/ pu; - Vuuy dx
R3 R3 R3

4.17)
+/R3Bt-VButdx—/R33tVX ((V % B) x B)B, dx

R3 R3

As same as [4], the first term on the right side of (4.17) can be bounded by

[ ol
R3

Along the same line, we also have

‘/ pru - Vuuy dx
R3

1
2 2 2
S IVull 2 IV7ull 2 llVpuellzz + 56 1 Vall7-

1
S IVulZ2 V2 ulZ2 w7 + 1 V2ul 7 + [ Vull 2 [ V2ullZa + 551 Va2,
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and

‘/ﬂg3put 'VWth‘ <VM|uy | ]| Va3 | v/Prael| 2

1
SVl 2 IVl o ll/Prael 72 + 2—0||Vut||iz-
Similarly, the Hall term has the following estimate
(B%)?

r

B9 2
/Rga,( )athdx‘

r

R3

atVX<(VXB)XB)Bth‘:’/3atZ Btdx‘
R.

1
2 2 2
STz [1Bill 72 + §||VB,||L2.

Finally, the last three terms can be tackled in the same way, which read as

/ BtVBM[dx—/ M[VBB[dX‘f’/ Bl'Vl/lBtdx‘
R3 R3 R3
1 1
SIVBINV2Bl 211817 + 55 I Vallza + I Vell i [ V2l 2 1B 72 + S VB -
Plugging the above inequalities into (4.17), we finally have
; (IvPu ()17 + 1B (1)[172) + [ Vet (0)]172 + [ VB: (1) 1 2

1 1 ’ )
N1||V”t||iz+Z||VBt||iz+||V”||L2||V ul[2l[v/Puel2 (4.18)
2 2
+ |Vl V2ul 22 | VPullf + VB 2 V2Bl 2 1B 72
2112
+ [Vl 2Vl 2 1B 12+ (T 172 + ([ V2l 72 + 1Vl [ V2 72

N =
A Ele

On the other hand, we deduce from the Stokes system (4.9) that
IV2u(®)lls + [IVP(0) |5 < C (IOl s + |pu- Vull s + | B- VBl 6), (4.19)
and
IV2B(0) |26 <C(I1Btll s + llu- VBl s +[|B- Vulls + |V x ((V x B) x B) || 6)- (4.20)

We deduce
|pu-Vullps+||B-VB| s+ ||u-VB|| 6+ ||B-Vu| 16
<C(|[ull 6| Vull= + |B 16 [| VBl = + l|u|l 16 ||V B[ = + [|B[ 16| V| =)
1 1 1 1
2 113 2 12 2p112 192Dl 2
SIVull 2 [[Voull L IV-ullfs + (VB 2 VB LI VB s

1 1 1 1 “4.21)
2 2
+ | Vull 2| V*B| 2. | VB2 + IV Bl 2| V2ul| 22 [Vl 2

SIVull 72 1V2ull 2 + IVBIZ V2Bl 2 + I VB ] V2ul 2

1 1
2 2 2 2
HIVull2IV°B 2 + S IV7ull s + S V7Bl e,
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and

IV x ((VxB)xB)|s <C S| = || V2B 2. (4.22)

:
Then, together with (4.19) — (4.22), (4.18) can be read as%
3 3 (NVBu Ol + IBOIE) + 3 Va0 B+ 31980
V200 + VB0 I3 + IV P0) 2
IVl IVl 2 s + 992 | e
VB2 IV 2B + [Vl 192l 218 + TR 1311
FIVBIL IV + VBV ul: + [Vl &5,
92+ Va7l -+ I 9281

Finally, by using Gronwall’s inequality, (1.7), (2.2), (3.1), (3.2), (4.15), and (4.16), we have the
following estimate

2 2 2 2
HutHLw(LZ) + HBIHLN(LZ) + HVI"IHLZ(LZ) + HVBIHLZ(L2)

0\2
5 (8
r

IV g + 9B, + VP S 60, vez0. O
By virtue of (1.7), (4.16), and (4.23), we infer
| 1vu@ iz ar < € [T IV V) I e S 60) 4.24)
and
| IvB@l-ar < [TIVBO) I IVBO i S 60 (4.25)

(4.24) and (4.25) give the global in time Lipschitz estimates of u and B. Moreover, the esti-
mates (4.23), (4.24) and (4.25) are sufficient for the global regularity of the inhomogeneous
incompressible Hall-MHD system (1.1). Consequently, one has

(e, Mgz + 1B, ) g2 S E(1), Vi =0.
This finishes the proof of the theorem. 0
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