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LARGE TIME BEHAVIOR OF SOLUTIONS TO THE HALL-MHD EQUATIONS
WITH ION-SLIP EFFECTS AND HORIZONTAL DISSIPATION
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Abstract. This paper investigates the large time behavior of global solutions to the 3D Hall-MHD
equations with ion-slip effects and horizontal dissipation. We establish the global well-posedness of
solutions under the assumption of small Sobolev space initial values. The optimal time-decay rates of
the global solution and its higher order derivatives are also obtained under additional assumptions on the
negative-index Besov space initial value.
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1. INTRODUCTION

This paper considers the initial value problem for the 3D Hall-magnetohydrodynamics (MHD)
equations with ion-slip effects and horizontal dissipation

oiu+u-Vu— uAyu=—Vp+b-Vb,

Ob+u-Vb+V x ((Vxb)xb)—Vx(((Vxb)xb)xb)—VvAb=>b-Vu, (1.1)

V-u=0,V-b=0
with the initial value

u(x,0) = up(x),b(x,0) = bo(x). (1.2)

Here x € R?, ¢ > 0, u = u(x,t), b = b(x,t), and p = p(x,t) represents the velocity field of the
fluid, the magnetic field, and the pressure of fluid, respectively, the positive constants ¢ and v
are viscosity and resistivity coefficients, respectively, and A;, = 812 + 822 denotes the horizontal
Laplacian.

Since Alfvén’s [1] initial derivation, MHD equations have governed the dynamics of fluids
that transport electric currents in the presence of magnetic fields. They play a crucial role in
the study of numerous phenomena across geophysics, astrophysics, and engineering. The MHD
equations attracted substantial interest from the mathematical community, owing to their more
complex structure relative to the Navier-Stokes equations. This complexity arises from the fact
that MHD equations constitute a coupled system, integrating the fluid dynamics governed by
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the Navier-Stokes equations with the electromagnetic field dynamics described by Maxwell’s
equations. For an electrically conducting fluid, the Hall effect and ion-slip currents have a
pronounced impact on the flow dynamics under the influence of a strong magnetic field. Earlier,
Elshehawey et al. [2] investigated the impact of Hall and ion-slip currents on MHD flow with
variable thermal conductivity by using the Chebyshev finite difference method. Subsequently,
Elgazery [3] discovered the role of Hall and ion-slip currents in the MHD flow of micro-polar
fluids through porous media with variable viscosity and thermal diffusivity under the influence
of chemical reactions. Recently, Krishna [4] studied the effects of Hall and ion-slip on the MHD
flow of Casson hybrid nanofluids through an infinite exponentially accelerating vertical porous
surface.

For the 3D Hall-MHD equations with ion-slip effects with full dissipation, namely A,u re-
placed by Au in (1.1), Zhao and Zhu [5] established the temporal decay estimates for the weak
solutions and the algebraic time decay for higher-order Sobolev norms of small initial data so-
lutions. Later, Zhao [6] proved the local well-posedness of strong solutions. Moreover, the
existence of global smooth solutions for large data was proved by Zhang [7]. For more results
on 3D Hall-MHD equations with ion-slip effects and full dissipation, we refer to [8, 9, 10].

The study on the theory of well-posedness of solutions to the Hall-MHD equations has grown
enormously in recent years. We refer to [11, 12, 13, 14, 15, 16, 17, 18, 19, 20] for the viscous
and resistive Hall-MHD equations. When the 3D Hall-MHD equations have only partial dissi-
pation, due to the complex structure, the global well-posedness problem and large time behavior
can be quite difficult. For (1.1) without ion-slip effects, Fei and Xiang [21] proved the global in
time existence of classical solutions for small initial data in H>. Later, Li [22] investigated the
Cauchy problem for the 3D incompressible Hall-MHD equations under horizontal dissipation
and demonstrated the global well-posedness of the system under the condition of axisymmetric
initial data, where both the velocity vorticity and the magnetic vorticity components are vanish-
ing. For the classical 3D MHD equations, well-posedness and stability of solutions has attracted
the attention of many mathematicians and numerous interesting results were established; see,
e.g., [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35]. We only recall closely related work
with partial dissipation and anisotropic dissipation for our purpose. Pan, Zhu and Zhou [31]
demonstrated solutions to MHD equations without magnetic diffusion by some time-weighted
energy estimation. It is assumed that the initial magnetic field is sufficiently close to equilib-
rium and that the initial data exhibits some symmetry. Global well-posedness and stability of
solutions to 3D MHD equations with horizontal dissipation and vertical magnetic diffusion near
a background magnetic field were established by Wu and Zhu [33]. Lin, Wu and Zhu [36] in-
vestigated the 3D MHD equations with velocity dissipation in only one direction and magnetic
diffusion in two directions. Global stability of solutions near a suitable background magnetic
field was proved. For small initial data in H! space, Shang, Wu and Zhang [37] proved the
global existence and stability of solutions to 3D MHD equations with only horizontal dissi-
pation. Moreover, the large-time behavior of solutions was also obtained by using the MHD
equations in an integral form, cancellations and other properties such as the incompressibility
in order to control terms involving vertical derivatives.

Inspired by the recent results [38] for 3D incompressible Navier-Stokes equations and [39]
and [40] for 3D incompressible MHD equations with horizontal dissipation, the main aim of
this paper is to establish large time behavior and global well-posedness of solutions to problem
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(1.1)-(1.2). Firstly, we prove the global well-posedness of solutions to problem (1.1)-(1.2) un-
der the assumption of small initial values. For the details, we refer to Theorem 3.1. Secondly,
we prove the time-decay rates of global solutions and their higher order derivatives when the
initial value belongs to homogeneous negative Besov spaces and H>, Theorem 4.1. Finally,
if the initial value belongs to homogeneous negative Besov spaces and H*, more decay esti-
mates are established, Theorem 4.2. The paper is divided into four sections. Section 1 outlines
the necessary background and provides a review of the current state of research on (1.1) and
related models. Section 2 introduces the preliminary conditions. Section 3 presents global well-
posedness of solutions to problem (1.1)-(1.2). Finally, Section 4 focuses on establishing large
time behavior of global solutions to problem (1.1)-(1.2).

2. PRELIMINARIES

This section presents various notations for functional spaces and several useful calculus in-
equalities that are commonly employed in this work.

2.1. Functional spaces. In this subsection, we recall the Littlewood-Paley operators and their
elementary properties and the anisotropic version of the dyadic decomposition of the Fourier
space, which allow us to define the Besov spaces. Let .7 be the usual Schwarz class and . its
dual, the space of tempered distributions. For (j,k,I) € Z3, one defines

Aif = T (p(27IE)F) and
NS =T o &N ).Ar =7 (o2&,
where & = (&1,&,&), & = (£1,&), f denotes the Fourier transform of the tempered distribu-

tion f € .7’ over R, .# ! designates the inverse Fourier transform of f, and ¢(7) is a smooth
function such that

supp ¢ C TER:§§\7|§§ ,andVT>O,Z(p(2_jT):1.
4 3 i

Definition 2.1. The homogeneous Besov spaces B, , and B}, ;> with s,s1,52 € Rand p, g € [1, 0]
consist of f € .'/ 2 with & being the set of polynomials, satisfying

I£llgy, = 121451l <

1
||f||B;{(}s2 = < Z 251qk252quAizA;uf”zp> ! < co.
' (k,l)€Z?

In particular, _
/15 = sup (2Y[|A;fl2) < oo,
= jer

1£1l .0 = sup (24| A £l 2) < oo,
2,00 kel

amd
If g = sup (2722 ARAP flj2) < oo.
2= (kl)ez?
The following lemma provides Bernstein inequalities for fractional derivatives. The upper
bounds also hold when the fractional operators are replaced by partial derivatives.
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Lemma2.1. Letx > 0and 1 < p < g < oo,

(1) If f satisfies supp f C {& € R : |€| < K2/}, for some integer j and a constant K > 0,
then

1= L) < 27 E 1l g

(2) If f satisfies supp f c {& eR3: K12/ < |E| < K»2/} for some integer j and constants
0 < K; < K>, then

|
205]—0—]3(;—

. 1
CL2 | fl gy < I(—A)% o) < €22 e

where C; and C; are constants depending on ¢, p and q.

2.2. Calculus inequalities. This subsection gives several useful calculus inequalities. The first
fact provides an upper bound for the L”-norm of a one-dimensional function, which serves as a
basic ingredient for anisotropic upper bounds.

Lemma 2.2. ([41]) Let2 < p < ocoands > % — %. Then, there exists a constant C = C(p,s) such
that, for any 1D functions f € H°(R),

1 1 1

it 17y
1 llzr ) < CULAN 2wy {( p>\|AsfHLz< p)-
In particular, if p = oo and s = 1, then any f = f (x3) € H'(R) satisfies
1
17 lmey < Cl A 105

The second fact is an exact LP-L9 decay estimate for the generalized heat operator associated
with a fractional Laplacian.

Lemma 2.3. ([42]) Letd > 1,8 >0,a>0,v>0,and 1 < p < g < oo. Then

B _d(1_1
A8 fll e < €25 G0 )

The last fact is an anisotropic upper bound for the integral of a triple product. It is a powerful
tool in investigating anisotropic equations.

Lemma 2.4. ([33]) The following estimates

1 1 1 1 1 1
/R3 |[fghldx < ClIFN 2100 2 llgll 2 1928l 22 12l 21 D3l 2

1 1 1 1 1 1
/R3 |[fehldx < CIFN N0 N2 102 1 21912 f 11 2 Ml 2 | 93l 2 1l .2

hold, provided that the right-hand sides are all bounded.

We conclude this section with some notations that are frequently used throughout the pa-
per. To simplify the notations, we define f;, = (f1, f2) and V;, = (d;,d2). We write [ fdx for
Jis £ ), | Fll for |1 gy and I Flls for [ sy We wite [ p. with j = 1,2,3 for

the LP-norm with respect to x; on R, and || f]|,.» ) with j,k=1,2,3 for the LP-norm with respect
ij

to (x;,x;) on R?. We also separately write “fHLZ and ||f||L7LP3 for the ||f||Lq1 and || ||f||Lql . 1Y
h ‘X ‘X ‘X1X
to shorten the notations.
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3. GLOBAL WELL-POSEDNESS

This section is devoted to proving global well-posedness of solutions to problem (1.1)-(1.2)
in H*(k > 2), provided that the H* norm of the initial value is small enough. More precisely,
we have the following theorem.

Theorem 3.1. Let k > 2 be an integer. Assume (ug,by) € H* with V -ug =0 and V - by = 0.
Then there exists a constant € > 0 such that if ||ug||gx + ||bo|| gx < €, then problem (1.1)-(1.2)
has a unique global solution (u,b) satisfying (u,b) € L*(0,00; HX), Vyu, Vb € L*(0,00; H*) and
for some constants C > 0 and any t > 0, it holds that
2 P v 2 Vb
[Jue() [+ 1) [ + A IViu (o) ||+ [VO(T) |1 +
2 A
[(V 5 b) x b(2)|72 + | VE(V x b) x b(7)72)d G-D
2 2
< C(lluollge + lIbollge)-

Proof. Since the local well-posedness of solutions to problem (1.1)-(1.2) in H* follows from
a standard approach such as Friedrichs’ method, this proof focuses on the global a priori H*-
bounds. Taking the L?-inner product of (u,b) with the first two equations of (1.1) and using
V-u=V-b=0, we obtain

1d

55(””“22 + b1 72) + 1l Vil 72 + VIVBIZ +[[(V x b) x bl|72 = 0. (3.2)

Integrating (3.2) with respect to time yields

t
)72+ 1612+ [ (& 1V 2+ V[0 2+ (Y xB) % b ) de

2 2
= ||”0||L2 + ||b0||L2-

Applying 97 (i = 1,2,3) to the first two equations of (1.1), dotting the results by (d?u,d?b),
respectively, integrating over R, and adding them up, we obtain

1d 3 3 3
37 Y (197ull72 +1107b1172) + 1 Y 107 Vaul 2 +v Y 197 Vb 7
i=1 i=1 =1

3 3 3
=Yy / 0 (u-Vu) - 9fudx+Y / 07 (b-Vb)-fudx—Y / 0% (u-Vb) - 9?bdx
i=1 i=1 i=1

) 3 3.3
+ ;/3,2(19Vu) ~ai2bd_X— ;/812(V X ((V % b) X b)) 'aiZbdx ( )

+ i/af(v % (VX b) x b) x b)) - 92bdx
i=1

=:H+H,+ H;+ Hy+ Hs + Hg.
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To bound Hy, using V - u = 0, we write it into components
= —/812u-Vu-812udx—2/81u-V81u-812udx—/822u-Vu-822udx

—2/82u-V82u-822udx—/832u-Vu~832udx—2/(93u-V83u-832udx
=Hy+Hp+Hi3+Ha+His+Hie.
By Lemma 2.4, we obtain
Hiy < Clloful 119507l 111Vl 11102l 11 2191 7
< Cllull g2 || Va7

Similarly, we have Hyp + Hyz + His < Cllul| g2 ||th||12_12 We cannot estimate H,s directly. To
bound it, we use V-u = 0 and Lemma 2.4 to obtain

H15:—/832uh-th-332MdX+/93Vh-uh'93u'932“dx
< Cllull g2 | Vau 2.

Similarly, we have Hg < C|ul| 2 ||th||i{2 Combining the above bounds up, we obtain H; <
CH”HH2HVWH%{2- Similarly, we have Hp + Hy < CHuHH2HVbH%12 and

Hy < C(|[ull 2 + 11611 2) (I Vael 2 + VB 172

Using Holder’s inequality and commutator estimate yields

Z/a2 -(b®b))-3*(V x b)dx

< CZ 1B]|= 1107V bl| 21107 (V x b)| 2
i=1

2
< Clpl 2l VDo
To bound Hg, we write it into components
He =

i/ 92(V x b) x b) x b) - 82(V><bdx+22/ [(V X b) x 3b) x b) - 9X(V x b)dx

+2Z/ (V % b) x b) x ib) - 2(V x b)dx
+22/(((v % b) X 9b) x 9ib) - (Y x b)dx

+ i /(((V x b) x 97b) x b) - 9*(V x b)dx + i /(((v x b) x b) x 9?b) - 9?(V x b)dx

=: Hg1 + Hep + He3 + Hpy + Hgs + Hegg -



3D HALL-MHD WITH ION-SLIP EFFECTS AND HORIZONTAL DISSIPATION 93
Using Holder’s inequality, we obtain
3
Hg = — Z/a,.z(v x b) x b-97(V x b) x bdx = —||V*(V x b) x b||7,
i=1
and

Hez < ||V 2|V =161 = | V20| 2 < |72 VB -

As in the estimate of Hgy, He3 + Hes + Hes < C||b||2,||Vb|7,. By Hélder’s inequality and
Sobolev imbedding theorem, we obtain

Hey < C|[Vb||1=|| VD[]Vl 2 < Clb] 72 VD 72-
Incorporating the above estimates yields Hs < —||V*(V x b) x b||7, +C||b||2,,||Vb|)3,,. Substi-
tuting the bounds of H; (i = 1,---,6) into (3.3) and adding the result to (3.2), one infers that
d 2 2 2 2
o ez + 1161 72) + [ Vatel [z + v [Vl + (V< b) bllj>+ V3V x b) x bl 1>

2 2
< C(|lal g2 + 10l + 161 52) (IVntell72 + 1751 72).

which together with the bootstrap argument immediately yields (3.1) with k = 2.
Now we turn to (3.1) with k > 3. Applying *(i = 1,2,3) to the first two equations of (1.1)
and taking the L2-inner products with (9¥u, 9¥b) , respectively, we obtain

N =
&lQ‘

t

1

3 3
Y (197 ullf2 +1107B1172) + 1 Y 19 Vaullz +v
i=1 i—1

1

3
19/Vb]7.
=1

3 3 3
— Y [0 Vu)-dfudx+ Y [ 0F(b-Vb)- dfudx— Y. [ O - Vb)- 3fba
i=1 i=1 =

) 3 3.4
+;/8l~k(b-vu) - O bdx — ;/al.k(v % ((V x b) x b)) - 9bdx (3.4)

3
+ Z/a{‘(v x (((V x b) x b) x b)) - O bdx
i=1
=h+bL+L+14+15+ 1.
Set C,{ = ﬁ By the divergence free condition V - u = 0, we have

3ok . 3 k. .
h=- Z Z Cli/aijuh : Vhaikiju'a,-kudx— Z Z C£/8i1u3838ikju~8lkudx

i=1j=1 i=1j=1
=111 + 1.
Using Lemma 2.4 and the Young inequality yields

3 k . 1 . 1 .1 .1 1 1

1 1 k— 1 k— 1 1 1

Ly <CY Y N0 unll 211010 unl| 22 1V40;ull 22 1103Vad;ull 2, 10ful| 2,920 ul |2,
i=1j=1

< Cllull gl Vel g [V e

< £Vt + Cllul B [V
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and 12 < £ ||V || ju + Cllul|?,]|Vate]| 2, - Thus we obtain
1< SNVl + Clll 2 Vil
Similarly, we have
L+1I < 1—6||thllHk +— ||Vb||Hk + C([luall 7 + 11570 IV e s + 1IVE ),

L < —HthHHk+ HVbHHk +Cllullfe + 115120 UV ael s + 1 Vab ).

Using Holder’s inequality, commutator estimate, and the Young inequality, we infers that
3
-y /(al.k((v % b) x b) — IK(V x b) x b) - IH(V x b)dx

3
< CY VBl =105 VBl 2 |05 (V x b)
i=1
\%
< VB2 + I VB3

By the standard calculus inequality, we obtain
3
Is— Z/ [OK(((V xb) x b) x b) — ((9K(V x b) x b) x b)] - 9K(¥V x b)dx
i=1

3
+x (¥ x5) x b) xb) - 3F(V x b

< C(IVBll 16112 1VBl =+ 1V = 16| 161 1) V| g — V(Y x b) x bl 72
\%
—IIVbIIHk +ClIbI I VBIG, ., — V(Y % b) x b 2.

Inserting the above bounds into (3.4), and adding the result to (3.2), we obtain

d _ .
E(Iluﬂék + 1bll5e) + min{p, V(I Vaullg + VBl 7) + Y, V(Y x ) x b||7,
j=0.k

2 2 4 2 2
< C(lleell g A 11D 7+ 11617 ) 1V el g1 + 1V D i),

which together with the bootstrap argument yields (3.1) with k > 3. This completes the proof

of Theorem 3.1.

4. TIME-DECAY RATE OF GLOBAL SOLUTIONS

In this section, our main aim is to establish time-decay rate of global solutions obtained in
Theorem 3.1. Meanwhile, time-decay rates of some spatial partial derivatives of global solutions

are also obtained.



3D HALL-MHD WITH ION-SLIP EFFECTS AND HORIZONTAL DISSIPATION 95

4.1. Time-decay rate. The main goal of this subsection is to establish time-decay rate of global
solutions to the problem (1.1)-(1.2) with H 3 initial value. The result is stated as follows.

Theorem 4.1. Assume that (ug,bg) € H*(R3). Then there exists € > 0 such that if
10, 9s140) ] 1033+ [1boll 1 sy + 1 (0 o) 3 3y < € (4.1)

then the global solution (u,b) to problem (1.1)-(1.2) obeys

0., 950) ()| 2 sy < C(1+1) 2, (42)
[(Vh, VB) (1) 2 g3y < C(1+1) 7, 43)
|V, V2B (1) 2y < C(1+1) 2. (4.4)

To prove Theorem 4.1, we first prove the following H'-estimates.

Lemma 4.1. Assume that (u,b) is a solution to problem (1.1)-(1.2). Then, for any 0 <s < t,
t
2 2 2 2 2 2
() [[r =+ 16(2) [ +/0 IVau(o) [+ IVO(D)[gr)dT < C([luls) [+ 16(s)[[71)- - (4.5)

Proof. Applying 0;(i = 1,2,3) to the first two equations of (1.1), dotting the results by d;u and
d;b, respectively, integrating over R?, and adding them up, we obtain

1d ¢

3 3
o (9l + 119:b1172) + 1 Y 10V aull72 +v Y. 19:Vb] 17
i=1 i—1 i=1

3 3 3
:—i;/&i(u-Vu)-8,~udx—|—i;/8i(b-Vb)-aiudx—i;/&(u-Vb)-&ibdx
3 3
+ Z/ai(b Vi) - djbd:x Z/a,-(v % ((V x b) x b)) - hbelx (4.6)
i=1 i=1
+i/a,~(v x (((Vxb) xb) x b)) -dibdx
61:1
=. ZJ,'.
i=1

Analogous to the earlier estimates of Hy; and /1, we have
Ji=— i/a,-uh Vo Qudx — 23: /&iu383u - Qudx < Cllully |Vl
i=1 i=1
Applying Holder’s inequality and Sobolev imbedding theorem, we obtain
J3 = i/%u-Vb-aibdx < C|[Vull VBl 2| VBl s < Clull2 VB 71
Similarly, we hf:/e

3 3
Jo+Jy = Z/aib-Vb‘aiudx+2/aib'vu‘aibdxSCH””HZHVbH%-ﬂ'
i=1 i=1
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Moreover, by integrating by parts, Js < C||VD||;3]|Vb||;s||V(V x b)| ;2 < C||b]| 2 HVbH%{l. Sim-
ilarly, Jg can also be partially integrated

3 3
Jo :Z/(&,(be) X D) ><b~8,~(V><b)dx+Z/((V x b) x 9ib) x b- 3(V x b)dx
= i=1
3
+Z/((V><b)><b)><8,-b-8,-(V><b)dx
i=1

3
<y /b X 3(V x b) - 9(V x b) x bdx +Cl|(V x b) x V| ;3|b||]|V?b] ;2
i=1

+C||(V x b) x b[13]|Vb][ 1] [V?D]| 12
<—||V(V x b) x bl[7, +C||Vb]| 74| ] |s|[VD]| 2
<ClIbl3IVBIF = IV (V x b) x |-
Combining the estimates above with (4.6), and adding the result to (3.2), we arrive at
(Nlullzps + 11B1170) + 20l Vazell 31 +2VIIVBI 51 + Y [IV/(V x b) x b7
j=0,1
2 2 2
< C(llull g2+ 10112 + 181 52) IV el [ + VD[ 71)-
Choosing € < C~'min{u, v} in (4.1), we derive that

4
di

d :
7 Ul -+ 1B[) + min {2, v (Vo7 + [ VB ) <.

Integrating the above inequality from s to ¢, (4.5) immediately follows. We complete the proof
of Lemma 4.1. 0

In what follows, we prove Theorem 4.1.

Proof. The idea of the proof is as follows.
(1) To establish the desired decay estimates (4.2) and (4.3), we introduce the suitable time-
weighted energy functional, namely

E) = sup ((142)H] (b, 50 (2) |2+ (14 2) (Ve V) ()] 12).

The main effort is to use delicate energy estimates to prove
E(r) < CE(0)+C(EX(1) + E3(1) + E¥ (1) + EX (0) + E3 (1) + E3(1)). @.7)

Once this is established, an application of the bootstrapping argument would imply the desired
decay estimates (4.2) and (4.3).

(ii) We use the a priori H'-estimate to obtain a coarse decay estimate for ||(Vu, V2b)(t)|| 2.
Then we improve this decay rate by an iterative process.

The proof is slightly long. For the sake of clarity, we divide the proof into two steps.

Step 1. Decay estimates for ||(u,b, d3u)(t)||;2 and ||(V,u, VD) (1) 2.

To do this, we rewrite problem (1.1)-(1.2) in the integral form, namely

t t
Ul 1) = MOty — / MDD Vi) (1)d T + / MNP, VY (T)dE,  (4.8)
0 0
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and

t t
b(x,1) ="M b — / V0= (4. Vb) (2)dT+ / M=) (. V) (1)d
0 0

- /0 l e"A=T(V x ((V x b) x b))(1)dT (4.9)
+ / [ "2V 5 (((V x b) x b) x b))(1)dT,
0

where P = I — VA~!V. denotes the Leray projection onto divergence-free vector fields. Apply-
ing d; to (4.8) yields

t t
Dyua(x,1) = Dyt o — / 3 M= P(y. Vi) (7)d T / DM —DP(p. V) (T)dT.  (4.10)
0 0

Taking the L?-norm to (4.8)-(4.10), then adding them up, and noticing the boundedness of P on
L? functions, we obtain

1,5, B300) ()l 2 < leF w2 + e boll 2 + e Bsug |2

+ [ e V)l + [ et - 0)(0) 2t
+ e Vh) @l ade+ [ b Vi (@) de
+ [ 109 x (9 x5) x B)(0) e

4 [ eI (7 x8) x B) x B)) ()

t t
T /O |44 95 (1 - Vi) (T) || 2d T + /0 1€VA=") 05 (b - Vb) (1) j2d T

I
=

K;.
1

4.11)
Next, we estimate K| through K;;. By the Littlewood-Paley decomposition and Bernstein’s

inequality, we arrive at
1

K < c( y e*zuzzkaAZuoH%z) ’
keZ

_1
< C(l +t) 2 (||u0||32—:;0 + ||uo||L2)
< C(1+1)"2E(0),
where Zkez(?kte_z“zzk[) < Cis used. Similarly, we have K, + K3 < C(1+ t)_%E(O). To esti-
mate Ky, we further write it into two terms

t t
Ky < / |44 (4, - V) (T)]| f2d T + / |42~ (4303u) (T) || 2d T
0 0
=: K41 + Ky3.
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Using Lemmas 2.2 and 2.3, we arrive at

! _1
Ko <C [ (=22 - Vi) (9)ll iz, 47
! 1 1 1
< [ =0 (D)5 10 (D [ Via(o) |2 v

1

< CEz(t)/Ot (t—1)2(1 —i—T)_%d’L'

<C(1+1)2EX(1).

Similar, K4p < C(1 —l—t)_%Ez(t). It follows that K4 < C(1 —|—t)_%E2(t). Similarly, we can derive
that K5 has the same bound as K. Using Lemma 2.3 and the Gagliardo-Nirenberg inequality, it
holds that, for ?T <a<l,

! _lta
K6+K7§C/ N (CED G

lta Oc—% %—06
<C/ (t=1)" = o(D)ll2 *[IVO(Dll 7~ [lu(T) ] 2d7

<C(1+1)” 2E2()

To bound Kg, we again use Lemma 2.3 together with the Gagliardo-Nirenberg inequality to
obtain

Kgsc/to—r)—l*z“H((be)xbm) st

_lia o} j—a
<c / =) 2 b(n)| 2 VbR |12, Cde

< C(1+1) 2EX(r).

Similarly, it holds that K9 < C(1+ t)*%E 3(¢). As in the estimate of Ky, we have

—_

Kio < C(1+1)"2(E3 (1) +E3(1)).

Similarly as Kg, we obtain K1} < C(1+ t)_%Ez(t). Substituting the above bounds into (4.11),
we find that

(1,5, 3u) (1) || ;2 < C(1+1)"2E(0) +C(1+1) "2 (Ez(t)+E%(z) FER(r) +E3(1)). (4.12)



3D HALL-MHD WITH ION-SLIP EFFECTS AND HORIZONTAL DISSIPATION 99

Applying V;, and V to (4.8) and (4.9), respectively, taking the L?>-norm to the resulting equation
and then adding them up, we derive that

[(Vau, VD) (1)l 2

t
< |\ Vie! M ug)| 2 + || VeAbol 12 + / Vet =0 (- Vu) (1) | 2d
0
t t
+ / IV, =) (b V) (1)|| 2d T + / |VeY2=7) (4. Vb)(1)|| 2d T
0 0
! VA(t—1) ! VA(t—1) (4.13)
+/ Ve (b~Vu)(’c)Hde’L'+/ Ve (V x ((V x b) x b)) ()| 2
0 0

+ [ VeI (% 5) x5) % b)) (22w

[ee]

As in the estimate of K|, we obtain L 4+ L, < C(1+¢)~!'E(0). By Lemma 2.3, we have

L3<C/ £ =) 1 Var) (2) | L2 dT+C/ =) 2| (- V) (7)) 2. llzz dr

1+a
l

=: L3 + La;.

As in the estimate of K4, we arrive at Lz} < C(1 +t)_1E 2(t). Due to % < o < 1, direct calculation
implies that

1 1
-V < 2 2 \%
I 11f gHth%aHL% <C|| Hf||L§3H83f||L%3HL§II gl
1
<C|| Hf||2°‘ IV fH2 2°‘HL2 105£11211Vell 2

a_,

< CUFIE IV Iz @195 1 Vil
Thus
! _lia
Lo <C [ =0 T Vi)l 2l dv
2 h
! _lia
+C/, (=07 M) (@) 2 Iz d7
2 h :

! _l4a a1 _ 1
SC/ (t=2) 2 Nun (D)2 > IVaun(2) 2 N5 (01 21 Viaa(7) [ 2w
2

4 _lta _1 _ 1
+Cﬁ (=) llus(0)l o 2 IVaus(2) 15 185w (2) 172 | O3 () | 2d e
2

<C(1+0)7'E*(1).
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Hence, L3 < C(1+¢)"'E?(¢). Similarly, we have Ly < C(1+¢)~'E?(t). Applying Lemma 2.3
and the Gagliardo-Nirenberg inequality, we obtain

L[ -0 |aon@lpdc+C [ (-9 | V)@ g dr
<C(1+0)7'E*(1).

Similarly, it holds that Lg < C(1+¢)"'E?(1).
Now we turn to bound L7 as follows. For terms L7 and Lg, we apply the same method as Ls,
which are

L<c [Ta=o (v xb) xb)(@)ndr

+c/ =) (Vx (VX b) x b)) (7)o de

L372a
<C(1+1) Y (EX(t) + E> (t) + E4 (1))

and

Lo <C [(t= o) H((V x ) xb) % B)(7) |nde

t o
+cﬁ (=) SNV X (T % D) < D) < D)D) g d
2
<C(1+0) N (EX0) + E3 (1) + E4(1)),
where % < a < 1. Inserting the above bounds into (4.13), we see that

1(Vae, VB) (2 2

<C(1+1)"E(0)+C(1+1)"! (E2(t) FEI(t)+E3() +E3 (1) +E3 (1) +E3(t)>.
Adding this to (4.12) immediately yields (4.7). The stand bootstrapping argument would imply
the desired decay estimates (4.2) and (4.3).
Step 2. Decay estimates of ||V7u(t)| ;2 and | V2b(¢)]| 2.

Applying V,% to the first two equations in (1.1), and taking the L*-inner product with V%u and
V,zlb, respectively, we obtain

1 d
Ed_(thu“LZ+ IViblI72) + 1l Viull72 + VIIVEVA| 7,
/ V2(u-Vu) - Viudx + / V2(b-Vb) - Viudx — / V2(u-Vb) - Vibdx + / V2(b-Vu)- Vibdx
—/V}%(Vx ((V x b) x b)) -V,Zlbdx—i—/V%(Vx (((V x b) x b) x b)) - Vbdx
6
=: ZM,
i=1

4.14)
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Using the divergence free condition V - u = 0, we rewrite M as
M, = —2/thh . V%u . V%udx — Z/thg, -V,03u- V%udx

—/V%uh~th~V%udx—/V%ug%u-V%udx
=My +Miz+ M3+ M.

In the following, we bound the terms M7 through M4. Analogous to the earlier estimates of
Hi, we have

My < f—6HVZuHiz +Cl|Viull 2 | Vil 21103Vt |72 + (| Vil 72),
My < %I!V?lulliz +Cl|Vaull 2 | Vil 21103V atl |72 + (| Vil 72),
My < 1“—6HV2uHiz +Cl|Osul| 2| Viull 2 (1103 Va2 + | Vil 72) -
We cannot estimate M, directly. To bound it, we apply integration by parts and obtain
M, = Z/V%u;; . 83M-V%udx+2/vhu3 -83u~V2udx
=t Mi21 +Mi2.

Clearly, M1 has the same bound as M14. Applying Lemma 2.4 and the Young inequality, we
derive that

1 1 1 1 1 1
M2y < C||Vhus||} 1101 Vius|| 1103V ius | 51|01 05V pus | |93l 2, | 92030l 2, || Viul| 2
u 4 4 2
< EHV?MH@ +C|| Vi 3, 11 93ual| 2o [V a2 (1193 Viual |72 + [ Viul[72).-

Therefore, we have
Mo < A% 5l + C (sl V3l + 173 95l 2 1Vl ) (195l + [V )
Inserting the boundness of My;(i = 1,--- ,4) into M yields
Y el (A PR N P E N PR P P PN EN PN P
X ([193Vaul7> + 1| Viul 7o)
Similar as the estimate of H; and M, one has
Ms — —/Viu-Vb-vibdx—zfvhu-vhvnV%bdx

u v
< e IViulie + G IIVAVAIL: + C(IVaull 2 + VIl 2) | Viull 2185 7.
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As in the estimates of M|, we have
M+ M, :/V%b-Vb-V%udx+2/vhb-vvhb-vgudx
+ / Vib-Vu-Vibdx+2 / Vb - VVu-Vabdx
u 1%
< T IVhulF + e IVAVEIE + C (Va2 Vil 2
+1|V0] 2l Viull 2 + 1|5l 2] V3 2
3 I w23 2 2
+||th||L2||Vhb||L2||Vh”||L2>(||a3vh”||L2+||Ab||L2)-
Next, we turn to bound Ms. Integration by parts yields
Ms = —/(V><b><V%b)-V%,V><bdx—2/(VhVxbehb)-V%,bedx
1%
< EIIV%VbHiz +CI|Vb|72 | Ab| [ V3b 72
As in the estimate of Hg, we derive that
Mg = /((v}l(v x b) x b) x b) - Va(V x b)dx+2/((Vh(V X b) x Vyb) x b) - V2 (V x b)dx
+2/((Vh(V x b) x b) x Vb) - Va(V x b)a’x+/(((V x b) x Vab) x b) - V2 (V x b)dx
+2/(((v X b) x Vb) x Vyb) - Va(V x b)a’x+/(((V x b) x b) x Vib) - V2(V x b)dx
Sv
< —[|Vi(V x b) x bl[[2 + Tl [ViVI[ + Cl[ VB2 V2B LIV 2
S Iv2hI3 11v3h3
+CIIVBI L lIVD VDI -
Inserting the above bounds into (4.14) yields
d
E(HV%uHiz +1IVibl72) + 1l Viull 72 + VIIVEVDI L + | Vi(V x b) x b [}
SC((\!th\!Lz+\!Vb|\Lz+HasuHLz)(HV%uHLHHV%bHLz)
2t 10sal (9l s ol 92l
FHIVaull 21 93ull 5 | Vaull 2 + I Vaull 5 Vbl 2 Vil
3 3
+IVB] 21V 2 V751172 + HVbHZzHVszLzHV3bHiz) (IVntell 71+ 1VB1 7).
Multiplying (¢ — s)? to this inequality, we deduce that
d 2
L (=) (V@172 + Vb))
< 2(t—)(|Vaullz2 + I ViblI )
+Cle = 5)? (17l 2 + 1Vl 2 + 133l 2) (V3] 2 + V301 2) (4.15)
2 1 3 3 3 5 w213
+IVaull 2 |93l 15 [ Vaull > + IVaull 2 [V ab L2l Viull

Vb, ||V2b||,- || V3D Vb%Vzb V3b% Voul|? Vb||?
+{[VB|2[[V7Bl 2|V Bl + (VB LIIVB 2] V70N L ) ([ Vit gy 4+ (VB0
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Combining this with (4.2) and (4.3), we integrate the resulting inequality from s to # and obtain
2
(t=9)* (IViu@®)I 72 + I Vip(0)II7:)

<2 [ (e =9)(IV3u(®) [} + |V3b(0)] 2)de 4.16)

+C/S’ (t—3)>(1+7) 72 (| Vau(T) |21 + | VB(D) |21 d.

It follows from (4.2), (4.3), and Lemma 4.1 that

[ )+ 19 < o) s+ 6(5) [ <CA+9) . @)

N

Setting s = %, one sees that (4.16) and (4.17) implies that

2 IVl 2 + V2502

7 Vi)l + [IVRb(1)]172)

<2 / r——)umu( )I7 + 1 Vib(D)l[7)dT + C(1+1)2 / (IVau(®) |30+ VB(D) [ )d

gc(1+t+(1+t)%>(!| Il + 116G )HHl)
<C(1+1)2.
Thus

w

|Vau(t) |2, < C(141)"2. (4.18)

To enhance the decay rate further, we adopt an iterative approach. For notational convenience,
we define ag = % Inserting (4.2), (4.3), and (4.18) into (4.15), and following the above proce-
dure, we obtain

V()72 + Vb (1) |72 < C(1+1) ™"
where a; = % + %ao. Repeating this procedure n > 1 times yields
Va7 + IVib(0)172 < C(1+1)~", (4.19)
where a,, = % + %an,l. By this iterative formula, we have
w31y () =3 (- ),
Clearly, it holds that, as n — oo, a, — 3 Thus, by choosing n — oo, (4.19) implies that
V)72 + I Vab(0)ll72 < C(1+1)7>.

This implies that (4.4) holds. This completes the proof of Theorem 4.1. 0

4.2. Decay Estimates of ||(V,,05u,Vsb)(t)||,2 and || 07u(t)| ;2. The main purpose of this sub-
section is to establish the decay estimates of ||(V,dsu, Vdsb)(t)|| 2 and || 0u(t)]| ;2 for H* initial
value. We state the result as follows.
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Theorem 4.2. Assume that (ug,by) € H*(R3). Then there exists € > 0 such that if (ug,bo) sat-
isfies H(u0,83u0)HB 1Ry T HbOHB ok [ (0, b0) || g4 (r3) < €, then the global solution (u,b)

to problem (1.1)-(1 2) also obeys

G, D5) ()] 10 3 + 1B g1 oy < € (4.20)
|(V1ds11,V93b) (1)l g3y < € (1 +0)7', (4.21)
105 u() || 23y < C(1+1) 3. (4.22)

Proof. The idea of proof is follows. To obtain the decay ||(V;d3u,V,d3b)(t)|| 2, we resort to
integral form of the problem. The estimate for ||d7u(t)||,2 is more involved. To deal with it, we

also need to introduce the time-weighted functional ./ (t) = supg< ., (1 + T)% |07u(t)]| 2. In
order to clarify the proof idea, we divide the proof into three steps.

Step 1. Decay estimates for ||(u, d3u)(t) 19 and ||b(r)

I g1

Applying (A7, Al'd3) and Ay to the equatlons uand b of (1.1), taking the L?-inner product with
(AZu,A’gagu) and Agb, respectively, and adding them together, we obtain an inequality. Then,
multiplying this inequality by 272* and taking the [;° over k € Z, together with the Holder’s
inequality yield

1d 4
2 dt
< -9l olllg 0+ -Vl 10 1

- Vblg 1 [0+ 16 Va1 1Bl 0

7 xB) x bl g1 [V x bl g1

+||((Vxb) xb) x b||371 |V x bHBq

+1|d3(b-Vb)

||M||2 1o+Hb|| 1+||a3”||12§271,0)+.uth”“z;w+V||Vb”129£i°+“||Vha3”H1292*170

(4.23)

10”83MHB 10—|—Ha3(u Vu) 10”83u||B 10

I, I,

I
MOO

O;.
i=1

Using the Hardy-Littlewood-Sobolev inequality and Lemma 2.2, we have
15~ Vbllgro < Cll[b- Vbl < CHb”L%zHVbH%z'
Therefore, we obtain O; < C HbH%zHVbH%zHuH 310 As in the estimate of O, together with
V -u =0, we arrive at
02 < C (a2 13sul 2 [ -+ a1 el 19502 )l -
Applying the Hardy-Littlewood-Sobolev and Gagliardo-Nirenberg inequalities yields

- Vbll;1 < Cllu-Vb] o <CIIMIILzIIVMIILzIIVbIIL2



3D HALL-MHD WITH ION-SLIP EFFECTS AND HORIZONTAL DISSIPATION 105

1 1 o 1 1
Thus O3 < Cllul| o [|Vul| [ V5l|12[b]] g1 - Similarly, one has O4 < C|[b]| 1, [|VD| 1 || Vul| 2| ] 1
Using the Young inequality, one obtains

1 3 1%

Os < ClblI 2 VBl 2 Vbl g1 < 7 VBl 1 +ClIbl 2] VD]
The same procedure yields

%
Os < C|[(V x b) x bl 2[1Bllza | VBl 5,1 < Z1VEI +CHbHLzIIVbIILz
As 01, we obtain
3192512 3 20112
07 < C(HVbHLzI|33 bl| 2 + (16l 2 V5l 2]V 05 bHL2> 193] 510

To bound Og, we further write ||d3(u- Vu) 10 into four terms. More precisely, the Hardy-

I,
Littlewood-Sobolev inequality yields

05 < (|1 9sus - Vil g1z, + €1l | 9su sl 13,
2
1l Ny - Vsl 2, +Cl sl 2, ) 1930l r0
1 1 1 1 2 1
2 2112 2 2 3 3 3
< C (1195l ¥l 21932+ el 7 N s | Va5 |V Ve

1 1 2 1
+ HquzHVhMHZzHasullzzl\v393ullzz> 1932e]] 510
Inserting the bounds of O;(i = 1,---,8) into (4.23), we obtain

G 20 1013+ 123 10)

<Cllbl 5 1Vl g 0+ CIBl 2 V513 + Cllel VL
(a1 9sul oVl o Vi 1 Osal ) .10
(1l IVl VBl 2 + 115 VBl 1Vl 2 ) ol 0
+C( IV 1928117 + 11 1Vl VO3B 2 ) 195l 510
€ (103t V2103 -+ 19 | 9V

1 1 2 1
+ Hull,fzHthHZzH33u!|22||V333uH22) 193ue]] 510
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Integrating this over [0,7] with 0 < ¢ < T and using (4.2) and (4.3), we obtain

2 2 2
a1 510+ 1B 11 + 9s24(1) 510

! _1 ! _9
< luol3 0+ 10l 1 + 135wl 10+C [ (141 Fdzrc [ (147 ar

! _13
+C sup (HM(T)HB1,o+Hb(f)thloJrHasu(f)HBz:o)/o (1+7) 2dr

0<t<t 200
<C+C sup ([lu(t)llz-10+16(7) || 51 + [1952(T) || 4-10)-
0<7<rt 2,00 200 2,00

Then this together with the Young inequality yields (4.20).
Step 2. Decay estimates of ||V, dsu(t)||;2 and [|[Vdsb(t)||2-
Applying V05 and Va5 to (4.8) and (4.9), respectively, and taking the L?-norm, we obtain

IVadzu(t)l 2 + [V Isb(1) ] 2

t
< || Vae" 2 daug || 12 + || VIzeY i bol| 12 + /0 Ve =05 (u- V) (1)|| 2d T
t t
T /0 |V e 05 (b - Vb) (1) || 2d T+ /0 IVeVAU=% 95 (b - Vu)(1)||2dT
t t
4 [ 19050 V) (@) 2+ [ Ve Ia5( ¢ (¥ xb) ) (0)] T

+/0t IVeY20=7)05(V x (((V x b) X b) x b)) (1) ;2d T
=: ; P,.
1

~.

4.24)
By Lemma 2.3, we see that

P <c( +t)*1(|‘83u0HB;L,o+ lluol|2) < C(1 —|—l‘)*17

where we used ZkeZ(Z‘”‘tze_z“ZZkt ) < C. Similarly, we have P, < C(1+¢)~". To bound P;, we
rewrite it as

L 1
Py = 719405 Vi) (0)ad 4 [ Vit V(1) e
0 3

=: P31 + P3;.

Using the Hardy-Littlewood-Sobolev inequality, one sees that

3 _
P <C " (=) (Il 1o Vou(®)lglloz, + 1 s dnue(w) 1z,

H 1 - Vidsu()lly Iz, + 1l HM3332M(T)HL},||L§3)CZT
<C(1+41)7"
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Applying V- u = 0 and Lemma 2.3 , and following the same procedure that leads to L3 and Ky,
we obtain

! _lia
Ps SC/é (t—1) 2 (H 952 - V(D) 20Nz, + Il Osusdsu(D) 2l

h h

{1 g Vadsu(o)| 2 Nz + 1l usdsu(o)] 2 2 )df
Lh [e4 3 Lh-H.Z 3
<C(141)"!

with 3 < a < 1. Thus Py < C(1+¢)~!. Similarly as the estimate of P3, we obatin Py < C(1 +
t)~1. To bound P, we rewrite it as

L t
Ps— / *|[Ve A= 95 (b - Vi) (1) | 2d T + / IVe*0=995(b- Vi) (1) 2T
0 3

=: Ps; + Ps;.

Using Lemma 2.3, we obtain

B SC/Oz (t =) T (b u)(1) | pdr < C(1+1)7"

Applying the Hardy-Littlewood-Sobolev and Gagliardo-Nirenberg inequalities yields

i _lta
Po<C [ (=) (103 VU@, + 10V, )

1+a
2

t ayl ayl
< [ =) 5 (1015 1V 2 + 135b(2) 5 93],
2

OC—% %—a %
+16(D) 2 *IVE(D)]l 2 Hasu(f)HLz)df
<c(1+1)7h

Thus Ps < C(1+1¢)~!. Similarly, we can show that Ps and P; have the same bound as Ps. Ap-
plying the Holder’s inequality and Sobolev imbedding theorem, we derive that

t

Py < /02 (1= 2)* |(((V x b) x b) x b)(7) | d

6 dT

A

+/tt (t =) 2 [|95(V x (((V x b) x b) x b))(7)

< C/Oz(t — 1) 4|Vb(T)] 2 1b(7) ||§4dr+c[(t —) " (Hb(r) le=1VB(D) 3 V26 ()| 2
+ 160012 1b(2) 2=V 5(7) |2 + IIVb(T)||i4||Vb(f)llL%)dr
<C(1+41)7"

Inserting the bounds of P,(i = 1,---,8) into (4.24), (4.21) immediately follows.
Step 3. Decay estimates of || d7u(t)| 2.
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Let A (t) = supp< <, (1+ ‘L')% 107u(7)|| ;2. Applying 07 to (4.8), and taking the L? norm, one
has

t
195 u(t)ll,> < |!332€”Ah’uo\|Lz+/o 19344 (u- Vu) () 2 T

t
+ [ 192450 (b Vo) (1)) e (4.25)
0

=01+ 02+ 0s.
Taking advantage of the Gagliardo-Nirenberg inequality and Lemma 2.3 yields

2 1 1
01 < Cllase"™ug) |3y < (1 +1) 7

To bound Q,, we rewrite it as

t t
02 < [ 10 @u- Vu) ()l padr + [ [ - VORu) (1) 2w
0 0

1
42 / 14307 (Ju - Vou) (7)| 2 d e
0
=: 021 + 02+ 023.

Similar, we can obtain

t o
O <€ [~ 2 1(@un- Vi) 2l dv
h

1 a
+C/ (t=7) 2 | (OFusdsu) (D) 2 ||z d7
0 Lh+a

<C(L+1) 342 (t) +C(1+1) 5.2 (1)
and ,
02 <C [ (=2 % | s VadR) (D) 2, iz, dv
0 Lyre s

e -0 waduo

”Lﬁ Iz d7
<C1+1)3+C(1+1) 5.2 (1),

where % < a < 1. In view of the estimate of O, together with V - u = 0, we have

4 o
0 <€ [[1=0 1 @ Vadsu) (D) 2z d7
h

t o
+C/ (t=2)" 2| 1(su303u)(7)|| 2 |2 dT
0 L,*
<CA+0) 3 M%) +C(1+1)"3.42(1).

Incorporating the above bounds yields
1

0r < C(L+1) 3% 2 (1) +C(1+1) 342 (t) +C(1+1) 3.
Similarly, we can derive that Q3 has the same bound as Q. Substituting the bounds of Q, Q»,

and Qs into (4.25), we find that .# () < C+C.#% 2 (t)+ C.4%(t), which together with the
Young inequality immediately yields (4.22). Thus Theorem 4.2 is proved. U
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