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Abstract. The present investigation in Geometric Function Theory of Complex Analysis is essentially
motivated by the importance and usefulness of the coefficient bounds and the coefficient estimates for
functions belonging to several analytic and univalent (and bi-univalent) function classes, such as the
classes of starlike and convex functions as well as their bi-univalent associates. In this paper, the coeffi-
cient bounds are determined for the moduli |az|, |a3|, and |a4| of the initial Taylor-Maclaurin coefficients
as, as, and a4 for some normalized analytic and bi-univalent functions where the functions and their in-
verses belong to distinct subclasses of analytic and bi-univalent functions. The these coefficient estimates
are obtained by applying the familiar bound for the initial coefficient of the Carathéodory functions.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let o7 denote the family of functions f(z) represented by the following Taylor-Maclaurin
series:

f(Z)ZZvLianz", (1.1)
n=2

which are normalized by the conditions f(0) = 0 and f’(0) = 1 and analytic in the open unit disk
U={z:z€C and |[z] <1}.A function f € o/ is said to be univalent in U if f(z) is one-to-
one in U. As usual, we denote by . the subclass of functions in .27 which are univalent in U.
On the other hand, a function f in . is called starlike of order @ (0 < o < 1), denoted by f €
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(), if R <Z}CES)> >0 (z€U). Afunction f in . is called convex of order ¢ (0 S @ < 1),

denoted by f € # (at), it R (1 +i "@) >a (z€U). As usual, we write .#*(0) = .* and

f'(2)
 (0) =: & for the classes of starlike and convex functions, respectively.
The class of §-convex functions, denoted by .#(8) (0 < 6 < 1), was introduced by Mocanu

[18] as follows:
o [(2(2) zf"(2)
9?((1 6)(f(z)>+5(1+—f/(z))>>o (zeU).

We note that all §-convex functions are univalent and starlike. In particular, .#(0) = .* and
A (1) = A (see also [16]). We note also that the extended class of d-convex functions of order
B for1 < B < 1and (—e < § < o0) was introduced and studied by Fukui ef al. [9]. For each
f € .7, there exists an inverse function f~! in some neighborhood of the origin. In accordance
with the one-quarter theorem in [8], we can define f~! in a neighborhood of the origin that
contains a disk with a radius of é—lt, which includes the disk |z| < %. In some cases, f —1 can be
extended to the whole open disk U. A function f € .7 has an inverse f~!, which is also an
univalent function and defined by f~!(f(z)) =z, z€ Uand f(f~'(w)) = w, w € range of f.
Moreover, the function f~!(w) has the Taylor-Maclaurin series expansion of the form:

_ - 1
gw)=rtw)y=w+ Y baw" (W] <ro(f),r0(f) = Z)' (1.2)
n=2
For initial values of n, one can easily see by = —ay, bz = Za% —as, by = S5araz — Sa% —ay, and

SO on.

The function f € o7 is said to be bi-univalent in U if f € .7 and f~' has univalent analytic
continuation to the disk U. Let £ denote the class of bi-univalent analytic functions in U of the
form (1.1). Lewin [13] investigated the class ¥ of bi-univalent analytic functions and demon-
strated that the inequality |a| < 1.51 is satisfied by the second coefficient of each f € X. Let
Y| be the class all functions f = ¢ o y~!, where ¢ and y map U onto a domain containing U
and ¢'(0) = y/(0). A function in £; C X that satisfies a, = 4/3 was provided by Suffridge [33],
who also conjectured that |a;| < 4/3 for all functions in X. For the subclass £, Netanyahu [19]
refuted this conjecture in 1969. In 1981, Styer and Wright [32] proved that a; > 4/3 for some
function in X, thereby refuting Suffridge’s conjecture. For another example demonstrating that
Y # X, we refer to [7]. Smith [21] and Kedzierawski and Waniurski [12] derived results on bi-
univalent polynomials. For f € X, Brannan and Clunie [5] conjectured in 1967 that |as| < v/2.
Kedzierawski [11, Theorem 2] proved this conjecture for a special case where the functions f
and f —1 are starlike functions. The bound |as| < 1.485 found by Tan [35] happens to be the
best estimate currently available for functions in the class X; see [10] and [22] for a survey and
a list of the related open problems.

Kedzierawski [11] established the following results in 1985:

fes; ftes),
fes e,
fess ey,
fex; fes),

1.5894

(

|laz| < v2 (
(

(

1.507
1.224
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where .”* and % denote the classes of starlike and convex functions in ..

A brief history of the developments regarding the function class X can be found in the pio-
neering work by Srivastava et al. [29] which apparently revived the study of the analytic and
bi-univalent function class X. One can find outstanding works various subclasses of the analytic
and bi-univalent function class X in, for example, [6, 15, 20, 23, 24, 25, 26, 27, 28, 30, 31, 34,
36]. In the class .5 (B) for 0 < B < 1, there exists a function f € X of bi-starlike function of
order B, or %5 () of bi-convex function of order f3 if both f and f~! are starlike or convex
functions of order f3, respectively. Function f € X for 0 < o < 1 belongs to the class YZ* @
of strongly bi-starlike functions of order a, or #Zs* of strongly bi-convex functions of order o
if both f and f~! are, respectively, strongly starlike or strongly convex functions of order «.
Brannan and Taha [6] introduced and analyzed these classes and estimated the initial coeffi-
cients a, and a3 for functions in these classes. In this connection, Kumar et al. [15] derived the
following results similar to those of Kedezierawski [11]:

0] < 0.867 (fex; fle?)
201054 (fesr fled)

and

3] < 0.833 (fex; fles)
=156 (fes* flew),

where .*, JZ, and € denote, respectively, the classes of starlike, convex, and close-to-convex
functions in ..

The works of Kedezierawski [11] and Kumar et al. [15] incite us to estimate the bounds on
the coefficients ap, a3, and a4 when f is in some subclasses of the class of univalent functions
and its inverse f~! is in some other subclasses of univalent functions.

Each of the following definitions is needed to prove our present investigation.

Definition 1.1. (see [6]) A function f € o7 is said to be in the class .75'(n) (0= <1)if feX
and R (i{;—g) >1n,z€Uand R (ng(/v(vv)v)> > 1, w € U, where g is the analytic continuation of

fltoU.

Definition 1.2. (see [6]) A function f € < is said to be in the class #z(n) (0 =1 < 1) if

feXand R (1 + Z}C,N((ZZ))> >1n,z€ U, and R (1 + Wg‘%/(/v(vv)v)) > 1, w € U, where g is the analytic

continuation of f~! to U.

Definition 1.3. (see [14]) A function f € o7 is said to be in the following class: .#Zx(8,M),
0Sn<1,0£8<1),if

fex and 92((1—5) (Z]’:;S))+5(1+%)> >n (ze)

S GUIEIRICE CHIREES

where g is the analytic continuation of f~! to U.

and
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We also need the class & of analytic functions p(z) of the form: p(z) = 1+ Y5, 2k, z €U
and satisfying R(p(z)) > 0. The class & is popularly named after Carathéodory.

Motivated by the earlier works of Srivastava ef al. [29] and Kumar et al. [15], we, in this
paper, obtain estimates on initial coefficients a,, a3, and a4 for the functions of the class X when
f is in some subclasses of univalent functions and f~! is in some other subclasses of univalent
functions.

Analytic and bi-univalent function classes are the main topic of this study. The fundamental
concepts of some of these function classes are provided by our paper structure, which is dis-
played in Section 1. Section 2 presents the statements and proofs of Theorem 2.1 if f € .5 (n)
and g € .#5(6,n) and Theorem 2.2 if f € #5(n) and g € .#5(5,n). Applications of the the-
orems to classical subclasses of the class ¥ are also found in Section 2 (see Corollaries 2.1,
2.2, and 2.3, and Remark 2.1). Section 3 presents the proofs of Theorem 3.1 if f € 5”2* 7 and
g € /! (8) and Theorem 3.2 if f € ;' and g € .4, (8). Applications of the theorems to clas-
sical subclasses of the class X are also included in Section 3 (see Corollaries 3.1, 3.2, and 3.3,
and Remark 3.1). Finally, in Section 4, we present the concluding remarks and observations
pertaining to our investigation.

2. COEFFICIENT ESTIMATES FOR THE CLASSES .%y (1)) AND J#5(n) WITH .#5(0,1M)

In this section, we first prove the results for function f € .5*(n) and the inverse of function
g€ Ms(0,m) (0=1n<1;0= 6 =1). We also derive the consequences of the results of the
following theorem for particular choices of the parameter J.

Theorem 2.1. Let the functions f and g, given by (1.1) and (1.2), respectively, be in the class
LIffessM)andge #x(0,m), 0= <1and0= 06 = 1), then

_ __4(48) <p<l
] < I-memarm 0=n1=3), 2.1
= 8(1+0 .
-n (2(++35§ (z=n<1),
1-1n)(4+50
|@|§( 3135 ) (2.2)
and
20-n) 2(8+148) a0
ag] < o 2+35 13) 2139) (0=n=3), (2.3)
=9 20- 2(8+145) /8(1+0 .
2 3 1 4 2+36 \/ (2+36§ (zsn<1)

Proof. Let the function f € X be a member of the class .#5' () and suppose that the function
g€ Lisintheclass #x(6,n) (0=n < 1;0 < 6 < 1). Then, by Definition 1.1 and 1.3, we have
z2f'(2)
f(z)

=n+(1-n)p(z) (z€U) (2.4)

and

() wg' )N
(1 5)( () )+6(1+ o 0w) )—TH—(l mqw) (wel), (2.5)

where p and q are members of the Carathéodory class &7 and have the following forms:

p() =l1+ciz+ e+ +--- (zel) (2.6)
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and
qw) = 1+dyw+daw? +dsw’ +--- (we ). 2.7)
Now, by equating the coefficients of (2.4), we have
ay = (1—n)cy, (2.8)
2a3 —a% =(1—17)cy, (2.9)
and
3a4—3maz +a3 = (1 —1)cs. (2.10)
Similarly, a comparison of the coefficients of both sides of (2.5) yields
—(1+8)ar = (1—-m)di, 2.11)
(34+58)a3 — (24+48)a3 = (1—1n)da, (2.12)
and
— (10+228)a3 + (12+308)azaz — (3+98)ay = (1 —1)ds. (2.13)

From (2.8) and (2.11), it is clear that ¢; = —%L;.
We first obtain refined estimates on |c;| by using the above relations. For this purpose, we
add (2.9) with (2.12) to see that

(2438)a5 = (1—1)[(1428)c2 +d>)]. (2.14)
On substituting ay = (1 — n)c; in the above relation, we see after simplification:
C% _ (1428)cr+d> .
(2+30)(1—n)
By applying the inequalities |c;| = 2 and |d>| < 2, the relation (2.15) gives the following refined
estimates:

(2.15)

4(1+9) ]
leq] < (2+3§W (0=n<3), e
- 8(1+ |
(2555) L<n<t).
Using the estimate (2.16) in (2.8), we find that
4(1+9) 1
|az| = (=) @manm (0<n<)
— T 6 |
(1-my s (3=m<1)

which is precisely our estimate in (2.1). In order to find bounds on |a3|, we subtract (2.12) from
(2.9) and obtain
(4+88)az = (4+78)a3 + (1 —1)[(1+28)cs — da).

Using a% from (2.14) in the above equation, we find after simplification that

a3 = — 1

2(2+396)

By applying the triangle inequality and the well-known estimates |c2| £ 2 and |dz| = 2in (2.17),
we have

[(3458)cs +da). 2.17)

(1-m)(4+59)
2+36 ’

jas| =

which is precisely our estimate in (2.2).
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Next, adding (2.13) and (2.10), we have
(9+218)azaz — (9+198)a3 = (1 —n)[(1+38)c3 + ds). (2.18)

We now find estimates on |a4|. We express a4 in terms of the first three coefficients of the
functions p and q. Subtracting (2.13) from (2.10), we arrive at

6(1+38)ag = (154398)azaz — (11 +258)a3 + (1 —n)[(1+38)c3 — d3]
= (94218)azaz — (94 198)a3 + (6 + 188)azaz — (2+68)a>
+(1=n)[(1+38)c3 —ds].
By using (2.8), (2.17) and, (2.18), we obtain

l-n  (1=-m) 5 (1-n)c
3 c3 3 Cl+2(2—|—36) [(34+568)cy +dy].

as =

On replacing c%, the above relation reduces to
l-n  (1-m)*(7+118) (1-m)
3 c3+ 6(2+39) cie2+

By applying the usual estimates |c2| < 2, |c3] = 2, |da] < 2 and the refined estimate (2.16) for
lc1] in (2.19), conclude

c1ds. (2.19)

as =

-7 (1-n)*(7+119) (1-n)?
< — . -|d
jas] = == les| + 6(2+39) 1] -Je2 + ¢ 6273 5)|Cl| |da]
2(1-m) , (1-1)*(8+118) 4(1+9)
<) 3 T a9 mmors 0Sns3)
=) 201-n) | (1-n)*(8+118) /8(1+5) 1 <
3 T 32439 2+30) (7=n<1),
which is precisely our assertion in (2.3). Thus the proof of Theorem 2.1 is complete. 0

Taking 8 = 1 in Theorem 2.1, we have the following results.

Corollary 2.1. Let the functions f and g, given by (1.1) and (1.2), respectively, be in the class
LIffess(n)andg € #x(1,1) = A5(n), 0= n <1, then

o< SLVE = (éné%),
—n)y/ % (z3=n<1)
]a\< )and
_ oy
i o
3 T 15 \/; (§§71 1).

Remark 2.1. By setting 6 = 0 in Theorem 2.1, we have a known result given by Mishra and
Soren [17, Theorem 2.2].

We next demonstrate the results for the function f € J#5(n) and the inverse of the function
g€ M:(6,m1),0=n<land0=S5 = 1.
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Theorem 2.2. Let the functions f and g, given by (1.1) and (1.2), respectively, be in the class
Liffess(n)andg e #x(6,m),0=1n<1and0=< 6 <1, then

_ s - B <n<gl
0] < 20=m/o=5me (0=n=3), 2.20)
2

2(2+6
(1-m) (5(++753 (3=n<1),
(1—m)(7+59)
< 2.21
laz| = 5176 (2.21)
and
1— 1-1)2(314-298) 248 1
lag| < o+ s e (051 =4),
=) 1- 1-1)2(314298) /2(2+6
4 225&75) : (5(+75§ (2=n<1)

Proof. Let the function f € X be in the class %3 (1) and let the function g € X be in .#x(8,1),
0<n<land0=6 < 1. By Definitions 1.2 and 1.3, we have

1+ - Gev) 2.22)
" () "(w)
wg'(w wg'(w)\ B W) (w
(-8 (M) 45 (1425 B) — - man) wew)

where p and g are members of the Carathéodory class &2, given in (2.6) and (2.7), respectively.
Equating the coefficients of (2.22) yields

207 = (1 — T])Cl, (2.23)
6a3 —4a3 = (1-1)ca, (2.24)
and
12a4 — 18aza3 + 8a3 = (1 —1)cs. (2.25)
From (2.11) and (2.23), it is clear that ¢; = —12%. We first obtain refined estimates on |c;| by
using the above relations. For this purpose, adding (2.12) to (2.23), we have
(5+78)a3 = (1—1)[(1+28)cs +3d,]. (2.26)

On substituting a, from (2.23) in the above relation, we find after simplification that
2 4[(1 + 25)62 + 3d2]

= 2.27
=T )51 79) (2:27)
By applying the inequalities |c;| < 2 and |d,| < 2, relation (2.27) gives
__16(2+8) <p<l
|C1| < (1-n)(5+79) (O =M= 2) ’ (2 28)
= 32(2+6 1 :
—(5(+75)) (3=n<1).
Using estimate (2.28) in (2.23), we find
246 1
0] < 20=-n)\/a57s (0=n=3),
= 2(2+9) 1
2(1 =1/ 5579 (zsn<1),

which is precisely our estimate in (2.20).
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In order to find a bounds on |a3|, subtracting (2.12) from (2.24), we obtain
12(1+28)as = (13+238)a3 + (1 —n)[(1+28)cz — 3d,].
Using a% from (2.26) in the above equation, we find after simplification that

(1—1) 3450 N 2
az = (1— c
3 MW26778)2 " 5178
By applying the triangle inequality and the well-known estimates |c;| <2 and |dz| = 2 in (2.29),
we obtain |az| < (l_glﬂ, which is precisely our estimate in (2.21).

Next, we add (2.25) and (2.13) to get

(304 668)azas — (32 +648)a3 = (1 —)[(1 +38)c3 + 4ds)]. (2.30)

dr| . (2.29)

We now find estimates on |a4| by first expressing a4 in terms of the first three coefficients of p
and q. Subtracting (2.13) from (2.25), we obtain

24(1438)ay = (66 + 1748)aras — (48 + 1128)a3 + (1 —1)[(1 +38)c3 — 4d3]
= (30 +668)araz — (32 + 648)a3 + (36 4+ 1088)araz — (16 4 488)a3
+(1=1)[(1438)c3 —4d3).
Using (2.23), (2.29), and (2.30), we thus have

1-n  (1-n)¢ 3(1-n)c

1
TR 3(5575) [(3+568)c2 +4d,].

[

On replacing c% from (2.27), the above relation reduces to
Il-n  (1-m)*(19+299) (1-n)
2 3 24(1+75) et

By applying the usual estimates |c;| < 2, |c3] < 2 and |d| £ 2, and the refined estimate (2.28)
for |c1| in (2.31), we get

c1dy. (2.31)

as =

1 (1—n)2(19+296) (1-1n)?
< : S VPR
1-n , (1-1m)%(31+298) 248 1
& T 335179) T (5575) (0=n<3;),
1-n , (1-1)2(31+298) /2(2+9) 1
L+ AmTs (5179) (7=n<1),
which is precisely our assertion in (2.3). Thus, the proof of the Theorem 2.2 is complete. [

The implications of Theorem 2.1, with specifically chosen the values of §, yield the following
results. For example, by taking 8 = 1 in Theorem 2.2, we have Corollary 2.2.

Corollary 2.2. Let the functions f and g given by (1.1) and (1.2), respectively, be in the class
LIffe(n)andg € #x(1,n) :=Az(n), 0= 1 <1, then

20-m) /57y (0=
2(1-m)y/3 (z=

=)

)

laz| =

p—

=1
n<
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las| £ 1—n and

-
N

= ‘:s
||/\
174N
rI—
SN—"

5(1-n)? 1
4] < +7 31 (0
+

51— n)\/; (

Upon setting 6 = 0 in Theorem 2.2, we have the following results.

n
n<

0\
o=
A
—
~—

Corollary 2.3. Let the functions f and g given by (1.1) and (1.2), respectively, be in the class
LIffes(n)and g e Az (0,n):=55(M), 0=n <1, then

ay] < 2(1—m) 5(12T1) (0§TI§%)7
2| =
21-m)y/4 (A<n<1),
las| < _7(15—77) and
2
a| < _611+ ( n) 5(1%n) (0§n§%),
g GOSN S O)

3. COEFFICIENT ESTIMATES FOR THE CLASSES .%;"" AND ¢ WITH .4y (8)

This section demonstrates our findings by using each of the following definitions.

Definition 3.1. (see [6]) A function f € &/ is said to be in the class YZ*’Y 0<ys1)if

f €Xand ‘arg (Z]{ES)M <%, zeUand ‘arg( (())>‘ < ¥, w € U, where g is the analytic

continuation of f~! to U.

Definition 3.2. (see [6]) A function f € .7 is said to be in the class Ji/zy O0<y=s1)iffeX

and ‘arg <1 + ZJ]:,”((ZZ))> ‘ < 7/2—%, z€ U and ‘arg (1 + W;E%”) ‘ < 7’2—”, w € U, where g is the analytic

continuation of f~! to U.

Definition 3.3. (see [14]) A function f € < is said to be in ///ZY(S), 0<y<land0=<§=1,

if
e and |arg <(1 ~5) <ZJJ:;S)> +5<1 +Z]Jj/((;)))> < % (z€U)
and
w00 (5 ) ro( 50| < e

where g is the analytic continuation of f~! to U.

We will now prove the result for the function f € 5”; 7 and the inverse of the function g €
MY (8) (0<y<1;0= 8 < 1). We then derived the consequences of the result of the following
theorem, particularly values of J.
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Theorem 3.1. Let the functions f and g given by (2.1) and (2.2), respectively, be in the class
YIffe A andge #)(8) (0<y=<1;0=8 < 1), then

2426
<
a2 :2y\/y(2+26—52)+(2+45+62)’ G-1)

(8+88 —8%)y*+ (28 +68%)y

5l = a2y 21451 69 (3.2)
and
<27 (644645 —158%) ) + (—12+188 +218%)y* — (4 +165 +68%)y
laa] = 542 (2425 807+ (2 145+ 02
\/ 2428 | 43
Y(2+28 —6%)+ (2440 +6?)

Proof. Let the functions f € £ and g € X be in the classes %7 (0 <y =< 1) and .#(8) (0 <
Y < 1;0 = 8 < 1), respectively. Then, by Definition 3.1 and 3.3, we have

zf'(2)

o =[p@)]" (zeD) (3.4)
and
wg'(w) wg"(w)\ "
(1—5)( o )+5<1+ ) )—[q(z)]y (weU), (3.5)

where p and q are members of the Carathéodory class &2 and are given by (2.6) and (2.7),
respectively. Equating the coefficients of (3.4), we have

ax = yci, (3.6)
— a% +2a3 = Yo + }’('}’2— )c% 3.7
and
—1)(y—2
a%—3a2a3—|—3a4 =vYe3+y(y—1)cier + "y 2(7 )c% (3.8)
Similarly, a comparison of the coefficients of both sides of (3.5) yields
—(1+90)ay = ydy, (3.9)
-1
(3458)3 — (2+48)a3 = yda + Y(Yz )2, (3.10)
and
— (10+228)a3 + (12 +308)azas — (3 +98)ay
—1)(y—2
:yd3+y(y—1)d1d2+7/(7 g(y )d?. (3.11)
From (3.6) and (3.9), it is clearly seen that
R (3.12)

14+6°
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We first obtain refined estimates on |c;| by using the above relations. For this purpose, we
solve the equation (3.7) and (3.10) to see

y(y—1)
2

(2438)a3 = y[(1+28)cy +do] + [(1+28)c? +d7). (3.13)

Using ap = ycy and d% =(146 )2c% in (3.13), we have the following relation:

C2 . 2[(1 —}-25)62—1—612]
P y(2 426 - 82)+ (2+46 +82)

(3.14)

Relation (3.14) also gives the following refined estimates:

2+26
<2 (3.15)
|c1] \/Y(

24+26—-6%)+(2+46+02)

Using the estimate (3.15) in (3.6), we obtain

@] <2 2426
@l =N Y2126 -6+ (2148 +62)

which is precisely our estimate in (3.1). In order to find bounds on |a3
yields

, solving (3.7) and (3.10)

y(y—1)

S [(1+28)ct —df].

4(1+28)az = (4+78)a3 +y[(1+28)cz — do] +

Using d% =(1+ 6)2C% from (3.12), ay = yc; from (3.6) and

C2— 2[(1+6)62—|—d2]
D7 y(2 426 — 82) 4+ (2+46 +82)

in the above equation, we find after simplification that

B (5+85—62)y2+(1+26+62)}/c_2+ 3y -y d
B T2 r26—0)y+(2+45+80) 2 (2+26-0%)y+(2+46+62) 2

(3.16)

Now, by applying the triangle inequality and the usual estimates |c;| < 2 and |d>| < 2 in
(3.16), we obtain
(8+88 —8%)y* + (28 +8%)y
(2426 -8%)y+(2+45+6?%)’

which is precisely our estimate in (3.2).
Next, adding (3.8) and (3.11), we obtain

|as| =

(9+215)a2a3 — (9—|— 19)613 = ’}/[(1 +33)C3 +d3] + Y(Y— 1)[(1 +35)C1C2 —{-dldz]

Y(iy—1)(y—2)

* 6

(1438)ci +d3). (3.17)
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We now find estimates on |a4|. We express a4 in terms of the first three coefficients of p and
gq. For this, we subtract (3.11) from (3.8) to see

6(1438)ay = (154398)azas — (11 +258)a3 + ¥[(1+38)c3 — dj]

Y(r—1D(r-2)
6

= (9+218)azaz — (9+198)a3 + (6 + 188)azaz — (24 68)a3 + y{(1+38)c3 — di]

Y(r—1D(r-2)
6

+y(y—1DI[(1+38)cica —didr] +

[(1438)c] —d})

+7(y—D[(1438)cicr — di1do) + [(1438)c3 —dj).

Using (3.16) and (3.17), we obtain

(5+86—52)}/2+(1+26+62)yc_2+ 32—y dy
(2428 -82)y+(2+46+6%2) 2 (2+26-8%)y+(2+46+6%)2

Yy — 12(?’— Z)C? _ P,

3a4 = 3)/C1 (

+ye3+y(y—1)ciea+

Again, by substituting c% from (3.14), we have

(47 + 648 —158%)y> + (3+ 185 +218)y* — (8 +165 +68%)ycica
(2428 -62)y+(2+46+8?) 6
1793 — 159 +4y ci1ds
(24+20—-0%)y+(24+46+6%) 6 °

3as = ye3+

_|_

We apply the usual estimates |c3| = 2, |c2| £ 2, and |dz| < 2, and the refined estimate (3.15) for
the |c1|. This yields

(644648 —158%)7> + (=124 188 +218%)y> — (44168 4 65%)y
9[(2426 —62)y+ (2+46+ 6?)]

2
|as| = ?Y+2

2426
Y(2+28—-6%)+(2+46+62)’
which is precisely our estimate in (3.3). 0J
Taking 6 = 1 in Theorem 3.1, we obtain the following corollary.

Corollary 3.1. Let the functions f and g given by (2.1) and (2.2), respectively, be in the class
YIff e yg,y and g € ///g(l) = jgfzy, 0<y<1), then |as| <2y /_4 la| < 5P 437 nd

37477 3y+7 0
<2y 113734279267 4
jas| = 5 +2 OBy+7] 3y+7°

Remark 3.1. By setting 0 = 0 in Theorem 3.1, we readily derive a result of Mishra and Soren
[17, Theorem 2.1].

For the function f € 5’;’? and its inverse, given by g € ///Ey(5), 0<y<1;,056=1, we
state the following theorem.
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Theorem 3.2. Let the functions f and g given by (1.1) and (1.2), respectively, be in the class
LIffen andge #(5),0<y<1and0< 8 =<1, then

4426
<
a2] = 27’\/(3—352)y+ (7+ 145 +382)’ (3-18)
2 2 3y o 2 3
|a3|§y(85+1596+515 76%) — y(15+ 118 — 1982 —753) 4.19)

(5+78)[(3—36%)y+ (7+ 146 +362)]
and
ag| < ¥ (71585428995 +7276° ~ 3156°) + y*(~765 — 6216 + 94557 + 4415°)
a4l = ¢ 9(5+78)[(3—382)y+ (T+ 148 +352)]
Y(—110+ 1068 + 45482 +12683) )

- 9(54+78)[(3—38%)y+ (7+ 145 4+382)]

4428
'\/(3—352)y+ (7+ 146 +382) (3:20)

Proof. Let the functions f € ¥ and g € X belong to the class % and .#,(8), respectively.
Then, by Definitions 3.2 and 3.3, we have

2f"(z)

1+ 0 =[p@)]" (zel) (3.21)
and
o [(we (W) wg" (W) _ Y (w
-0 () +o(1+55ay )~y wew,

where p and q are members of the Carathéodory class & and are given by (2.6) and (2.7),
respectively. From (3.21), we find that

2a) = Ycy, (3.22)
—1
6a3 — 4ad = yor + 70’2 )2 (3.23)
and
—1)(y—2

124 — 18aras +8a3 = yes + 7(y— erer + 1Y gw )3 (3.24)

Moreover, from the equations (3.22) and (3.9), it is clear that

2d,

=— ) 3.25
9=+ e (5.25)

We shall first obtain refined estimates on |c;| by using the above relations. For this purpose,
we solve the equations (3.23) and (3.10), and we get

(5+78)a3 = y[(1+28)cy +3ds] + Ms_ D [(14-28)ct +3d3]. (3.26)

Thus, by using a’% = (125)2 c% from (3.25) and a; = % from (3.22) in (3.26), we find after
simplification that

2 8[(1+28)cy + 3ds]
L (3-382)y+ (7T+148 +382)

(3.27)
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The relation (3.27) also gives the following refined estimates:

4428
<
al :4\/(3—352)y+ (7+ 148 +382) (3.28)

Now, using the estimate (3.28) in (3.22), we have

<2 4428
2= 37362y + (7 + 146 1 382)

which proves (3.18). In order to find bounds on |a3|, we solve the equations (3.10) and (3.23)
to get

y(y—1)

12(148)az = (13 +238)a5 + ¥[(1 +28)cs — 3dy] + [(1428)c?—3d%]. (3.29)

Using d12 = (Hf)zc% from (3.25) and a% from (3.26) in the equation (3.29), we find after sim-
plification that

_ Y(3+58) 2y Y(y—1)(4+76 +8%) ,
B= 55178 2 5y aisy78) b

which, on replacing c% from (3.28), reduces to

(V25475645187 —178%)+y(5+176+196%+78°)
4= 2(5+78)[(3—382)y+ (7+ 145 +352)] -

Y2 (60 + 848) — (204 289) J
* <2(5+75)[(3 —382)y+(7+ 145+352>]> o

(3.30)

By applying the triangle inequality with the usual estimates |c;| < 2 and |d>| < 2 in (3.30),
we get

Y2(85+ 1598 +518% —78%) — y(15+ 115 — 195 - 78°)
(5+78)[(3—382)y+ (7+ 145 +3682)] ’

jas| =

which is precisely our estimate in (3.19).
Next, we add the equations (3.11) and (3.24) to find that

(304 668)azras — (32 +648)a3 = Y[(1+38)c3 +4d3] +y(y— 1)[(1 +38)cicz +4d1ds)
6

- 1438)ct +4d7). (3.31)

We now find the estimates on |a4|. For this purpose, we express a4 in terms of the first
three coefficients of the functions p and q. Then, making use of (3.11) to (3.24), we find by
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subtraction that

24(1438)ay = (66 + 1748)araz — (48 + 1128)a3 + ¥[(1 +38)c3 — 4d3]
+ ’}/(’}/— 1) [(1 + 36)6‘1C2 — 4d1d2]

M2 35)e] —aa

= (304 668)aras — (32 +648)a3 + (36 4+ 1088)azaz — (16 +488)a3
+ ’}’[(1 + 36)C3 — 4d3] + ’)/(’}’— 1)[(1 +35)C1€2 — 4d1d2]

D 14 38)3 - . (332

We now use (3.31) in the equation (3.32) and, upon simplifying the resulting equation, we
obtain

oy 3 25 vyl Yr=D(r-2) 3
a4—12C3+2a2a3 3a2—|— B cicy + 7 cy-

Next, we substitute a3 from (3.30) and a, by %’cl form (3.22), and we get

Y (f(zss + 7178 +4298% — 1058%) + y*(85 + 3498 + 42752 + 1478°)
4

T 12° 24(5+78)[(3—382)y+ (7+ 148 +382)]
B 7(70 42388 +22652 +4287)
24(5+78)[(3— 3807+ (7+ 145 +382)] ) 12
33 (15+218) — ¥*(5+79) 5P 4372 -2y) ;4
+ crdy — 15
2(5+78)[(3—362)y+ (7+ 148 +382)] 72

(3.33)

which, on using c% from (3.28), reduces to

y V(565 + 14718 +7278% — 3158%) + y?(135 + 6395 + 94552 +4415°)
W= ( 72(5+768)[(3—382)y+ (7+ 145 + 352)]
Y(130+ 4428 +45482 + 1268°)
T 72(5+78)[(3—362)y+ (7+ 148 +352)]) c1e
Y (854 1198) — y*(75 + 1058) + (20 + 286)
( 6(5+78)[(3—382)y+ (7+ 145 +352)] )Cldz'

(3.34)

Thus, clearly, we can apply the usual estimates |c3| < 2, |c2]| < 2 and |d| < 2, and the refined
estimate (3.28) for |c1]| in the inequality (3.34). This yields

as] £ 2+

7> (1585 428998 + 72782 — 31583) + y*(—765 — 6218 +9455% + 44183)
9(5+78)[(3—382)y+ (7+ 148 +352)]

_ Y(=110+ 1068 +4545> 4 1265°%) 4428
9(5+78)[(3—362)y+ (7+ 146+ 362)] (3—38%)y+ (741456 +3562)’

which is precisely our estimate in (3.20). U

Taking 6 = 1 in Theorem 3.2, we get the following corollary.



178 H.M. SRIVASTAVA, M.M. SOREN

Corollary 3.2. Let the functions f and g given by (1.1) and (1.2), respectively, be in the class
YIffe %y and g € Jlg(l) = Jf/zy, 0<7y< 1, then |ay] £, |az] £ ¥, and |ag] < %/—I—
1 <17y3—2y> _ 1773-1-}/'

2 9 18
Taking 8 = 0 in Theorem 3.2, we deduce the following corollary.

Corollary 3.3. Let the functions f and g given by (1.1) and (1.2), respectively, be in the class
* 2_
LA f €A and g € M(0):= ST, 0 <y =1, then laa| 227/ 535, las| = T and

3y+T
2
<7 3173 —153y24+22y 4
|as| = +( Sy +7] 3777

4. CONCLUDING REMARKS

Each bi-univalent function f(z) in U is, by definition, linked to a function p(z) € &2, and its
inverse function g(w) is related to another function q(w) € &. The third and fourth coefficients
of the functions in the classes 75 (n), #5(n), %57 ,and %5, as well as those in the classes
Mx(5,m) and .4 (§), are obtained from these relationships and the refined estimates. Our
study focus on deriving bounds for the initial Taylor-Maclaurin coefficients a,, a3 and a4 for
functions belonging to each of these subclasses. In Theorem 2.1, bounds for these coefficients
are examined if f € /5 (n) and g € .#5(6,7n) and are then investigated in Theorem 2.2 if
fe#s(n)and g € #5(6,n). In Theorem 3.1, bounds for these coefficients are examined again
if f € .7 " and g € .4, (8) and are then investigated in Theorem 3.2 if f € #; and g € .4/ ().
All of the estimates, which we have proved in this study, are new. Presumably, therefore,
this article will motivate and encourage future researches on coefficient bounds and coefficient
estimates, as well as related developments on problems concerning, for example, the Hankel
and Toeplitz determinants as well as the Fekete-Szego functional for many different subclasses
on the analytic and bi-univalent function class X; see, e.g., [1, 2, 3, 4] and the references therein.

Acknowledgments

The present work is dedicated to the memory of Professor Akshaya Kumar Mishra (1953-2024).
The second author acknowledges Berhampur University for the support by the Seed Fund Grant
2023-2024 under R & D Cell (Letter No. 12605/R and DC/BU/23).

REFERENCES

[1] E.E. Ali, H.M. Srivastava, W.Y. Kota, R.M. El-Ashwah, A.M. Albalah, The second Hankel determinant and
the Fekete-Szego functional for a subclass of analytic functions by using the g-Séldgean derivative operator,
Alex. Engrg. J. 116 (2025), 141-146.

[2] V. Allu, A. Shaji, Second Hankel determinant for logarithmic inverse coefficients of convex and starlike
functions, Bull. Austral. Math. Soc. 111 (2025), 128-139.

[3] M. Aron, Coefficient estimates and Fekete-Szeg6 problem for some classes of univalent functions generalized
to a complex order, Demonstr. Math. 58 (2025), 20240086.

[4] W. Bareh, D. Vamshee Krishna, B. Rath, Exact bounds to the Toeplitz determinants of certain order, Zalcman
conjecture and Krushkals inequalities for the functions associated with the lemniscate of Bernoulli, Bull. Sci.
Math. 199 (2025), 103585.

[5] D.A. Brannan, J.G. Clunie (Editors), Aspects of Contemporary Complex Analysis, In: Proceedings of the
NATO Advanced Study Institute (University of Durham, Durham, U.K.; July 1-20, 1979), pp. 79-95, Aca-
demic Press, New York and London, 1980.



COEFFICIENT BOUNDS FOR SOME ANALYTIC AND BI-UNIVALENT FUNCTIONS 179

[6] D.A. Brannan, T.S. Taha, On some classes of bi-univalent functions, In: Mathematical Analysis and Its
Applications (Kuwait; February 18-21, 1985) (S.M. Mazhar, A. Hamoui and N.S. Faour, Editors), pp. 53—
60, KFAS Proceedings Series, Vol. 3, Pergamon Press (Elsevier Science Limited), Oxford, 1988.

[7] D. Bshouty, W. Hengartner, G. Schober, Estimates for the Koebe constant and the second coefficient for some
classes of univalent functions, Canad. J. Math. 32 (1980), 1311-1324.

[8] PL. Duren, Univalent Functions, Grundlehren der Mathematischen Wissenschaften, Band 259, Springer-
Verlag, New York, Berlin, Heidelberg and Tokyo, 1983.

[9] S. Fukui, S. Owa, K. Sakaguchi, Some properties of analytic functions of Koebe type, In: Current Topics in
Analytic Function Theory (H.M. Srivastava and S. Owa, Editors), pp. 106—117, World Scientific Publishing
Company, Singapore, 1992.

[10] A.W. Goodman, Univalent Functions, Vols. I and II, Mariner Publishing Company, Tampa, Florida, U.S.A.,
1983.

[11] A.W. Kedzierawski, Some remarks on bi-univalent functions, Ann. Univ. Mariae Curie-Sklodowska Sect. A
39 (1985), 77-81.

[12] A.W. Kedzierawski, J. Waniurski, Bi-univalent polynomials of small degree, Complex Variables Theory
Appl. 10 (1988), 97-100.

[13] M. Lewin, On the coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc. 18 (1967), 63-68.

[14] X.-F. Li, A.-P. Wang, Two new subclasses of bi-univalent functions, Internat. Math. Forum, 7 (2012), 1495—
1504.

[15] S.S. Kumar, V. Kumar, V. Ravichandran, Estimates for the initial coefficients of bi-univalent functions, Tam-
sui Oxford J. Inform. Math. Sci. 29 (2013), 487-504.

[16] S.S. Miller, P.T. Mocanu, M.O. Reade, Bazilevi¢ functions and generalized convexity, Rev. Roum. Math.
Pures Appl. 19 (1974), 213-224.

[17] A.K. Mishra, M.M. Soren, Coefficient bounds for bi-starlike analytic functions, Bull. Belg. Math. Soc. Simon
Stevin, 21 (2014), 157-167.

[18] P.T. Mocanu, Une propriété de convexité généralisée dans la théorie de la représentation conforme, Mathe-
matica (Cluj), 11 (34) (1969), 127-133.

[19] E. Natanyahu, The minimal distance of image boundary from the origin and the second coefficient of a
univalent function in |z| < 1, Arch. Rational Mech. Anal. 32 (1969) 100-112.

[20] P.O. Sabir, H.M. Srivastava, K.I. Abdullah, N.H. Mohammed, N. Chorfi, P.O. Mohammed, A comprehensive
subclass of bi-univalent functions defined by a linear combination and satisfying subordination conditions,
AIMS Math. 8 (2023), 29975-29994.

[21] H.V. Smith, Bi-univalent polynomials, Simon Stevin 50 (1976/77), 115-122.

[22] H.V. Smith, Some results/open questions in the theory of bi-univalent functions, J. Inst. Math. Comput. Sci.
Math. Ser. 7 (1994), 185-195.

[23] M.M. Soren, S. Barik, A.K. Mishra, Fekete-Szeg6 problem for some subclasses of bi-univalent functions, J.
Anal. 29 (2021), 147-162.

[24] H.M. Srivastava, Some inequalities and other results associated with certain subclasses of univalent and
bi-univalent analytic functions, In: Nonlinear Analysis: Stability, Approximation, and Inequalities (P.M.
Pardalos, P.G. Georgiev and H.M. Srivastava, Editors), Springer Series on Optimization and Its Applications,
Vol. 68, pp. 607-630, Springer-Verlag, Berlin, Heidelberg and New York, 2012,

[25] H.M. Srivastava, S. Bulut, M. Caglar, N. Yagmur, Coefficient estimates for a general subclass of analytic and
bi-univalent functions, Filomat, 27 (2013), 831-842.

[26] H.M. Srivastava, S.M. El-Deeb, D. Breaz, L.-1. Cotirid, G.S. Silagean, Bi-Concave functions connected with
the combination of the binomial series and the confluent hypergeometric function, Symmetry 16 (2024), 226.

[27] H.M. Srivastava, S. Hussain, I. Ahmad, S.G.A. Shah, Coefficient bounds for analytic and bi-univalent func-
tions associated with some conic domains, J. Nonlinear Convex Anal. 23 (2022), 741-753.

[28] H.M. Srivastava, S. Khan, S.N. Malik, F. Tchier, A. Saliu, Q. Xin, Faber polynomial coefficient inequali-
ties for bi-Bazilevi¢ functions associated with the Fibonacci-number series and the square-root functions, J.
Inequal. Appl. 2024 (2024), 16.

[29] H.M. Srivastava, A.K. Mishra, P. Gochhayat, Certain subclasses of analytic and bi-univalent functions, Appl.
Math. Lett. 23 (2010), 1188-1192.



180 H.M. SRIVASTAVA, M.M. SOREN

[30] H.M. Srivastava, G. Murugusundaramoorthy, T. Bulboaca, The second Hankel determinant for subclasses of
bi-univalent functions associated with a nephroid domain, Rev. Real Acad. Cienc. Exactas Fis. Natur. Ser. A
Mat. (RACSAM), 116 (2022), 145.

[31] H.M. Srivastava, T.G. Shaba, M. Ibrahim, F. Tchier, B. Khan, Coefficient bounds and second Hankel deter-
minant for a subclass of symmetric bi-starlike functions involving Euler polynomials, Bull. Sci. Math. 192
(2024), 103405.

[32] D. Styer, D.J. Wright, Results on bi-univalent functions, Proc. Amer. Math. Soc. 82 (1981), 243-248.

[33] T.J. Suffridge, A coefficient problem for a class of univalent functions, Michigan Math. J. 16 (1969), 33-42.

[34] T.S. Taha, Topics in Univalent Function Theory, Ph. D. Thesis, University of London, 1981.

[35] D.L. Tan, Coefficient estimates for bi-univalent functions, Chinese Ann. Math. Ser. A, 5 (1984), 559-568.

[36] Q.-H. Xu, Y.-C. Gui, H.M. Srivastava, Coefficient estimates for a certain subclass of analytic and bi-univalent
functions, Appl. Math. Lett. 25 (2012), 990-994.



	1. Introduction, Definitions and Preliminaries
	2. Coefficient Estimates for the Classes S* () and K() with M(, )
	3. Coefficient Estimates for the Classes S*, and K with M() 
	4. Concluding Remarks
	References

