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CONVERGENCE ANALYSIS AND COMPETITIVE NUMERICAL RESULTS OF A
TRUST REGION-LINE SEARCH PROJECTED EXACT PENALTY ALGORITHM
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Abstract. We propose a trust region-line search projected exact penalty algorithm for solving con-
strained nonlinear optimization problems (NLPs). We make use of the well-known relationship between
the solutions of NLP and the minimizers of the ¢;-exact penalty function to design the algorithm. In our
algorithm, whenever the current iterate is far from the feasible region, either a potential infeasible station-
ary point is identified, or the penalty parameter is decreased to navigate the iterates towards the feasible
region. After updating the penalty parameter, a descent direction for the penalty function is computed us-
ing an approximate minimizer of a projected quadratic model of the penalty function over a trust region.
In nearly feasible or feasible iterations, the step direction is determined by a combination of a horizon-
tal step and a vertical step directions. The horizontal step direction is computed to reduce the penalty
function, while the vertical step direction is calculated to preserve feasibility. Near stationarity, the La-
grange multipliers are computed by solving a linear least squares problem. If the computed Lagrange
multipliers satisfy the first-order optimality conditions, a Newton step direction is computed to obtain a
fast rate of convergence to a first-order point of NLP. Otherwise, a dropping step is calculated to decrease
the penalty function value. The step length along the dropping step is computed using a backtracking
line search strategy. We use the BFGS updating formula to update the approximate projected Hessian
in local iterations. Here, we establish the global convergence of the proposed trust region-line search
algorithm under conditions less stringent than those required by other available exact penalty methods.
We also demonstrate a two-step superlinear local rate of convergence of the algorithm. We implement
the algorithm in the MATLAB environment. Comparative numerical experiments on some test problems
from the CUTEst library confirm the competitiveness of the proposed algorithm in comparison with a
number of well-developed NLP solvers.

Keywords. Exact penalty function; Global convergence; Inexact method; Projected Hessian; Rate of
convergence; Trust region.

1. INTRODUCTION

Design and analysis of algorithms for solving nonlinear optimization problems (NLPs) are
of practical importance in various fields of science and technology. A variety of algorithms
for solving NLPs employ penalty functions in various manners. A popular penalty function is
the ¢-exact penalty function. The relationship between the optimal solutions of an NLP and
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the local minimizers of its associated ¢j-exact penalty function has been extensively investi-
gated [16, 39, 51]. Different algorithms for solving NLPs have been developed based on the
minimization of the /;-exact penalty function [8, 9, 17, 18, 19, 20, 32].

Augmented Lagrangian methods offer alternative approaches for solving NLPs [4, 49]. In
these methods, a sequence of unconstrained, bound-constrained, or linearly constrained op-
timization subproblems are approximately solved to approach a stationary point of the NLP
[21, 22, 41, 52]. Unlike the exact penalty function, the augmented Lagrangian function is
smooth but requires an estimate of Lagrange multipliers. Both the /;-exact penalty function
and the augmented Lagrangian function serve as merit functions for evaluating a trial step in
some constrained optimization algorithms [10, 30, 33, 34, 40, 52, 53].

Coleman and Conn [17, 18, 19] devised an ¢;-exact penalty method for solving constrained
nonlinear optimization problems. Furthermore, Mahdavi-Amiri and Bartels [43] introduced
an exact penalty algorithm featuring projected structured quasi-Newton updates, aimed at ad-
dressing general constrained nonlinear least squares problems. Their approach was inspired
by the work of Nocedal and Overton [50] on projected Hessian approximation. More recently,
Ansari and Mahdavi-Amiri [3] proposed a competitive combined trust region-line search exact
penalty projected structured algorithm specifically tailored for solving constrained nonlinear
least squares problems. The approach was also extended to embody the Broyden family update
formulas for the structured projected Hessians; see Bidabadi and Mahdavi-Amiri [5].

Here, we design a trust region-line search projected exact penalty method for solving NLPs
based on the approach of Coleman and Conn. Our algorithm employs a reliable and resilient
approach to updating the penalty parameter, achieved simply by computing Cauchy points of
the trust region subproblems. Furthermore, the step direction is consistently computed in a
structured manner across all iterations. Moreover, we propose a new strategy for evaluating and
updating the iterates. We establish the global convergence of the proposed algorithm using a
different approach as compared to the global convergence analysis of [18] for the Coleman and
Conn method. Moreover, our approach relies on weaker assumptions. Also, we show that our
proposed algorithm exhibits a two-step superlinear local rate of convergence.

The proposed algorithm is implemented in the MATLAB environment and tested on some
test problems from CUTEst library [35]. The experimental results confirm the efficiency of the
proposed algorithm as compared to the four well-known software packages: KNITRO/Active-
Set [8, 11], SNOPT [30], filterSQP [29] and LANCELOT [21, 22].

The remainder of our work is summarized as follows. In Section 2, our algorithm is pre-
sented. The investigation into the global convergence of the algorithm is conducted in Section
3. In Section 4, we establish a two-step superlinear local rate of convergence for our algorithm.
We report some comparative numerical results in Section 5 to show the competitiveness of our
algorithm. Finally, we conclude in Section 6. In the remainder of this section, we present the
required notations for describing the algorithm and analysing its convergence.

Notations: Throughout the paper, R is the set of real numbers. The cardinality of a set
& is denoted by |.”|. The jth component of a vector a € R" is shown by [a];. An identity
matrix is shown by I, and the vector e; denotes the jth column of an identity matrix. An array
with all entries equal to zero is represented by 0, while an array with all entries being equal
to one is shown by 1. The size of arrays 0, 1, and an identity matrix will be clear from the
context. Considering two vectors a and b in the same Euclidean space, the notation a < b
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(a < b) means that [a|; < [b]; ([a]; < [b])), for all j. Moreover, the jth entry of vectors ¢ =
max{a,b} and d = min{a,b} are defined as [c]; = max{[a|;, [b];} and [d|; = min{[a];, D]},
respectively. The positive part of a vector a is denoted by [a]" = max{a,0} and its negative
part is [a]” = max{—a,0}. The p-norm of a vector and the induced p-norm of a matrix are
denoted by || - || ,, where p = 1,2, 0. The sign function, sgn(x), returns 1 when x is non-negative
(x > 0), and —1 when x is negative (x < 0). For two vanishing sequences {a;} and {b;} in R",
the notation b; = € (a;) means that there exists a constant ¢ > 0, such that ||bg||2 < ¢||ax||2, for
all sufficiently large k. Moreover, the notation by = o(ay) signifies that ||bg||2/||lax||2 — 0.

2. ALGORITHM

Here, we present a trust region projected exact penalty algorithm for solving the constrained
nonlinear optimization problem,

min £(x)

(NLP)
s.t. ci(x) >0, i=1,...,m,

where f: R" - Randc; : R" — R, i=1,...,m, are twice continuously differentiable functions.
The optimality conditions of (NLP) could be expressed using its Lagrangian function defined

as Z(x,y) :== f(x) — ¥, vici(x), where y = [y; - ym}T € R™ is the Lagrange multiplier
vector. By defining the KKT (Karush-Kuhn-Tucker) residual of (NLP) as

fo(x,y) :|
min{c(x),y} |’

if ¥(x,y) = 0, then (x,y) is termed a KKT pair of (NLP), and x is called a KKT point of (NLP).
The active set at a point x € R" is defined as

Y (x,y) = {

AC(x):={i=1,...,m : ¢i(x) =0}.

It is known that if x is a local solution of (NLP) satisfying a constraint qualification, then x is
a KKT point of (NLP). We use the following practical constraint qualification throughout this

paper.

Definition 2.1 (LICQ). The linear independence constraint qualification (LICQ) holds at a
point x if the set of active constraint gradients at that point, {V,c;(x) : i € AC(x)}, is linearly
independent.

The constraint violation function, defined as h(x) := Y7 , max {—c;(x),0}, measures the in-
feasibility of point x. Then, the ¢ -exact penalty function for (NLP) is denoted as p(x; ) :=
W f(x) 4+ h(x), with u > 0 representing the penalty parameter. It is a well-established result that
if x* is a strong local solution of (NLP) and satisfies the LICQ, then there exists a threshold value
(* > 0 such that x* remains a local minimizer of p(x; ) for all u € (0, u*]; see [51]. Under
suitable conditions, an appropriate choice for the threshold p* would be p* = 1/||y*||«, where
y* denotes the Lagrange multiplier vector such that W(x*,y*) = 0 [14, 15, 42]. On the other
hand, suppose x* is a stationary point of p(x; ) for all u € (0, u*], with u* > 0. If h(x*) =0,
then x* is a KKT point for problem (NLP). However, if 4(x*) > 0, then x* is an infeasible
stationary point of 4(x); see [12, Theorem 4.1].



438 H. AHMADZADEH, N. MAHDAVI-AMIRI

Definition 2.2. [49, Definition 17.1] A point x* is termed an infeasible stationary point of the
constraint violation function /(x) if 4(x*) > 0 and it serves as a stationary point for the function
h(x), meaning that

h(x* +td) — h(x*)

Dgh(x*) := tli(r)r+1 ; >0,

for any unit vectors d € R".

Considering the connection between solutions of (NLP) and minimizers of its associated
penalty function, various algorithms were designed to solve constrained optimization problems
[17, 18, 19, 20, 23, 32, 33, 36]. Additionally, several exact penalty methods were adapted to
solve constrained nonlinear least squares problems [3, 6, 7, 43, 44, 45, 46, 47].

In practice, for a point x € R" and an activity tolerance parameter € > 0, the €-active and
e-violated index sets are specified by

AC(x,e):={i=1,....m : |ci(x)| < €},
VC(x,e):={i=1,....,m : ci(x) < —¢€},

respectively.

Introducing the &-constraint violation function as he(x) := — Yicvc(xe) Ci(x), the e-active
penalty function [3, 17, 43] is defined as pe(x; ) := pf(x) + he(x). The subsequent propo-
sition encapsulates some important properties of the €-active and €-violated index sets, the
£-constraint violation and &€-active penalty functions.

Proposition 2.1. Given x € R" and u > 0, the following assertions hold.

(1) There exists a thereshold value &€ > 0 so that AC(x, €) = AC(x,0) = AC(x), and VC(x,€) =
VC(x,0), for all € € |0, €].

(2) There exists 8 > 0 such that VC(x+s,€) = VC(x,€), for all € >0 and all s with ||s||» <
0.

(3) We have ho(x) = h(x) and po(x; 1) = p(x; p).

(4) Functions pe(x; ) and he(x) are twice continuously differentiable, for all € > 0.

(5) If& > £ > 0, then AC(x, &) C AC(x, E).

(6) If€ > & >0, then VC(x,&) C VC(x, ).

(7) If & > & >0, then he(x) < he(x) and pz(x:11) < pg(x; ).

Proof. The proof directly stems from the definitions of &-active and &-violated index sets, the
continuity of both functions f and ¢, alongside the definitions of /¢ (x) and pe(x; ). O

The first-order necessary optimality conditions as articulated by Coleman and Conn [16]
assert that if x* serves as a local minimizer of p(x;u) for a given u > 0, and it adheres to the
LICQ, then there exist multipliers A1, i € AC(x*), satisfying

Vipoxspm) =Y AVie(x"), (2.1)
i€EAC(x*)
0<A <1, ieAC(x"). (2.2)

A point x* that fulfills (2.1) for certain multipliers A", i € AC(x") is referred to as a stationary
point of p(x; i). Furthermore, if the multipliers A.*, i € AC(x*) also conform to (2.2), then x* is
referred to as a first-order point of p(x; ). If x* is a first-order point of p(x; i) with the strict
satisfaction of inequality (2.2), then it is denoted as a strict first-order point of p(x; ) [18].
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Additionally, in accordance with the second-order necessary conditions of Coleman and
Conn [16], if x* serves as a local minimizer of p(x;u), which satisfies LICQ, then, for all
d € R" satisfying

dTV.ci(x*) =0, Vie AC(x"), (2.3)
we have
d" |Vipoxsu)— Y AVE d>0, (2.4)
i€AC(x*)

where A%, i € AC(x*), represent specific scalars that fulfill both (2.1) and (2.2). The point x*
is designated as a second-order point of p(x; ) if there exist multipliers A*, i € AC(x*), for
which (2.1), (2.2), and (2.4) hold for every d satisfying (2.3). Moreover, x* is called a strict
second-order point of p(x;p) if it is a strict first-order point of p(x;u) and inequality (2.4)
holds strictly for every d # 0 satisfying (2.3) [18].

Now, we are ready to start the description of our algorithm. Let x; be the acquired estimate
for a local minimizer of p(x; 1) at the kth iteration of the algorithm, where y;_; > 0 is a
penalty parameter. During the kth iteration, with & > O representing the activity tolerance, we
determine the e-active index set AC(x, &), the e-violated index set VC(xy, &), and construct

the normal matrix A := [--+ Vici(xg) -] A2 Utilizing the QR decomposition of Ay,

it is possible to compute normal orthogonal (orthonormal) bases for both the null space of A,
N(AT'), and the range space of Ay, R(Ag). Actually, considering the QR decomposition of the
full column rank matrix A; € R"*% as

A=Y 2] m , 2.5)

where 7 is the cardinality of AC (xy, &), Y, € R™%, 7 € R (=1 YkTYk =1, ZkTZk =1, YkTZk =
0, and R;, € R%**/ is a nonsingular uper triangular matrix, we have

NAf)=R(Zy) ={Zid : d e R" "}, (2.6)
R(A) =R(Yy) :=={Yid : d e R*}. (2.7)

Furthermore, in the vicinity of a first-order point of (NLP), it is possible to approximate the
Lagrange multipliers by solving the following linear least squares problem:

min %”Ak)L _prsk(xk;.uk)H% ) (2.8)

using the QR decomposition of Ay.

Iterations of the algorithm are categorized into “infeasible”, “almost feasible”, and “local”
iterations. he kth iteration is deemed to be an infeasible iteration whenever the set of violated
constraints, VC(xx, &), is non-empty, or, in other words, when /g, (x) is positive. The kth
iteration is designated as an almost feasible iteration if he, (x;) = 0 and ||Z] Vpe, (xi; i) [|2 > 7,
where 7 > 0 is a stationary tolerance parameter. Moreover, the kth iteration is termed a local
iteration if hg, (x;) = 0 and ||Z] V,pe, (x5 ) ||2 < 7. Our proposed algorithm employs distinct
strategies for computing the search direction based on whether the kth iteration is infeasible,
almost feasible, or local.

In infeasible iterations, we have

h(xk) = h()(xk) > hgk (Xk) >TIe >0, (2.9)

2 (13
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where I'y, = |[VC(xy, & )| > 0 represents the count of violated constraints. In light of (2.9), we can
infer that x; is considerably distant from the feasible region. Hence, in the course of infeasible
iterations, our aim is to identify whether (NLP) is locally infeasible or to diminish the value of
the constraint violation function.

In a manner similar to the methods outlined in [1, 2, 9, 10, 33], our algorithm identifies
(NLP) as locally infeasible by recognizing an infeasible stationary point. Later, Lemma 3.1
articulates the conditions for recognizing an infeasible stationary point being employed in our
algorithm. When V,hg, (x;) = 0 and VC(xy, &) = VC(xt,0) # 0, x; is identified as an infeasi-
ble stationary point, leading to the termination of the algorithm. Conversely, if V, i¢, (x;) =0
but VC(xy, &) # VC(xt,0), reducing the value of & can lead to V, kg, (x;) # 0, or eventually,
VC(xy, &) = VC(xt,0). It should be noted that, if Vg, (x;) # 0 but Z! Vi he, (x;) = 0, we could
drop certain indices from the active-set to ensure Z! V. hg, (xi) # 0. Whenever Z] V. he, (xi) # 0,
it is possible to decrease the constraint violation. To accomplish this, the feasibility projected
trust region subproblem is considered as follows:

. ¥ 1 h
min g, (W; Dy, xg) 1= EWTDkW +w! gk +he, (xx) (hTR)

s.t. w2 < &,

where &, > 0 is a trust region radius, g2 = ZkT V,he, (xx), and Dy is a symmetric approximation
of ZkTV)%xhgk (xx)Zk. Then, the Cauchy point of (hTR), WEC, is calculated as

WEC .= afCuFs,

Ok
WS = %

18212
FC .y FS
o, ~:=arg min hg, (00w,”; Dy, x
k gae[o,l] sk( Pk k)

T
17 (g}];) Dkg}13§07

= : g2 113 7 r oh
min< 1, , Dyg; > 0.
{ Ok ((gZ)TDng> (gk) K8k

Moreover, given a penalty parameter i > 0, the penalty projected trust region subproblem is
formulated as

‘ 5 1
min e, (w: He (1) xi, 1) = 5" Hi(pw+w' g (1) + pe, (i 1) (PTR(w))

st [[w]l2 < &

In (pTR(1)), we have gg(u) = ZkTprgk (xx; i) and Hi (1) := uBy + Dy, where By is a symmet-
ric approximation of Z7 V2, f(x;)Z. The Cauchy point of (pTR(i)), wP€(u), is computed as
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follows:

o)
WPS u):=- X gp u),
e W) == e s
af (1) :=arg min_ e (0w (1); Hic(1), X, 1t)
acl0,1]
1, ((w))" Hi(p)eb(p) <0,

min { 1, —— skl - (&P He(w)gh () > 0.
5((ehw) Hegh )

At the kth iteration of our algorithm, we intentionally select the penalty parameter 1, > 0 to be
sufficiently small, ensuring the satisfaction of the following conditions:

Ahg, (Wi (1) Disx) > Mg, (Wi D,y (2.10a)
AP, (WE© (ba)s Hic(1e) Xk, 1) > Mg (WES (14)s Do ) (2.10b)
where 11,12 € (0, 1) are predetermined constants. Here,
Aheg, (v; Dy, xy) := he, (xi) — he, (v; Diy ) (2.11)
Ape, (v Hie (M), Xk, M) = Pey (%5 Mie) — Pey (Vi Hie (i), %5 M) 5 (2.12)

are quadratic predicted changes in the constraint violation and penalty functions, respectively.
In Lemma 3.2, we can see that conditions (2.10a) and (2.10b) hold for sufficiently small positive
values of ;. Two similar conditions were proposed by Ansari and Mahdavi-Amiri [3], in
which the Cauchy points in (2.10a) and (2.10b) are replaced with the optimal solutions of trust
region subproblems (hTR) and (pTR(1t)). Also, similar conditions are used in several penalty
successive linear-quadratic programming (SLQP) algorithms [8, 9, 12, 33]. In these SLQP
algorithms, solving several linear programs may be required, which turn to be very costly.

Once a suitable penalty parameter y; > 0 fulfilling conditions (2.10a) and (2.10b) has been
determined, the penalty projected trust region subproblem (pTR(tt)) with = p; is approxi-
mately solved to obtain a step wy satisfying

APe, (Wi Hie (i), X, i) > Apg, (Wi © (tie)s Hie (i) X, Hc) - (2.13)

An approximate solution wy of (pTR(u)) with u = u; meeting the condition (2.13) could be
derived using various methods such as the Dogleg strategy of [54], the two-dimensional sub-
space minimization technique of [13], the truncated conjugate gradient method of [55, 56], or
the Lanczos method of [37].

In an infeasible iteration, let t; be the penalty parameter satisfying conditions (2.10a) and
(2.10Db), and let wy be an approximate solution of (pTR(t)) with =  satisfying (2.13). Then,
the step direction is determined as dj := Zywy + Bid;, where the vertical step direction dy is
simply set to zero, and B = 1. When kg, (x;) = 0 and ||Z] Vpg, (xi; t)||2 > 7, the kth iteration
is deemed almost feasible. In such iterations, given that VC(xy, &) = 0, the matrix Dy, is treated
as zero, leading to i:lgk (w; Dy, x;) = 0, for all w. As a consequence, there is no necessity to
decrease the penalty parameter in almost feasible iterations; it remains unchanged (u < tg—1).
Then, wy satisfying (2.13) is calculated as an approximate solution of (pTR(1)) with u = .,
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and the horizontal step direction is set to be dP := Z,wy. Additionally, the vertical step direction
is determined via a single Newton step applied to the system of nonlinear equations given by

[c(xx + Zpwy + d)]AC(Xk78k) =0.

This involves computing the minimum norm solution of the following linear system of equa-
tions:

Ald = —[c(xk+ Ziw)]ac (e (2.14)

Assuming that Ay is a full column rank matrix, the minimum norm solution of (2.14) is com-
puted as:

-1
dy :=—Ar (AL Ar) [c(xx + Ziwi) | ac(y &)
= — YR " [c(xk+ Zewi)] ac(u.e0) - (2.15)

Subsequently, the step direction is determined as dy := Zywy + Bid}, with

: 6k T . v
ﬁk . min {ldgl’zg(l }I,-I ( ) ) Vx p£k<Xk,,uk)dk S 07 (2 16)
: . P Wi Hi (M) X bie) - 8, T . v '
min {’7 Ve Cicto)dy T2 1}’ Vi P %63 i) > 0,

where 1 € (0, 1) is a prescribed constant. It is important to highlight that choosing B as given in
(2.16) ensures that ||dj || < 20 and the “predicted reduction in the penalty function” is positive;
see Lemma 3.4.

In infeasible and almost feasible iterations of our algorithm, after computing the step direc-
tion as dy = Zywy + By with wy # 0 as an approximate solution of (pPTR()) and v € {0,d] },
the trial point is established to be x,‘: := xy +dy. To evaluate the step direction dy, or equivalently,
the trial point, it is necessary to define an estimation of the changes in the penalty function. In
light of Lemma 3.3, we define the predicted reduction as

Pred; := Ape, (Wi Hi (), %0, k) — BV pe, (s 1 )i (2.17)

where Apeg, (- ; Hi (M), Xk, Ui) is defined as (2.12). Lemma 3.4 states that selecting S as (2.16)
assures that Pred; > 0. Also, we define the ratio of the actual reduction to the predicted reduc-
tion as:
pr = P M) — p O+ dis i)

' Predk ’

(2.18)

to evaluate the trial point.

For a predetermined constant p* € (0, 1), the kth iteration is called successful if p; > p¥; oth-
erwise (pr < p°®), it is called failed. More specifically, the kth iteration is called very successful,
whenever p; > p¥, where p¥® > p® is a predefined constant. In successful iterations, the trial
point is incorporated into the next iterate; i.e., Xgy1 < x,j. In a very successful iteration, the
trust region is expanded by the factor 9, > 1; i.e., 81 < %Ok If the kth iteration is failed,
then the trial point x,j is rejected (x;1 <— xi), and both the trust region radius and the activity
tolerance parameter are decreased by a factor . < 1.

The kth iteration is termed a local iteration if hg, (x;) = 0 and ||Z} Vpe, (xi; i) [|2 < 7. In such
cases, it is signified that x; resides in proximity of a stationary point. During a local iteration,
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the penalty parameter is taken from the previous iteration (U <— uz_1). Then, the linear least
squares problem (2.8) is solved to obtain an estimate of the Lagrange multipliers as

—1 _
A= (AL AL) AL Vape, (xis k) = R Y Vipe, (3 ), (2.19)

provided that the columns of A; are linearly independent.
If [A] ¢ [0, 1] for some r € AC(x, &), then the index r is dropped from the active set and a
dropping step direction is computed as:

dl := —sgn([A)Ax (A,{Ak)_l er = —sgn([M] YR, ey, (2.20)

where e, is the rth unit vector. This dropping step direction serves as the minimum norm
solution of the following linear system of equations:

Al{d = —sgn([A],)er.

In Lemma 3.9, we will see that d,‘: is a descent direction for the penalty function. In alignment
with other cases, the search direction in this case can be expressed as d = Zywy + Bkdg, with
wi = 0 and f; = 1. Then, employing a backtracking line search strategy, a step-length oy € (0, 1]
is determined such that the following Armijo-like condition is satisfied for a = o:

p(x,+ Ocd/il;ﬂk) < p(x; W) +ciep,0, 221)
where
e if[A] <0,
e { 1= [Addrs if [ > 1, (2.22)

and ¢ € (0,1) is a predetermined constant. It is worth noting that e;, < 0. Lemma 3.9 guaran-
tees that condition (2.21) holds for sufficiently small values of o > 0.

If [A4]; € [0,1] for all i € AC(xy, &), then the horizontal step direction is determined as d} :=
Zywy, where wy, is a solution of

Hy(1e)w = — g (1) (2.23)
with Hy () as a symmetric and positive definite approximation of
Gy := ZZ (/.LkV)zcxf(xk) — Z [Ak]iV)%xci(xk)) Z. (2.24)
iGAC(xk,Sk)

Moreover, the vertical step direction d} is calculated as (2.15). Afterward, the ‘Newton step
direction’ is computed as dy := Zywy +d,. If we have

PO +dis i) < p(xis ) — ¢2 <H82(Nk) 15+ || [eCa)l ac (e | 1) > (2.25)

for a prespecified constant ¢, € (0, 1), then the iterate is updated as x| < x; + di. Otherwise,
if (2.25) does not hold, then the Newton step is rejected (setting x| < xi) and the stationary
tolerance 7 is reduced so that ||gf (i) |2 > .

Now, we are in a position to present our new trust region-line search projected exact penalty
algorithm for solving (NLP) as Algorithm 1. In our implementation of Algorithm 1, all initial
approximate projected Hessian matrices are chosen to be the identity matrix. Moreover, the
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trust region subproblems are solved using the CG-Steithaug method [55]. To avoid the underflow
phenomenon, as in [3] we use the following functions:

reference; (g, val) := ¢ +0.1¢ - val, (2.26)

reference; (G, x) := reference; <g, &fl(x)‘) ) (2.27)
m

For example, the assessment of the smallness of ||V /g, (xx) |2 against 6 > 0 in line 12 of Algo-
rithm 1 can be made as follows:

|Vihe, (x1)||2 < reference; (0, ||Vihe, (x1)||2) - (2.28)

Indeed, condition (2.28) serves as a relative-absolute error test, determining whether ||V kg, (x1) |2
exceeds 0. Similarly, for determining the active sets and the violated sets, the scalar g is re-
placed by reference;(&,x;). Note that the “test optimality” and the “test feasibility” steps in
line 40 of the algorithm are expected to set the logical variables optimal and feasible to true or
false, appropriately. The binary variable feasible is set to true if

VC (xi, referencer (y,x)) = 0,

where ¥ > 0 is a predetermined constant (y = 10~!4). Otherwise, feasible is set to false. As in
[3], the optimality is detected whenever the following conditions hold:

(1) [l (i) |2 < referencey (8, || Vape, (xis ) 12).

(2) =0 < [A4)i < 1+ 0, Vie AC(x, &),

(3) [Pey (K13 Hic) — Pey (s i) | < references (7, [ pe, (Xit15 i) )

(4) |[xg+1 — xx||2 < reference; (0, ||xxr1]|2), where 6 is a predesignated positive constant; for
example, 0 = 107°.

When & > 0 is not small enough, it is possible that AC(xy, &) # AC(x,0), VC(xk, &) #
VC(xx,0), and consequently pg, (x; ;) may not be an adequate predictor of the behavior of
p(x; 1y ). Note that the horizental step direction is computed by minimizing a quadratic model
of pe, (x; ) over a trust region. Moreover, according to Lemma 3.1 to identify an infeasible sta-
tionary point, we need to have
VC(xg, &) = VC(xx,0). Therefore, at the beginning of each iteration of the algorithm we reduce
& to have VC(xy, &) = VC(xx,0) and AC(xg, &) = AC(xx,0).

Our algorithm uses the idea of Nocedal and Overton [50] for approximating the “two-sided
projected Hessian matrices in lines 18, 28 and 44 of Algorithm 1. Let By_;, D;_; and
Hi_1 (k1) be approximated projected Hessians from the previous iteration. If the set of active
constraints is changed, we simply reset By, Dy, and Hy (1) as appropriate identity matrices. Un-
til stated otherwise, assume that the set of active constraints does not change. Since the columns
of [Yk Zk} form an orthonormal basis for R", the vectors ¢g;_; and s;_; could be found so that

Xk — Xk—1 = Yiqk—1 + ZpSk—1- (2.29)
Consequently, from (2.29) we have:
Sk—1 = Z{ (k= Xk—1),
Gr—1 =Y (xx —x1).

Equality (2.29) implies that Zgsy_1 = xx — xx—1 — Yxqr—1. Provided that g;_; is negligible
as compared to s;_, using the first order Taylor’s approximation of V,f(:), Vyhe(-) and
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Algorithm 1 A trust region-line search projected exact penalty algorithm.

1: Parameters:  0,%, Umin,M,M1,7M2 > 0, 0 < p* < p¥ < 1, ¢1,c0 € (0,1), and
0<% <1<Y.

2: Give xg € R", 8 >0, & € (0,82], T > 0, and o > 0;

3. set terminated < false, k <+ O;

4: while (not terminated) do

5: set updated < false;

6: Decrease the value of &, if necessary, to have AC(xy, &) = AC(x,0),
VC(xk,Sk) = VC(xk,O), and g < 52;

7: compute hg, (xx) and f(xx), Vihe (x) and Vi f (x¢);

8 form the normal matrix as Ay := [--+ Vici(xx) -] IeAC(r.8)

9: calculate the QR decomposition of Ay as Ay = [Yk Zk] [R,Z OT] T;
10: setgp = Z[ Vihe, (%), g = Z] Vuf (%), 8¢ (k) = Mg + &7

11: if (g, (xx) > 0) then > Infeasible iteration
12: if (||Vihe, (x1) ]2, tested against 6, is small) then
13: set Ay = 0 and ferminated = true;

> An infeasible stationary point is found
14: else if (||g!||2, tested against 6, is small) then
15: drop indices from the ¢-active index set until the condition ||gll][> > 0

is met.
16: end if
17: if (not terminated) then
18: determine the approximation of projected Hessian matrices as
Dy ~ ZI'V2 he, (x4)Zy and By =~ ZI V2, £ (x4) Zi;
19: choose L, sufficiently small so that conditions (2.10a) and (2.10b) hold;
20: if (U < Upin) then
21: set Ay = 0 and ferminated <+ true;
22: else
23: set Hy (i) < WeBy + Dy and gZ(/.Lk) = ‘leg£ —|—g2;
24: compute wy as an approximate solution of (pTR(ut)) for u = p,
satisfying (2.13), set vy <— 0, By = 1 and dj, < Zywy + Brvis
25: end if
26: end if
27: else if (|| g} (1)]|2, tested against 7, is not small) then
> Almost feasible iteration
28: compute the approximate projected Hessian matrix By ~ ZkTV)ZCx (k) Zs
and set Dy = 0 and Hy (1) < WeBx;
29: compute wy as an approximate solution of (pTR(u)) for u = p satisfying
(2.13);

30: calculate the vertical step direction v = d} using (2.15), determine f3; as

given in (2.16), and set dj, < Zywy + Brvi;
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Algorithm 1 A new trust region-line search projected exact penalty algorithm (continued).

31:
32:
33:
34:
35:
36:

37:
38:
39:
40:
41:
42:
43:
44:

45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:
58:
59:
60:
61:
62:
63:
64:
65:
66:
67:

else > Local iteration
compute A; as (2.19);
if (there exists an index r so that [A], ¢ [—6,1+ 6]) then
choose an index r so that [A;], ¢ [~6,1+ 6], and compute e, as in (2.22);
calculate the dropping step direction d,‘g as in (2.20) and set dj, « d{;
using a backtracking line search strategy, find oy € (0, 1] that meets
the Armijo-like condition (2.21) for o0 = oy;
set xp11 < x; + oxdy and updated < true;
drop index r from the active set;
else
test optimality and feasibility;
if ( optimal and feasible ) then
set terminated < true; > A first order optimal solution is found
else
determine Hy (1) as a symmetric and positive definite
approximation of (2.24);
compute wy by solving (2.23);
calculate the vertical step direction v; = d using (2.15);
set dp = Zpwy + vi;
if (2.25) hold then
set xg41 < Xx + di and updated <— true;
else
reduce 7 so that ||g} (1)|]2, tested against 7, is not small;
set xg41 < X and updated <— true;
end if
end if
end if
end if
if (not updated) then
compute the predicted reductoin as (2.17) and py as (2.18);
if pr > p** then

set xg 1 < x; +di and &4 < Ve O; > Very successful iteration
else if p; > p°® then
set xpy 1 < X; +di and Oy < O > Successful iteration
else
set xp 1 < x; and O 1 < YO > Failed iteration
end if
end if

set Upi1 < Ui, Egr1 < & and k +— k+1;

68: end while
69: set yy < Ax/ M
70: return (xy,yx);
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Vi f () = Lieac, [MiVxci(-), we have
Vi () Zesir = ZE (Vaf () = Vif (0-1))
ZIV2 e, () Zisio1 = ZE (Vihe, (x) — Vihe, | (i-1)) 5
Grsi—1 ~ Z{ (e (Vaf (x) = Vief (k1)) + A1 Ax)

where Gy is defined as (2.24). Therefore, matrices By, Dy and Hy (L) are chosen in such a way
that the following secant equations are satisfied:

Bisk—1 = Yi—1,f5 Vi-f = Zf (Vaf (xx) = Vif (1)),
DiSi—1 = Yk—1,n3 Ye—tn =2 (Vihe (x) — Vihe, , (xi1))
Hy (Mk)Sk—1 = Yk—1.15 Vi1 = Zf (e (Vaf () = Vaf (1)) +Ar_14) .

To update B to B so that Bs = y, the Davidon-Fletcher-Powell (DFP) or the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) updating formulas can be used as follows:

B=B+DFP(B,s,y),

=By +y(y—Bs)" sT(y—Bs) 7
DFP(B, s,y) := - 2.30
(B,s,Y) T Gy (2.30)
T T
- ' (Bs)(Bs)
B =B+BFGS(B BFGS(B,s,y) 1= 2o — ot L 231
+ (B,s,), (B,s,y) Ty T sTBs (2.31)

The BFGS formula is one of the most popular methods for updating the approximation of
the Hessian matrix. It is known that if B is positive definite and sy > 0, then the updated
matrix B by (2.31) is well-defined and also positive definite [26, Theorem 7.8]. In a local
iteration, we update the approximate projected Hessian matrix Hy := Hy () using the BEGS
formula, whenever s,{flyk,u > (. Moreover, similar to Nocedal and Overton’s method [50],
the approximate projected Hessian is updated as Hy = Hy_ +BFGS(Hy_1,Sk—1,Yx—1,), only if
the condition,

lge-1ll2 < oot llsialla, (232)

kU
holds, for some prescribed positive constants v and ¢. If (2.32) does not hold or S/Z_O’k—l,l <0,
then we set Hy, < Hj_;.

3. GLOBAL CONVERGENCE

Here, we investigate the global convergence of Algorithm 1. The results are established under
the following assumptions.

Assumption 3.1. The objective function f : R” — R and the constraint functions c; : R” — R,
i=1,...,m, are twice continuously differentiable over an open, bounded, convex set 2~ C R"
that contains the closure of the sequence of iterates {x; } generated by Algorithm 1.

Assumption 3.2. There exists k7 > 0 such that |Hy (i) |2 < ki, for all k.

Assumption 3.3. The second-order derivatives of the objective function and the constraint func-
tions are uniformly bounded on .2". Consequently, there exists &, > 1 such that || V2 pe (x; 1) 2 <
i forallxe 2, e >0and u €[0,1].



448 H. AHMADZADEH, N. MAHDAVI-AMIRI

Assumption 3.4. At any iteration k, the normal matrix A; has full column rank. Additionally,
for any point x € .2, LICQ holds.

Assumption 3.5. For any u € [0, 1], the set of stationary but not first-order points of p(x; 1)
over 2 is finite.

It is important to note that our assumptions for proving the global convergence are less strin-
gent than those of Coleman and Conn [18]. Specifically, we do not need the sufficient reduction
in penalty function required by the line search assumption of Coleman and Conn [18]. The
following lemma demonstrates the conditions for detecting an infeasible stationary point in our
algorithm.

Lemma 3.1. Let Assumptions 3.1-3.4 hold. Given that VC(xy, &) = VC(xy,0) # 0, the follow-
ing statements are valid:

(@) If Vihe, (x) =0, then xy is an infeasible stationary point.
(b) If x is an infeasible stationary point, then ZkT Vihe, (xr) = 0.

Proof. The condition VC(x;,0) # 0 indicates that h(x;) > 0. Additionally, for a given unit
vector d € R” and a sufficiently small 7 > 0, from VC(xy, &) = VC(x;,0) and the continuous

differentiability of ¢;, i = 1,...,m, we can infer that
h(xp+1td) = — Z ci(xp+1td) — Z ci(xp+1td) +o(t)
iEVC(xk,O) iEAVC(Xk,d)
=— Z ci(xp+td) — Z ci(xx+td)+o(t),
iGVC(xk,Sk) iGAVC(xk,d)
where
AVC(x,d):={i=1,....,m:c;i(x) =0, d" Vyc;i(x) <0} . (3.1)

Therefore, for any unit vector d € R", we obtain
. h(xg+td) — h(xg)
D,h =1
ah(x) lim "
 Yievepug) (il +1d) — i)
1t
B YicAVC(x.d) (ci(xg +1d) — ci(xx)) + 0(f)>
t

=—d"Vihe () — Y, d"Viei(x). (3.2)
ICAVC (xy,d)

= lim
1|0t

Utilizing this fact, we can substantiate both assertions (a) and (b) as outlined below.

(a) Referring to the definition of AVC(xy,d) as provided in (3.1), and taking into account
(3.2), we can establish that the inequality Dyh(x;) > —d” Vyihe, (x;) holds for all unit
vectors d € R”. Hence, Vyhe (xx) = 0 implies that Dyh(x;) > 0, for all d € R" with
||d||2 = 1. Moreover, we see that i(x;) > 0. As a result, according to Definition 2.2, x;
is recognized as an infeasible stationary point.

(b) Firstly, it is worth noting that the inclusion AC(xx) C AC(xk, &) entails Z] Vyci(xy) =
0 for all i € AC(xg), where the matrix Z; € R™*("~%) is defined as (2.5) and (2.6).
Therefore, the definition of the index set AVC(xy,-) as provided by (3.1) implies that
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AVC(xy,Zw) = 0 for all vectors w € R" . Also, considering (3.2) for d = Z;w with
|lw|l2 =1, we have

Dkah(Xk) = —WTZ]ZVxhgk (xk).

Now, we suppose that x; is an infeasible stationary point. As a consequence of Defi-
nition 2.2, we observe that Dz,,,h(x;) > 0, for all unit vectors w. If Z] V. hg, (xi) # 0,
then, for w = ZI Vhe, (xi) /| ZE Vihe, (%) || 2, we have ||w]], = 1 and

0 < Dzh(xi) = =W ZI Vihe, (x) = — | ZF Vihe, (x0)||2 < 0,

which is a contradiction. Consequently, if x; is an infeasible stationary point, then we
have Z]' V. hg, (x) = 0.
O

In an infeasible iteration, defining gi :=ZI'Vf(x), we have
go(k) = ugg + &,
Pee (Ws Hi (1), x5, 1) = f1f (w3 Bioy k) + g (w3 Dy xx)
where
Fw:Bi,xi) = %WTBkw +wlgb + Fxp).
Moreover, we have Apg, (w; Hi (L), Xk, 1) = UAF (w; By, xz) + A;lgk (w; Dy, xy), where
Af(w;Bi,x) := f(0; By, x¢) — f(w: B, xx),

and Ahg, (w; Dy, x;) is defined as (2.11).
In the following lemma, we show that conditions (2.10) hold for a sufficiently small penalty
parameter L > 0.

Lemma 3.2. If Assumptions 3.1-3.4 hold, the kth iteration is an infeasible iteration, 82 £ 0,
and Ny, M € (0,1) are predesignated constants, then there exists fL > 0 such that

Ahg, (WEC(IJ);Dk,xk) > 11 Ahg, (WEC;Dk,xk) ,
Aﬁek (WEC(HﬁHk(N)ka,H) Z nzAilek (WEC(,U);Dk,xk) ,
forall u €0, i].

Proof. Provided that g}; # 0, the Cauchy point of (hTR) meets the following inequality (see [24,
Theorem 6.3.1] for the details.)

. 1 . g
N, W3 Diog) = 5 \]g%\\zmln{%,sk} > 0; (33)
Moreover, we have
Jlf(}l A;lgk (WEC(,LL);Dk,xk) = A;lgk (WEC;Dk,xk). (3.4)

Due to 1y € (0,1), (3.3), and (3.4), one sees that there exists a positive constant fi; such that,
for any p € [0, i),

| A, (W © (1); Dy, xic) — Ahg, (WS Dy, xie) | < (1= 1) A, (W< Dy, ),
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and hence
Ahg, (WEE(); Diyxk) > e, (Wi Do), Vi € [0, fun]. (3.5)
Now, we consider
8211 B2
2

(1) = (1 — 1) A, (WEC(10): Do ) — ( +5kug£||z) .

From 1, € (0,1), (3.3), and (3.4), we observe that

lim @(p) = (1= 12) Mg, (W3 Dy xi) > 0.
ulot

Accordingly, there exists a positive constant fI, such that @(u) > 0 for all u € [0, fip]. Also, we
have

Ape, (WeC (1) Hie (1), i, 1)
= PAF(WEC () Br, i) + AR(WhC (14); Dy, %)

= AR(wiS (1): Dio i) — (% (WP ()" BowfC(w) + (WEC(M))Tg£>

o 1
> A 0: D) — 1 3B B + Il

y 5211
> Ahg, (WPC(1): Dyxi) — ( i ||2k||2
— 40)+ Mo, (4{C(0): Dy
As aresult,
Ape, (i (1) Hi(p), 3 1) = Mo (W (1); Dis) Vu € [0, ). (3.6)

Letting ft := min{ i}, fl, } and utilizing (3.5) and (3.6), the desired results follows immediately.
0

+5kug£nz)

In the subsequent lemma, we express the rationale behind defining the predicted reduction
illustrated by (2.17).

Lemma 3.3. Let Assumptions 3.1-3.4 hold. At the kth iteration of the algorithm, if the step
direction is computed as dy = Zywy + Bxvk, with B > 0, and v € {0,d)'}, then

PO i) — Pk + dis 1) =APe, (Wi Hie(1) %, ie) — Bievi Vepe, (s 1)
+0(||di||2) + O (&) (3.7
Proof. Defining the index sets,
M’f = M (xg,dy, &) = AC(xg, &) NAC_ (xy + dy, &),
M5 = My (xy,dy, &) := AC_ (xy, &) NAC, (xi +dx, &),
M3 = M3 (xy.,di, &) 1= AC (xy, &) N AC_ (xg + dy, &),

where
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we have
P+ dis i) — p (e )

= pe (T dis ) = pe, (s )+ Y, max{—ci(x+di),0}
i€ AC (xg+dy., &)

— Z max{—c;(x;),0} (3.8)
l'EAC(xk,Ek)
= pe (xk+dis ) — pe () — Y (cilxe+di) —cilee)) — Y, cilo).
ieMf ieMsuMk

Given that Mé‘ C AC_(xt, &) and Mé‘ C AC, (xg, &), it follows that —&, < ¢;(x¢) < 0, i € M¥,
and 0 < c;(x;) < g&,i€ M§. These observations imply
— \M,?\ek < Z ci(xy) < \Mf\ek = Z ci(xx) = O(&). (3.9
ieMsuME ieMyUME

Consequently, from (3.8) and (3.9), we arrive at

P (X +di i) — p(Xis Mi) = peg (X + di i) — Pe (X5 M)
— Z (C,'(xk-l-dk) —C,'(xk))-l— ﬁ(é‘k). (3.10)
ieMt
Furthermore, by applying Taylor’s theorem and relying on the Lipschitz continuity assumption

for V,f(-) and Vic;(-), i = 1,...,m, along with the boundedness assumption on the Hessian of
the penalty function, and its approximations {Hy () }7._ ;. in (3.10), we obtain

P +di i) — p(xs dge)

1
= d{ V.pe, (v ) + EWsz(Mk)Wk — Y d{Vacila) + O(|lwell3) + O (ldil]3) + O/(&)
ieMf
= —Ape, (Wi He (M), Xk, i) + Brvi Vape, (o ti) — B Y, vit Vaci(w) + O (ldil3) + O (&),
ieM¥
(3.11)

where the second equality is obtained from the definition of the step direction being d;, = Zywy +
Bivi. the definition of Ape, (wi; Hi (Ui ), Xk, Uk ), and ZkTchi (xx) =0, foralli € M{‘ C AC(xy, &).
Hence, (3.11) implies that (3.7) is valid when v; = 0. Furthermore, based on (2.14) and since
M]f C AC(xy, &), for v = d}, we have

—Be Y. viVeci(x) = B Y, cilxi+Zowr)

ieM¥ ieMf
=B Y (cila) +wi Z{ Vaci(xe) + O(|wilf3))
ieMf
= 0(&) + O ([wil2). (3.12)
Therefore, employing (3.12) within (3.11), we obtain (3.7) for v = d. ]

The following lemma ensures that the predicted reduction is positive. As a result of this
lemma, we can deduce that defining the ratio of the actual reduction to the predicted reduction
as (2.18) is well-posed.
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Lemma 3.4. Let Assumptions 3.1-3.4 hold, ¥ (k) := Z] V.pe,(x; ) # 0 and the step direc-
tion be computed as dy = Zywy + Brvi with vy € {dZ7 0}, and wy, # 0 as an approximate solution
of (pPTR(W)) for u = Ly, satisfying (2.13). Assume that By is determined as (2.16) if v, = d;,
and By = 1, if vi, = 0. Then, for a predetermined constant 1 € (0, 1),

Pred; >(1— n)Aﬁek (wies Hye (M) , Xk, i)

L=1 0 I A0l
2 2 ||gk('uk)H2mln{1+HHk(,uk)H2’5k >07 (313)

and ||dkH2 § 26k-
Proof. In the case vy = 0, since Apg, (wi; Hi(Ux), Xk, k) > 0 and 1 € (0,1), we can conclude

Predy = Ape, (Wi Hi (i) Xk, i) > (1 — 1) APe, (Wi Hie(Mic) s X, Mic) -
If vi = d}] and V){pek (X1 e )d} <0, then

Pred; = Apg, (Wi Hy (i) Xk, 1) — BiVE pe, (ks 1y )y}
> Ape, (Wi He (M) , X, Uk)
> (1 - TI>AI5€k (Wk;Hk(Hk)7xk7Nk) 5

where the first inequality follows from f; > 0 and the last inequality stems from the fact that
APe, (Wi; He (M), Xk, 1) > 0 and 1) € (0,1). Otherwise, in the case VI pg, (xx; e )d} > 0, the
choice of B as (2.16) indicates that

Pred; = Apg, (Wi Hy (i) Xk, 1) — BiVE pe, (ks 1y )y}

Ape, (Wi Hie(Mic)  Xie, M)

VI pe, (i ) dy,
Vipe (u)dy —° e ok )

> Ape, (Wi Hie(Mic) s Xis M) — M

> (1 =m)APe, (Wi Hie (1) , X M) -
Therefore, in all the above cases, we have
Pred; > (1 —1N)Ape, (Wis Hi (Mg ) s Xk, M) - (3.14)
Moreover, from Theorem 6.3.1 of [24], for wy # 0 satisfying (2.13), we have
Ape, (Wi He (1) X, i) > Ape, (Wi (tie)s Hic (1), Xk, L)

1 . &b () |2
z—||g£<uk>u2mm{—l+(Hk(uk)”z,ak -0,

where the final inequality arises from the assumption that gz (i) # 0. This along with the
inequality (3.14) leads to the conclusion as stated in (3.13). If vy = 0, then

ldill2 = [|Zewill2 = [[will2 < & < 28
If vi = d}, we find by considering the definition of dj, the triangle inequality, the orthonormality
of the columns of Z;, and the definition of f; as (2.16) that

O
ldill2 = |Zxwi + Brdi 12 < | Zkwll2 + Belld |2 < [[wll2 + WWZHZ <26
k
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In the next lemma, we derive an upper bound for the difference between the actual reduction
and the predicted reduction in terms of the square of the trust region radius.

Lemma 3.5. Let Assumptions 3.1-3.4 hold. Consider the step direction to be computed as
di = Ziwi + Brvi, where vy, € {dZ, 0}, and wy # 0 serves as an approximate solution of (pPTR(11))
satisfying (2.13). Moreover, assume that &, < 6,3. The value of By is calculated by (2.16) when
Vi =d}, and By = 1 when vi = 0. Then,
K

|p (ks i) — p(x + di; W) — Predy| < 55]3, (3.15)
where x := (k] + 41K, + 4m).
Proof. By utilizing the Taylor’s theorem, one sees that there exists & € (0,1) such that

1
Pe, (0 + di ) = pe, (4 i) + VE pe, (s )i + EdkTV)zcxPsk (xx + Exdcs M) d. (3.16)

iven the step direction dy = Zgwy + Brvk, employing the definition of the predicted reduction as
(2.17), along with utilization of (3.16), we have

| p (ks ) — p(xx + dy; g ) — Predy|
= |p(oxs ) — p(xk +dis i) — Ape, (Wi Hi (W) X i) + B V'Y pe, (i g ) vi|

= ‘ — pe, (X +di i) + Pe, (Wi Hie(Mie) s Xk, M)

+[3kV£pgk(xk;,uk)vk+ Z max{—c,-(xk),O} — Z max{—c,-(xk—kdk),O}
i€ AC (xy, &) i€AC (x+dy., &)
1 1
= ‘ - EdkT VP, (5 + Eedis 1) die + EWkT H (1) wi
— Z Ci (xk) + Z C,‘(Xk + dk)
i€AC_ (xz,&) i€EAC_ (x;+dy,&)

1 1
<3 |d{ V3, pe (v + Exdis i) die| + 5 |\wi Hi(1t)wi
+ Y e+ ) |ci(xx +di)|

i€AC_ (xy,&) i€AC_ (xp+dy,&)

1 1
< EHVﬁxPsk (o + Exdis i) |12 |13 + EHHk(NkaHWkH% +2me

K| +4K+4m o, K o
< —= 6/ =—-6
= 2 AL
where to deduce the last inequality we used the assumption g, < 5,3. 0

Next, to establish the global convergence of a trust region algorithm, it is crucial to show that
when the trust region radius is sufficiently small, the iterate is very successful.

Lemma 3.6. Let Kk = k1 +4K> +4m, and assumptions of Lemma 3.5 hold. If

. 1 1—p%(1—
6k§||g£(ﬂk)|lzm1n{1+m,( pl)(( n)}, (3.17)

then the iteration k is successful, and hence 8.1 > 0.
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Proof. From (3.17) and Assumption 3.2, we have

o Il _ 1wl
I T < 1+Hk(uk)

By applying the above inequality in (3.13), we observe that

1—
Predy > = ||gf (o) & (3.18)

Considering the definition of py in (2.18), and utilizing (3.15), (3.17), and (3.18), we have

o —1| = P(xks Mie) — p(xx + dys ) — Predy
‘ Predy
K52
= 1-1 %5k
5 llgg () |2 0x
K(Sk
: <1-p (3.19)
(1=n)llgp (1) ll2

Inequality (3.19) indicates that p; > p®, and that the kth iteration is successful. Therefore,
according to lines 59-64 of Algorithm 1, the trust region radius is updated as & < & or
6k+1 — yeBk > O. O

The lemma presented below states that the trust region radius will not shrink to zero at non-
stationary points.

Lemma 3.7. Under the assumptions made in Lemma 3.5, if there exists € > 0 so that ||g} (14)|]2 >
€, for all k, then

1 (1-p%)(1-7)
1+x;’ K

O > Omin = €% min{ } >0, Vk. (3.20)
Proof. First, note that according to the flow of Algorithm 1, the trust region remains unchanged
when the dropping step direction is computed. To reach a contradiction, let us assume kg be the
first iteration such that

Consequently, it follows from (3.20) and (3.21) that
0 i 1 1—p%)(1—
8, = kotl Smin :smin{ 7( P*)( 77)}
Ye Ye 1+K K

. 1 1—0%)(1—
SHgEO(ukO)Hzmm{l—i—K]’( P’)C( 7])}

Using the aforementioned inequality and the result of Lemma 3.6, we conclude that the kth
iteration is successful and 1 > O,, which contradicts (3.21). [

Now, let .#, &/ and ¥ denote the index sets of infeasible, almost feasible, and local itera-
tions, respectively. The following lemma states that, for any given stationary tolerance 7 > 0,
there exists a sufficiently large nonnegative integer k so that ||g} (i) |2 < 7.
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Lemma 3.8. Let Assumptions 3.1-3.4 hold. Assume that Algorithm 1 generates an infinite
sequence of iterates {x; } starting from an arbitrary initial point xo to solve (NLP). Then, for
any chosen stationary tolerance t > 0, ||g¥ (i) |2 < 7, for all k € .7, where . is an infinite
subsequence of {0,1,2,...}.

Proof. To derive a contradiction, we assume that

g% ()2 > 7, (3.22)

for some 7 > 0 and all k. Consequently, |.Z| = 0. Since Algorithm 1 produces an infinite
sequence of iterates, we conclude that ||gl'[|2 > O for all k. Moreover, it follows that there exists
a nonnegative integer kg such that t;, = it > 0 for all kK > kg. Consider the index set of successful
iterations as:

S ={ke IUA : xpp1 < X+ Zewy + Brvi with wy # 0}

where, for all k, v € {0,d}'}, d} is computed by (2.15), and f3 is computed by (2.16). Also,
let the index set of unsuccessful iterations be % :={k € S U/ : xpy1 < xi}. Forallk € %,
we have 61 = %0 < 6. Therefore, if |% | = o, then it follows that limc4 & = 0, which
contradicts Lemma 3.7. Consequently, we must have |.#’| = oo. For all k € .% such that k > ko,
we have p; > p®. Thus

i) . S 1—1‘[ S| P/ : Hgg('a)Hz
Pl i) = p(xics 13 ) 2 P Predy > ——p Hg"(“)H2mln{—1+||Hk(/1)||2’5"

1— ) T e
> Tnpsrmm{m,ﬁmin} o o; > 0.

Choosing j > ko and summing over all k € . := {ko,...,j| k € 7/}, we have
—_ —_ j —_ —_—
PO ) — p(xjris ) = Y (plus ) = pusis 1))

k=ko
= Y (psp) —plusii) = Y ¢
ke ke

As j approaches infinity, we obtain

lim (p(x: 1) — p(cji 1) > im ¥ 6= ¥ 6= oo,
J=ee 7% kes; ke

which implies that f is unbounded below over 2. This contradicts Assumption 3.1. Therefore,
we conclude that (3.22) is false. This means that ||g¥ (1) |2 < 7, for some k. O

The following lemma demonstrates that the dropping step direction serves as a descent direc-
tion for the penalty function. This lemma has some similarity to part 2 of Theorem 1 of [18].
Here, we adapt it in accordance with our notations and terminologies.

Lemma 3.9. Let Assumptions 3.1-3.4 hold. Assume that the kth iteration is local, VC(xi, &) =
VC(xt,0), and AC(x, &) = AC(xx,0). Suppose that there exists r € AC(xy, &) such that [A, ¢
[0, 1], and the dropping step direction is computed as (2.20). Then,
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(1) For small enough positive values of o, we have
P+ adys ) = p(x i) +ep, 0+ O(a), (3.23)

where e; < 0 is defined as (2.22). Consequently, the dropping step direction d,‘g con-
stitutes a descent direction for the penalty function at x; with the penalty parameter

M.
(2) There exists & > 0 such that the Armijo-like condition (2.21) holds for all o € [0, &].

Proof. The definition of the penalty function, Taylor’s theorem, and the requirements for f,
ci, i =1,...,m, being twice continuously differentiable, collectively imply that, for sufficiently
small a > 0,

P+ adys i) = e f (x+ adf) + i max{—ci(x; + ad), 0}
i=1
— e (f(0) + VI f(x)dia+ 0(a?))

+ Y max{—ci(x) = VIci(xq)dla + 0(a?),0}

i=1
= (f)+VIfedfa) = Y (ailx) + Via(wdia)
ieVC(x,0)
+ Z max{—VIc;(x)dla+ 0 (a?),0} + 0 (a?)
i€AC(x.,0)
= p(x; ) + (V;{Pek (ks 1)y +max{sgn([)“k]r)70}> a+0(a?), (324)

where the last equality is obtained from VC(xy, &) = VC(xx,0), and the definition of the drop-
ping step direction d,‘g in (2.20). The definition of the dropping step and (2.7) indicate that
d,f € R(Ay). Moreover, since A is a solution to linear least squares problem (2.8), we have
VDe, (xi; k) = Axdy + u for some u € N(A]). From orthogonality of N(AT) and R(Ay), we
observe

Vi e (o )i} = (Ade+u)" dff = A A d} = —sgn((M] ) A e,
= V1 pe, (0 )i} = —sgn ([ P r = — [l (3.25)
By substituting (3.25) into (3.24), we obtain:

P+ adf ) = p (o ) + (= 1[4 +max{sgn([A4],),0}) e+ (o), (3.26)
for sufficiently small o > 0. Moreover, for [A;], > 1, we have
— |[Adds] + max{sen([Ad,), 0} = 1 — [A, <0, (3.27)
and for [A¢], < 0, it follows that
— |[Adls] 4+ max{sgn([A),). 0} = [Ad, < 0. (3.28)

Based on (3.26), (3.27), (3.28), and the definition of ej, in (2.22), equality (3.23) has been
established. Hence, for a predefined constant ¢ € (0, 1), we have

w() = pax+ ady i) — pls i) — crep, @ = (1—cr)ey, o+ O(a?).
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Clearly, y(0) = 0 and ¥/, (0) = (1 —cy)ey, < 0. As a result, there exists & > 0 such that the
Armijo-like condition (2.21) holds for all o € [0, &]. O

The next lemma tells us that, under Assumption 3.5, the dropping step direction is computed
within Algorithm 1 only finitely many times.

Lemma 3.10. Ler Assumptions 3.1-3.5 hold. Let X be a stationary point of p(x; W) which is
not a first-order point. There exist two positive scalars A and B such that ||x; — X||2 < A and

AC(xt, &) = AC(%,0) imply

(1) [A]r ¢ [0,1] for some r € AC(%,0), and

(2) e < —[3.
Consequently, for all sufficiently large k, the dropping step direction is not taken in Algorithm
1.

Proof. See parts 3 and 4 of [18, Theorem 1]. O
The subsequent lemma is a variant of [18, Lemma 1] and [46, Lemma 3.3].

Lemma 3.11. Let Assumptions 3.1-3.4 hold. Let

(1) X be a strict scond-order point of p(x; L) in 2, for some fi > 0,
(2) W = it and AC(xy, &) = AC(X,0), for all sufficiently large k,
(3) there exist positive constants by and by such that for all nonzero vectors w,

bi|wll3 < w! He(e)w < ba||wlf3.
Then, there exist positive constants Ay, Ay, and B > 0 such that ||x; — %||» < Ay and

[ (Hi () — Gi)siclln < Aallsill,
with s, = ZT (x — xi), implying

P+ Ziwi +dis ) < plxs ) — B <||8£(Iik) 15+ || le ) ac (e | 1) :
where wy is a solution of (2.23) and d;| is computed as (2.15).
Proof. Refer to the proof of [46, Lemma 3.3]. [
Now, we state and prove our main global convergence result using the preceding results.

Theorem 3.1. Suppose that Algorithm [ is employed to solve problem (NLP) starting from an
arbitrary initail point xy. Provided that Assumptions 3.1-3.5 hold, exactly one of the following
occurs.

(1) Algorithm 1 terminates finitely with either a first-order point of the penalty function p
or an infeasible stationary point of the constraint violation function h, in lines 42 or 13
or 21, respectively.

(2) Algorithm I produces infinitely many iterates {x; }, and there exists ko > 0 such that all
the iterations k > kg are infeasible. In this case, there exists a limit point x* of {x;} that
is an infeasible stationary point of the constraint violation function h.

(3) Algorithm | generates infinitely many iterates {x;}, W = fi > 0 for all k sufficiently
large, and there exists a limit point x* of {x;} that is a first-order point of the penalty
function.
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Proof. We assume that cases 1 and 2 do not occur, and we establish the proof for case 3. Since
case 1 does not occur, we can deduce that Algorithm 1 generates an infinite sequence of it-
erations. Moreover, since case 2 is not present, we can conclude that y; = fi > 0 for all k
sufficiently large. Therefore, with Assumption 3.5 and the results from lemmas 3.8 and 3.10,
the outcome for case 3 is at hand. UJ

In this section, we showed that the sequence generated by our algorithm starting from an
arbitrary initial point converges to a stationary point. Indeed, Theorem 3.1 guarantees that if
the algorithm does not identify an infeasible stationary point, then, for any stationary tolerance
T > 0, there exists an index ko sufficiently large so that all iterations k > k¢ are local and the
Newton step direction is used. In the following section, we establish a two-step superlinear
local rate of convergence of the algorithm.

4. LocAL CONVERGENCE

To have a superlinearly convergent projected exact penalty algorithm, employment of a quasi-
Newton approximation of Gy as defined in (2.24) during local iterations is required. We choose
Hy := Hy () as a symmetric and positive-definite approximation of Gy, fulfilling the following
secant relation:

Hisko1=Yi-15 Y1 :=Z¢ (W (Vaf () = Vief (1)) +Ax—1 )
Sk—1 :— Z]Z(xk —xk,l).

As stated in Section 2 and similar to the approach of Nocedal and Overton [50], the approximate
projected Hessian is updated using either Hy = Hj._| + DFP(H}_1,Sk_1,Yk—1) or Hy = Hy_1 +
BFGS(Hy_1,5k—1,Yk—1), only if condition (2.32) is met. If (2.32) does not hold, then Hj remains
unchanged as Hj_ ;.

Here, we present a two-step superlinear local rate of convergence for our algorithm, akin to
the analysis of [50], under the following assumptions.

Assumption 4.1. Let assumptions 3.1-3.4 be satisfied. Furthermore, let matrix functions Y (x)
and Z(x) be derived through a specific implementation of the QR decomposition of the normal
matrix A(x), ensuring that NAxXT) = R(Z(x)) and
R(A(x)) = R(Y (x)), are Lipschitz continuous on .2". Moreover, assume that V2_f(x), V2 c;(x),
i=1,...,m, are Lipschitz continuous on Z".

Assumption 4.2. For (x*, A%, u*), the limit point of the generated sequence { (xg, A, tx)} pro-
duced by Algorithm 1, we have AC(x, &) = AC(x*,0), for all sufficiently large k.

Note that Assumption 4.2 is satisfied for our algorithm due to adjustment of & in every
iteration as specified in line 6 of Algorithm 1. The following lemma due to Nocedal and Overton
[50] states a sufficient condition for a two-step superlinear convergence.

Lemma 4.1. Assume that assumptions 4.1 and 4.2 hold. Let

G =Z(x")" (u*Vix CORDY [l*]ivixcz'(X*))Z(x*)-

i€AC(x*,0)
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If the computed {Hy} is such that, for a constant k > 0, ||H,~ Y < «, for all sufficiently large k,

and r
H,—G"Z, (xp+1 —x
| (Hi )Zi (Xkv1 k)sz(), @1
koo 261 — x|l
then x; — x* at a two-step Q-superlinear rate; i.e.,
_ 4k
lim M -0
k—o0 ||xk_1 —X ||2
Proof. See [50, Theorem 4.1 and Corollary 4.1]. O

Now, according to Lemma 3.10, Lemma 3.11, and Theorem 3.1, if Algorithm 1 does not
detect an infeasible stationary point, then all sufficiently large iterations of the algorithm are
local and the full Newton step direction is utilized. Therefore, analogous to the analyses of [50],
it can be shown that condition (4.1) is satisfied and Algorithm 1 has a two-step Q-superlinear
rate of convergence. Therefore, the following result is at hand.

Theorem 4.1. Let assumptions 4.1 and 4.2 hold. Assume that the approximate projected Hes-
sians, Hy, are updated by (2.30). Let {x;} be generated by Algorithm 1. Then, The sequence
{xk} converges to x* at a two-step Q-superlinear rate.

Proof. See proof of [50, Theorem 4.4]. O

5. EXPERIMENTAL RESULTS

We made a MATLAB implementation of Algorithm 1, named as TRLSEP, and tested it on
some small, medium and large scale test problems from the CUTEst library [35], as listed
in Table 1, Table 2 and Table 3, respectively. In these tables, n and m stand for the number
of variables and number of constraints, respectively. Note that the values of the algorithm
parameters used in our implementation were set as:

6=10"%y=10"" n=0.001,7, =0.1,7, = 0.5, p* = 0.25, p** = 0.75, ¢; = 1072,
2=107,7%.=05,7=2,8=10,6=03,7=03,0=1,¢0p=1,0 =0.01.

Here we present comparative results of the MATLAB implementation of our algorithm (TRLSEP),
KINTRO/Active-Set [8, 11], SNOPT [30], filterSQP [29] and LANCELOT [22] software pack-
ages. Numerical results of testing KINTRO/Active-Set, SNOPT, filterSQP and LANCELOT
on 282 small scale test problems in Table 1 were taken from [57]. Moreover, Numerical re-
sults of testing KINTRO/Active-Set, SNOPT, filterSQP, and LANCELOT on 73 medium scale
test problems in Table 2 and 61 large scale test problems in Table 3 were taken from NEOS
server [25, 27,31, 58]. We ran TRLSEP on a laptop with CPU Intel(R) Core(TM) 17-5500U 2.4
GHz x4, 8 GB of RAM memory, double precision format and Linux OS (Ubuntu 18.04.6 LTS).

The KNITRO/Active-Set is a powerful and effective solver within the KNITRO software
package [11], designed for solving NLPs using an active-set strategy and the exact penalty
function. It identifies the active set and updates the penalty parameter by solving a linear pro-
gramming problem. Subsequently, using the obtained active set, an equality constrained qua-
dratic programming problem is formed and solved to calculate the step direction. The exact
penalty function serves as a merit function for evaluating the computed step direction.
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The filterSQP algorithm is a powerful tool for solving nonlinear optimization problems using
an integration of SQP with a filter trust region technique [29]. In this algorithm, the search
direction is computed by solving a general quadratic program. Then, the computed search
direction is evaluated by a filter trust region technique. To approach the iterates towards the
feasible region, a restoration phase is utilized. Moreover, to avoid the occurrence of the Maratos
phenomenon [48], it employs second-order corrector steps.

SNOPT (Sparse Nonlinear OPTimizer) [30] is a powerfull and robust software package for
solving large-scale NLPs utilizing a sparse SQP (Sequential Quadratic Programming) algorithm
along with limited-memory quasi-Newton approximation of the Hessian of the Lagrangian.
Employing an augmented Lagrangian merit function, convergence is ensured from any starting
point while methodically handling infeasible problems through elastic bounds on nonlinear
constraints.

LANCELOT [22] is an open source solver in the GALAHAD software package [38] for
solving nonlinear optimization problems, which implements a trust-region strategy combined
with a spectral projected gradient approach. It utilizes the augmented Lagrangian function to
evaluate the step directions.

We used the performance profile of Dolan and Moré [28] to compare the considered pro-
grams based on the number of function evaluations and number of gradient evaluations. The
performance profile, as explained in [28], aims to compare the results obtained by the solvers in
a set ./ on a problem set &. Letting 6, ; stand for number of function evaluations, or number
of gradient evaluations for solving problem p € & by solver s € ., the performance ratio is
defined as follows:

Tps = Op.s
P2 min{0,4)s € S}

Moreover, for every s € . and t > 1, the following cumulative distribution function for the
performance ratio is defined:

(1) = size{p € P|r,; <t}
S size(P)

Obviously, Py(1) represents the percentage of problems for which solver s performs the best.
Also, if t — oo, Py(t) indicates the percentage of test problems in & that are solved successfully
by solver s € ..

Figures | and 2 show the performance profiles for number of function evaluations and number
of gradient evaluations, respectively, obtained from testing TRLSEP, KNITRO/Active-Set, fil-
terSQP, LANCELOT and SNOPT on the small test problems given in Table 1. The performance
profiles for number of function evaluations and number of gradient evaluations on the medium
test problems given in Table 2 are shown in figures 3 and 4, respectively. Also, figures 5 and 6
show the performance profiles for the number of function evaluations and number of gradient
evaluations, respectively, on the large test problems given in Table 3. The resulting profiles
show that TRLSEP is competitive as compared to the four software packages KNITRO/Active-
Set, filterSQP, LANCELOT and SNOPT for solving general constrained nonlinear optimization
problems.
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Number of function evaluations on small scale test problems
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FIGURE 1. Performance profiles for number of function evaluations on
small test problems corresponding to TRLSEP, KNITRO/Active-Set, filterSQP,
SNOPT and LANCELOT.

Number of gradient evaluations on small scale test problems
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FIGURE 2. Performance profiles for number of gradient evaluations on
small test problems corresponding to TRLSEP, KNITRO/Active-Set, filterSQP,
SNOPT and LANCELOT.
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Number of function evaluations on medium scale test problems
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FIGURE 3. Performance profiles for number of function evaluations on
medium test problems corresponding to TRLSEP, KNITRO/Active-Set, filter-
SQP, SNOPT and LANCELOT.

Number of gradient evaluations on medium scale test problems
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FIGURE 4. Performance profiles for number of gradient evaluations on
medium test problems corresponding to TRLSEP, KNITRO/Active-Set, filter-
SQP, SNOPT and LANCELOT.
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Number of function evaluations on large scale test problems
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FIGURE 5. Performance profiles for number of function evaluations on large test
problems corresponding to TRLSEP, KNITRO/Active-Set, filterSQP, SNOPT
and LANCELOT.

Number of gradient evaluations on large scale test problems
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FIGURE 6. Performance profiles for number of gradient evaluations on large test
problems corresponding to TRLSEP, KNITRO/Active-Set, filterSQP, SNOPT
and LANCELOT.
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TABLE 1. CUTEst test problems of size m > 1 and max{m,n} < 100.

# Problem n m || # Problem n m # Problem n m
1 aircrfta 8 5 |48 dnieper 61 24| 95 hs11 2 1
2 airport 84 42| 49 duall 85 1 96 hs12 2 1
3 aljazzaf 3 1 || 50 dual2 % 1 | 97 hs13 2 1
4 allinitc 4 1|51 dual4 75 1 | 98 hsl4 2 2
5 alsotame 2 1 ||52 -eigencco 30 15| 99 hsl5 2 3
6 argauss 3 1553 eigmaxc 22 22| 100 hsl6 2 4
7 avgasa 8 10| 54 eigminc 22 22101 hsl7 2 4
8 avgasb 8 10| 55 expfita 5 221|102 hsl8 2 4
9 avion2 49 15|56 extrasim 2 1 ||103 hsl9 2 4
10 batch 48 73| 57 fccu 19 8 || 104 hs20 2 4
11 biggscd 4 7 |58 fletcher 4 4 || 105  hs2l 2 3
12 booth 2 2|59 genhs28 10 8 || 106 hs22 2 2
13 btl 2 1|60 gigomezl 3 3 ||107 hs23 2 5
14 bt10 2 2| 6l goffin 51 50| 108 hs24 2 3
15 btl1 5 3162 gottfr 2 2109 hs25 3 3
16 bt12 5 3|63 gridnetg 60 36| 110 hs26 3 1
17 bt13 5 2| 64 gridneth 60 36| 111 hs27 3 1
18 bt2 3 1|65 gridneti 60 36 112 hs28 3 1
19 bt3 5 3| 66 haifas 13 9 || 113 hs29 3 1
20 bt4 3 2| 67 haldmads 6 42| 114 hs30 3 4
21 bt5 3 2| 68 hatfldf 3 3 |115 hs31 3 4
22 bt6 5 2169 hatfidg 25 25| 116 hs32 3 2
23 bt7 5 31|70  hatidh 4 7 ||117 hs33 3 3
24 bt8 5 2|71 heart6 6 6| 118 hs34 3 5
25 bt9 4 2|72  heart8 8 8| 119 hs35 3 1
26 byrdsphr 3 2 || 73 himmelba 2 2 || 120 hs36 3 4
27 cantilvr 5 1 || 74 himmelbc 2 2 || 121 hs37 3 2
28 catena 33 10 || 75 himmelbd 2 2 || 122 hs39 4 2
29 cb2 3 3|76 himmelbe 3 3 ||123 hs4d0 4 3
30 cb3 3 3|77 himmelbj 45 16| 124 hs4l 4 5
31 chaconnl 3 3 || 78 himmelbk 24 14| 125 hs42 4 2
32 chaconn2 3 3 || 79 himmelp2 2 1 |[126 hs43 4 3
33 cluster 2 2| 8 himmelp3 2 2 ||127 hs44 4 6
34 concon 15 11| 81 himmelp4 2 3 || 128 hs4d6 5 2
35 congigmz 3 5 || 82 himmelpS 2 3 |[129 hs4d7 5 3
36 coshfun 61 20| 83 himmelp6 2 5 || 130 hs48 5 2
37 cresc4 6 8| 8 hong 4 1 ||131 hs49 5 2
38 csfil 5 4|85 hsl 2 1132 hs50 5 3
39 csfi2 5 4| 86 hs2 2 1| 133 hs51 5 3
40  dallass 46 31| 87 hs3 2 1 |134 hs52 5 3
41 degenlpa 20 15| 88 hs4 2 2 ||135 hs53 5 3
42 degenlpb 20 15| &9 hs5 2 2 ||136 hs54 6 1
43 demymalo 3 3 | 90 hs6 2 1137 hs55 6 6
44 dipigri 7 4191 hs7 2 1 |[138 hs56 7 4
45 disc2 29 231 92 hs8 2 2139 hs57 2 3
46 discs 36 66 || 93 hs9 2 1 (140 hs59 2 3
47 dixchlng 10 5 || 94 hs10 2 1| 141 hs60 3 1
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Table 1: CUTEst test problems of size m > 1 and max{m,n} < 100 (continued).

# Problem n m # Problem n m # Problem n m
142 hs61 3 2| 189 hs111 10 3 | 236  oslbgp 8 8
143 hs62 3 1190 hsllllnp 10 3 || 237 pentagon 6 15
144 hs63 3 2 || 191 hs112 10 3 | 238  polakl 3 2
145 hs64 3 1 |]192 hs113 10 8 ||239 polak2 11 2
146 hs65 3 4193 hs114 14 151 240  polak3 12 10
147 hs66 3 5| 194 hs116 13 28 | 241  polak4 3 3
148 hs70 24 21| 195 hs117 15 5 |/ 242  polak5 3 2
149 hs71 4 2 || 196 hs118 15 17| 243  polak6 5 4
150 hs72 4 6 || 197 hs119 16 8 || 244  portfll 12 1
151 hs73 4 3 || 198 hs2lmod 7 7 ||245 portfl2 12 1
152 hs74 4 4 || 199 hs268 5 5 |246  portfl3 12 1
153 hs75 4 4 |200 hs35mod 3 2 |/ 247 portfl4d 12 1
154 hs76 4 3201 hs3mod 2 1 |/ 248 portl6 12 1
155 hs77 5 2]/202 hsd4d4new 4 6 || 249 powellbs 2 2
156 hs78 5 31203 hs99%exp 31 21250 powellsq 2 2
157 hs79 5 3 (204 hubfit 2 1 (251 prodpl0 60 29
158 hs80 5 3205  hypcir 2 2 |[252 prodpll 60 29
159 hs81 5 3 |206 kiwcresc 3 2 || 253  pspdoc 4 1
160 hs83 5 3207 lakes 90 78 || 254 recipe 3 3
161 hs84 5 3]/208 launch 25 29 || 255 res 18 14
162 hs85 5 211209 lewispol 6 9 || 256 rk23 17 11
163 hs86 5 10|[ 210 linspanh 97 33 || 257 robot 14 9
164 hs87 6 4 || 211 loadbal 31 31| 258 rosenmmx 5 4
165 hs88 32 31212 lootsma 3 3 ||259 s365mod 9 11
166 hs89 33 31213 lotschd 12 7 || 260 simbqp 2 1
167 hs90 34 31| 214 Isnnodoc 5 4 |[261 simpllpa 2 2
168 hs91 35 31 215 Isqfit 2 1262 simpllpb 2 3
169 hs92 36 31 (| 216 madsen 3 6 | 263 snake 2 2
170 hs93 6 2 || 217 makelal 3 2 | 264 spanhyd 97 33
171 hs95 6 4 |[218 makela2 3 3 || 265 spiral 3 2
172 hs96 6 4 | 219 makela3 21 20| 266 ssnlbeam 33 20
173 hs97 6 4 (/220 makelad 21 40 || 267 stancmin 3 2
174 hs98 6 4 (/221 maratos 2 1 ||268 supersim 2 2
175 hs99 7 2 |[222 matrix2 6 2 || 269 swopf 83 92
176 hs100 7 4 ]223 mconcon 15 16| 270 synthesl 6 6
177 hsl00lnp 7 2 || 224  mifflinl 3 2271 tame 2 1
178 hsl00mod 7 4 || 225 mifflin2 3 2 || 272 try-b 2 1
179 hs101 7 6 | 226 minmaxbd 5 20| 273 twobars 2 2
180 hs102 7 6 || 227 minmaxtb 3 4 || 274 vanderm4 9 17
181 hs103 7 6 |[228 mistake 9 13 || 275 weeds 15 12
182 hs104 8 6 (229 mwright 5 3 ||276 womflet 3 3
183 hs105 2 1 (230 odfits 10 6 || 277 zangwil3 3 3
184 hs106 8 14 ] 231 optentrl 32 21| 278 zecevic2 2 4
185 hs107 15 201 232 optmass 70 55| 279 zecevic3 2 4
186  hs108 9 14233 optprloc 30 30| 280 =zecevic4d 2 4
187 hs109 9 10|/ 234 orthregb 27 6 | 281 zigzag 64 50
188 hs110 10 1 || 235 orthrege 36 20 || 282 zy2 3 2
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TABLE 2. CUTEst test problems of size m > 1 and 100 < max{m,n} < 1000.

# Problem n m || # Problem n m || # Problem n m
1 argtrig 100 100 | 26 eigmina 101 101 || 51 qpcstair 467 356
2 britgas 450 360 | 27 eigminb 101 101 || 52 qgpnboeil 384 351
3 catenary 501 166 | 28 expfitb 5 102 || 53 qgpnboei2 143 166
4 chandheq 100 100 || 29  expfitc 5 502 |54 (gpnstair 467 356
5 core2 157 134 || 30 gouldgp3 699 349 || 55 reading3 202 102
6 crescl00 6 200 | 31 £pp 250 498 || 56 sawpath 583 774
7 cresc50 6 100 || 32 grouping 100 125 (|57 smbank 117 64
8 dallasl 906 667 || 33 hadamard 648 257 ||58 smmpsf 720 263
9 dallasm 196 151 |34 haifam 99 150 |59 sseblin 194 72
10 dittert 327 264 | 35 hanging 300 180 || 60 ssebnln 194 96
11 dixchlnv 100 50 | 36 himmelbi 100 12 || 61 static3 434 96
12 dtoclnd 735 490 || 37 hvycrash 204 150 || 62 steenbra 432 108
13 dual3 111 1 |38 integreq 102 100 | 63 steenbrb 468 108
14 dualcl 9 21539 kissing 127 903 || 64 steenbrc 540 126
15  dualc2 7 229 | 40 Ich 600 1 | 65 steenbrd 468 108
16  dualcs 8 278 || 41 madsschy 81 158 | 66 steenbre 540 126
17  duale8 22 15 |42 minc44 311 262 || 67 steenbrf 468 108
18 eg3 101 200 || 43 mosargp2 900 600 || 68 steenbrg 540 126
19 eigena2 110 55 || 44  optetrl3 122 81 || 69 trimloss 142 75
20 eigenaco 110 55 || 45  optetrlo 122 81 || 70 twirisml 343 313
21 eigenb2 110 55 || 46 orthrds2 203 100 || 71 vanderml 100 199
22 eigenbco 110 55 || 47 orthrega 517 256 || 72 vanderm2 100 199
23  eigenc2 462 231 || 48 pt 2 501 73 vanderm3 100 199
24 eigmaxa 101 101 || 49 qgpcboeil 384 351
25 eigmaxb 101 101 || 50 gpcboei2 143 166

6. CONCLUDING REMARKS

A trust region-line search projected exact penalty algorithm was proposed. The iterations of
the algorithm were categorized into three types: infeasible, almost feasible, and local. Nec-
essary and sufficient conditions for identifying an infeasible stationary point were established,
along with a novel approach for updating the penalty parameter. In infeasible iterations, the
step direction was determined using an approximate solution of a trust region subproblem. Al-
most feasible iterations involved a combined step direction: a horizontal step for minimizing
the penalty function and a vertical step for preserving the active set to enhance feasibility. Local
iterations entailed computing Lagrange multipliers through solving a linear least squares prob-
lem. If the computed Lagrange multipliers exceeded an acceptable range, a dropping step was
initiated; otherwise, either a stationary point was detected or a Newton step direction was cal-
culated. A computed step direction underwent evaluation, and the iterate was updated by a new
strategy. Moreover, the approximate projected Hessian was updated by the BFGS updating for-
mula in local iterations. The global convergence of the proposed algorithm was demonstrated
through a distinct approach from the global convergence analysis of Coleman and Conn, while
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TABLE 3. CUTEst test problems of size m > 1 and max{m,n} > 1000.

Problem n m # Problem n m # Problem n m
artif 5000 5000 || 22 bratu2dt 5184 4900 || 43 minperm 1113 1033
augdd 3873 1000 || 23 bratudd 4913 3375 |44 model 1542 38

aug3dc 3873 1000 || 24 broydnbd 5000 5000 || 45 msqrta 1024 1024
aug3dcgp 3873 1000 || 25 cbratu2d 1058 882 || 46 msqrtb 1024 1024
aug3dgp 3873 1000 || 26 cbratudd 2000 1024 || 47 ngone 100 1273
bdvalue 5002 5000 || 27 clnlbeam 1503 1000 || 48 oetl 3 1002
bigbank 2230 1112 | 28 corkscrw 9006 7000 | 49 oet2 3 1002
bloweya 2002 1002 || 29 crescl32 6 2654 || 50 oet3 4 1002
bloweyb 2002 1002 || 30 dtoclna 1495 990 || 51 oet7 7 1002

bloweyc 2002 1002 || 31 dtoclnb 1495 990 || 52 optcdeg2 1202 800

brainpcO 6907 6900 || 32 dtoclnc 1495 990 || 53 optcdeg3 1202 800
brainpcl 6907 6900 || 33  dtoc2 5998 3996 || 54 orthrdm2 4003 2000
brainpc2 6907 6900 || 34  dtoc5 9999 4999 || 55 porousl 5184 4900
brainpc3 6907 6900 || 35 gausselm 1496 3690 || 56 porous2 5184 4900
brainpc4 6907 6900 || 36  gilbert 1000 1 57 semiconl 1002 1000
brainpc5 6907 6900 || 37 gridnetc 7564 3844 || 58 semicon2 1002 1000
brainpc6 6907 6900 || 38 gridnetd 7565 3844 || 59 sinrosnb 1000 999
brainpc7 6907 6900 || 39 gridnete 7565 3844 || 60 svanberg 5000 5000
brainpc8 6907 6900 || 40 gridnetf 7565 3844 || 61 yao 2002 2000
brainpc9 6907 6900 || 41 ksip 20 1001
21 bratu2d 5184 4900 || 42 manne 1095 730

E;SEGEBB:SOOO\IO\MAQJNH#
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relying on weaker assumptions. Furthermore, a two-step superlinear local rate of convergence
of our algorithm was provided. Drawing from the theoretical findings of our work, we de-
veloped an efficient trust region-line search projected exact penalty method to address general
nonlinear optimization problems. The obtained comparative experimental results underscored
the competitiveness of our proposed algorithm as compared to a number well-developed NLP
solvers.
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