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OUTLIER-ROBUST NONSMOOTH STOCHASTIC OPTIMIZATION
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Abstract. We study nonsmooth stochastic optimization under adversarial data contamination, which
models outliers that are often unavoidable in modern machine learning tasks. While robust methods for
such settings with smooth objectives have been developed, nonsmooth models remain largely unexplored
despite their central role in machine learning, including regression with `1 losses, support vector machines,
and distributionally robust optimization. We introduce a general framework for outlier-robust nonsmooth
optimization, combining robust mean estimation with projected subgradient methods. Our analysis
establishes the first polynomial-time algorithms with provable guarantees for nonsmooth (weakly) convex
objectives under adversarial corruptions. As a key application, we resolve an open problem in outlier-
robust distributionally robust optimization, obtaining polynomial-time algorithms with bounded errors
for Conditional Value-at-Risk and f -divergence–based formulations. These results advance the theory of
robust nonsmooth optimization and highlight new directions for robust learning with corrupted data.
Keywords. Distributionally robust optimization; Data contamination; Nonsmooth optimization.

1. INTRODUCTION

The challenge of learning from contaminated data is a central problem in modern machine
learning and statistics. Real-world datasets are frequently corrupted by outliers, which can
arise from measurement errors (a central motivation in classical treatments of outliers and
robust statistics [1, 2, 28, 43]), as well as out-of-distribution examples [48], adversarial attacks
[3, 6, 25, 45, 46], and inherent data heterogeneity, as found in biological datasets, for example
[32, 37, 42]. Outliers can severely degrade the performance of standard optimization algorithms,
motivating the need for methods that are robust to data corruption. While significant progress has
been made in developing outlier-robust algorithms for smooth optimization problems [15, 38],
many important models in machine learning rely on nonsmooth objectives. These include robust
regression with nonsmooth losses such as the `1 loss, low-rank matrix sensing with `1 loss,
support vector machines with the hinge loss, and modern risk-averse optimization arising in, e.g.,
distributionally robust optimization (DRO) [5, 12, 24, 34, 39, 40, 44].

∗Corresponding author.
E-mail address: shuyaoli.madison@gmail.com (S. Li), swright@cs.wisc.edu (S. Wright), jelena@cs.wisc.edu (J.

Diakonikolas).
Received 30 September 2025; Accepted 22 November 2025; Published online 1 January 2026.

c©2026 Journal of Nonlinear and Variational Analysis

201



202 S. LI, S.J. WRIGHT, J. DIAKONIKOLAS

In this work, we address the challenge of solving nonsmooth stochastic optimization problems
in the presence of adversarial data corruption. We consider problems of the form

min
xxx∈C

f (xxx) := Eξξξ∼P[ϕ(xxx;ξξξ )], (1.1)

where xxx ∈Rd is the decision variable, C ⊂Rd is a closed convex set for which we assume access
to a projection operator, and f (xxx) is the population objective defined over an underlying (inlier)
data distribution P. The per-sample function ϕ(xxx;ξξξ ) may be nonsmooth. We make the following
standard assumptions: (1) the population objective f (xxx) is ρ-weakly convex and L-Lipschitz
continuous; and (2) for each ξξξ , the function ϕ(·;ξξξ ) is subdifferentiable with respect to its first
argument. We consider the subdifferential in the sense of variational analysis, as formally defined
in Section 2. The outliers in this stochastic optimization context arise when an adversary corrupts
the data samples {ξξξ i} drawn from the clean distribution P.

This paper develops a general-purpose, provably robust framework for this broad and important
class of nonsmooth optimization problems. We study optimization under the classical, strong
adversarial contamination model [16, 26], where an adversary can arbitrarily corrupt a constant
fraction of the training data.

Definition 1.1 (Strong Contamination Model). Given a parameter 0< ε < 1/2 and an underlying
(inlier) data distribution P, an algorithm requests N samples drawn i.i.d. from P. An omniscient
adversary may then inspect the N clean samples and replace an ε-fraction of them with arbitrary
points. The resulting set of N points, termed an ε-corrupted set, is then provided to the algorithm.

In this paper, we show that techniques from robust statistics can be effectively integrated with
classical nonsmooth optimization. The central idea is to show that a standard algorithm—the
projected subgradient method—can be made robust to contamination by equipping it with a
robust subgradient oracle.

1.1. Overview of Results. We develop a principled algorithmic framework for outlier-robust
nonsmooth optimization. We leverage results in robust statistics, which establish the existence
of a robust gradient estimator with bounded error, under mild distributional assumptions on
stochastic subgradients (unbiasedness and bounded covariance under outlier-free data). This
gives rise to optimization problems with inexact gradients, which we show can be addressed by
the subgradient method. We establish required distributional conditions for robust subgradient
estimation for a range of tasks in f -divergence-based DRO and, applying our general results for
outlier-robust nonsmooth optimization, obtain the first polynomial-time guarantees for addressing
such DRO tasks with outliers in the training data while achieving optimality gap error that appears
unimprovable. Specifically, we establish the following results.

Convergence Guarantees for the Robustified Algorithm. We provide a rigorous analysis for the
inexact projected subgradient method when coupled with an outlier-robust gradient estimation
oracle, applying to both convex and weakly convex nonsmooth objectives. To do so, we
first observe that, under bounded covariance of stochastic subgradient, existing robust mean
estimation algorithms lead to high-probability estimates of the subgradient with error bounded
by δ = O(σ

√
ε), where σ is the bound on the operator norm of the covariance and ε ∈ (0,1/2)

denotes the fraction of outliers (Section 3.1). Error of this order is unimprovable in general [17].
While first-order optimization methods with inexact oracle pioneered by [13] can be used

to address such problems, their blackbox application to our setting would lead to an error (as
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measured by the optimality gap) scaling with the iterate distance to an optimum, which is not a
priori guaranteed to be even bounded, unless the problem is defined on a compact set. Instead, our
strategy for the convex setting (Section 3.3) is inspired by the varying regularization technique
introduced by Nesterov for the analysis of dual averaging methods [36]. In our context, this
strategy enables us to establish a bound on the optimality gap that scales with the initial distance
to optima D0; namely, the bound is of the order O(δD0). The scaling of the error with each of
these parameters cannot be improved in general; see the discussion in [33]. We further establish
a tighter bound O(δ 2/µ) for the optimality gap and O(δ/µ) for the distance to optimum when
minimizing the sum of a convex objective and a simple quadratic µ

2 ‖xxx− zzz‖2
2, where zzz is a fixed

reference point. This stronger bound plays a role in addressing the weakly convex case.
For weakly convex objectives (Section 3.4), we first show, for completeness, that the analysis

of [11] can be generalized to the setting with inexact subgradients. Unfortunately, the direct
application of this result is insufficient for our purposes, as it only guarantees the existence of
one iterate xxxk in the entire algorithm run that has a small gradient norm of the Moreau envelope
of the objective f (a standard stationarity guarantee for this setting; see further discussion in
Section 2). We cannot tell which iterate the algorithm should output, as it is unclear a priori how
to certify a small subgradient of the Moreau envelope under inexact subgradient access. Our key
idea is to leverage the results for minimizing the sum of a convex function and a quadratic with
inexact subgradient access (described in the previous paragraph) to approximate the minimizer
of the Moreau envelope, which allows us to estimate its gradient norm for each iterate. This
leads to the O(δ ) bound on the Moreau envelope gradient norm, which is unimprovable, due to
standard lower bounds for robust mean estimation; see, e.g., [15, 17].

Finally, our error guarantee in all considered settings improves upon prior work [22] by
ensuring the error vanishes completely in the absence of data variation; see Section 1.2 for
further context.

Solving an Open Problem in Outlier-Robust DRO. We apply our framework to provide the first
efficient, provably correct algorithms for outlier-robust Distributionally Robust Optimization with
CVaR and, under additional assumptions, Cressie-Read f -divergence ambiguity sets (Section 4).
This resolves the algorithmic shortcomings of prior work [49], which relied on heuristics that
have been shown to fail [33]. The obtained bounds on the optimality gap appear unimprovable;
see the relevant discussion in Section 4.

The key technical component of this result is an oracle that computes an accurate subgradient
estimate from corrupted data. Specifically, an application of robust mean estimation algorithms,
as mentioned earlier, requires bounded covariance of the stochastic subgradient oracle under the
clean inlier distribution. We derive bounds on the operator norm of the covariance matrix under
mild assumptions about the loss function (convexity and bounded moment of the subgradient, of
the appropriate order) and argue that the results from Section 3.3 can be applied, obtaining the
first polynomial-time algorithm with bounded-error guarantees for this problem in the presence
of outliers. While not directly comparable to the error lower bounds from [49] due to different
assumptions (bounded loss moments vs bounded loss subgradient moments), the error we
establish has the same scaling with the key problem parameters as the lower bound from [49],
and we conjecture it is optimal.
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1.2. Further Related work. The problem of designing optimization algorithms that are resilient
to data contamination has a rich history and is a major focus of machine learning research.

Robust Smooth Optimization: Parameter (e.g., mean) estimation based on data containing a
constant fraction of outliers is a central problem in robust statistics, a classical area initiated
in the 1960s [26, 47]. Recent literature in this domain has established the existence of sample
and computationally-efficient algorithms for such high-dimensional tasks; see [14, 29] and the
recent book [17]. First-order stochastic optimization methods are compatible with robust mean
estimation algorithms, as the estimation of the stochastic gradient is fundamentally a high-
dimensional mean estimation task. Hence, a significant line of work has addressed outlier-robust
stochastic optimization for smooth loss functions [15, 38].

A landmark in this area is SEVER [15], a meta-algorithm that wraps an inner-loop optimization
solver in an outer-loop filtering procedure. In each outer step, SEVER runs the optimization
solver (like gradient descent) to the target accuracy and then uses the resulting model to identify
and filter potential outliers by inspecting their empirical gradients. Its theoretical guarantees rely
on the property that for a clean dataset near a stationary point, the mean of the true stochastic
gradient has a small norm. However, extending this gradient-based filtering to nonsmooth
loss functions encounters a fundamental obstacle. For a nonsmooth objective, approximate
stationarity is characterized by the existence of a specific set of stochastic subgradients whose
average is small. Standard nonsmooth solvers (e.g., subgradient descent) select an arbitrary
computable subgradient at each step, so they do not provide access to the particular collection of
subgradients required for SEVER’s analysis to apply. In other words, unlike for smooth problems,
the certification of approximate stationarity is not possible based on the (sub)gradient norm,
which is essential to the outer filtering procedure. Consequently, the suitability of SEVER for
problems where the data-dependent loss is itself nonsmooth—the primary focus of our work—is
not established, motivating our search for alternative methodologies.

Robust Nonsmooth Convex Optimization: More recently, [22] studied robust stochastic convex
optimization and provided rates of convergence. While their framework covers nonsmooth
objectives, their suboptimality guarantee (see [22, Proposition 14]) has a significant shortcoming:
the error bound has a residual dependence on the problem’s Lipschitz constant L, even as the
variance of samples ‖Cov(ξξξ )‖op approaches zero. This implies that even with clean, determinis-
tic data, the algorithm may not converge to the true minimizer. Our proposed framework rectifies
this issue, providing guarantees that vanish as ‖Cov(ξξξ )‖op→ 0.

Distributionally Robust Optimization (DRO): DRO is a framework for managing uncertainty
by optimizing for worst-case performance over an ambiguity set of distributions. We show that
our general robust optimization framework can be used to address f -divergence-based DRO
problems with outliers.

DRO is typically used to handle post-decision uncertainty, such as distributional shifts between
training and testing data [7]. This contrasts with our focus on pre-decision uncertainty arising
from training data contamination; see also the discussion in [33, Section 3]. The role of DRO
depends on the choice of the ambiguity set’s radius: A vanishing radius is often used to improve
generalization and mitigate statistical overfitting [23], while a constant radius (as used in the
DRO applications of this paper) guards against persistent shifts [30].

The nature of the robustness in DRO is determined by the geometry of the ambiguity set. Our
applications focus on ambiguity sets defined by the Cressie-Read family of f -divergences [10].
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This class of ambiguity sets is well suited for learning models that achieve uniformly good
performance on the tails of a distribution, or on minority subgroups where standard empirical
risk minimization can fail [21], a critical goal in fairness- and safety-conscious applications.
The dual representation of the f -divergence-robust objective reveals that it is equivalent to
minimizing a risk measure that penalizes high-moment deviations of the loss. A particularly
important special case is Conditional Value-at-Risk (CVaR), which arises as a limit of the
Cressie-Read family. Minimizing CVaR corresponds to minimizing the expected loss over the
worst-performing α-fraction of the data distribution [40], providing a direct mechanism for
improving tail performance.

While these DRO formulations are powerful tools, efficient algorithms for optimizing them
with rigorous error guarantees in the presence of training data outliers were previously unknown.
Our work provides the first such algorithms, applicable to both CVaR and the broader Cressie-
Read family. Concurrent work [33] addresses the related problem of outlier-robust DRO for
Wasserstein ambiguity sets in the convex setting.

Modeling of Contamination and Shift: The framework that is perhaps most closely related in
spirit to our applications is Distributionally Robust Outlier-aware Optimization (DORO) [49],
which simultaneously considers training data contamination and test-time distributional shifts.
DORO makes the valuable contribution of defining a statistical estimator—the minimizer of the
“DORO risk”—that has desirable robustness properties. However, it remains an open question
whether this estimator can be computed or even approximated in polynomial time. The algorithm
proposed in [49] to optimize this objective is a heuristic that lacks formal convergence guarantees.
As shown in a counterexample by [33], this algorithm, which iteratively trims samples with the
highest current loss, can fail catastrophically by converging to the outliers rather than the true
parameter. This algorithmic failure left open the problem of designing a provably correct method
for the setting that DORO aims to address. Our work provides a positive answer to this open
problem by developing the first efficient and provably robust algorithm for this task.

2. PRELIMINARIES

This section introduces the necessary concepts for our analysis. We begin by defining the
classes of functions to be considered, then formalize the notion of approximate stationarity that
is the goal of our optimization algorithm in weakly convex settings. Additional background on
the Cressie-Read family of f -divergences, related risk measures, and the DRO formulation is
provided in Section 4, as it is the only section where they are used.

2.1. Function Properties and Subdifferentials. We work with weakly convex functions,
which are a broad class of nonsmooth functions that include all convex functions and many
objectives found in modern machine learning (see, e.g., [11] for illustrative examples). Our
analysis relies on the standard notion of the (Fréchet) subdifferential from variational analysis.

Definition 2.1 (Subdifferentials [41, Definition 8.3]). For a function f : Rd → R∪{+∞}, the
subdifferential of f at a point xxx in its domain, denoted ∂ f (xxx), is the set of all vectors ggg ∈ Rd

satisfying:

liminf
yyy→xxx

f (yyy)− f (xxx)−〈ggg,yyy− xxx〉
‖yyy− xxx‖2

≥ 0.
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If f is convex, this definition coincides with the standard subdifferential from convex analysis. If
f is differentiable at xxx, then ∂ f (xxx) = {∇ f (xxx)}.

Definition 2.2 (Weakly Convex Function). A function f : Rd→R is called ρ-weakly convex for
ρ ≥ 0 if the function xxx 7→ f (xxx)+ ρ

2‖xxx‖
2
2 is convex. For any ggg ∈ ∂ f (xxx), this definition implies

the inequality:
f (yyy)≥ f (xxx)+ 〈ggg,yyy− xxx〉− ρ

2
‖yyy− xxx‖2

2, ∀xxx,yyy ∈ Rd.

2.2. Approximate Stationarity. For a general nonsmooth, weakly convex function f , a point
xxx∗ is stationary if 000 ∈ ∂ f (xxx∗). Our goal is to find an iterate xxx that is approximately stationary.
Following modern analyses of nonsmooth optimization, we measure proximity to stationarity
using the gradient of the Moreau envelope, which we define next.

Definition 2.3 (Moreau Envelope and Proximal Operator). For a function f and a parameter
λ > 0, the Moreau envelope is defined by

fλ (xxx) = min
uuu∈Rd

{
f (uuu)+

1
2λ
‖xxx−uuu‖2

2

}
.

The minimizer in this definition defines the proximal operator:

proxλ f (xxx) = argmin
uuu∈Rd

{
f (uuu)+

1
2λ
‖xxx−uuu‖2

2

}
.

When f is ρ-weakly convex and λ < 1/ρ , the objective in the minimization above is strongly
convex, ensuring the proximal operator is single-valued and well-defined.

Below, we summarize basic facts about the Moreau envelope and associated proximal operator,
which can either be found in [11] or easily derived from standard results [4, Chapter 6].

The Moreau envelope is a smooth approximation of the original function f . Its gradient is

∇ fλ (xxx) =
1
λ
(xxx−proxλ f (xxx)) (2.1)

and serves as a natural measure of stationarity, as formalized in the following fact.

Fact 2.1 (Moreau Gradient as a Stationarity Measure). If f is a proper, lower semicontinuous
function and λ > 0 (such that proxλ f (xxx) is well-defined), then a point xxx with a small Moreau
gradient norm ‖∇ fλ (xxx)‖2 is close to a point x̂xx := proxλ f (xxx) that is nearly stationary for the
original problem. Specifically, we have

‖xxx− x̂xx‖2 = λ‖∇ fλ (xxx)‖2 and dist(0,∂ f (x̂xx))≤ ‖∇ fλ (xxx)‖2.

It is a standard fact that the gradient of Moreau envelope is smooth.

Fact 2.2 (Smoothness of the Moreau Envelope). The gradient of the Moreau envelope ∇ fλ (xxx) =
1
λ
(xxx−proxλ f (xxx)) is 1

λ (1−λρ)-Lipschitz continuous whenever λρ ∈ (0,1).

3. A FRAMEWORK FOR OUTLIER-ROBUST NONSMOOTH OPTIMIZATION

In this section, we present a general framework for outlier-robust nonsmooth optimization.
We argue that the existing algorithms for robust-mean estimation are compatible with standard
projected gradient descent, under a suitable choice of step sizes. The oracle producing robust
estimates of the mean can be used to obtain robust subgradient estimates. From the optimization
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perspective, this constitutes an inexact subgradient oracle with bounded but possibly adversarial
error. We show how the analysis of subgradient descent can be adapted to deal with such error,
leading to generic guarantees for minimizing nonsmooth (weakly) convex loss functions in the
presence of outliers.

3.1. Robust Mean Estimation. In this subsection we review standard results for robust mean
estimation, based on material from the book [17]. For simplicity, we state the results for the
basic filtering algorithm (Algorithm 1), which runs in polynomial time (in the input size). We
note however that there exist algorithms with the same error guarantee and near-linear runtime
in the sample size; see [19]. Any such algorithm can be used in place of Algorithm 1; we omit
these variants to avoid introducing excessive notation.

To address the challenge of estimating gradients from corrupted data, we adopt the framework
of robust statistics. We assume that the algorithm operates under the strong contamination model
(Definition 1.1). Note here that algorithms that succeed in this model must rely on some structural
property of the inlier distribution (such as being “clean” or “noiseless”), as it is impossible to
distinguish inliers from outliers absent such properties. A useful property of this type is stability,
which ensures that the empirical mean and covariance of the inlier data are well-behaved even
when a small fraction of points are removed.

Definition 3.1 (Stability, [17, Definition 2.1]). Fix 0 < ε < 1/2 and ω > ε . A finite set S⊂ Rk

is (ε,ω)-stable with respect to mean µ ∈ Rk and variance proxy σ2 if for every subset S′ ⊂ S
with |S′| ≥ (1−ε)|S|, the following holds: (i) ‖µS′−µ‖ ≤ σω , and (ii) ‖Σ̄S′−σ2I‖op ≤ σ2ω2ε ,
where µS′ and Σ̄S′ denote the empirical mean and empirical covariance of the set S′, respectively.

Crucially, stability of a sample set can be guaranteed with high probability if the sample size
is sufficiently large and the underlying distribution has bounded covariance—a mild condition
implied by standard assumptions in the literature on stochastic optimization (see, e.g., [8, 35]).
This guarantee is formalized in the following fact, which connects the properties of the data-
generating distribution to the stability of the empirical samples drawn from it.

Fact 3.1 (Sample Complexity for Stability [17, Proposition 3.9] and [18, Theorem 1.4]). Fix
τ ∈ (0,1). Let S be a set of N independent samples from a distribution on Rd with mean
µµµ and covariance ΣΣΣ. With probability at least 1− τ , the subset S′ = {xxx ∈ S : ‖xxx− µµµS‖2 ≤
2
√
‖ΣΣΣ‖op

√
d/ε} satisfies |S′| ≥ (1− ε) |S| and S′ is

(
ε,O(

√
ε)
)
-stable with respect to µµµ and

‖ΣΣΣ‖op, provided the sample size N = O
(
(d logd + log(1/τ))/ε

)
is sufficiently large.

Given an ε-corrupted stable set, one can estimate the mean of the original data. Algorithm 1
is a deterministic robust mean estimation algorithm with the error guarantee in Fact 3.2 that does
not require knowledge of the stability parameters σ or ω . State-of-the-art methods achieve this
task in near-linear time, with only logarithmically many passes over the data [9, 19, 20].

Fact 3.2 (Robust Mean Estimation with Stability [18, Theorem A.3]). Let T ⊂ Rk be an ε-
corrupted version of a set S, where S is (O(ε),ω)-stable with respect to its mean µµµS and a
variance proxy σ2. Algorithm 1, on input ε and T , deterministically returns a vector µ̂µµ such that
‖µµµS− µ̂µµ‖2 = O(σω), in time polynomial in the sample size.

An immediate corollary of the previous two facts is that filtering algorithms can be used to
obtain O(σω) subgradient estimates, with high probability.
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Algorithm 1: RobustMeanEstimation(T,ε) with unknown covariance bound

Input: 0 < ε < 1/2 and T ⊂ Rd is an ε-corrupted set of points
Output: µ̂µµ approximating the mean of the uncorrupted points

1 Initialize a weight function q : T → R+ with q(zzz) = 1/|T | for all zzz ∈ T
2 while ∑zzz∈T q(zzz)≥ 1−2ε do
3 µ̂µµ ← ∑zzz∈T q(zzz)zzz/∑zzz∈T q(zzz)
4 Σ̂ΣΣ← ∑zzz∈T q(zzz)(zzz− µ̂µµ)(zzz− µ̂µµ)>/∑zzz∈T q(zzz)
5 Compute the top eigenvector vvv of Σ̂ΣΣ

6 h(zzz) := |vvv>(zzz− µ̂µµ)|2
7 Find the largest threshold t > 0 such that ∑zzz∈T :h(zzz)≥t q(zzz)≥ ε

8 f (zzz) := h(zzz)I{h(zzz)≥ t}
9 q(zzz)← q(zzz)

(
1− f (zzz)

maxzzz′∈T :q(zzz′)6=0 f (zzz′)

)
10 return µ̂µµ

Corollary 3.1 (Robust Subgradient Estimation). Suppose an optimization algorithm runs for K
iterations. We assume that for any point xxx ∈ C , there is a consistent choice of subgradient ggg(xxx; ·)
such that the distribution of ggg(xxx;ξξξ ) over the clean distribution P has mean ḡgg(xxx) :=Eξξξ∼P[ggg(xxx;ξξξ )]

and a uniformly bounded covariance, i.e., ‖Covξξξ∼P(ggg(xxx;ξξξ ))‖op≤σ2. Let ζ ∈ (0,1) be a desired
failure probability. For some sample size N = O((dK logd +K log(K/ζ ))/ε), with probability
at least 1−ζ , the following holds for all k ∈ {1, . . . ,K}: the robust subgradient oracle, when run
on the k-th batch on the point xxxk, returns an estimate ĝggk satisfying ‖ĝggk− ḡgg(xxxk)‖2 = O(σ

√
ε).

Proof. The proof relies on a data-splitting argument, which partitions a single large dataset to
restore the statistical independence required for a straightforward analysis. We begin with a
dataset of size N and partition it into K disjoint mini-batches, one for each iteration, with each
mini-batch having size N/K.

For each iteration k, the iterate xxxk is determined by the samples from the first k− 1 mini-
batches. We analyze the process sequentially by conditioning on the history up to iterate k. Since
the k-th mini-batch is disjoint from and thus independent of the previous batches, the set of
clean subgradients computed using xxxk and the k-th mini-batch, denoted Sk, constitutes a set of
(conditional) i.i.d. random vectors. This observation allows us to apply Fact 3.1.

By Fact 3.1, if we choose the size of the mini-batch to be N/K = O((d logd + log(K/ζ ))/ε),
the clean set of subgradients Sk is guaranteed to be (O(ε),O(

√
ε))-stable with a conditional

probability of at least 1−ζ/K. Since this bound holds for history up to iterate k for any given k,
the marginal probability of failure at step k is at most ζ/K for all k. Conditioned on the event that
all applications of Fact 3.1 succeed, we can invoke the guarantee of our robust mean estimator.
The corrupted subgradients from the k-th mini-batch are given to Algorithm 1, and by Fact 3.2,
it produces an estimate ĝggk satisfying ‖ĝggk− ḡgg(xxxk)‖2 = O(σ

√
ε).

To ensure this guarantee holds simultaneously for all K iterations, we use a union bound. The
probability that at least one of the K applications of Fact 3.1 fail is bounded by the sum of the
marginal probabilities of failure, which is at most K(ζ/K) = ζ . This implies a total sample size
of N = O((dK logd +K log(K/ζ ))/ε), as stated. �
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3.2. Subgradient Descent and Optimization Setup. Observe that we can equivalently state
(1.1) as

min
xxx∈C

f (xxx)≡ min
xxx∈Rd

f (xxx)+ ιC (xxx) =: f̄ (xxx), (3.1)

where f is L-Lipschitz and ρ-weakly convex, and ιC is the indicator function for a closed convex
set C ⊂ Rd . Algorithm 2 shows the projected subgradient method with an inexact subgradient
oracle g̃ggk. We state the algorithm assuming the objective is “regularized,” meaning that we are
minimizing the original objective plus a quadratic term µ

2 ‖xxx− zzz‖2
2, for a fixed vector zzz. However,

since we allow µ = 0, the algorithm applies to the original objective in (3.1). The rationale for
considering the µ > 0 case will become clear when we discuss the weakly convex objectives
in Section 3.4. Note further that when µ = 0, Algorithm 2 can be stated as using standard
subgradient descent updates xxxk+1 = ProjC (xxxk−ηkg̃ggk) with step size ηk = βk/ck+1.
Algorithm 2: Projected Subgradient Method with Inexact Subgradient Oracle

Input: Initial point xxx0 ∈ C , number of iterations K, parameters {βk,ck+1}K−1
k=0 , µ ≥ 0,

zzz ∈ C (if µ > 0)
1 for k = 0,1, . . . ,K−1 do
2 Compute an inexact subgradient g̃ggk s.t. ‖gggk− g̃ggk‖2 ≤ δ for some gggk ∈ ∂ f (xxxk);

3 Update the iterate: xxxk+1 = argminyyy∈C

{
βk〈g̃ggk,yyy〉+

βkµ

2 ‖yyy− zzz‖2
2 +

ck+1
2 ‖yyy− xxxk‖2

2

}
;

Output: The weighted average iterate x̄xxK = 1
BK

∑
K−1
k=0 βkxxxk, where BK = ∑

K−1
k=0 βk, or a

certified iterate (see Corollary 3.4).

3.3. Nonsmooth Convex Functions: Function Value Suboptimality and Stationarity Guar-
antee. Consider first the case of a nonsmooth, L-Lipschitz, convex objective function f . Below,
we provide a generic analysis of subgradient descent assuming access to an inexact subgradient
oracle g̃ggk with bounded error ‖gggk− g̃ggk‖2 ≤ δ , where gggk is a subgradient of f at an iterate xxxk for
k ≥ 0. We let xxx? denote a(ny) minimizer of f over a closed convex set C . At the end of the
subsection, we discuss the implications on outlier-robust minimization.

To set up for applying our results to weakly convex functions with a meaningful exit condition,
we consider minimizing the regularized function

fzzz(xxx) := f (xxx)+
µ

2
‖xxx− zzz‖2

2, (3.2)

where f is L-Lipschitz and convex, µ ≥ 0, and zzz is fixed. The result applies to arbitrary convex
L-Lipschitz functions f (by setting µ = 0), but the introduction of the quadratic term will allow
us to utilize this result also to approximate the Moreau envelope of the objective.

The analysis in this section is for a variant of the projected subgradient method, presented in
Algorithm 2, which incorporates an extra sequence of positive parameters {ck+1}K−1

k=0 and returns
a weighted average of the iterates, the latter being a standard technique to ensure convergence in
function value for nonsmooth problems.

Considering convergence of convex optimization methods under an inexact subgradient oracle,
and, in particular, of subgradient descent, is not new to optimization literature. The well-known
approach of Devolder, Glineur, and Nesterov [13] can handle such problems under the assumption
that the inexact gradient oracle g̃ggxxx satisfies, for some δg ≥ 0,

f (yyy)≥ f (xxx)+ 〈g̃ggxxx,yyy− xxx〉−δg, (3.3)
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Since the analysis in [13] requires an application of (3.3) at least for yyy = xxx? and xxx = xxxk for
iterates xxxk, it follows that under our assumption on inexactness, it would be required that
δg≥ δ max0≤k≤K−1‖xxx?−xxxk‖2, which is not a priori guaranteed to be bounded. As a consequence,
this approach would lead to the final error scaling with δg ≥ δ max0≤k≤K−1‖xxx?− xxxk‖2.

The update rule in Algorithm 2 can be interpreted as a projected subgradient step. Specifically,
the update is equivalent to xxxk+1 = ProjC (xxxk−ηkg̃ggk) with a step size ηk = βk/ck+1 when µ = 0.
Our analysis leverages the flexibility of having two sequences of parameters, βk and ck, to
construct a sharp convergence guarantee. Our particular choice of βk = β and ck+1 = ck−
βk(γ−µ) will cause the step size sequence ηk to increase with k when µ = 0, a property that
is crucial to our analysis. This property allows us to obtain an error guarantee that scales with
the initial distance to the optimum, ‖xxx0− xxx?‖2, in place of max0≤k≤K−1‖xxx?− xxxk‖2. The strategy
of employing decreasing regularization ck+1

2 ‖yyy− xxxk‖2
2 in the iterate update definition originates

from the classical dual averaging technique of Nesterov [36], where it was used in a different
context (to ensure that subgradients from later, more relevant iterations are not down-weighted).

Our main result in this subsection is summarized below.

Theorem 3.1 (Function Value Suboptimality Guarantee). Let f be a convex and L-Lipschitz
function, fzzz(·) = f (·)+ µ

2 ‖·− zzz‖2
2 (see (3.2)), and let xxx? be any minimizer of fzzz over the closed

convex set C . Let Dk := ‖xxxk− xxx?‖2, Fk := ‖xxxk− zzz‖2. Consider running Algorithm 2 for K
iterations with the following parameter choices:

• Constant step coefficient βk = β > 0 for all k = 0, . . . ,K−1.
• A free parameter γ > 0, and coefficients ck defined by the backward recurrence ck =

ck+1 +β (γ−µ), for some fixed terminus cK > 0.
Then the following holds, where x̄xxK = 1

K ∑
K−1
k=0 xxxk:

2βK( fzzz(x̄xxK)− fzzz(xxx?))+(cK +β µ)D2
K

≤ (c0 +β µ)D2
0 +β µF2

0 +(L+δ )2
β

2
K−1

∑
k=0

1
ck+1

+βK
δ 2

γ
.

Specifically, this scheme leads to the following bounds:
(1) If µ = 0, then with the choices γ = δ/D0, cK = 1, and constant β = D0

(L+δ )
√

K
, we have

the following bound on the optimality gap:

f (x̄xxK)− f (xxx?)≤ D0(L+δ )√
K

+D0δ . (3.4)

Thus, for any K ≥ (L+δ )2/δ 2, we have f (x̄xxK)− f (xxx?)≤ 2D0δ .
(2) If µ > 0, then setting γ = µ/2, ck = kβγ , we have

D2
K ≤

2(D2
0 +F2

0 )+4(L+δ )2(ln(K)+1)/µ2

K +2
+

4K
K +2

δ 2

µ2 , and

fzzz(x̄xxK)− fzzz(xxx?)≤
µ(D2

0 +F2
0 )+2(L+δ )2(ln(K)+1)/µ

K
+

δ 2

µ
.

(3.5)

Thus, for any K satisfying

K ≥
4µ2(D2

0 +F2
0 )

δ 2 +
32(L+δ )2

δ 2 ln
16(L+δ )2

δ 2 , (3.6)
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we have DK ≤
√

5δ/µ and fzzz(x̄xxK)− fzzz(xxx?)≤ 2δ 2/µ.

Proof. Let xxxk+1 be the minimizer of the objective hk(yyy) := β 〈g̃ggk,yyy〉+
β µ

2 ‖yyy−zzz‖2
2+

ck+1
2 ‖yyy−xxxk‖2

2
over yyy ∈ C . Observe that hk(yyy) is (β µ + ck+1)-strongly convex, and since it is minimized by
xxxk+1, we have

hk(xxx?)≥ hk(xxxk+1)+
β µ + ck+1

2
‖xxx∗− xxxk+1‖2

2.

A rearrangement of this formula yields our main recurrence on the iterates:

β

(
〈g̃ggk,xxxk+1− xxx?〉+ µ

2
(
‖xxxk+1− zzz‖2

2−‖xxx?− zzz‖2
2
))

≤ ck+1

2
‖xxxk− xxx?‖2

2−
ck+1

2
‖xxxk− xxxk+1‖2

2−
ck+1 +β µ

2
‖xxxk+1− xxx?‖2

2.
(3.7)

Next, we relate this inequality to the value of f . By the convexity of f and the definition of a
subgradient gggk ∈ ∂ f (xxxk):

f (xxxk)− f (xxx?)≤ 〈gggk,xxxk− xxx?〉.

Letting eeek = g̃ggk−gggk be the subgradient error, with ‖eeek‖2 ≤ δ , we have:

f (xxxk)− f (xxx?)≤ 〈g̃ggk− eeek,xxxk− xxx?〉
= 〈g̃ggk,xxxk− xxxk+1〉+ 〈g̃ggk,xxxk+1− xxx?〉−〈eeek,xxxk− xxx?〉
≤ 〈g̃ggk,xxxk− xxxk+1〉+ 〈g̃ggk,xxxk+1− xxx?〉+‖eeek‖2‖xxxk− xxx?‖2

≤ 〈g̃ggk,xxxk− xxxk+1〉+ 〈g̃ggk,xxxk+1− xxx?〉+ γ

2
‖xxxk− xxx?‖2

2 +
δ 2

2γ
,

where the last step uses Young’s inequality together with the bound ‖eeek‖2 ≤ δ . Adding µ

2 (‖xxxk−
zzz‖2

2−‖xxx?− zzz‖2
2) to both sides, multiplying by β , using the definition (3.2) of fzzz, adding and

subtracting the term (β µ/2)‖xxxk+1− zzz‖2
2 on the right-hand side, and rearranging, we obtain

β ( fzzz(xxxk)− fzzz(xxx?))≤ β 〈g̃ggk,xxxk− xxxk+1〉+β 〈g̃ggk,xxxk+1− xxx?〉+ β µ

2
(‖xxxk+1− zzz‖2

2−‖xxx?− zzz‖2
2)

+
βγ

2
‖xxxk− xxx?‖2

2 +
βδ 2

2γ
+

β µ

2
(‖xxxk− zzz‖2

2−‖xxxk+1− zzz‖2
2).

(3.8)
We bound the two inner product terms separately. For the first, Young’s inequality gives:

2β 〈g̃ggk,xxxk− xxxk+1〉 ≤
β 2

ck+1
‖g̃ggk‖2

2 + ck+1‖xxxk− xxxk+1‖2
2.

Since f is L-Lipschitz, we have ‖gggk‖2 ≤ L and thus ‖g̃ggk‖2 ≤ ‖gggk‖2 + ‖eeek‖2 ≤ L + δ . For
the second inner product term in (3.8), we use our main recurrence (3.7). By making both
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substitutions, we obtain

2β ( fzzz(xxxk)− fzzz(xxx?))≤
(

β 2(L+δ )2

ck+1
+ ck+1‖xxxk− xxxk+1‖2

2

)
− ck+1‖xxxk− xxxk+1‖2

2

+ ck+1‖xxxk− xxx?‖2
2− (ck+1 +β µ)‖xxxk+1− xxx?‖2

2

+βγ‖xxxk− xxx?‖2
2 +

βδ 2

γ

+β µ(‖xxxk− zzz‖2
2−‖xxxk+1− zzz‖2

2).

The terms involving ‖xxxk− xxxk+1‖2
2 cancel out. Recalling that D2

k := ‖xxxk− xxx?‖2
2, F2

k := ‖xxxk− zzz‖2
2

and collecting terms, we obtain

2β ( fzzz(xxxk)− fzzz(xxx?))≤ (ck+1 +βγ)D2
k− (ck+1 +β µ)D2

k+1 +β µ(F2
k −F2

k+1)

+
β 2(L+δ )2

ck+1
+

βδ 2

γ
.

(3.9)

Recall that ck+1 = ck + β (µ − γ) (so the D2
k terms telescope). Then, summing (3.9) over k

between 0 and K−1, we obtain:

2βK( fzzz(x̄xxK)− fzzz(xxx?))+(cK +β µ)D2
K

≤ (c0 +β µ)D2
0 +β µF2

0 +(L+δ )2
β

2
K−1

∑
k=0

1
ck+1

+βK
δ 2

γ
,

(3.10)

where we have used Jensen’s inequality to bound fzzz(x̄xxK)− fzzz(xxx?) ≤ 1
K ∑

K−1
k=0 ( fzzz(xxxk)− fzzz(xxx?))

and we dropped the non-positive term −β µF2
K from the right-hand side.

To complete the proof, it remains to plug in the concrete choices of the parameters from the
statement and simplify (3.10), using that both terms on the left-hand side are non-negative.
Case 1: µ = 0. In this case, the parameter choices are cK = 1, and γ = δ/D0. The relation
ck = ck+1 +βγ implies c0 = cK + γβK = 1+ γβK. Simplifying (3.10) thus leads to:

fzzz(x̄xxK)− fzzz(xxx?)≤
(1+ γβK)D2

0
2βK

+
β (L+δ )2

2K

K−1

∑
k=0

1
ck+1

+
δ 2

2γ
.

Since ck+1 ≥ cK = 1 for k = 0,1, . . . ,K−1, we have ∑
K−1
k=0

1
ck+1
≤ K. Using this fact and our

choice of γ = δ/D0, the bound simplifies to:

fzzz(x̄xxK)− fzzz(xxx?)≤
D2

0
2βK

+
γD2

0
2

+
β (L+δ )2

2
+

δ 2

2γ
=

D2
0

2βK
+

β (L+δ )2

2
+D0δ .

The term D0δ represents the error floor from the inexact oracle. To minimize the diminishing
part, we choose β = D0

(L+δ )
√

K
to balance the remaining two terms: Substituting this choice of β

back, the diminishing part of the error is bounded by:

2 ·
D2

0
2βK

=
D2

0
K

(L+δ )
√

K
D0

=
D0(L+δ )√

K
.

Combining with the error floor leads to the claimed bound on the optimality gap.
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Case 2: µ > 0. In this case, the parameters are set to γ = µ/2, ck = kβγ = kβ µ/2. Thus,
simplifying (3.10) and assuming K ≥ 3 leads to:

D2
K ≤

β µ(D2
0 +F2

0 )+2(L+δ )2(β/µ)∑
K
k=1(1/k)+2βKδ 2/µ

Kβ µ/2+β µ

≤
2(D2

0 +F2
0 )+4(L+δ )2(ln(K)+1)/µ2

K +2
+

4K
K +2

δ 2

µ2

≤
2(D2

0 +F2
0 )

K
+

8(L+δ )2

µ2
ln(K)

K
+4

δ 2

µ2

For K ≥ 4µ2(D2
0+F2

0 )

δ 2 , the first term in the right-hand side above is bounded by δ 2/(2µ2). When

K satisfies ln(K)/K ≤ τ := δ 2

16(L+δ )2 , the second term is also bounded by δ 2/(2µ2). We note
that τ ∈ (0,1/16). For such τ a sufficient condition for ln(K)/K ≤ τ is K ≥ (1/τ)(ln(1/τ)+
ln ln(1/τ)+1), for which in turn a sufficient condition is K ≥ (2/τ) ln(1/τ). We conclude that
for K satisfying (3.6), we have that D2

K ≤ 5δ 2/µ2, giving the claimed bound on DK .
Similarly, for the optimality gap, we have for K ≥ 3 that:

fzzz(x̄xxK)− fzzz(xxx?)≤
β µ(D2

0 +F2
0 )+2(L+δ )2(β/µ)∑

K
k=1(1/k)+2βKδ 2/µ

βK

≤
µ(D2

0 +F2
0 )+4(L+δ )2 ln(K)/µ

K
+

δ 2

µ
.

For K satisfying (3.6), the first term on the right-hand side is bounded by δ 2/(2µ), and the final
claim follows. �

Outlier-robust minimization. With Theorem 3.1 on hand, we can discuss implications on
outlier-robust optimization of nonsmooth convex functions and their regularized versions by
combining with Corollary 3.1, and setting δ = σ

√
ε .

Corollary 3.2 (Total Sample Complexity for Outlier-Robust Convex Optimization). Let f be a
convex, L-Lipschitz function, and let xxx? be a minimizer of f over a closed convex set C . Assume
the iterates of the algorithm remain within a bounded set of radius W. Let D0 = ‖xxx0− xxx?‖2.
Suppose the clean distribution of single-sample subgradient map ggg(xxx,ξξξ ) has a uniformly bounded
covariance, ‖Covξξξ∼P(ggg(xxx,ξξξ ))‖op ≤ σ2, for all xxx ∈ C .

Consider running Algorithm 2 where the inexact subgradient at each step is computed by
Algorithm 1 on an ε-corrupted batch of N/K samples. To achieve a final suboptimality of
f (x̄xxK)− f (xxx?) = O(D0σ

√
ε) with probability at least 1− ζ , it suffices to set the number of

iterations to K = O(L2/(σ2ε)) and the total sample size to

N = O
(dL2 logd +L2 log(L/(ζ εσ))

σ2ε2

)
.

For the regularized function fzzz when µ > 0, we similarly run Algorithm 2 on fzzz and let F0 =

‖xxx0−zzz‖2. Then there exists an iteration complexity K =O(
µ2(D2

0+F2
0 )+L2 log(L/(σε))

σ2ε
) and a sample

complexity N = O(
dµ2(D2

0+F2
0 ) logd+L2 log(L/(σε))

σ2ε2 log(dµ(D0+F0)+L
σζ ε

)) such that with probability at

least 1−ζ , it holds that fzzz(x̄xxK)− fzzz(xxx?)≤ 2σ2ε/µ and ‖xxxK− xxx?‖2 ≤
√

5σ
√

ε/µ .
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3.4. Nonsmooth Weakly Convex Functions: Stationarity. Suppose now that f is L-Lipschitz
and ρ-weakly convex. In this case, subgradient descent can be analyzed by tracking the progress
(descent) on the Moreau envelope of f̄ (defined in (3.1)). This can be done using similar
arguments as in [11], while accounting for the error induced by the inexact subgradient oracle.
We provide the full analysis below, summarized in Lemma 3.1 and its proof, for completeness.

The core issue of such an analysis is that, on its own, it only guarantees that within a certain
number of iterations K there exists an iterate xxxk, k ∈ {0,1, . . . ,K−1}, such that ‖∇ f̄λ (xxxk)‖ is
small, which is the desired stationarity guarantee, as per the discussion from Section 2. However,
it is unclear a priori how to estimate ‖∇ f̄λ (xxxk)‖, and so we run into the issue of how to certify
that any given iterate xxxk has the desired error guarantee. To resolve this certification issue, we
adopt a post-processing approach. We introduce a procedure to approximate the Moreau gradient
for each point in the sequence of iterates by computing an estimate of the proximal operator,
proxλ f̄ (xxxk), for each xxxk. Computing the proximal operator is a strongly convex minimization
problem of the form analyzed in Section 3.3. We can therefore use the inexact subgradient
method from Algorithm 2 as an inner-loop solver to find a sufficiently accurate estimate. This
two-stage procedure allows us to deterministically identify an iterate with a small Moreau
gradient norm and provide a high-probability stationarity guarantee.

The lemma below provides a “sufficient decrease” property for the Moreau envelope when
subgradient descent method (Algorithm 2) is applied to the original problem, stated in (3.1).

Lemma 3.1 (Approximate Sufficient Decrease). Consider the problem (3.1) where f is L-
Lipschitz and ρ-weakly convex and C is closed and convex. For a parameter λ > 0 such that
µ = 1/λ > ρ , the iterates of Algorithm 2 with µ = 0 and ck = 1, ∀k ≥ 1, satisfy

f̄λ (xxxk+1)− f̄λ (xxxk)≤−βk
µ−ρ

2µ
‖∇ f̄λ (xxxk)‖2

2 +µβ
2
k (L+δ )2 +

µβkδ 2

2(µ−ρ)
. (3.11)

Proof. By definition, f̄λ (xxxk+1) = minuuu∈C { f (uuu)+ µ

2 ‖uuu− xxxk+1‖2
2}. Since x̂xxk = proxλ f̄ (xxxk) is in

C , we can bound f̄λ (xxxk+1) from above by evaluating the expression at uuu = x̂xxk:

f̄λ (xxxk+1)≤ f (x̂xxk)+
µ

2
‖x̂xxk− xxxk+1‖2

2

= f (x̂xxk)+
µ

2
‖PC (x̂xxk)−PC (xxxk−βkg̃ggk)‖2

2.

The projection operator PC is non-expansive, so by continuing, we have

f̄λ (xxxk+1)≤ f (x̂xxk)+
µ

2
‖x̂xxk− xxxk +βkg̃ggk‖2

2

= f (x̂xxk)+
µ

2
‖x̂xxk− xxxk‖2

2 +µβk〈g̃ggk, x̂xxk− xxxk〉+
µβ 2

k ‖g̃ggk‖2
2

2

= f̄λ (xxxk)+µβk〈g̃ggk, x̂xxk− xxxk〉+
µβ 2

k ‖g̃ggk‖2
2

2
. (3.12)

Next, we use the ρ-weak convexity of f to bound the inner product term in (3.12). For
gggk ∈ ∂ f (xxxk), we have:

f (x̂xxk)≥ f (xxxk)+ 〈gggk, x̂xxk− xxxk〉−
ρ

2
‖x̂xxk− xxxk‖2

2

⇔ 〈gggk, x̂xxk− xxxk〉 ≤ f (x̂xxk)− f (xxxk)+
ρ

2
‖xxxk− x̂xxk‖2

2. (3.13)
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Recall that eeek = g̃ggk−gggk⇔ g̃ggk = gggk + eeek. From (3.12) and (3.13), we have

f̄λ (xxxk+1)− f̄λ (xxxk)

≤ µβk

(
f (x̂xxk)− f (xxxk)+

ρ

2
‖xxxk− x̂xxk‖2

2

)
−µβk〈eeek,xxxk− x̂xxk〉+

µβ 2
k ‖g̃ggk‖2

2
2

. (3.14)

Now we analyze the parenthetical term in the right-hand side of (3.14). By definition, f̄λ (xxxk) =
f (x̂xxk)+

µ

2 ‖xxxk− x̂xxk‖2
2, so by substituting in this term, we obtain

f (x̂xxk)− f (xxxk)+
ρ

2
‖xxxk− x̂xxk‖2

2 =
(

f̄λ (xxxk)−
µ

2
‖xxxk− x̂xxk‖2

2

)
− f (xxxk)+

ρ

2
‖xxxk− x̂xxk‖2

2

=
(

f̄λ (xxxk)− f (xxxk)
)
− µ−ρ

2
‖xxxk− x̂xxk‖2

2. (3.15)

The function h(uuu) := f (uuu)+ µ

2 ‖uuu− xxxk‖2
2 is (µ − ρ)-strongly convex because f is ρ-weakly

convex and µ > ρ . Since x̂xxk minimizes h(uuu) over C and xxxk ∈ C , we have that

h(xxxk)≥ h(x̂xxk)+
µ−ρ

2
‖xxxk− x̂xxk‖2

2.

Substituting the definitions of h(·) and f̄λ (·), this is f (xxxk) ≥ f̄λ (xxxk)+
µ−ρ

2 ‖xxxk− x̂xxk‖2
2, which

implies

f̄λ (xxxk)− f (xxxk)≤−
µ−ρ

2
‖xxxk− x̂xxk‖2

2. (3.16)

By substituting into (3.15), we have

f (x̂xxk)− f (xxxk)+
ρ

2
‖xxxk− x̂xxk‖2

2 ≤−
µ−ρ

2
‖xxxk− x̂xxk‖2

2−
µ−ρ

2
‖xxxk− x̂xxk‖2

2

=−(µ−ρ)‖xxxk− x̂xxk‖2
2.

By substituting this bound into Equation (3.14), we obtain

f̄λ (xxxk+1)− f̄λ (xxxk)≤−µβk(µ−ρ)‖xxxk− x̂xxk‖2
2−µβk〈eeek,xxxk− x̂xxk〉+

µβ 2
k ‖g̃ggk‖2

2

≤ −µβk(µ−ρ)‖xxxk− x̂xxk‖2
2 +

µ2β 2
k ‖eeek‖2

2
2µβk(µ−ρ)

+
µβk(µ−ρ)

2
‖xxxk− x̂xxk‖2

2 +µβ
2
k (L

2 +‖eeek‖2
2)

= − µβk(µ−ρ)

2
‖xxxk− x̂xxk‖2

2 +
µβk‖eeek‖2

2
2(µ−ρ)

+µβ
2
k (L

2 +‖eeek‖2
2), (3.17)

where the second inequality follows from Young’s inequality, which states that 〈a,b〉≤ β‖a‖2
2/2+

‖b‖2
2/(2β ) for all β > 0. Using the identity (2.1) (recalling that µ = 1/λ ), we have ‖xxxk− x̂xxk‖2

2 =
1

µ2‖∇ f̄λ (xxxk)‖2
2. This simplifies (3.17) to

f̄λ (xxxk+1)− f̄λ (xxxk)≤−βk
µ−ρ

2µ
‖∇ f̄λ (xxxk)‖2

2 +µβ
2
k (L

2 +‖eeek‖2
2)+

µβk‖eeek‖2
2

2(µ−ρ)
.

It remains to recall that ‖eeek‖2 ≤ δ and L2 +δ 2 ≤ (L+δ )2 for positive L and δ . �

It is immediate from Lemma 3.1 that we can obtain a bound on min0≤k≤K−1‖∇ f̄λ (xxxk)‖2 by
summing the inequality from the lemma statement over k ∈ {0,1, . . . ,K−1}. This guarantees
the existence of an iterate with a small Moreau gradient norm. However, since we do not have an
oracle for evaluating ‖∇ f̄λ (xxxk)‖2, it is unclear which iterate to output.
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Unlike the approach in [11], which outputs a randomly sampled iterate to obtain an in-
expectation guarantee, we aim for a procedure with certifiable output error. The natural ap-
proach is to run the algorithm for K iterations and then, in a post-processing step, approximate
‖∇ f̄λ (xxxk)‖2 for each k and return the iterate with the smallest approximate norm. The following
corollary provides the guarantee on the quality of the best iterate, and the subsequent corollary
analyzes the complexity of this full procedure.

Corollary 3.3. Let f be an L-Lipschitz and ρ-weakly convex function, and let f̄ = f + ιC , where
C is closed and convex. Consider the projected subgradient method (Algorithm 2 with µ = 0
and ck = 1) with a Moreau parameter λ such that µ := 1/λ > ρ and an inexactness parameter
δ such that ‖eeek‖2 ≤ δ , where eeek = g̃ggk− gggk, for all iterations k. Then the minimum squared
gradient norm among all iterates is bounded by:

min
0≤k<K

‖∇ f̄λ (xxxk)‖2
2 ≤

2µ

(µ−ρ)BK
( f̄λ (xxx0)− inf

xxx
f̄λ (xxx))+

2µ2(L+δ )2

(µ−ρ)BK

K−1

∑
k=0

β
2
k +

µ2δ 2

(µ−ρ)2 ,

where BK = ∑
K−1
k=0 βk.

Proof. We begin by rearranging the inequality from Lemma 3.1:

βk
µ−ρ

2µ
‖∇ f̄λ (xxxk)‖2

2 ≤ f̄λ (xxxk)− f̄λ (xxxk+1)+µβ
2
k (L+δ )2 +

µβkδ 2

2(µ−ρ)
.

Summing this inequality from k = 0 to K−1, we obtain

µ−ρ

2µ

K−1

∑
k=0

βk‖∇ f̄λ (xxxk)‖2
2 ≤

K−1

∑
k=0

(
f̄λ (xxxk)− f̄λ (xxxk+1)

)
+µ(L+δ )2

K−1

∑
k=0

β
2
k +

µδ 2

2(µ−ρ)

K−1

∑
k=0

βk

≤ f̄λ (xxx0)− f̄λ (xxxK)+µ(L+δ )2
K−1

∑
k=0

β
2
k +

µδ 2

2(µ−ρ)

K−1

∑
k=0

βk.

Let BK = ∑
K−1
k=0 βk. Since mink‖∇ f̄λ (xxxk)‖2

2 ≤
1

BK
∑

K−1
k=0 βk‖∇ f̄λ (xxxk)‖2

2 and f̄λ (xxxK)≥ infxxx f̄λ (xxx),
we can write

µ−ρ

2µ
BK min

0≤k<K
‖∇ f̄λ (xxxk)‖2

2 ≤ f̄λ (xxx0)− inf f̄λ +µ(L+δ )2
K−1

∑
k=0

β
2
k +

µδ 2BK

2(µ−ρ)
.

Multiplying by 2µ/((µ−ρ)BK) yields the claimed result. �

To find the iterate guaranteed by Corollary 3.3, we must approximate the proximal operator
to evaluate the Moreau gradient. The following corollary formalizes this procedure and its
complexity. In the statement of the corollary, we assume that the proximal operator is computed
in each iteration; alternative implementations are available that admit the same upper bound on
the total number of iterations without requiring computation of the full sequence of xxxk or pppk,
e.g., by storing the iterates of the outer procedure and computing their proximal oracles in a
post-processing stage.

Corollary 3.4. Let ∆0≥ f̄λ (xxx0)−inf f̄λ . Set µ = 1/λ =max{2ρ,1}, the stepsize β =
√

∆0
Kµ(L+δ )2 ,

and run Algorithm 2 with ck ≡ 1 and βk ≡ β for K iterations. Then, for each iterate xxxk, approxi-
mate pppk = proxλ f̄ (xxxk) by running the inner solver from Algorithm 2 (Part 2 of Theorem 3.1) for
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Kinner = Õ((L+δ )2/δ 2) iterations to find p̃ppk. Let k̃ = argmin0≤k<K‖xxxk− p̃ppk‖2
2. Then the output

xxxk̃ satisfies

‖∇ f̄λ (xxxk̃)‖
2
2 = O

(√
µ3∆0(L+δ )2

K(µ−ρ)2 +
µ2δ 2

(µ−ρ)2 +δ
2
)
.

To achieve a final error of ‖∇ f̄λ (xxxk̃)‖2
2 = O(δ 2), the total iteration complexity of the inner and

outer solvers is Õ
(

µ∆0(L+δ )4

δ 6

)
.

Proof. Let k∗ = argmin0≤k<K‖∇ f̄λ (xxxk)‖2
2. With our choice of β , the bound from Corollary 3.3

becomes

‖∇ f̄λ (xxxk∗)‖2
2 ≤

2µ∆0

K(µ−ρ)

√
µ(L+δ )√

∆0/K
+

2µ2(L+δ )2
√

µ(µ−ρ)(L+δ )

√
∆0

K
+

µ2δ 2

(µ−ρ)2

≤ 4

√
∆0(L+δ )2µ3

K(µ−ρ)2 +
µ2δ 2

(µ−ρ)2 =: E2
K.

For each k, we approximate pppk = proxλ f̄ (xxxk) by minimizing gk(uuu) = f (uuu)+ µ

2 ‖uuu− xxxk‖2
2. This

is a µ-strongly convex problem. Using Part 2 of Theorem 3.1 with initial point xxxk and reference
point zzz = xxxk (so F0 = 0), we can find an iterate p̃ppk such that ‖p̃ppk− pppk‖2

2 ≤ 5δ 2/µ2 after Kinner

iterations. The number of iterations required is Kinner = Õ(
µ2D2

0+(L+δ )2

δ 2 ), where D0 = ‖xxxk−
pppk‖2 =

1
µ
‖∇ f̄λ (xxxk)‖2. Since f is L-Lipschitz, we have ‖ggg‖2 ≤ L for all ggg ∈ ∂ f (xxx); thus, noting

that ∇ f̄λ (xxxk) ∈ ∂ f̄ (pppk), we have D0 ≤ L/µ . This yields Kinner = Õ((L+δ )2/δ 2).
The error in our approximation of the Moreau gradient norm is∣∣‖∇ f̄λ (xxxk)‖2−µ‖xxxk− p̃ppk‖2

∣∣= µ |‖xxxk− pppk‖2−‖xxxk− p̃ppk‖2| ≤ µ‖pppk− p̃ppk‖2 ≤
√

5δ .

Let δ̃k = µ‖xxxk− p̃ppk‖2. By the triangle inequality, ‖∇ f̄λ (xxxk̃)‖2 ≤ δ̃k̃ +
√

5δ . Since k̃ is the mini-
mizer of δ̃k, we have δ̃k̃ ≤ δ̃k∗ ≤ ‖∇ f̄λ (xxxk∗)‖2 +

√
5δ ≤ EK +

√
5δ . Therefore, ‖∇ f̄λ (xxxk̃)‖2 ≤

EK +2
√

5δ , which implies

‖∇ f̄λ (xxxk̃)‖
2
2 = O(E2

K +δ
2) = O

(√
µ3∆0(L+δ )2

K(µ−ρ)2 +
µ2δ 2

(µ−ρ)2 +δ
2
)
.

To achieve a final squared norm of O(δ 2), we must choose the outer iteration count K such that√
µ3∆0(L+δ )2

K(µ−ρ)2 = O(δ 2). This requires K to be of the order of µ∆0(L+δ )2

δ 4 . The total complexity is

K×Kinner = Õ(µ∆0(L+δ )4

δ 6 ). �

Outlier-robust optimization. We now translate the stationarity guarantee from Corollary 3.4
into the statistical setting of outlier-robust optimization. By combining our algorithmic analysis
with the guarantees for robust subgradient estimation in Corollary 3.1, we derive the total sample
complexity required to find an approximate stationary point with high probability.

Corollary 3.5 (Total Sample Complexity for Outlier-Robust Stationarity). Let f be an L-
Lipschitz and ρ-weakly convex function. Suppose the single-sample subgradient map ggg(xxx;ξξξ ) has
a uniformly bounded covariance under the clean distribution P, i.e., ‖Covξξξ∼P(ggg(xxx;ξξξ ))‖op ≤ σ2

for all iterates.
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Consider the procedure described in Corollary 3.4, where each inexact subgradient is com-
puted by Algorithm 1 on an ε-corrupted batch of samples. To find an iterate xxxk̃ that, with
probability at least 1−ζ , satisfies the stationarity condition ‖∇ f̄λ (xxxk̃)‖2

2 = O(σ2ε), it suffices
to use a total sample size of

N = Õ
(dµ∆0(L2 +σ2ε)2

σ6ε4

)
,

where ∆0 = f̄λ (xxx0)− inf f̄λ , µ = 1/λ = max{2ρ,1}, and Õ additionally hides logarithmic
factors in ζ .

4. DISTRIBUTIONALLY ROBUST OPTIMIZATION WITH OUTLIERS

We now describe the applications of the approaches of the previous section to two problems
in distributionally robust optimization (DRO). The goal of DRO is to minimize the worst-case
expected loss over an ambiguity set U of distributions, i.e., to solve [34, 44]

min
www∈Rd

max
Q∈U

EQ[`(www,γ)]. (DRO)

We consider ambiguity sets defined by an f -divergence constraint, containing all distributions
Q� P that satisfy Dφ (Q‖P)≤ ρ , where

Dφ (Q‖P) :=
∫

φ

(dQ
dP

)
dP.

We focus on the Cressie-Read family of f -divergences [10], parameterized by m ∈ (1,∞), with

φm(t) =
tm−mt +m−1

m(m−1)
.

Here, we rely upon known duality results that translate the min-max DRO problem into equivalent
primal-only problems. Specifically, the DRO problem based on the Cressie-Read family of
f -divergences has the following convenient and tractable formulation [21, Lemma 1]:

min
www∈Rd ,γ∈R

fm(www,γ) := sm(ρ)(E[(`(www,ξξξ )− γ)m∗
+ ])1/m∗+ γ, (4.1)

where m∗ = m/(m−1) is the conjugate exponent and sm(ρ) = (1+m(m−1)ρ)1/m is a constant.
This family includes, or asymptotically approaches, several important special cases:

• m→ 1: The Kullback-Leibler (KL) divergence.
• m = 2: The χ2-divergence.
• m→ ∞: A translated version of Conditional Value-at-Risk (CVaR), discussed below.

Our goal is to solve (4.1) in the presence of outliers. To apply the results from Section 3, we
need to argue that: (1) the objective is (weakly) convex and Lipschitz-continuous, (2) we can
compute unbiased stochastic estimates of the subgradient of fm(www,γ) under the “clean” data
distribution, and (3) the covariance of the subgradients is bounded, so robust mean estimation
framework (Section 3.1) applies. Most of the technical work is carried out to obtain part (3). The
bound on the estimation error then follows from results presented in Section 3.
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4.1. CVaR Minimization. We begin with Conditional Value-at-Risk (CVaR). We first discuss
why it can be understood as a limiting case of the Cressie-Read family.

On the one hand, as m→ ∞, φm(t)→ χ[0,1], where we define the characteristic function
χA(a) = 0 if a ∈ A and χA(a) = +∞ if a 6∈ A. On the other hand, given a loss function `(www,ξ ),
the CVaR objective is defined to be

CVaRα

ξξξ∼P := inf
γ∈R

γ +
1
α
Eξξξ∼P[(`(www,ξξξ )− γ)+] (4.2)

which equals the f -divergence DRO objective maxQ∈U (P)Eξ∈Q[`(www,ξ )] for U (P) = {Q� P :
Dφ+∞,α (Q‖P)≤ 1} if we define φ+∞,α = χ[0,1/α] [21, Example 3].

To minimize (4.2) with respect to www, we can solve the joint minimization problem with the
pair xxx := (γ,www) ∈ Rd+1 as the optimization variable. We assume that the loss function `(www,ξξξ )
is convex and differentiable in www for all ξξξ almost surely1. The objective in (4.2) is then jointly
convex in (γ,www) but is nonsmooth due to the positive part function.

For completeness, the following lemma provides the characterization of the subdifferential for
the single-sample objective.

Lemma 4.1 (Subgradient of the CVaR Objective). Let the single-sample CVaR objective for the
sample ξξξ be

f (γ,www,ξξξ ) = γ +
1
α
(`(www,ξξξ )− γ)+ .

All elements g̃gg = (g̃γ , g̃ggwww) ∈ ∂ f (γ,www,ξξξ ) satisfy

g̃γ = 1−β/α, g̃ggwww =
β

α
∇www`(www,ξξξ ), where β


= 1 if `(www,ξξξ )> γ

= 0 if `(www,ξξξ )< γ

∈ [0,1] if `(www,ξξξ ) = γ

.

Proof. The gradient of γ with respect to (γ,www) is (1,000). For the second term, we apply the chain
rule for subgradients to the term 1

α
(`(www,ξξξ )− γ)+. The subgradient of the outer function (·)+ is

β ∈ [0,1] as defined in the lemma statement. The gradient of the inner function `(www,ξξξ )− γ with
respect to (γ,www) is (−1,∇www`(www,ξξξ )). Combining these via the chain rule and summing over all
samples yields the expression for the subgradient of the second term as (− 1

α
β , β

α
∇www`(www,ξξξ )).

Adding the gradient of the first term γ gives the stated result. �

A key step in our analysis is establishing the following bound on the subgradient covariance.

Proposition 4.1 (Subgradient Covariance Bound for CVaR). Consider the subgradient g̃gg from
Lemma 4.1 where we make the consistent choice β = I(`(www,ξξξ )> γ). The operator norm of the
single-sample covariance of the subgradient, Cov(g̃gg), is bounded by:

‖Cov(g̃gg)‖op ≤
1

α2

(
(2− p)‖E[∇www`(∇www`)

>]‖op + p(1− p)
)
,

where p = P(`(www,ξξξ )> γ).

1The differentiability assumption can be easily relaxed under our framework by replacing ∇www` by a consistent
choice of subgradients.
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Proof. Let vvv := ∇www`(www,ξξξ ) and β := I(`(www,ξξξ ) > γ). The components of the subgradient are
g̃γ = 1−β/α and g̃ggwww = βvvv/α . The covariance of the subgradient g̃gg is Cov(g̃gg) = 1

α2 Cov(zzz),
where zzz is the single-sample composite vector zzz := (βvvv,−β ). We proceed to bound the operator
norm of Cov(zzz).

Let p := P(β = 1), µµµc := E[vvv|β = 1], and ΣΣΣc := Cov(vvv|β = 1). Because the covariance
matrix of zzz is given by Cov(zzz) = E[zzzzzz>]−E[zzz]E[zzz]>, a direct calculation shows that

Cov(zzz) =
(

pΣΣΣc + p(1− p)µµµcµµµ>c −p(1− p)µµµc
−p(1− p)µµµ>c p(1− p)

)
.

To bound the norm of this matrix, we decompose it as Cov(zzz) =CCC1 +CCC2, where

CCC1 :=
(

pΣΣΣc 000
000> 0

)
, CCC2 := p(1− p)

(
µµµcµµµ>c −µµµc
−µµµ>c 1

)
.

By the triangle inequality for operator norms, ‖Cov(zzz)‖op ≤ ‖CCC1‖op + ‖CCC2‖op. The norm of
the first part is ‖CCC1‖op = p‖ΣΣΣc‖op. The matrix in CCC2 is a rank-one outer product of the vector
uuu := (µµµc,−1), so its norm is ‖CCC2‖op = p(1− p)‖uuu‖2

2 = p(1− p)(‖µµµc‖2
2 + 1). This gives the

bound:
‖Cov(zzz)‖op ≤ p‖ΣΣΣc‖op + p(1− p)(‖µµµc‖2

2 +1). (4.3)
We now bound the conditional quantities in Equation (4.3) using the unconditional second
moment matrix SSS := E[vvvvvv>]. Let SSSc := E[vvvvvv>|β = 1] be the conditional second moment matrix.
Since ΣΣΣc = SSSc−µµµcµµµ>c , both ΣΣΣc and µµµcµµµ>c are positive semidefinite and subordinate to SSSc in the
Loewner order. This implies their operator norms are bounded by that of SSSc:

‖ΣΣΣc‖op ≤ ‖SSSc‖op and ‖µµµc‖2
2 ≤ ‖SSSc‖op.

Substituting these into Equation (4.3) yields

‖Cov(zzz)‖op ≤ p‖SSSc‖op + p(1− p)(‖SSSc‖op +1)

= (2p− p2)‖SSSc‖op + p(1− p).

Finally, the law of total expectation implies pSSSc � SSS, which gives the norm inequality ‖SSSc‖op ≤
1
p‖SSS‖op. Substituting this provides the final bound on ‖Cov(zzz)‖op:

‖Cov(zzz)‖op ≤ (2p− p2)
1
p
‖SSS‖op + p(1− p) = (2− p)‖SSS‖op + p(1− p).

Scaling by 1/α2 completes the proof. �

Remark 4.1. It is generally not possible to derive a meaningful upper bound that is independent
of ‖E[∇www`]‖2

2. The mean of the loss gradient is fundamentally linked to the behavior of the
CVaR subgradient, and removing it from the bound would require much stronger assumptions
about the problem. The core of the issue lies in the nature of the subgradient calculation. The
term β = 1(`(www,ξξξ )> γ) acts as a “selection” or “gating” mechanism, which is a non-centered
operation. It selects which gradients vvv will be included in the sum. Cov(vvv) tells us about the
shape and spread of the cloud of possible gradient vectors, centered around their mean, while
E[vvv] tells us the location of that cloud’s center in space. The variance of the subgradient depends
on the properties of the selected part of the cloud. However, where we “slice” the cloud with
the threshold γ is critical. If the entire cloud is far from the threshold (i.e., if E[`] is far from γ),
the selection β might be almost always 1 or almost always 0, leading to low variance. If the
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threshold slices right through the densest part of the cloud, the variance will be high. Without
knowing the location of the cloud (given by E[vvv], which is related to E[`]), we cannot know how
the threshold γ interacts with it. The term ‖E[vvv]‖2

2 in the bound is precisely what accounts for
this location information.

We now combine these tools to develop a provably robust optimization algorithm for CVaR
minimization.

Theorem 4.1 (Outlier-Robust CVaR). Let f be the CVaR objective and let xxx? be a minimizer
of f over a compact convex set C ⊂ Rd+1. Suppose that for any xxx = (γ,www) such that www is in
the projection of C , the loss gradients from the inlier distribution P have a uniformly bounded
second moment matrix, i.e., ‖E[∇www`(www,ξξξ )∇www`(www,ξξξ )>]‖op ≤ G2 for all www ∈W .

Consider a procedure based on Algorithm 2, where, for the current iterate xxxk, the inexact
subgradient g̃ggk is computed by forming the ε-corrupted set of subgradients Tk = {zzz(xxxk,ξξξ i)}N

i=1
and then computing g̃ggk = RobustMeanEstimation(Tk,ε).

For some sample size N = O((d logd + log(1/(ζ ε)))/ε2), running Algorithm 2 for K =
O(1/ε) iterations produces an output x̄xxK that, with probability at least 1−ζ , satisfies:

f (x̄xxK)− f (xxx?) = O(G‖xxx0− xxx?‖2
√

ε/α).

Proof. The proof strategy is to show that the robust mean estimation procedure provides an inex-
act subgradient with a controllable error bound, which can then be inserted into the convergence
guarantee of Theorem 3.1.

For the population CVaR objective f (xxx) = γ + 1
α
E[(`(www,ξξξ )− γ)+], where xxx = (γ,www), its

subgradient ggg = (gggγ ,gggwww) ∈ ∂ f (xxx) has components:

gggγ = 1−E[β ]/α, gggwww = E[β∇www`(www,ξξξ )]/α

where β is an indicator (random) variable for the event `(www,ξξξ )> γ . Let p =E[β ] = P(`(www,ξξξ )>
γ). The squared norm of this subgradient is ‖ggg‖2

2 = (1− p/α)2 + 1
α2‖E[β∇www`]‖2

2 ≤ 1/α2 +

G2/α2. So the Lipschitz constant of f is L = O(G/α). Proposition 4.1 implies that σ = O(G/α)
is an upper bound on the standard deviation of the single-sample subgradients.

Inexact subgradient oracle error. Let xxxk ∈ C be the iterate at step k. The true subgradient
is gggk = E[zzz(xxxk,ξξξ )], where zzz(xxxk,ξξξ ) is the single-sample subgradient defined in the proof of
Proposition 4.1. Our inexact subgradient is g̃ggk = RobustMeanEstimation(Tk,ε). The error is
‖g̃ggk−gggk‖2.

To bound this error, we first analyze the properties of the clean subgradient distribution. From
Proposition 4.1, the covariance of a single-sample subgradient zzz is bounded by ‖Cov(zzz)‖op ≤
(2− p)‖E[∇www`∇www`

>]‖op + p(1− p). Under our assumption, ‖E[∇www`∇www`
>]‖op ≤ G2, and since

p(1− p)≤ 1/4, we have a uniform bound ‖Cov(zzz(xxx,ξξξ ))‖op≤ 2G2+1/4 for all xxx∈C . Thus, we
can set σ2 =O(G2/α2) as a uniform upper bound on the spectral norm of subgradient covariance.
With N = O((dK logd +K log(K/ζ ))/ε), Corollary 3.1 ensures that with probability at least
1−ζ , the estimate g̃ggk satisfies ‖g̃ggk−gggk‖2 = O(σω) = O(σ

√
ε) for all k.

The optimization guarantee. Recall that the CVaR objective is convex and L-Lipschitz, where
L = O(G/α). We have constructed an inexact subgradient oracle with error δ = O(σ

√
ε). We
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can now apply Theorem 3.1 with µ = 0, which implies

f (x̄xxK)− f (xxx?)≤ ‖x
xx0− xxx?‖2(L+δ )√

K
+δ‖xxx0− xxx?‖2.

Substituting our value for δ and denoting D0 = ‖xxx0− xxx?‖2, we get

f (x̄xxK)− f (xxx?)≤ D0(L+O(σ
√

ε))√
K

+D0 ·O(σ
√

ε) = O
(D0L√

K
+D0σ

√
ε

)
.

Setting K = 1/ε and substituting in L = O(G/α) and σ = O(G/α) completes the proof. �

4.2. General Cressie-Read f -divergence DRO. We now turn to the analysis of the general
Cressie-Read objective for m ∈ (1,∞). For completeness, we first establish the convexity of this
generalized objective function, which ensures that the problem is well-posed for the subgradient
methods we employ.

Lemma 4.2 (Joint Convexity of the Generalized Objective). Let the loss function `(www,ξξξ ) be
convex in www for any realization of ξξξ . Then for any m ∈ (1,∞), the generalized objective

fm(www,γ) = sm(ρ)
(
E
[
(`(www,ξξξ )− γ)m∗

+

])1/m∗+ γ

is jointly convex in xxx := (www,γ).

Proof. Since linearity preserves convexity, the joint convexity of fm(www,γ) depends entirely on
the joint convexity of the term G(www,γ) :=

(
E
[
(`(www,ξξξ )− γ)m∗

+

])1/m∗ .
The key to the proof is to recognize that this expression is the Lp-norm of a random variable,

where p = m∗. Specifically, let Z be the space of random variables defined over the probability
space of ξξξ . The function G(www,γ) is the Lm∗-norm of the random variable h(www,γ;ξξξ ) := (`(www,ξξξ )−
γ)+. The proof proceeds by showing that the mapping from the parameters (www,γ) to the random
variable h(www,γ;ξξξ ) is convex, and then composing this with the convex Lm∗-norm function.

First, we establish the convexity of the mapping (www,γ) 7→ h(www,γ;ξξξ ). For any fixed realization
of ξξξ , the function h is a composition of the inner function a(www,γ) = `(www,ξξξ )− γ and the outer
function b(x) = (x)+. The inner function a is jointly convex because it is the sum of a function
convex in www and a linear function in γ . The outer function b is convex and non-decreasing.
A composition of a jointly convex function with a convex, non-decreasing function is itself
jointly convex. Thus, for any pair of points (www1,γ1) and (www2,γ2) and any λ ∈ [0,1], we have the
pointwise inequality:

h(λwww1 +(1−λ )www2,λγ1 +(1−λ )γ2;ξξξ )≤ λh(www1,γ1;ξξξ )+(1−λ )h(www2,γ2;ξξξ ) a.s.

This shows that the mapping from (www,γ) to the random variable h is a convex mapping.
Next, we leverage the properties of the Lm∗-norm, which is the function that maps a random

variable Z to (E[|Z|m∗])1/m∗ . Since m ∈ (1,∞), we have m∗ = m/(m− 1) > 1, and for such
exponents, the Lm∗-norm is a convex function. Furthermore, because its argument h is always
non-negative, the norm is also a non-decreasing function. The composition of a convex mapping
with a convex and non-decreasing function is convex. By applying the Lm∗-norm to the inequality
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above, we find:

G(λwww1 +(1−λ )www2,λγ1 +(1−λ )γ2) = ‖h(λwww1 +(1−λ )www2;ξξξ )‖Lm∗

≤ ‖λh(www1,γ1;ξξξ )+(1−λ )h(www2,γ2;ξξξ )|Lm∗

≤ λ‖h(www1,γ1;ξξξ )‖Lm∗ +(1−λ )‖h(www2,γ2;ξξξ )‖Lm∗

= λG(www1,γ1)+(1−λ )G(www2,γ2).

The first inequality holds because the mapping to h is convex and the norm is non-decreasing.
The second inequality is the triangle inequality (i.e., the convexity) of the Lm∗-norm itself. This
confirms that G(www,γ) is jointly convex, and therefore the entire objective fm(www,γ) is jointly
convex. �

Next, we derive a bound on the spectral norm of the subgradient covariance for the generalized
objective. Our approach extends the CVaR analysis, yielding a bound that depends on the second
moment of the loss gradient. Notably, while [31] also provides a covariance bound for the special
case of χ2-divergence (m = 2), their result hinges on a technical assumption about the ambiguity
set’s geometry and bounded loss. It is not clear whether the broader Cressie-Read family we
study here satisfies such a condition.

To proceed, we first compute the single-sample subgradient. For the objective fm(www,γ) =
sm(ρ)‖(`(www,ξξξ )− γ)+ ‖Lm∗ +γ , the chain rule for subgradients implies that a valid single-sample
subgradient gggk(xxx;ξξξ ) is:

gggk(xxx;ξξξ ) = eee1 +
sm(ρ)

Am∗−1
m

(
−(`− γ)m∗−1

+ , (`− γ)m∗−1
+ ∇www`

)>
where Am = (E[(`− γ)m∗

+ ])1/m∗ is a deterministic scalar for a fixed (www,γ), and eee1 is the standard
basis vector for the γ component. Let us define the random weight βm = (`− γ)m∗−1

+ . The
single-sample subgradient then has the familiar structure:

gggk(xxx;ξξξ ) = eee1 + sm(ρ)(−βm,βm∇www`)
> /Am∗−1

m

Its covariance is Cov(gggk) = sm(ρ)
2 ·Cov((−βm,βm∇www`)

>)/Am∗−1
m . Our goal is to bound the

spectral norm of this matrix.
As a first step, we bound ‖Cov(gggk)‖op under the assumption that (`(www,ξξξ )− γ)+ is uniformly

bounded. We later show (in Proposition 4.3) how to relax this assumption by instead assuming
higher-order moment bounds for the stochastic subgradient.

Proposition 4.2 (Subgradient Covariance Bound for the Generalized Objective). Assume that for
a given iterate xxx := (www,γ), the residual loss is almost surely bounded, i.e., (`(www,ξξξ )− γ)+ ≤ L0
for some constant L0 > 0. Let SSS := E[∇www`(∇www`)

>] be the unconditional second moment matrix
of the loss gradient. Then the spectral norm of the single-sample subgradient covariance is
bounded by:

‖Cov(gggk(xxx;ξξξ ))‖op ≤ sm(ρ)
2 · (L0/Am)

2(m∗−1)
(

1+
√
‖SSS‖op

)2
.

Proof. Let vvv = ∇www`. We will bound the operator norm of the block matrix

MMM = Cov((−βm,βmvvv>)>) =
(

Var(βm) −Cov(βm,βmvvv)>

−Cov(βm,βmvvv) Cov(βmvvv)

)
.
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Using the property that, for a symmetric matrix MMM =

(
a bbb>

bbb CCC

)
, ‖MMM‖op≤ |a|+‖CCC‖op+2‖bbb‖2

(which can be derived from the triangle inequality), we have

‖MMM‖op ≤ Var(βm)+2‖Cov(βm,βmvvv)‖2 +‖Cov(βmvvv)‖op.

We bound each term by leveraging the assumption (`− γ)+ ≤ L0, which implies the random
weight is bounded: βm = (`− γ)m∗−1

+ ≤ Lm∗−1
0 .

First, consider the main diagonal block, Cov(βmvvv). Since covariance matrices are positive
semidefinite, its norm is bounded by the norm of its second moment matrix: Cov(βmvvv) �
E[β 2

mvvvvvv>], which implies ‖Cov(βmvvv)‖op ≤ ‖E[β 2
mvvvvvv>]‖op. Using our boundedness assumption:

E[β 2
mvvvvvv>] = E

[
(`− γ)

2(m∗−1)
+ vvvvvv>

]
� L2(m∗−1)

0 E[vvvvvv>] = L2(m∗−1)
0 SSS.

This gives the crucial bound ‖Cov(βmvvv)‖op ≤ L2(m∗−1)
0 ‖SSS‖op.

Next, we bound the top-left block, Var(βm).

Var(βm)≤ E[β 2
m] = E

[
(`− γ)

2(m∗−1)
+

]
≤ L2(m∗−1)

0 .

Finally, we bound the norm of the off-diagonal block, Cov(βm,βmvvv), using a standard inequal-
ity for covariance norms, ‖Cov(X ,YYY )‖2 ≤

√
Var(X)

√
‖Cov(YYY )‖op:

‖Cov(βm,βmvvv)‖2 ≤
√

Var(βm)
√
‖Cov(βmvvv)‖op

≤
√

L2(m∗−1)
0

√
L2(m∗−1)

0 ‖SSS‖op = L2(m∗−1)
0

√
‖SSS‖op.

It follows that

‖MMM‖op ≤ Var(βm)+‖Cov(βmvvv)‖op +2‖Cov(βm,βmvvv)‖2

≤ L2(m∗−1)
0 +L2(m∗−1)

0 ‖SSS‖op +2L2(m∗−1)
0

√
‖SSS‖op

= L2(m∗−1)
0

(
1+‖SSS‖op +2

√
‖SSS‖op

)
.

Multiplying by the scalar constant (sm(ρ)/Am∗−1
m )2 completes the proof. �

It is challenging to establish a dimension-independent bound on the residual loss, (`(www,ξξξ )−
γ)+ ≤ L0, as required by the preceding proposition. We therefore derive a more broadly applica-
ble bound that relies instead on a standard higher-moment assumption on the loss gradients, a
condition that is satisfied by many common models and data distributions.

Proposition 4.3 (Subgradient Covariance Bound for the Generalized Objective Under Higher
Moment Bounds). Let the loss function `(www,ξξξ ) be convex in www. Assume that for a given iterate
xxx := (www,γ), the loss gradient ∇www`(www,ξξξ ) has a bounded 2r-th moment for some r > 1:

max
uuu∈Rd ,‖uuu‖2=1

E
[
(∇www`(www,ξξξ ) ·uuu)2r

]
≤ B2r,
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for some constant B > 0. Let m∗ = m/(m−1) and r∗ = r/(r−1) be the respective conjugate
exponents. The spectral norm of the single-sample subgradient covariance is bounded by:

‖Cov(gggk(xxx;ξξξ ))‖op ≤
2sm(ρ)

2
(

B2(E[(`− γ)
2(m∗−1)r∗
+ ])1/r∗+E[(`− γ)

2(m∗−1)
+ ]

)
(E[(`− γ)m∗

+ ])2−2/m∗
.

In particular, for risk measures with m > 2, if the moment order r is sufficiently large to satisfy
r ≥ m

m−2 , the bound simplifies to a constant that is independent of the iterate’s residual loss:

‖Cov(gggk(xxx;ξξξ ))‖op ≤ 2sm(ρ)
2(B2 +1).

Proof. Let vvv = ∇www` and βm = (`− γ)m∗−1
+ . The single-sample subgradient is

gggk = eee1 + sm(ρ)A
−(m∗−1)
m (−βm,βmvvv>)>,

where Am = (E[(`− γ)m∗
+ ])1/m∗ . Its covariance is

Cov(gggk) =
sm(ρ)

2

A2(m∗−1)
m

Cov((−βm,βmvvv>)>).

Let MMM = Cov((−βm,βmvvv>)>) =
(

Var(βm) −Cov(βm,βmvvv)>

−Cov(βm,βmvvv) Cov(βmvvv)

)
. The operator norm of

this 2×2 block matrix can be bounded. For a random scalar X and random vector YYY , the Cauchy-
Schwarz inequality implies ‖Cov(X ,YYY )‖2

2 ≤ Var(X)‖Cov(YYY )‖op. Using Young’s inequality,
2
√

Var(X)‖Cov(YYY )‖op ≤ Var(X)+‖Cov(YYY )‖op. This leads to the bound:

‖MMM‖op ≤ Var(βm)+‖Cov(βmvvv)‖op +2‖Cov(βm,βmvvv)‖2

≤ 2Var(βm)+2‖Cov(βmvvv)‖op.

We now bound the two terms separately. The variance is bounded by its second moment,
Var(βm)≤ E[β 2

m]. The norm of the vector covariance is bounded by its second moment matrix,
‖Cov(βmvvv)‖op ≤ ‖E[β 2

mvvvvvv>]‖op. To bound this, consider any unit vector uuu ∈ Rd:

uuu>E[β 2
mvvvvvv>]uuu = E[β 2

m(vvv ·uuu)2].

By Hölder’s inequality with exponents r and r∗ = r/(r−1), we have

E[β 2
m(vvv ·uuu)2]≤ (E[|(vvv ·uuu)|2r])1/r(E[|β 2

m|r∗])1/r∗

≤ (B2r)1/r(E[β 2r∗
m ])1/r∗ = B2(E[β 2r∗

m ])1/r∗.

Since this holds for any unit vector uuu, we have ‖E[β 2
mvvvvvv>]‖op ≤ B2(E[β 2r∗

m ])1/r∗ . Combining the
pieces, we have

‖MMM‖op ≤ 2E[β 2
m]+2B2(E[β 2r∗

m ])1/r∗.

Substituting this into the expression for Cov(gggk) and replacing βm and Am with their definitions
in terms of (`− γ)+ yields the first result of the proposition.

For the second part, we simplify the expression under additional conditions. By the property
of Lp norms of random variables, since r∗ > 1, we have (E[β 2r∗

m ])1/r∗ ≥ E[β 2
m]. Thus, the bound

on ‖MMM‖op is dominated by the term involving B2:

‖MMM‖op ≤ 2(1+B2)(E[β 2r∗
m ])1/r∗.
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The full bound on the subgradient covariance is therefore:

‖Cov(gggk)‖op ≤
2sm(ρ)

2(B2 +1)

A2(m∗−1)
m

(E[β 2r∗
m ])1/r∗.

Let X = (`− γ)+. The ratio of the moment terms can be written as:

(E[X2(m∗−1)r∗])1/r∗

(E[Xm∗])2−2/m∗
=

(E[X2(m∗−1)r∗ ])1/r∗

(E[Xm∗ ])2(m∗−1)/m∗
=

(
(E[X2(m∗−1)r∗])1/(2(m∗−1)r∗)

(E[Xm∗])1/m∗

)2(m∗−1)

.

This is a ratio of Lp norms of random variables. If the exponent in the numerator’s power
mean is less than or equal to that of the denominator, the ratio is at most 1. This condition is
2(m∗−1)r∗ ≤ m∗. Substituting m∗ = m/(m−1) and r∗ = r/(r−1), the condition becomes:

2
1

m−1
r

r−1
≤ m

m−1
=⇒ 2r

r−1
≤ m =⇒ 2

(
1+

1
r−1

)
≤ m.

This inequality requires m > 2. Rearranging for r gives r(m−2)≥ m, or r ≥ m
m−2 . When this

condition on m and r holds, the ratio of moments is at most 1, simplifying the overall covariance
bound to:

‖Cov(gggk(xxx;ξξξ ))‖op ≤ 2sm(ρ)
2(B2 +1).

This completes the proof. �

With the necessary machinery in place, we now present our main result for the outlier-robust
minimization of the generalized risk measures based on f -divergences.

Theorem 4.2 (Outlier-Robust f -Divergence Minimization). Let fm(xxx) be the generalized risk
objective (4.1) for some m > 1 where we write xxx = (www,γ), which is convex and Lm-Lipschitz. Let
xxx? be a minimizer of fm over a compact convex set C ⊂ Rd+1. Suppose that for any xxx ∈ C , the
loss gradients ∇www`(www,ξξξ ) from the inlier distribution P have a bounded 2r-th moment for some
r > 1, as specified in Proposition 4.3 with constant B.

Consider the procedure from Algorithm 2, where the inexact subgradient g̃ggk at each step k is
computed by applying the robust mean estimator from Algorithm 1 to an ε-corrupted set of N sub-
gradients. For a sufficiently large sample size N = O((dL2

m logd +L2
m log(Lm/(ζ σmε)))/σ2

mε2),
running the algorithm for K = O(L2

m/(σ
2
mε)) iterations produces an output x̄xxK that, with proba-

bility at least 1−ζ , satisfies:

fm(x̄xxK)− fm(xxx?) = O
(
‖xxx0− xxx?‖2σm

√
ε
)
,

where σ2
m is the upper bound on the single-sample subgradient covariance given by the general

result in Proposition 4.3.
In particular, if the risk measure satisfies m > 2 and the moment order of the loss gradient

satisfies r ≥ m/(m−2), the suboptimality bound simplifies to:

fm(x̄xxK)− fm(xxx?) = O
(
‖xxx0− xxx?‖2sm(ρ)B

√
ε
)
.

Proof. The proof strategy is to instantiate the guarantee for the inexact projected subgradient
method, Theorem 3.1, with a robust subgradient oracle. The quality of this oracle is determined
by the stability of the single-sample subgradient distribution.

At each iteration k, our procedure computes an inexact subgradient g̃ggk by applying the robust
mean estimator to an ε-corrupted set of single-sample subgradients, {gggk(xxxk;ξξξ i)}N

i=1. From
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Proposition 4.3, we have an upper bound σ2
m on the covariance of these subgradient vectors. By

choosing a sufficiently large sample size N, Corollary 3.1 guarantees that the robustly estimated
mean g̃ggk is close to the true subgradient gggk = E[gggk(xxxk;ξξξ )] for all k, providing an error bound of
‖g̃ggk−gggk‖2 ≤ δ = O(σk

√
ε).

The objective function fm is convex and Lm-Lipschitz. We can therefore apply the convergence
guarantee from Theorem 3.1. Setting the number of iterations K = O(L2

m/δ 2) and denoting
D0 = ‖xxx0− xxx?‖2, the suboptimality is bounded by:

fm(x̄xxK)− fm(xxx?) = O
(

D0(Lm +δ )√
K

+D0δ

)
= O(D0δ )

= O(D0σm
√

ε).

This establishes the first result, where σm is derived from the general covariance bound in
Proposition 4.3.

For the particular case where m > 2 and r ≥ m/(m−2), Proposition 4.3 provides a simplified,
constant bound on the covariance, yielding σm = O(sm(ρ)B). Substituting this into the general
performance guarantee gives the second, simplified result and completes the proof. �

4.3. Comparison to DORO. Our work provides the first polynomial-time algorithms for the
problem of outlier-robust f -divergence DRO, which was similarly conceptualized in the Distri-
butionally Robust Outlier-aware Optimization (DORO) framework [49]. The DORO framework
defines a statistical estimator—the minimizer of the “DORO risk”—that possesses desirable
robustness properties. The ε-DORO risk is defined with respect to an f -divergence D and
ambiguity radius ρ as

Rρ,D,ε(www;Ptrain) = inf
P′:∃P̃ s.t.

Ptrain=(1−ε)P′+εP̃

sup
Q�P′:

D(Q‖P′)≤ρ

Eξξξ∼Q[`(www;ξξξ )], (4.4)

where the infimum is taken over all possible decompositions of the corrupted data distribution
Ptrain into a clean part P′ and a corrupted part P̃. While this formulation is statistically appealing, it
remains an open question whether the minimizer of (4.4) can be computed or even approximated
in polynomial time. The algorithm proposed in [49] is a heuristic that lacks convergence
guarantees and has been shown to fail in certain cases [33]. Our work resolves this algorithmic
gap by providing a provably correct and efficient method.

It is instructive to compare our algorithm’s performance guarantees with the statistical guaran-
tees established for the idealized DORO estimator. The key distinction lies in the underlying
assumptions: the DORO guarantees are predicated on moment bounds of the loss values, whereas
our results rely on moment bounds of the loss gradients.

Fact 4.1 (DORO’s Guarantees, adapted from [49, Theorems 5 and 6]). Let the contaminated
distribution be Ptrain = (1− ε)P+ εP̃, and let www? be the minimizer of the DORO risk (4.4). If
the loss function `(www;ξξξ ) is non-negative and `(www?;ξξξ ) has a bounded (2q)-th moment under the
clean distribution P (Eξξξ∼P[`(www

?;ξξξ )2q] = σ
2q
2q <+∞ for some q≥ 1), then the suboptimality of

www? is bounded. For CVaR at level α , the bound is:

CVaRα

ξξξ∼P(`(www
?;ξξξ ))− inf

www
CVaRα

ξξξ∼P(`(www;ξξξ ))≤ 4σ2qε
1− 1

2q/α.
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For the DRO problem with χ2-divergence and q > 1, the bound is:

max
χ2(Q‖P)≤ρ

EQ[`(www?;ξξξ )]− inf
www

max
χ2(Q‖P)≤ρ

EQ[`(www;ξξξ )] = Oρ,q(σ2qε
1/2−1/(2q)).

Moreover, these dependencies on α,ε,q, and σ2q are optimal up to a constant factor.

While the assumptions are not directly comparable, our error rates are analogous to these
statistically optimal rates in important special cases. For the CVaR problem, Fact 4.1 with a
loss second-moment bound (q = 1) yields an error of O(σ2

√
ε/α). Our result in Theorem 4.1,

derived under a uniform gradient second-moment bound, achieves an error of O(G
√

ε/α),
matching the dependence on ε and α . For the χ2-divergence problem (m = 2), Fact 4.1 under a
bounded loss assumption (q→ ∞) gives an error of O(

√
ε). Our result from Theorem 4.2 also

yields an O(
√

ε) error rate under the assumptions of bounded loss and a uniformly bounded
gradient second moment. The latter is a relatively mild condition in the context of bounded loss.
Thus, our work not only provides the first polynomial-time algorithm for this problem but also
achieves error guarantees that align with the optimal statistical rates established for the idealized
(but not known to be computationally tractable) DORO estimator.

5. CONCLUSION

We presented a general framework for nonsmooth stochastic optimization in the presence of
adversarial outliers. By integrating robust mean estimation with classical subgradient methods,
we obtained error guarantees that are unimprovable in general and vanish entirely in the absence
of data variation. As its main application, our framework further yields the first efficient algorithm
for outlier-robust distributionally robust optimization, addressing both CVaR and f -divergence
settings. These results extend the reach of robust optimization methods to a broad class of
nonsmooth objectives fundamental to modern machine learning. Looking ahead, we hope our
work will stimulate further research in this area. In particular, our focus in this work was on
theory—establishing the existence of polynomial-time algorithms with optimal error guarantees
in outlier-robust settings. While the established sample and iteration complexities are polynomial
in the input size, we did not optimize their order or consider practical implementations. We leave
such considerations to future research.
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