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Abstract. We propose a new version of the Frank—Wolfe method, called the (Lo, L, )-Frank—Wolfe al-
gorithm, for optimization problems with (L, L )-smooth objectives. We demonstrate that this algorithm
achieves superior theoretical convergence rates compared to the classical Frank—Wolfe method. In addi-
tion, we introduce a novel adaptive procedure, termed the Adaptive (Ly,L;)-Frank—Wolfe algorithm,
which dynamically adjusts the smoothness parameters to further improve performance and stability.
Comprehensive numerical experiments confirm the theoretical results and demonstrate the clear prac-
tical advantages of both proposed algorithms over existing Frank—Wolfe variants.

Keywords. Adaptive algorithms; Convex optimization; Frank—Wolfe algorithm; Generalized smooth-
ness; (Lo, L;)-smoothness.

1. INTRODUCTION

There are many methods for constrained optimization: the projected gradient method ([22]),
barrier function methods, and penalty function methods ([2, 18]), among others. However, the
Frank—Wolfe method, initially proposed in the seminal work [8] and further generalized in [16],
has recently gained significant popularity due to its inexpensive iteration cost compared to the
projected gradient method (see [4, Table 1.1] and [6]). Moreover, the Frank—Wolfe method pos-
sesses the useful ability to generate sparse solutions, which is beneficial in many applications.

In modern optimization, the Frank—Wolfe method is quite well studied (see [3, 4]). In the
seminal work [16], it was proved that the optimal convergence rate of this method is O(1/k) for
convex functions; moreover, a series of linear convergence results for the classical Frank—Wolfe
method has been established ([3, 4]). However, these results mostly rely on the standard
L-smoothness assumption, which is a rather restrictive class of functions. To relax this as-
sumption, attempts have been made to introduce relatively smooth objectives ([24, 27]) for the
Frank—Wolfe method, leading to a broader function class—yet many important modern machine
learning problems remain uncovered.
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Recently, [30] experimentally observed that modern language modeling (LM) tasks satisfy a
property called (Lg,L;)-smoothness, which generalizes standard L-smoothness. The pioneer-
ing work [30] studied the clipped gradient method, and subsequently, many other gradient-based
methods have been investigated for this class of functions. Although the (Ly,L;)-smoothness
framework has been extensively studied for gradient-based methods, very few works addressed
the Frank-Wolfe (FW) method. A related analysis of a hybrid between the clipped gradient
method and the Frank-Wolfe algorithm was proposed in the recent paper [21], but it did not
establish linear convergence guarantees. In contrast, our work focuses on the classical (vanilla)
Frank-Wolfe method for the convex case and we demonstrate that exploiting the (Lg,L;)-
smooth structure of the objective can lead to significant acceleration benefits.

There exist different step-size rules for the Frank—Wolfe method, but the most popular vari-
ants are the decreasing step size (2/(k+ 1)) and the short step size (2.4) (see the overviews in
[4] and [3]). The decreasing step size achieves the optimal sublinear convergence rate and does
not depend on any function parameters. Therefore, we focus on the short step size (2.4), where
the (Lo, L;)-smoothness parameters can be utilized to achieve improved convergence rates.

Adaptive step-size strategies have recently gained attention in the Frank—Wolfe literature,
with several works [1, 12, 20, 27] proposing backtracking schemes that preserve convergence
guarantees. However, these methods rely on a single L-smoothness parameter. We extend this
framework by introducing a two-parameter adaptive procedure that simultaneously updates L
and L; based on their relative influence in the composite term Lo+ L1 ||V f(xz)||. This design
enables more responsive yet stable parameter tuning.

The main contributions of this work are as follows. We propose a new variant of the Frank
— Wolfe algorithm tailored for (Lg,L;)-smooth objectives and provide rigorous convergence
guarantees. Specifically, we prove linear convergence rates, demonstrating superior perfor-
mance compared to classical Frank—Wolfe. In the general convex setting, we establish that the
algorithm attains the optimal O(1/k) convergence rate, ensuring it is not worse than the stan-
dard method. Additionally, we introduce a novel adaptive procedure for independently updating
the (Lo, L;) parameters, which yields improved empirical performance. Numerical experiments
confirm that the proposed algorithm consistently outperforms both standard and existing adap-
tive Frank—Wolfe variants across diverse benchmarks.

2. PRELIMINARIES

In this paper, we consider the minimization problem

min f(x),

xeQ
where Q is a convex compact set and f is a convex and (Lo, L )-smooth function. Throughout
this paper, unless specified otherwise, we use the standard Euclidean norm || - || for vectors and
the spectral norm || - || for matrices.

Definition 2.1. A function f is said to be (Lo, L;)-smooth if, for all x,
IV2f (@)l < Lo+Li]|VF)], (2.1)

for some constants Ly, L; > 0.
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This notion was introduced in [30], where it was used to explain the superior convergence
behavior of the clipped gradient descent method on deep learning problems compared to stan-
dard gradient descent (GD). Later, in [31] (see Remark 2.3), this definition was extended from
twice differentiable to once differentiable functions. Specifically, a differentiable function f is
said to be (Lo, L1 )-smooth if, for all x,y € R¢ such that ||x —y|| < Lll,

IVf(x) = Vi < Lo+ Lil[VFOD)Dlx =yl (2.2)

This condition generalizes the standard L-smoothness assumption. Indeed, when L; = 0,
inequalities (2.1)—(2.2) reduce to the classical definition of L-smoothness. Hence, the (Lo, L;)-
smoothness condition defines a broader class of functions than the conventional L-smooth case.
Motivated by this generalization, we modify the standard shortest-step rule in the Frank—Wolfe
method. Let us briefly recall the classical Frank—Wolfe algorithm [8] with the shortest-step rule
[16]. The update rule is given by

X1 = Xk + Ody, (2.3)
where k is the iteration index, oy € [0, 1], dy = sx — xx, and

sk € LMOg(Vf(x)) = arglgg (Vf(x) 2)

is the output of the linear minimization oracle (LMO) over Q. In the case of the shortest-step
rule, the step size is chosen as

(2.4)
L||d|?

This observation motivates us to extend the Frank—Wolfe method (2.3) to (Lg,L;)-smooth
objectives by introducing the following step-size rule:

o —Vfx) Tdy
" m‘“{l’<Lo+L1HVf<xk)||>Hdku%}‘

It is well known (see, for example, [3, 4, 16]) that the Frank—Wolfe method achieves a linear
convergence rate under additional assumptions. Our theoretical analysis shows that the pro-
posed Frank—Wolfe variant, with the step size defined in (2.5) exhibits a superior convergence
rate. The acceleration arises from the fact that L; < L and Ly < L, where L denotes the standard
smoothness parameter. When the solution lies in the interior of a function satisfying the PL
condition, our algorithm is significantly faster than the standard method due to the absence of
the PL-condition parameter u in the convergence rate when Ly > L ||V f(x;)||. A summary of
the corresponding convergence rate estimates is provided in Table 1.

Moreover, as mentioned earlier, not all (Lo, L} )-smooth functions are L-smooth, meaning that
our algorithm applies to a broader class of functions. To illustrate this, we list several examples
(see [9)):

e f(x)=||x||", where n is a positive integer, with Ly = 2n and L; = 2n— 1;

e f(x) =exp(a'x), where Ly =0and L| = ||al|;

e the logistic loss f(x) = log(1 +exp(—a'x)), where a € RY, for which Ly = 0 and L; =
||a||, while the standard smoothness constant is L = ||a||?, which is typically much larger
than L;.

In the work [5] (Proposition 1), it was shown that (L, L;)-smoothness implies the next in-
equality, which we use as an upper bound for our target function.

ak::min{l,M}.

(2.5)



600 A.A. VYGUZOV, ES. STONYAKIN, A.V. GASNIKOV

TABLE 1. Convergence rates of the standard Frank—Wolfe (FW) method with
the shortest step size (see, e.g., [4, 16]) and the proposed (Loy,L;)-FW Algo-
rithm 1 in the convergence rate when under different assumptions. Abbrevia-
tions: PL — Polyak-Lojasiewicz condition; C — convex; SC — strongly convex.

Here, B(x,r) def {z:||z—x]|| < r}, A denotes the strong convexity constant of the
feasible set (see Definition 3.1), u is the PL-condition constant, 7' is the number
of iterations for which Lo < L;||Vf(x)||, and K is the number of iterations for
which Ly > L1 ||V f(x)]|.

Algorithm Objective Domain | Assumptions Rate
k—1
FW C; L-smooth sC IVFGl = e>0 | Fl) —F* < (f(xo0) —f*)max{%, - %}
(Lo,L1)-FW
Algorithm 1 | C; (Lo, L;)-sm. SC VA =e>0 | flxgar)—fF < (f(xo)—f*)x
T
1 A
max{j,lf %ol } X
1 Ac K
max{},1- 1" (see Th3.1)
FW C; PL; L-smooth C B(x*,r)CQ fo) = fF < (f(xo) —
k—1
1 2
f*)max{j, 1— Z—D“z}
(Lo,L1)-FW
Algorithm 1 | C; PL; (Log,L;)-sm. | C B(x*,r)CQ Fxew) = < (f(xo) = f*)x
T
1 r
rnax{j7 1- L D? } X
1 Pu K
max{T 1— W} (see Th.3.2)
2
FW C; L-smooth C ) —f< 2kL+D3
(Lo,L1)-FW
2e(Lo+Li maxi |V f(x)|| ) D?
Algorithm 1 | C; (Lo, L;)-smooth ‘ C ‘ ‘ FOR) = f(x*) < e(Lo Im‘;:! 7)) ‘

Lemma 2.1 (Proposition 1 from [5] Lemma 2.5). Definition 2.2 holds if and only if, for all
x,y € R",

Lo+ Li[[V/)|
2

We will derive our algorithm from that upper bound. That inequality can be seen as a gener-
alization of the standard quadratic upper bound [18] with L; = 0.

The Frank—Wolfe gap [3, 4] serves as a standard optimality measure and practical stopping
criterion.

exp (Li [lx—y[) [|x—yl*.

f) <)+ (VF(x),y—x) +

Definition 2.2. The Frank—Wolfe gap of a function f : Q — R is defined as
G(x) =max —Vf(x) " (s—x).
seQ
which satisfies the fundamental inequality

G(x) > Vf(x)' (x—x") > f(x) = f*>0. (2.6)

3. (Lo,L1)-FW ALGORITHM
The (Lo, L )-Frank—Wolfe (FW) algorithm is presented in Algorithm 1.
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Algorithm 1 (Lo, L;)-Frank—Wolfe Algorithm ((Lo,L;)-FW)

: Input: fixed parameters Ly > 0, L; > 0, and the maximum number of iterations N
:fork=0,1,...., N—1do

Sk < LMO(Vf(xk))

dk — Sk — Xk

T

9]

— Vf(xk)Tdk }

(Lo + Lt [[V £ (xi)|1) [|di||*e
X1 € Xk + Oy

end for

: Output: final iterate xy

(Xk(—min{l,

® 3

In the following sections, we derive convergence estimates for Algorithm 1 under different
assumptions. Before doing so, we first establish a descent lemma, formulated for the class of
(Lo, Ly )-smooth objective functions.

Lemma 3.1 (Descent Lemma). Let f be a convex function satisfying the (Ly,L;)-smoothness
condition (Definition 2.2). Then, for Algorithm | and every iteration k > 1, the following in-
equality holds:

f(Xk+1)—f(Xk)§M.mm{1,( V() Tdy }

2 Lo+Li [V (xe) ) ldil|?e
where D = max, ycq ||x — y|| and di = s — xi with s € LMO(V f(xy)).

Proof. Letay=Lo+L1||Vf(x¢)||. Since f satisfies the (Lo, L;)-smoothness condition, Lemma 2.1
implies

a
Flarn) = flu) < o Viflu) ' di+ Ekea"L' ko | |1 (3.1
If oy is chosen so that

1
k1 — x| = ogel|di]| < L (3.2)

then e®L1lldkll < ¢ and inequality (3.1) simplifies to

are
S Ooret) = £) < 0V () T =5 o[ (3.3)
Minimizing the right-hand side of (3.3) over oy € (0, 1] yields
. —Vf<xk>Tdk}
o =ming 1, ————>— . (3.4)
¢ { ar||di||%e

We verify that ¢ satisfies (3.2). When o < 1, we have
(=V o) "do)Lilldill < IV Cao) [l il La | dile < agldi] e,

which implies
— V() Td _ 1
aglldill*e  — Lulldx|
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If of = 1, the same inequality follows directly:
— V() Tdy 1!
al|dy|[>e  ~ Lilldill

Thus, oy satisfies (3.2), and (3.3) holds with oy = a;’. Substituting this step size into (3.3)
yields

1<

e —Vix)'d
f(xk+1) _f(xk) < OCka(xk)Tdk+ _akHdkHzak (f(—k)zk)
2 ak”dk” e (3.5)
(04
- Ek Vf(xk)Tdk.
Finally, substituting oy from (3.4) into (3.5) completes the proof. 0

3.1. Linear convergence under strongly convex sets. We now establish the linear conver-
gence rate of Algorithm 1. For this result, the objective function f is not required to be strongly
convex; instead, we assume that the feasible set Q is strongly convex.

Definition 3.1 (Strongly convex sets [16]). A set Q is called strongly convex if there exists A > 0
such that, for any x,y € Q, every point z satisfying ||z — (x+v)/2|| < A||x —y||? also belongs to
0.

Examples of strongly convex sets include ¢-balls and ellipsoids. Such sets possess several
important properties, one of which is the so-called scaling condition.

Proposition 3.1 (Scaling condition for strongly convex sets). Let Q be a strongly convex set
with constant A (Definition 3.1), and let W be any nonzero vector. Define s = argmingc v'y.

Then, for allx € Q, —y " (s —x) > 24| w|/||s — x||%.

The original statement of this proposition appears in the seminal work of Levitin and Polyak [16]
(Theorem 6.1, p. 5). An alternative proof can be found in [4] (Proposition 2.19), where the result
was established for a more general class of (@, ¢)-uniformly convex sets.

Theorem 3.1. Let f be a convex (Ly,Ly)-smooth function such that |Vf(x)|| > ¢ > 0, and let
Q be a strongly convex set with constant A. Then Algorithm 1 satisfies

2" e \*
f(xk+1)_f*§(f(xo)_f*)max{%7l_zeLl} max{%’l_Zezo} ’

where T denotes the number of iterations such that Ly < Ly ||V f (xx)
of iterations such that Ly > L1 ||V f(x¢)||-

, and K denotes the number

Proof. We distinguish two cases.
Case 1: oy < 1. Substituting the corresponding step size (2.5) into the descent inequality of
Lemma 3.1, we obtain

T 2 (3. x ‘
o)~ S 2 gy IS APV g g
VIO gy — pry = 2 VT ) — ).

e a e L + Ly ||V £ ()|
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After straightforward algebraic manipulation, we get

L /1T

e Lo+Lil[Vf(w)]
We now consider two subcases. If Ly < Ly ||V f(x¢)||, then

fuﬂo—J*scﬂmJ—fﬂ(l—zid).

ﬂwm—ﬁéﬁm%fﬂo

Otherwise, when Lo > L1 ||V f(x¢)||, we have

Fousn) =< (Flw) — £7) (1 _%.W)

Ac
< — (1= .
< () =1 (15052
Case 2: oy = 1. In this case, applying Lemma 3.1 with oy = 1 yields

V() Td 291

) = fla) < 5 = E(f(xk)—f*),

which implies

foq1) = f* < %(f(xk)_f*>'

Combining these inequalities gives the claimed linear convergence rate. 0

As previously noted, the estimate in Theorem 3.1 improves upon the classical Frank-Wolfe
method with the shortest step size, whose rate satisfies

k—1
o) =7 < (7o) = Pmax{ 31 - 351

(see, e.g., [4]), particularly in the regime where L > L and L > L.

3.2. Linear convergence under the gradient dominance condition with x* € Int(Q). We
now establish the linear convergence rate of Algorithm 1 under a different set of assumptions. In
this setting, we consider objective functions that satisfy the Polyak—t.ojasiewicz (PL) inequality.

Definition 3.2 (Polyak—}t.ojasiewicz condition). A differentiable function f is said to satisfy the
PL condition if there exists a constant ¢ > 0 such that

SIVF@IP > ()~ f), v

It is important to note that, in this case, the small parameter u is absent when Lo > Ly ||V f(x) ||,
which results in faster convergence of our algorithm compared to the standard Frank—Wolfe
method.

The PL condition was introduced by Polyak [23]. This class of functions includes all strongly
convex functions. Later, Karimi et al. [10] showed that the PL condition also encompasses
several broader families, such as weakly strongly convex functions, functions satisfying the
restricted secant inequality, and essentially strongly convex functions. Typical examples include
logistic regression loss and least-squares objectives.
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In this setting, we relax the assumptions on the feasible set. Specifically, we require only that

Q is convex and that the solution x* lies in its interior, i.e., x* € Int(Q). We now recall a well-

known scaling condition that holds under this assumption. Additionally recall that B(x,r) def

{z:||z—x]|| < r} is the ball of radius r around x.

Proposition 3.2 (Scaling condition for convex sets). Let Q be a convex compact set, and let f
be a smooth convex function. If there exists r > 0 such that B(x,r) C Q, then, for all x € Q,

~Vfx) (s —x) 2 r||[VF)ll.

The proof of this result can be found in [4, Proposition 2.16].

We are now ready to prove the linear convergence rate for convex objectives satisfying the
PL condition. Notably, this result does not require a lower bound on ||V f(x)||, in contrast to
Theorem 3.1.

Theorem 3.2. Assume that f is a convex (Ly,L)-smooth function satisfying the PL condi-
tion 3.2 with constant |1 > 0. If there exists r > 0 such that B(x*,r) C Q for the solution x*, then
Algorithm 1 satisfies

Fln)— £ < () - max{E - T V[ PR A
it =V TN T qer, 02 [ N2 T 2eroD? [

where T denotes the number of iterations for which Ly < L1 ||V f(x¢)||, and K denotes the num-

ber of iterations for which Ly > L1 ||V f(x¢)||-

Proof. As in Theorem 3.1, we consider two cases.
Case 1: Algorithm 1 has og < 1 at iteration k. Starting from the descent inequality of
Lemma 3.1, we have

L (Vf(x) Td? G2 PV )|
=T 2 00 g alr = 2eagldel?

Recalling that a = Lo+ L1 ||V f(xx)||, we distinguish two subcases.
When Lo < L ||V f(x)||, we obtain

PV 62 Pulf ) — 1) PR — %)

o) = f(xrq1) >

deLol|de||? — 2eLolldi||>  — 2eLyD?
After straightforward algebra, we obtain
. ‘ ru
S O1) = < (f () = F7) <1_2eL0D2>' (3.6)

In the remaining case, when Lo > L; ||V f(x)||, we have

G2 r(=Vf(xe) " dy) @O r(f(a) — f7)

r(f (o) — f7)
Foo) =flan) 2 =200 2 heL, [P |

4€L1D2

>
Consequently,

Flsee) = = () =) (1= 30 ) 67
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Case 2: oy = 1. Following the same reasoning as in Theorem 3.1, we use the descent in-
equality of Lemma 3.1 with the appropriate step size:

Vi) Td 2O 1

F ) = flo) < =22 (P ) = 1),

which implies

k 1 %
o) = < E(f(xk) —f).
Combining these inequalities yields the claimed linear convergence rate. U

Finally, we compare this result with the classical Frank—Wolfe convergence estimate for L-

smooth functions under the same setting:
k—1

1 r u

x)— < (f(xo) = f)maxs =, 1 — —= .

Once again, we observe an acceleration when L > L and L > Ly. However, we emphasize an

additional distinction from the classical formulation: in our case, acceleration occurs not only

due to the inequalities L > L and L > L, but also due to the absence of the u parameter from

the PL condition 3.2 in the case Ly > Li||V f(x)||. Since u is typically small, the classical
convergence estimate is often slower than the rate established for our proposed algorithm.

4. ADAPTATION PROCEDURE FOR THE (Lg,L;)-FW ALGORITHM

The adaptive variant of Algorithm 1 is presented in Listing 2 (denoted as Adapt (Lo, L;)-FW).

As mentioned in the introduction, it employs a more flexible adaptation mechanism compared
to standard approaches. In our method, the parameters Ly and L; are adjusted individually, in
proportion to their respective contributions to the total value a; = L(()k) + Lgk) |V f(x)]|. More-
over, both parameters are divided simultaneously but multiplied sequentially, one after another.
The corresponding adaptive mechanism is illustrated in lines 7, 8, 17, and 20 of Algorithm 2.

We now show that the adaptive procedure in Algorithm 2 does not deteriorate the convergence
rate, and that all convergence theorems preserve their corresponding estimates. Our analysis
follows the approach of [19] (Lemma 4), adapted to our setting.

Lemma 4.1. Assume that f is an (Lo, L )-smooth function 2.2 with constants Ly and Ly, and
let n; denote the number of inequality checks in line 13 of Algorithm 2. Then, for an adaptation
factor p > 2, the following bound holds:

i"' <N(1+log(p+1)> 1 o min{pLoy, L§}**} + min{pL;,LT**}
l log(p —1) log(p—1) L(()O) +L§O)
—ow 4.1)

k k k k
Proof. Let a; = L(() ) +L§ )||Vf(xk)|], po = L(() )/ak, and p; = (Lg )||Vf(xk)||)/ak. From Algo-
rithm 2, during iteration i we have

i P (- § i1
L((,)+L§)z—p+1 @i+,
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Algorithm 2 Adaptive (Lo, L )-Frank-Wolfe Algorithm (Adapt (Lo,L;)-FW)

1: Input: initial parameters L(()O) >0, Lgo) > 0, Ly™ > 0, L™ > 0, maximum number of
iterations N, scaling factor p > 2

2: toggle <+~ 0

3: fork=0,1,...,N—1do

4: Sk LMO(Vf(xk))

5: dy < si —xk

6 a L)+ LV

7 Lék>eLé’/<p+L >/ 0

s LY LYo+ WOV A far)

9: while True do

10: ar — LY+ L9V @) |

. —V () "dy

11: Oc(k)<—m1n{1, alldi] e }

12: X1 < Xg + ogdy

13: if £ (1) < f(a) + a()VF () "di + % a(k)?||di||* then
14: break

15: else

16: if toggle = O then

17: LY min{t - (p — L jar), Lmx}
18: toggle «— 1

19: else
20: LY e minf{" - (p — WOV £ ) far) LT}
21: toggle < 0
22: end if
23: end if
24: end while
25: end for

26: Output: final point xy

Taking natural logarithms yields

(@) , ()
log(p +1) 1 Ly +L
ni = 1+ + O - - .
log(p—1) " log(p—1) 70~V 71
Summing overi =0,...,N
N N
in.<N+Nlog(p+1) | lOng ) L)
=7 log(p—1) ~log(p—1) "= O 4 1 ©
SN(H_log(p—kl)> 1 logmln{pLo,LO 0}+mt)n{pL1,L] }
tog(p—1)) " Toglp—1) L0 20

gives the claimed O(N) bound. O
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Lemma 4.2 (Descent lemma for adaptive parameters). Let f be a convex function satisfying
(Lo, Ly)-smoothness 2.2. Then, for Algorithm 2 and for each iteration k > 1, we have

Vi) Tde . —V£(x) di
Pl — fo) < O i 1 IO e
(267 + 121V £Cx0)1 ) 1l 2e
Proof. This follows directly from the fact that, at each iteration, the parameters L(()k) and Lgk) are
chosen to satisfy inequality (3.1). U

Corollary 4.1. If f satisfies all assumptions of Theorem 3.1, then Algorithm 2 satisfies

()= < o)~ omax {31 A e [ g A1
TOi1) =17 = (Flo) = frymaxy o, 1= o e p MaX 9 901~ gppmas |

where T and K are defined as in Theorem 3.1, and L7 = max;—o, .. k Ly).

Corollary 4.2. If f satisfies all assumptions of Theorem 3.2, then Algorithm 2 satisfies

JGo) = fF < (f(x0) — f*) ma : 1 : Tma ! 1 ol ‘
Xpr1) — X0) — x{=1—— X4 - 1——" =

U 2 delpD? 2! T eLpepE |
where T, K, and L‘}“‘X are defined as above.

5. CONVERGENCE RATE FOR THE GENERAL CONVEX CASE

In this section we prove the suboptimal convergence rate of Algorithm 1 for the general
convex case.

Lemma 5.1. Assume that for a sequence 0 < hy, ..., hy and some K4, > 0 we have
hy,
i < hy (1 — ) )
* Kmax
Then, fork >0 € Z,
Kmax
< .
k+1 > k+3

Proof. The proof proceeds by induction. For £ = 0, we have

hl < hO 1— hO < Kmax < Kmax _ Kmax’
max 4 3 043
where the inequality follows from the upper bound of the function f(x) = x — K)If — forx > 0.
Assume the statement holds for some &, and let us prove
Kmax
hiin < .
k+2 > k+4

Kmax

We consider two cases. If A <
hiy1 > %, then

4 the inequality follows immediately. Otherwise, if
k+3 < Kmax k+3 o Krnax

k+4 = k+3k+4  k+4
where the second inequality follows from the induction hypothesis. U

Mo < higq
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Theorem 5.1. Assume that f is a convex function satisfying the (Ly,L;)-smoothness condi-
tion 2.2. Then, for Algorithm 1, for each iteration k > 1,
o _ 2eD* (Lo+ Ly maxy ||V.f (xi)||)
f(xk)—f(x)§ k+3 ’

where D = max, yeq ||x — |-

Proof. We use the descent inequality from Lemma 3.1:

Vi) de { — V) Ty }
X —flxp) £ ————— min« 1, . (5.1)
Sl = fow) = = (Lo LV FCs)]) e e
We consider two cases.
Case 1: a(k) = 1. From (5.1), we have
1 T,@91
f@er) = fOu) < SVFQ) die < 2 (7 = flw),
and hence |
foen) =7 < S (f () = 1)
Subtracting f* from both sides of (3.3) with o(k) = 1 yields
% % a
FOrsr) = f5 < =f 4 fla) + Vf(x) i + 3k||dk||2€
Q3 § a a
< LS+ V) 0 )+ el e < 5 i e
<0 (by ;gnvexity)
Thus, for a(k) = 1, we obtain
* . a 1 *
Flosen) = < mind HlaulPe. 50700 - 1)} 52)
Case 2: a(k) < 1. Substituting the step size (3.4) into (5.1) yields
1 (V£(xx) "di)?
Floenn) — £l < 3 TR A7 5.3

— 2 agdilPe

We now establish the convergence rate by induction. For k = 0 and a(0) = 1, from (5.2) we
have 5
« Qo 2max{ag,a; }D"e
Fle) = 1 < Dl |Pe < 2D
For arbitrary k+ 1, the desired inequality follows directly from the induction hypothesis and the
right-hand side of (5.2).
If o(k) < 1, we slightly reformulate (3.5):

Vo) Tdi)2 26) Vi) 'd
Fesn) = f* < (Flw) = ) = %% < U=/ (1 —%) |

Denoting i = f(x;) — f* and K = 2ay||di||>e (note that i < K by (5.1) and the convexity of
f), and applying Lemma 5.1, we obtain

2eD? (Lo + Ly max ||V f(x)]])

fay) = < 13 )
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It is well-known that the O(1/k) rate is optimal for the Frank—Wolfe method [22]. Hence,
asymptotically, our estimate matches the standard Frank—Wolfe rate.
6. NUMERICAL EXPERIMENTS

In this section, we present numerical experiments illustrating the performance of the proposed
Algorithm 1 ((Lo,L;)-FW) and its adaptive variant, Algorithm 2 (Adapt (Lo, L;)-FW). The aim
of these experiments is to demonstrate the advantages of the proposed step-size selection rule
compared with classical and previously known adaptive Frank—Wolfe variants.

6.1. Objective function. We consider the optimization of the logistic regression objective

fo=

1

n
log (1 +exp(—yi(Ax);)),

=1

where x € R?. This function is smooth in the classical sense and also (Lo, L;)-smooth. The

classical smoothness constant is L = max; ||A;||?, and the (Lo, L;)-smoothness constants are set

to Lo = 0 and L; = max; ||A;]|, typically with ||A;]| > 1.

6.2. Data generation. The matrix A and vector y were generated using standard normal distri-
butions:

A~ AN(0,1).
Each column of A was multiplied by a scalar 2/, where j is the column index. The label vector
y was then generated as
y = sign(A " x4 + noise),
where x4, is a randomly generated solution vector, and sign returns the sign of each element.

In all cases, the data are uncorrelated and slightly noisy. We considered three geometric
settings for the data distribution:

(1) Random points uniformly distributed on the ¢,-ball of radius 25, with increasing number
of features and dimension.

(2) Random points uniformly distributed on the 1-simplex, with increasing dimension.

(3) Random points uniformly distributed on the /.-ball, with increasing dimension.

6.3. Compared algorithms. The following algorithms were compared:
e Classic FW: the standard Frank—Wolfe algorithm using the shortest-step rule

o :min{Vf(xk)T(Sk—xk)7 1}7

L||sg — x|

where L is the Lipschitz constant of the gradient and s is the solution of the linear
minimization oracle (LMO).

o Adaptive Classic FW: identical to the classical Frank—Wolfe algorithm, but with the
smoothness constant L updated adaptively at each iteration, as analyzed in [1].

e (Lo,L;)-FW: proposed algorithm (Algorithm 1), with fixed parameters (Lg,L;) set in
advance, e.g., known for the logistic regression objective.
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e Adapt (Lo,L;)-FW: proposed algorithm (Algorithm 2), which employs an adaptive
step-size rule based on the constants (Ly, L), with sequential updates for each parame-
ter.

6.4. Results and discussion. The experimental results demonstrate that the additional adaptive
correction in the proposed Adapt (Lo, L;)-FW algorithm consistently accelerates convergence
across all test cases. This algorithm achieved the best performance in all experiments. Similarly,
the (Lo, L;)-FW algorithm also significantly outperforms the standard Frank—Wolfe algorithm.

The improvement provided by the adaptive procedure stems from the finer tuning of the step
size: the adaptive update in Adapt (Lo,L;)-FW increases the parameters more smoothly and
conservatively, avoiding abrupt changes that could hinder convergence. Additionally, alternat-
ing the parameter updates enhances the convergence speed, as the aggregate value

ar = Lo+ L1 ||Vf(xe)]|

increases more gradually and stabilizes earlier than in more aggressive adaptive schemes.

7. CONCLUSION

In this work, we introduced two new versions of the Frank—Wolfe method for (Lo, L)-
smooth objective functions: the (Ly,L;)-FW algorithm and its adaptive counterpart, the Adap-
tive (Lo,L;)-FW algorithm. For both methods, we established convergence guarantees under
multiple settings, including general convex objectives, convex objectives over strongly convex
feasible sets, and convex objectives satisfying the Polyak—t.ojasiewicz (PL) condition with the
solution in the interior of the feasible set.

The numerical experiments confirm the theoretical results and show that the proposed algo-
rithms outperform the classical Frank—Wolfe method and existing adaptive variants. In partic-
ular, the adaptive version exhibits a clear advantage due to its capability to dynamically adjust
the parameters Ly and L based on the local problem geometry.

Our adaptation strategy differs from previous approaches that adjust only a single Lipschitz-
like constant. Instead, we adapt both parameters simultaneously, accounting for their relative
contributions in the composite smoothness model, which renders the procedure more flexible
and responsive.

Despite these encouraging results, several open questions remain. For instance, how large can
the adaptive parameters become relative to the true (Lg,L;) values? And what are the optimal
initial choices of Ly and L; when these parameters are not known a priori?
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