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OBLIVIOUS STOCHASTIC CONVEX OPTIMIZATION
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Abstract. In stochastic convex optimization problems, most existing adaptive methods rely on
prior knowledge about the diameter bound D when the smoothness or the Lipschitz constant
is unknown. This often significantly affects performance as only a rough approximation of D is
usually known in practice. Here, we bypass this limitation by combining mirror descent with
dual averaging techniques and we show that, under oblivious step-sizes regime, our algorithms
converge without any prior knowledge on the parameters of the problem. We introduce three
oblivious stochastic algorithms to address different settings. The first algorithm is designed
for objectives in relative scale, the second one is an accelerated version tailored for smooth
objectives, whereas the last one is for relatively-smooth objectives. All three algorithms work
without prior knowledge of the diameter of the feasible set, the Lipschitz constant or smoothness
of the objective function. We use these results to revisit the problem of solving large-scale
semidefinite programs using randomized first-order methods and stochastic smoothing. We
extend our framework to relative scale and demonstrate the efficiency and robustness of our
methods on large-scale semidefinite programs.
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1. INTRODUCTION

We address stochastic convex optimization problems where regularity parameters are

unknown a priori. Our goal is to solve the population loss minimization problem
min - F(z) := Ee[fe(x)]
with ¢ being a random variable, f: being convex functions, and & being a convex set.
In the adaptive setting ([2, 14]) three key assumptions are fundamental in all our prob-
lem settings. We first assume access to an unbiased stochastic oracle V f¢(x) estimating
VF(x),ie.
Ve e X, E¢Vfe(x) =VF(x),

which provides noisy gradient information for the population loss. The second assumption
is the availability of a strictly convex function H that serves as a regularizer. For example,
we could define H as the squared norm H = || - ”;29 for ¢, spaces when 1 < p < 2. The last
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assumption concerns various bounds on the problem depending on the setting, that will
be detailed in the next subsection.

1.1. Problem settings. We focus on oblivious algorithms in multiple problem settings,
namely optimization in relative scale, standard smoothness and relative smoothness as-
sumptions. In what follows, we write the Bregman divergence of a continuously derivable
function f by D/,

Vo,ye X, Df(z,y):=f(z)— fly) — (VI(y),z —y).

Optimization in relative scale. In the relative scale setting, we extend the results
from [22] which imposed a relative constraint on the stochastic oracle and a lower bound
on F, written

Vo e X, Bel|Vfe(o)l?] < MP()

IH,340 € X Vr € X, F(z) > F(H(x) - H(@@),

where M, T" > 0 are positive constants and z, € X a fixed point in the space. In the
original setting [22], the condition is satisfied with H(z) := ||z — &||3 being the Euclidean
norm. As a consequence, the objective function F must be positive. The authors used
prior knowledge on (M, T, %) and designed an algorithm that guarantees the following

convergence rate,
[2M
]E[F($T+1)] — F,. < F, T’

where z7,4 is the final output of their algorithm.

Minimizing smooth convex functions. For the standard smooth case, we require
the objective function F' to be L-smooth with respect to an arbitrary norm || - || and the
stochastic noise to have a finite variance o2, i.e.,

L
Vo,y € X, DF(z,y) < Sl = yl)?

Vo€ X, Ee[|Vfia) - VE@)|?] < ?,

where || - ||+ is the dual norm of || - ||. In that case, we can use the accelerated framework
in [13] to obtain
LD? oD
E[F($T+1) — F*} < T2 + ﬁ,

where xp; is the output of the accelerated algorithm. The convergence rate is optimal
for the smooth case [18, 13], but the algorithm requires prior knowledge on L and D.

Optimization for relatively-smooth functions. In the relatively-smooth setting
[6, 15], the smoothness is related to a convex function H instead of a norm. We note
that, in the relatively smooth case, H is only required to be strictly convex and twice
continuously differentiable. We assume that the stochastic oracle satisfies

Yo,y € X, D'(v,y) < L.D"(v,y)
v <o, Ee D™ (VH(@) - 2V fe(er), VH(x))| < 27%°,
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For that relative smooth case, we can use the mirror descent algorithm in [6] to get

< O'DQ ’

~ \/T

where xp, 1 is the final output of the algorithm. Note that we need an extra assumption
in relative smoothness to show convergence.

E F(I‘T—s—l) — F*

Assumption 1.1. For all y € R?, the following problem
min H (z) — (y, =)

TeEX

has an unique solution in the interior of X.

1.2. Related work. Previous methods required prior knowledge of different parameters.
Having no or partial information on the problem’s parameters has a direct impact on
the performance of most first order algorithms, as they are often used to select step-sizes
for example. Even if one does have a rough estimate of some parameters (such as the
Lipschitz constant), over or under-estimation makes these algorithms slow and inefficient.
The key challenge is developing algorithms that can either handle parameter uncertainty
or learn these parameters from scratch.

1.2.1. Polyak step-size and Line search. For the non-smooth case, the Polyak step-size
offers a viable alternative [23], but this method requires knowledge of F, := min F. For
the smooth case, line search methods help if the gradient is known exactly [21, 24], but
designing a stochastic counterpart of line search is still an open question.

1.2.2. Grid search. When direct evaluation of the objective function F' is feasible, an
alternative strategy involves running multiple parallel algorithm instances, each configured
with different parameter settings. The final solution is selected as the output that achieves
the minimum value of F'. This Grid seach approach was originally proposed by Nemirovski
for smooth problems where the gradient is deterministic and known, recommending log(7")
parallel sessions to achieve optimal performance guarantees. We have extended this idea
for the stochastic case when evaluating the objective is still possible but might be costly.
More details can be found in Section 4.

1.2.3. Adagrad and online algorithms. For the smooth case, different variations on the
Adagrad step-size [7] prove useful if we have prior knowledge on the diameter D of the
feasible set X', but L remains unknown. Writing g, = V f¢, (z) the stochastic oracle at z,
the Adagrad step-size becomes

2D
e = — .
NOZES S AL

We mention here a general adaptive method [14] that works for both non-smooth and
smooth cases, and has inspired our proof technique. In the smooth case, the convergence
rate becomes

LD? n oD
T T

E[F(a:TH) - F} <
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which is the standard non-accelerated rate. In comparison, the optimism in online learning
scheme (2] provides a sharper accelerated rate written

LD? oD
5 — =t —=,
T™NT VT
but the optimism algorithm requires implicitly prior knowledge on D. In the same way,

another rate O ( 22 I%gz(MT) + 2 kf(TMT)) is derived in [2]; however, this method requires
an almost sure bound on the stochastic gradients, aside from knowledge of Dj.

More bounds have been provided in later works [11], but they require additional con-
ditions or have a convergence rate explicitly depending on the dimension d, so we omit
them here. On the other hand, a parameter free online mirror descent algorithm has
been proposed in [10], assuming extra conditions on the second derivative of the proximal

function, which do not cover the smooth case described here.

E [F(xT+1) - F]

1.3. Our contributions. Our objective here is to develop algorithms capable of handling
diverse stochastic convex optimization scenarios where key problem parameters remain
unknown.

1.3.1. Composite Mirror Descent with Oblivious Step-sizes. When confronting optimiza-
tion problems with limited knowledge of regularity parameters, we introduce a regulariza-
tion framework H based on complementary composite stochastic optimization techniques
[3, 5, 20]. We then construct a family of oblivious step-sizes {«y, 5;,7:} that enable con-
vergence without requiring prior knowledge of Lipschitz or smoothness constants.

1.3.2. Applications Across Different Problem Classes. Our algorithmic framework applies
to three important non-smooth optimization settings: relative-scale precision targets [22],
smooth objectives [8], and relatively-smooth functions [6]. Relative-scale optimization
measures complexity in terms of digits of precision gained rather than absolute precision
targets, often yielding substantial computational savings. Relative smoothness generalizes
the objective function’s geometric properties by relating them to arbitrary regularization
functions instead of standard norms.

1.3.3. Practical Impact and Theoretical Foundations. Our oblivious algorithms combine
ease of implementation with strong empirical performance while providing interesting the-
oretical convergence guarantees. We summarize our contribution with respect to existing
methods in Table 1.

1.4. Applications to semidefinite programming. Consider the problem of minimiz-
ing the maximum eigenvalue of a symmetric matrix x, over a convex set X C S?, written

min Amax (), (1.1)

in the variable z € S where S? is the set of symmetric real d x d matrices.

While semidefinite programs (SDP) can be efficiently solved by interior point methods,
their algorithmic complexity becomes prohibitive for large-scale problems. First-order
methods offer a viable alternative, albeit with a potential sacrifice in accuracy. For many
large-scale applications however, achieving an approximate solution within an acceptable
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Oblivious
Class D | M/L/L, | Unbounded noise Convergence rate
Relative scale x % v O( T ? > 14
v v (W + L
x| v v o(LD2 ) 1 4]
L-smooth x| v v O LR . oleslt
X v X O((LD2 +72) ) 2]
v v (2 + )"
L,-relatively-smooth | x X v O (‘1%1) 6]
L,-relatively-smooth | v/ v X O (U—\%’ + ﬁ> w

TABLE 1. Summary of convergence rates with limited prior knowledge on
parameters (absolute constants omitted). The exponent n is the degree of
the oblivious step size which can be chosen in an arbitrary way. () are
the contributions of this paper. Results given with O have an additional
polylog factor.

range of the optimum is often sufficient. This has fueled a growing interest in the de-
velopment of efficient first-order algorithms to handle large-scale semidefinite programs
[4, 25].

Three common approaches to solve problem (1.1) will serve as a starting point for
our work. The first approach is the celebrated mirror prox algorithm [16], whose main
limitation is the requirement of a full spectral decomposition of a symmetric matrix at
each iteration.

A second approach is based on a technique known as stochastic smoothing. In [4], for
instance, the authors use stochastic smoothing with k£ random rank one perturbations
and target precision € > 0 to produce a smooth approximation Fy, ., written as follows

1ty

Fie(x) =K. n0.1,) [ max, Amax (x + (¢/d)ziz; )] )

More recently, a different type of stochastic smoothing based on matrix powers with
exponent p > 1 was formulated in [22] as

Fp(x) = Eueu([o,ud) [ (xu, U>l/p] .

Computing the minimum of an approximate objective function, as above, can be more
effective depending on problem structure. A more detailed comparison is given in the
introduction of [4] and in [22]. For solving large scale SDPs, we will call F' the approximate
objective given by a form of stochastic smoothing (it could be Fj . or F},) and we will
suppose F' convex (which is the case above).



408 C. LEZANE, A. D’ASPREMONT

2. PRELIMINARIES

We recall the framework of the Stochastic Convex Optimization problem

min  F(x) = Blfe(a).

TEX

We suppose that we have a stochastic gradient oracle V f¢(z), and define the composite
mirror descent step as

T4l = arg mxin{at<vf£t (ﬂﬁt), iU> + 5tH(»T) + ’YtDH(x> 33t)}

where {4, Bi, Ve }i>1 is our sequence of step-sizes. Inspired by previous works on the
composite setting [1, 3, 8, 19], we focus on the following regime

— <
Y1 — Y < By (2.1)
’Yt/at < ’Yt+1/04t+1-

Particularly, when the information on different parameters of the problem is not avail-
able, we will consider general oblivious step-sizes that do not take any parameters into
account. More precisely, we use a family of polynomial step-sizes a; o< t™, B, o< ut™, v,
ut™ ™ /(n+1) with a constant ¢ > 0 and a degree n > 0. As we will see later in Section 3,
the parameters (u,n) are oblivious to the instance, as they are selected a priori, in a
problem-independent way.

2.1. Useful Lemmas. We introduce important lemmas in this subsection. First, we
present an extension of the three-points identity.

Lemma 2.1. Let f be a convex function and v continuously differentiable. If we consider
u' = argmin{f(u) + D"(u, )},
with the Bregman divergence D¥(a,b) :=v(a) — v(b) — (Vv(b),a — b), then, for all u,
fu*) + D"(u*,y) + DY (u,w*) < f(u) + D”(u,y) — D" (u,u”).
Proof. From the first order optimality conditions, for all u € X
(Vfu*)+V,D"(u*,y),u—u*) >0,
with the gradient taken with respect to the first entry. We also apply the three-points
identity
(VD" (u*,y),u —u*y = D"(u,y) — D"(u,u*) — D" (u*,y).
Then
flu) = f(u*) = D! (u,u*) = (V f(u"),u — u*)
> D" (u,u*) — D"(u,y) + D" (u*,y).
OJ
We note that Lan’s work [8] follows a similar route, except for a negative Bregman

divergence term upper bounded by zero, that we maintain here. We now introduce an
extension of Lemma 4 in [6] in the case of relative smoothness.
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Lemma 2.2. Let f be a convex function and v continuously differentiable. If we consider
u* = argmin{f(u) + D"(u, y) },
with the Bregman divergence DY (a,b) := v(a) — v(b) — (Vv (b),a — b) and u* is in the
interior of X, then, for allu € X |
f(u*) = f(u) + D"(u*,y) + D' (u,u*) = D"(u,y) — D" (u,u").
Proof. The proof is similar as before with only difference of u* being in the interior of X,
Vf(u*)+ VD" (u*,y) = 0.
The rest follows. OJ

For the relative smooth case, it is also to show the Lemma 3 from [6] on thes property
and cocoercivity of the Bregman divergence.

Lemma 2.3. Consider two convexr functions F,H : X — R where F' is L,-relatively
smooth H. For any 0 <n < Li* and x,y € int(X),
D" (VH(x) = n(VF(z) = VF(y)), VH(x)) <nD"(z,)
where H, is the convex conjugate of H.
Proof. For all y € int(X'), we note
DF(-y) = F() = F(y) = (VF(y), —y)

Therefore, for any n < L%, y,xz,u € int(X) we know by the definition of relative smooth-
ness

F 1
D" (u,x) = D”" "V (u,x) = D" (u,y) — D" (x,y) = (V. D" (z,y),u — ) < EDH(UJJ)

We notice that the function Q. : u — D" (u,z) + D" (2,y) + (V. D" (z,y),u — ) is
convex, greater than D (u,y). We note u™ as the minimum of @, ., the gradients cancel
at this point:

%(VH(U*) - VH(x)) +V.D (2,9) =0
& VH(u') = VH(x) — nV.D¥ (v,y) = VH(x) — nVEF(x) +nVF(y).

By the previous inequality, we know that, for any n < L%,

0 < DF(u',y) <Qya(u”)

1
=DM (ut,2) + D (2,9) + (VoD (@, ), u" = )
1

1
ZEDH(uJF,:E) + DF(z,y) + E(VH(:L’) — VHu"),u" —z)
1
:DF(xa y) - EDH(:Ea u+)
We conclude by noticing that
D¥(x,u™) = D" (VH(u"),VH(z)) = D" (VH(x) — nVF(x) + nVF(y), VH(z)).
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3. COMPOSITE MIRROR DESCENT

Our approach combines stochastic mirror descent with dual averaging to minimize
convex functions without prior knowledge about the problem. The general analysis takes
inspiration from existing methods like minimization in relative scale [22], the composite
setting [3], and relative smoothness [6]. In the following part, we will present three
variations of our algorithm in these various settings.

3.1. Relative scale setting. We recall that in the relative scale setting, there exist
constants ', M > 0 and a fixed point Zy such that, for all z € X,

PH(x) — H(io)| < F(x)
B[V felw, O)I2| < MF(2).

We notice that in the Euclidean case where H(z) = || - ||3, our setting recovers that
described in [22], where

Plle — 2.l < F(x).

The first line is an extension of the quadratic lower bound assumption over the objective
function and the second line controls the stochastic oracle noise using the objective func-
tion. In order to solve the previous problem without prior knowledge on the constants
' M or the location of zy, we have designed the following composite mirror descent
algorithm.

Algorithm 1 Composite Mirror Descent for Relative Scale

Require: Number of iterations 7" > 0, starting point x; € X, step-sizes (o, Bt Vt)e>1,
regularizer H
for 1 <t<T do

Typ1 = arg Iwréi/g{axvf& (), ) + BeH (x) + D" (2, 2,)}
end for

T
ag . _ 2op—y Tt
Output 2,7 = == .
Dim1

Unlike in the original setting, we will also suppose that F' is explicitly bounded by
an a priori unknown constant £. Our convergence result is similar to existing results in
[3, 12, 17] with some extra terms due to the new constraints.

Theorem 3.1. Assume that H is 1-strongly-convex with regard to || - || and there exist
M, L >0 such that for all x € X,

I'H(z) —min H) < F(x),
E[IIV felw, O] < MF(2),
F(z)—F, < L.
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Suppose Algorithm 1 runs under the oblivious step-size (2.1). Then, for any p satisfying
2Mn )T < p < g,

Mn  p p(H (20) — Hy) Mun\mtt D (g, a,)
uT F) * T +£( ) * '

E[F(2%9)] — F, = O (<— + ), T e

We note that the first two terms with F, and H, are part of the standard result for
optimization in relative scale. A large part of the proof follows the same scheme as
3, 9, 22].

Proof. To simplify notation, we write g, = V f¢,(z;). By the proximal lemma (Lemma
2.1) applied to u =z, y = x4, u* = 2441, f(-) = aelge,-) + BH(-), and v(-) = py, H(-), we
have, for all z € X,

a(ge, Top1 — ) + BeH (241) — BiH (x) + B DY (2, 2011)

<% <DH(5U>$t) — D(a, $t+1)> — D" (2111, 7).
We write the stochastic noise by As(x;) := g — VF(x;). By convexity of F', we obtain

(9, Te1 — ) = (VF(2y) + Ay(2), 00 — ) + (g1, i1 — 1)
> F(xy) — F(x) + (Ay(xy), mp — x) + (g4, Tp1 — x).

Combining the two previous equations, we see, for all x € X,

i (F(ai) = F(a) + (D), v = o) + (g w1 = 22)) + B[ Hwe) = H(z)
+ B D (2, w0 11)
<" (DH(%%) — D™ (x, $t+1)) — D" (2441, 1)

After rearranging the terms, we have

Q (F(l't) - F(x)) < age, o — 1) — 1D (241, 20)
+ D" (z,20) — (B + ) D™ (2, 2441)
+ a(Ay(zy), x — xp) + By | H(x) — H(xz441) |-

We notice that, similarly to the standard stochastic mirror descent proof [3], the first two
terms can be simplified by using the strong convexity of H and Young’s inequality

04t<gta Ty — $t+1> - ’YtDH(iUt+17fIft) < @t<gt:$t - $t+1> - %thﬂ - fL‘tHQ
2
t

(07

<t
27

IIgt||3
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Summing the previous equation fromt =1tot =T, for all x € X

> au[F(a) — F(x)] <D (2,21) — (Br + 7v0) D" (x, 2111)

t=1

T-1 T T 9. 112
+ Z (Ver1 — e — 5tZDH(SC737t+1) + Zat<At(5’7t)ax — ) + Z ol (3.1)

=1 — It

<0

We decompose the regularizer term H(z) — H(z441) in the following way

H(2) = H(zia) = (H(#0) = H(zua)) + (H(e) - H(ao)

< F(2i41) + F(x)
= F ?

where we have used the relative scale setting |H(z) — H(Zo)| < F(z)/T in the last line.
Exceptionally for the iterate t = T', we use another decomposition

r

Flz)

H(z) — H(zr11) < H(Zo) — H(zr) + r

< H(Zo) — min H +

After introducing these decompositions in equation (3.1), we simplify and obtain

9Et+1)

ZO&[F(%)—F(Q;)] SfleH(x’xl Féx Z

(67
+ Ar(H (o) — min H) +Zat (Ai(y), 2 — ) +Z tuvgt
t

IIP1’|ﬂ
ﬂlﬁ

12

From now on, we fix x = xp := argmin I’ and consider the expectation

T
Zat <EF xt F*) < 71DH($F,$1) + 25 Zﬂt

t=1 t=1

+ pr(H(a >_mmg_§)+ 5 (550 )_F>+ia3mgtnz
T 0 T 2T t+1 * 2 —
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We also notice that H(Zg) — min H < @ if we write zy = argmin,cy H(z). We
rearrange the previous equation in the following way

NE

% <EF(xt) . F)

t=1

<y D¥(zp, 1) +

T 9 2
E F,
+ M+5T(H(aeo)—min1{——>
—1 Tt

T—

+

—_

L (IEF(:Q) - F) - i % (EF(xt) . F)

t=1 t=1

+ tZT; j—f(MEF(m)) + Br (H (o) — min i — %) (3:2)

<y D" (zp,z1) +

T-1 T
+ 3 P (BF @) - B) - 30 5 (BF () - )
t=1 t=1
S%DH(%‘F,QH) + 25* ZT:ﬁt + ZT: %(MF*> + Br <H(§70) —min H — %)
t=1 t=1 It
X (M) re )+ X (- ) (e )

Now, for any n > 0, if we consider the polynomial step-size a; o t", 8; o< ut™, v
ut™ 1 /n, we notice the two terms in the last line will become negative when t grows.
More precisely, we note that

2
Mt<—<:>4/\/l<% “—t,
Ve 4 o n
O Bi-1 n o 4 n
— > S>> —(t—-1)".
4 — T _F( )

Since we supposed that the choice of u satisfies the regime 2Mn/T < p < , we know
there exists a transition time Ty o< [Mn/u] where the last two terms become negative.
Now if we introduce the transition time in (3.2), we obtain

£ |3-0(rte) - )| 50 (107 orm +—ztn)+z”12i”*

FN . Mnt*"
+M<H( o) — H. —?>T +£; R

Note that

To 2 TO
Mntsr M M
D X o e
t=1 pt - H
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We conclude by using the convexity of F' with x5/ = %

E[F(z7")] - F

_0 ((Mn “)F N u(H(:f;OT) —H) 5(&)”“ N uDH(xF,xl)) |

uT * r uT Tn+l

O

Note that if g is known, the second term disappears by choosing H centered at .
We illustrate the previous result with concrete choices of (n, 1) in the next corollary.

Corollary 3.1. Under the previous assumption of relative scale setting, we choose (n, ) =
<3, f) If T is large enough i.e. T" > max (36/\/12, lflg) then our algorithm yields

E[F(2%)] — F, = O ((_/\/14_%)5%-{— H(i’(:}j_? H, 1 57/34 + MDH(jiF’xl))'

Proof. We apply the previous Theorem and verify that, for p = \/%f and n = 3,

r 6 1
Mn)T < p < = @ﬂg—
2 JT =

where we multiply by 7T in the last step. 0

l\3|’1
&

<

—

[\

~

3.2. Accelerated Composite Mirror descent. For the smooth setting, we use the
acceleration framework from [3] with step-size (2.1).

Algorithm 2 Accelerated Composite Mirror Descent

Require: Number of iterations 7' > 0, starting point x; € X, step-sizes (au, Br, Vt)e>1,
regularizer H
for 1 <t<7T do

Compute z7d = &=1299 | acg

A Y T A,
Compute x;4; = arg mingex{a(V fe, (z7"?), z) + B H (z) + v D" (x, ;) }.
Compute 277, = Ajltlx?g + FTt1

end for
Output xy?,.

As in the relative case, we show the convergence of the accelerated algorithm, by intro-
ducing a burn in time 7.

Theorem 3.2. Assume that H is 1-strongly-convex with regard to || - || and that there
exist D, Dy, L,o > 0 such that for all x,y € X,

lz = ylI?,
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where xp is the minimum of F. Suppose Algorithm 2 runs under the oblivious step-

size (2.1). For any p >0, if 2/L/u < T, then

ag _ o (D (@r, ) , , mo® | LD? /¢ Ln\n/?
BlF ()] - 7 - 0 (M2 e e 1 L2 (D)

Proof. Applying the proximal lemma to u = z, y = x;, u* = x4y 1, f(-) = (V fe,(x]?), )+
BiH(), and v(-) = 1 H(-), we have, for all x € X,

ar(V fe, (27), mpi1) + BeH (w401) + D™ (w1, 2) + 8D (2, 3441)
<ay(V fe, (), x) + ByH(x) + w[D" (z,x,) — D" (2, 241)].

After rearranging, we have

a(VF (@), x40 — ) + 0 (A(@]), 241 — ) + B H (2141) — B H ()
=(V fe,(4]"), 211 — @) + BiH (2111) — BiH () (3.3)
<y DM (,20) = (B + 1) D™ (2, x441) — %D (w41, 2),
where the stochastic noise is defined as A(z"?) = V fe, (z7*4) — VF(z"?). Now we split
the gradient term with VF(2"?) in the following way
a(VF(x]"), 2111 — @)
= (VE ("), 201 — ") + a(VF ("), 2" — )
=y (VF(2™), 241 — 27 + oy (F(x;”d) F(x) + D¥(x, :L'Td)>.

The Bregman divergence D (z,27*?) is positive because F' is convex, therefore we can

reformulate (3.3) in the following way

o (F (@) = F(x) + (VF (@), 2 = 27) ) + BH (2041) = GiH (2)
<o (A(@]"), x — zpp1) + 7D (2, 2) — (B + %) DY (2, 2041) — 7D (e, 1)

A
For the acceleration step, we recall that 7Y, = ™ Lay? + 4-%i41. From the smoothness

of F', we know

Q. m m a. m L
F(xthrl) < F(l’t d) + <VF($t d)axtil - Ty d> ||5Et+1 - Ty d||2

= F(a) + (V(@), 20 4 8oy, — ap?) + £ oy — o

At—l md
“ [Fa) + (VP ), 7 — )]

+ SL [P + (VE(), 2 — )] + Lay
A ' ! 2 A2

\|13t+1 - $t||2-
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By scaling every term by A;, we know that, for all z € X,

APt - F(@)
<A (Plap) = F@) + (VE(), i — o))

rau (B ) = F() + (TR, a1 = o) + 55 v =
Combining with previous equations, we have
AP = F@)) + B (Hw) - H(a:))
< (PG - F@) + (PG, — a) + 5 5 s =

+ar (A, v — zer) + 1D (@, 20) — (B + ) D™ (2, 2041) — %D (w140, 70).

We also notice that by the convexity of F'
(VF (o), 2! — ") < F(a3?) = F(a"),
which implies
A (P(i) = F(x)) + B, (H(xtH) - H(z))
a L a my
<A1 (F(a) = F(2)) + 2 5w — aill® + (A ), o = 20)
2 Ay
o (A ), xp — wa) + D (2, 20) — (B + ) DY (2, 2041) — D™ (w041, 20).

We use the strong convexity of H and split the term into two parts
WD (@, @) 2 e = el + Ll -,

and we apply Young’s inequality

20/
ar (A" ), 2 — zi) — —||:vt+1 —xf” < TJIIA( )2,

We use the other v;/4 to balance the La?/2A; term. In the end, we obtain for all z € X

A(Fai) = F@)) = A (i) - Fl)

L t m
sﬁt(ﬁ<xt+1>—ﬂ<x>)+(2j )z = wul + (A ), o — a0)

2
#Do2) = (Bt ) D o) + 22 A
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Adding all terms from ¢ = 1 to t =T, we obtain

Ar( [F(ag)] - F<x>) + D" (2, i)

T

<nD"(z, 1) + Z a(A(z"), x )+ Z 5t< ($t+1)>

t=1
T
202 Lao?
+ 3 IAG |\2+Z(——t— N weer -zl
T-1
+Z (ye+1 — 1 — Be) D™ (@, we11).
t=1

We know that the conditional expectation on t for E[ay(A(z"), z — x;)] = 0. By the
tower law, it disappears when we consider the sum of the expectation. By fixing x =
rr ;= argmin F', we obtain

A (B [F(a32)] - F)

T T 20202
<D (e, m0) + 3 BE(H(re) — Hrn)) + 3 220

=1 —1

T-1

T 2
+; <§E - _> ||$t+1 - wt” + Z %+1 -Vt — Bt) (xF’th)'

Recall that for all z,y € X, H(zp) — H(z),||x — y|| < D?. Now for any n > 0, if we
consider the polynomial step-size oy oc £, By o< ut™, v, oc ut™ 1 /n, we look at the transition
time T} := arg max;{2L < 7;—2”} For > 0,

t

A t2n+2 /2L
s e s t<t
Qg e N

Therefore Ty n\/% , and we have
Ar (E [F(259,)] — F)

T
Lao?
S%DH(xFaxl)‘FDQE Bt—i"DQE (Qj—zf>
=1

T 20202 T—1 .
+Z 5 +Z Yer1 — Ve — Be) D7 (2p, 2441).
t=1 ¢ =1

The remaining step is to simplify the transition time term. We note that

nt?" o
Z Ztnﬂoant”’lochl
— t=1
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By diving every term by A7, we conclude that

H 2 2
ag /LD (xF;xl) 2 no LD Lin \n/2
BlFr)l = B S — e t D7 G T <uT2>

O

We would like to underline that transition time analysis can co-exist with the original
analysis [3]. We will illustrate the previous result by choosing (n, ).

Corollary 3.2. Under the assumptions of Theorem 3.2, if we tune (n, p) = (2, \%) (with
3L < T), then

E[F(x%ﬂl)]—RzO(DH(xF’xl) o? + D? LD2< L ))

T35 JT + T \73/2

Proof. We apply the previous Theorem with n =2 and p = %, we note that
WL/n<T <ALVT <T?* e 4L < T2

O

3.3. Composite Mirror descent for Relative smoothness. For the relative smooth-
ness setting, we recall for each random sampling £, fe is L relatively smooth with respect
to H if for all z,y € &,

Df&(xvy) S L*DH<$7y)

The concept of randomness with relative smoothness is more subtle than the usual way
since the standard variance could be arbitrary large in the relative smooth case. We will
consider the new variance definition from [6], we suppose that there exists 1y and o2 such
that, for all x € X and 1 < 7y,

E¢ [DH* (VH(x) — 20V fe(zp), VH(x))] < 20
For our composite mirror descent, we will also suppose that for all n > 0
E [DH* (vmx) — MV fe(zr), VH(:);))} < 2PG2,

The constant G could be much larger than o, but we will see that its impact is limited in
our convergence result.

Algorithm 3 Composite Mirror descent for Relative smoothness

Require: Number of iterations 7" > 0, starting point x; € X, step-sizes (o, Br, Vt)e>1,
regularizer H
for 1 <t<T do

T = arg {Efgg{@t<vfs($t% z) + BeH(z) + 3D (z,24)}

end for .
ag . Xy ot
Output z,7 := ST
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Theorem 3.3. For the bounded relative scale case, assume that there exists ny, o, G, L, > 0
such that, for all x,y € X,

Ve, De(x,y) <LDH(fv,y),

Vi <o, Ee [DH* VH(z) — 20V fe(xr), VH( x))] _

( <2
vy, Ee [DH*<VH( z) — 2V fe(zp), VH(z )] <2
2

i € X, VH (i)

Suppose Algorithm 1 runs under the oblivious step-size (2.1). For any p > max (%, 77T—°>,

Tn+1 nTnt1 H /'LT + n,uTn—i-l Mn’ Mn

Proof. Since we supposed that the mirror descent steps stay in the interior of the domain
X, we know that the gradients at iteration ¢ is zero at x;1

Teyr = argmin{a(V fe(w,), x) + BiH () + % D" (2, 2,)}

>ty nt"E[D (2, 1)) :O(MD%F,xl) S A max {2 n_})

= aVfelar) + A HGan) + 9 (VH ) - VH@) =0

& aVfe(z) =y [VH(mt) - VH(xt+1)] — BV H (zs1)
& (B +m)VH(2i41) = nVH(z,) — iV fe(y).

Now, we apply the proximal lemma 2.2 where u = z, y = zy, v = 41, f(-) =

a(V fe(xy),-) + BH(-), and v(-) = 1 H(-). We obtain for all z € X

0V felwe), v — 2) + B (Hlweer) = H()) + 3D (war, ) + BD" (3, 3041)
=y [ D" (a, 2¢) — D" (2, 2041)).
Considering © = x, = xp leads us to
o <<Vf§(a;t), Tyy1 — 1’*>> + DM (2441, )
=D (x, 1) = (B + 1) DY (2, 2011) + By (H(l'*) - H($t+1)>-
After arranging different terms, we have
(Vo) 20 — ) + (Y fe(@0), op1 — ) + 7D (3411, 71)
=i D" (v 2r) = (B + 90D (@, ein) + 5 (H @) = H(rer) ).
We replace the term «;V f¢(z;) in (3.5) with the one in (3.4). We obtain
ar(V fe(xr), 1 — 2.) + 7 (VH(xy) — VH(2141), 241 — 20) + 1D (2041, 20)
=y D (20, 20) = (By + %) D™ (20, 2141)
+0¢ (H(x*) - H($t+1)) + BV H (@t11), Ter1 — ).

(3.5)
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We introduce the following simplifications
(VH(z441) — VH(2¢), 0001 — 1) = D (24, 2011) + DY (2011, 70)
(VH(zp11), w31 — 24) = H(wer) — H(we) + D (x4, 2041).
Therefore, we obtain

Oét<vf£(33t)7 Ty — Ty) — N <DH(SCt7 Tp1) + DH(iUtJrl, xt)) + ’YtDH(xtH, )

=D (@e,2) = (B + 7)) DY (o wesa) + B (H(w.) = H(@) ) + BD" (e, w00),
which can be rearranged into
ai(V fe(w), 20 — ) = %D (24, 24) — (B + 7) DY (20, 2111)
+ B (H(w.) = H(@) + (B +30) D" (1, 7011).
Since VF(z,) = 0, by considering the conditional expectation at iteration ¢, we obtain

at(DF(mt, x,) + DF (x,, xt)> = (VF(x;) — VF(x,),z; — x,)

=E; [at(fo(xt), Ty — x*>]
=D (20, 20) — (B + ) ED (20, 2441)
6 (H(x.) = H@) + (B + WED" (@, 2110)

Our goal is to rewrite ED (z;, x;41). We use the decomposition of VH (z4,1) in (3.4)
D (x4, xy41) = D™ (VH (2411), VH (1))

= « Tt ay
=DH (@JF%VH(M)— @Jr%Vfg(:z;t),VH(xt))

- N Vi oy 3, )

= D <ﬁt - <VH<CCt> - ivfg(:rt)> t3 +%VH(I0),VH(xt)) :

where o € X satisfies VH (%) = 0. Since Df*(-, VH(z;)) is a convex function,

H < H, O
DM (2, w) < 5D (VH(xt) %Vfg(xt),VH(xt)>

By
B+

+ D (VH (i), VH(x,)).

We also notice that

D (VH (i), VH(x,)) = D" (2, 20) = H(zy) — H(Zo) — (VH (&), )

After simplification, we obtain

oy <DF(mt, T) + DF(x*,xt)>
<D (20,21) = (B + WED™ (o, we1) + B (H(w.) — H(io) )

+uED" (VH(x,) - %v felwe), VH(x)).
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The last term corresponds to the variance that we are trying to bound. If £ > min (L, L) ,
Yt 2L 2mo

we simply use the assumption the quadratic upper bound G of the stochastic noise
a?G?

i

D (VH(x,) - %v felwe), VH(x,)) <
t
In the other case, we decompose in the following way,

D" (VH(xt) - %v fe(ze), VH (:ct))

1 20y
gQDH* (VH(xt) — %Vfgt (z.), VH (wt))

3D (VH (@) = 2 (Vfelor) = Vfel)) VT (z0)).

The first term is related to the variance assumption, if % < nio,

2 201\ 2 20202
Tt p. (vmxt) - ﬁv]g(x*),vmxt)) < Tty (ﬁ> ot =2 %
2 Ve 2 Ve Tt
The second term is related to the relative smoothness and the cocoercivity of f.. By
Lemma 2.3, if 22 < Li, then
Yt *
ZOét 20ét
t

%]EDH* (VH(:ct) - 7<V felw) =V fg(:v*)),VH(xt)) < % x Tﬂapff (0, 220)

= atDF(:Et, Ty).

Combining everything, we see
D (0, 20) <7D (2,20) — (B + ) ED™ (2, 2011) + By (H(x*) - H(i"o)>

2 2 2 . .
2% if % < min L, 1
+ Yt Yt 2L, 27]0

G?a?

Yt

else.

Now we note T = arg max; {% > min{%, %}} By the telescopic sum

2
t

)

r T 26202 KNy
Qy Tey Tg) = M Ty, XTt) + ¢ T,) — (xg) ) + +

> 0D (@) = D () + 30 A(Hw) = Hao) + 3 == 4y

t=1 t t=1

2
=Ty Y Ve

we finish the proof by considering the polynomial step-size oy oc t7, B; o< put™, v, o< ut™/n
with n > 0. We notice that

To

Tt n n n
B2 ($0) o Z8) o Sm( L 5])

O

To illustrate the previous theorem and to compare the current result to other existing
results, we assume convexity and choose concrete values for (n, u).
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Corollary 3.3. Under previous assumption, if DY (x,,-) is convex and T > max <Lz, 778) ,

by tuning (n, u) = (3, \%), our algorithm yields

DH(zp,xy) o?>+D* G?
F a _ )
E[D" (., J:Tg+1)] =0 < EE + JT + ﬁ)

Proof. We apply the previous Theorem with n = 3 and u = \/LT We apply Jensen’s

inequality and note that

L,
[ > max (T, %) & T > max (Lf,n%)

4. GRID SEARCH

When the function value F' can be evaluated, Nemirovski’s grid method offers a parameter-
independent algorithmic approach. The method operates by running K concurrent ses-
sions over N iterations, with each session using a distinct value of the regularization
parameter p. The algorithm then selects the optimal solution from among these K can-
didate outputs.

The standard implementation sets the number of parallel sessions logarithmically in
relation to the total iterations: K := O(log(7)). However, when rough estimates of
the problem parameters are available, a more informed choice of K may yield better
performance. The algorithm presented below accommodates an arbitrary selection of K
to allow for such flexibility.

Algorithm 4 Grid Search Algorithm

Require: Total iteration number 7" > 0, number of parallel session K > 1, Starting
point z; € X, algorithm A.
Find N such that T/2 < KN < T.
Consider initial start point: z9 = z;.
for k € [-|K/2|+1,|K/2] —1] do
Run Algorithm A with N iterations and regularizing coefficient p = 2%, obtain z%; 41
as output
end for
Compute the index ko = arg maxy, F(zf, ).
Return zy = :c’f\‘,’fl.

The general idea of the parallelization algorithm is to use an exponential range of
regularizer values p to find the optimal one. Before giving the full version, we present
first a simplified version of the Grid search lemma.

Lemma 4.1. Consider an algorithm A that takes as inputs the number of iterations N
and a regularization parameter p > 0, and denote by z' the output of the algorithm.
Assume that the algorithm A satisfies, for all N > 1, > 0,

B
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with A, B > 0 being positive constants. For simplicity, we suppose that log(T) is an

integer. If IR
rwm{ ()" (5)" ] (4.)

then running the Algorithm 4 with K = 4log(T') ensures that, within T iterations, the
output Ty satisfies

ABlog(T)
E[F(xou)] — F. = O < T) :

B
AN"
there exists k € [—1log(7'),log(T)] (logarithm base 2) such that

\/7 =2k < \/7 (4.2)

To show the existence of such a k, we need to check the two extreme values p = 221°8(7)
and p = 27218(T) (recall that T oc KN = 4N log(T))

1 | B 1 B B B
Case p = 22187 |/ > \/ <:>T2> ¢T5>log(T)<Z>¢T4EZ.

/ / A
_ 9—2logT. <73
Case p =2 : T2_ T4_ <:B_T

We notice that both conditions are satisfied when 7" is large enough in (4.1). Therefore,
there exists k verifying (4.2). (u = 2% ~ 1/-&) If we consider the output of the k-th run

Proof. Intuitively, the optimal value of p is Therefore, our goal is to show that

E[F(z%)] — F<MA+B 2’“A+£

<[l

and we conclude by recalling T' = 4N log(T) and F(zou) < F(z%)
4AB1 AB1
E[F (Zou)] 3y Og 6y o) Og

It is interesting to note that condition (4.1) scales differently than the initial hypothesis
yielding p o< ﬁ

O

T > max{A, B},

therefore the Grid search Algorithm could be very powerful in practice when we have a
reliable way of comparing different values of F'. Now, we present the Grid search lemma,
where multiple terms could be involved.
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Lemma 4.2. Consider an algorithm A that takes as inputs the number of iterations N
and a regularization parameter u > 0, and denote by ', the output of the algorithm.
Assume that algorithm A satisfies, for all N > 1, > 0,

B n C
IwBl Na 'uBQ N2

E[F(z")] — F., < pA +

with A, B,C, a1, s, 81, P2 > 0 being positive constants. If the following condition is
satisfied

K +

204 p 9B
log N > ] (—) +o,
1+6 20 =11p #\a

2@2
K log N > 1 — 2
PN g e () e

iz 2min (s (F5) e (M0 )

then running Algorithm J ensures that, within T iterations, the output T, satisfies

2C

B1 1 ag B2 1 ag
A8 B1+B1 [ 1+61 AT+62 O'1+62 [ T+82
E[F(xout)] —F, = ) ( aq + D) ) .
T TT5

Proof. The main difference with Lemma 4.1 is that multiple terms involving p are in the
equation and therefore there are multiple critical values of u depending on A, B, C, N.

In condition (4.3), the first two lines mean that, when g is at its maximum value, pA
is the biggest term. In fact,

Case ji = 2UF/21-1, 4 > @M>Bl—ﬁ31
_IuﬁlNOél _AﬁNliikl
_2
e olK/2)-1 5 119”’31 _
ATH5 N oA
1 2B
S| K2 > 1 ( >
/2] > o (S
2 2B
e K> 1 ( ) 2
=1+5 o \aNe)
2B
o K+ 22 jog N lo (—)+2
1+ 2% =155 ®\4
C [6%) 2 2C
A + log N lo <—>+2
W= B Nas I+ 50 =145 \A
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For the smallest value of u, we require one of the two following conditions to be satisfied
(we recall that T/2 < KN <T):

1
B1+51

Case =27 W2 A < i oo N <
1 N 1+81
1 2AN™

log ( ) < K/2

1+ B & < K

1 2AN2

AL = 1 (

H _Nﬁ2N0‘2 1+ 53 08 C
Since the dominant terms are different for the biggest and smallest values of k, we can
consider the largest value of k& where uA is not dominating the other two terms. In other
words, we consider the largest k such that one of the two following conditions is satisfied

1( B )HESM:Q]CS( B >1+161

P

) < K/2.

5 AN AN (4 4)
1/, C N5 & C \om '
1 <=9 << .

2<ANaz> =H = ANaz)

Since it is the largest term not dominant, we know by replacing p = 2% by 2! that pA
will become dominant. Therefore, the other two terms with B and C' cannot be much
larger than pA. In other words, if one of the two previous conditions is satisfied with
i = 2% then

_1
ok+1 > 1Bl—+61al —_— 21+/311u1+51 > i S 21+51#A > B 7
AT N T AN pfrNes
1
gk+1 > % — 21-&-,32“14-/32 > L _— 21+62/~LA > ¢ )
AT NTH5 AN pP2Ne

Therefore, we can consider the output of the k-th run

C
Iw@lNoﬂ - IuﬁzNOéQ
S,UA (1 + 21-0-51 + 21+ﬂ2) )

If the first line of (4.4) is satisfied, we have

E[F(z})] — F, <pA+

E[F(zh)] — F, < (14 2191 4 21482 AToh By N~ 1k
< (14210 4 o1 AT BTe KT T T
If the second line of (4.4) is satisfied, we have
E[F(zh)] — Fy < (14219 4 21+52) AT Oim Ko T 140,

We conclude by merging the conditions and replacing the maximum of the two cases by
their sum. m

We note that the previous Lemma could work if we have more than three terms in the
equation, the reasoning would be similar by distinguishing different cases. We also note
that grid search could work even if the original algorithm A does not have a guarantee
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for all 4 > 0. The only important values of y are the critical ones that we use in the
previous proof.

For the rest of section, we will assume that is possible to evaluate the population
function F in an efficient way and we will run grid search K = 4log(T'), and show the
derived convergence rates.

Optimization in relative scale We recall the initial result from Theorem 3.1

F,  H(zy) — H, F, n+1 DH ’
BRG] - F= 0 (u(f + HE =ty Mo p( My, uD o)),

uT uT Tn+1
(4.5)
For the sake of simplicity, we would like to only choose the optimal value of i to balance
the coefficients in front of F, (& = %) The final result might not be optimal for the

other terms, but general conditions are easier to satisfy. We can balance the value of

around p = 4/ MT"F, and we note that this value of u satisfies 2Mn /T < p < g The new

corollary is as follows.

Corollary 4.1. Assume that H is 1-strongly-convex with regard to || - || and there exist
I, M, L >0 such that, for all v € X,

I'H(z) —min H) < F(x),
B[V fe(w, ©)I2] < MF(2),
F(z)—-F, < L.

Assume that T is large enough,

T > max { (I‘./\l/ln>1/3’ (FMn) 1/4} )

Suppose Algorithm 1 runs under the oblivious step-size (2.1) with the Grid search Algo-
rithm / and K = 4[logT|. Then

E [F(zou)] — Fo =0 (logm(T)\ / %F* + 1Og3/2(T>\/mH(§:)z/% H*)

+O<E(M - M”FDH@M)C%(T))”#).

T * T T

Proof. The proof strategy is similar to the one in Lemma 4.1. We are looking for £ to

balance £ Wlth 7 while neglecting other terms. More precisely, we look for & such that
Mn <p=2F< 1/
rr — FT

and we choose this value of i for other terms such as “DTS#. 0J

Optimization with smooth functions We recall the result from Theorem 3.2. If
L/pu < T, we know

no®  LD? < Ln >n/2 N uDH(:EF,arl)>

2
E[F($T+1>] F,=0 (ND T + T \uT? nTn+1
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In the smooth case, there are two important values of p to consider. To optimize the
choice of 1, we need to balance the values of p around

2

g n no
=—\/= (D~ —
p=p W uT)

and
Lnn+2 L Ln
_ ~ (20 n/2 )
Theorem 4.1. Assume that H is 1-strongly-convex with regard to || - || and that there
exist D, Dy, L,o > 0 such that, for all x,y € X,
L
D () < Zja -y
Ee[IIV fe(x) = VE@)Z] < 0%
2

lo = yl* < D,
H(zxp) — H(z) < D?
where xp 1s the minimum of F'. Assume that T is large enough,

1/5,.2/5

24n n n g

T > max § Lo+ann6ran 5 ,
Ds

1 D?
TZI’H&X{ }

L1+n/2nn/2 ) no—Q

Suppose Algorithm 2 runs under the oblivious step-size (2.1) with the Grid search Algo-
rithm 4 and K = 4[logT'|. Then

LD*nw+2 log*(T)  oD+/nlog(T)
E [F(xout)] - =0 2(nt1) + \/T

n+2
2 1/2 n+1 H
w(max {Llog (T) olog <T>}log (T)D <mp,xl>>_

n )
722 T DT T+l

Proof. The proof strategy is similar to the one in Lemma 4.2. When p = 22M108T1 > 72
we verify that

pD? >

LD2 < L/]’I, >n/2 PN M2+nT2+2n Z L2+n’]’l,n — T6+4n Z L2+nnn,
T \uT?

2 2 2
9 No 9 no 5 . no
e A

When p = 27227l < T-2 we verify that

LD? ; Ln \n/? 2t n2+42n 24n_n 2
7 <W> S T <Lt =T > Tatngn’
no? no? D?
D)< — o’ T< — T >,
2 — IUT H — D2 - no—Q

uD? <
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Since we supposed that T is large enough to verify previous condition, now we choose the
largest k such that one of the two following conditions is verified

n

1 Lnwiz ko Lnn+2
5 2(n+1) < w= 2 2(n+1) ?

n+2 n+2

13 i p=2rF< =
2D T_ -

If the first line is verified, since j > 2L we can apply the result from Theorem 3.2,

T2’
LD2nwz  LDH
E(F() - F. = o (L2 | LD (ar. )
T iz T

If the second line is verified, we can deduce that :

Jlo n>Lnﬁ _ 4L
H=oD\ T = p2n = 1o

Therefore,

oDyn  oDH(zp, x)
E[F(a:’fv)]—F*:(’)( N D\/ﬁT"+3/2)'

We conclude the proof by taking the two bounds and adding the poly-logarithmic terms.
OJ

Optimization with relative smooth functions We recall the initial result from

i Ly 1
Theorem 3.1, if 4 > max  #, &

ZtT:l"tnE[DF(JC*vxt)] _ puD™ (zp, 1) 2 0 G? L™ ny
Tn-‘rl —O W—F/LD +,uT+n,uT”+1maX{_ } .

(4.6)
For the sake of simplicity, we balance the value of u = %\/? only to equalize two terms

uD? ~ ‘j—j? This choice of i is not optimal for other terms, but the conditions are easier
to be satisfied. The new corollary becomes

Corollary 4.2. Assume that H is strictly-conver, D (z,,-) is convex, and there exist

'y M, L > 0 such that, for all x € X,

Fz,y) < L ( Y),
Wi <o, Ee |DM(VH(w) — 20V felwr), VH( a:))] <2
vy, Ee [DH*(VH( ) — 2V fe(ar), VH (z )] <2
H(zp) —minH < D

Assume that T is large enough,

2\1/3 2\ 1/4 272 2 192
TZmax{(D—) ;<ﬂ> 2D 4770D}

on D? " o2n 7 o?n
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Suppose Algorithm 1 runs under the oblivious step-size (2.1) with the Grid search Algo-
rithm / and K = 4[logT|. Then

1/2 nt1
oD\/nlog”’“(T) olog"" (T) DU (2p. 1)
VT D\/nTm+1/2 £y

L0 (GQDlogzn(T) max{ Lo Moo }")
ony/nTr+1/2 DvVnT DvVnTJ) )

Proof. The proof strategy is similar to the one in Lemma 4.1. We are looking for k£ such

that
lo N ok T[T
op\T="""=D\T

The extra condition is to verify that when T is large, we have

lo [n L, no 2L,D 2nyD
LR LN 2 T T > .
2D T_maX{T’T}@\/__{an’a\/ﬁ}

E[F(zo)] — F, = O (

5. NUMERICAL EXPERIMENTS

For simulation, we are interested in minimizing the maximum eigenvalue function over
a hypercube. We can apply both of our methods here, as the feasible set is bounded and
the objective function is bounded over this feasible set as well

R, ()

st |l — Al < p.

In our simulation, to generate A, we will first generate random diagonal matrices then
add Gaussian noise. When the Gaussian noise level is low, we refer to it as the sparse
case. We mainly reproduce the setting from [4], more details can be found in Appendix
A. We plot performance versus problem dimension and, having some flexibility on the
degree of polynomials we are using in a; o< t",y; o< "1 /n for the oblivious step-sizes, we
study how that degree affects algorithm performance in practice.

5.1. Smoothed oracle. In the first part of the experiments, we run simulations using
the smoothed stochastic oracle suggested in [4]. This reference provides an estimation
of the smoothness constant L, but the authors mention that it could be overestimating
the parameter in practice. As a benchmark, we have run the method in [8] using prior
knowledge on L, and the Levy method [14] using prior knowledge on D.
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FIGURE 1. Performance on synthetic data, using stochastic smoothing in
normal /sparse cases. Upper figures show performance under theoretical
step-sizes, bottom figures use hyper-tuned step-sizes.

The first results in Fig. 5.1 show that the current over-estimation of L and D slows
down significantly both Lan and Levy’s algorithms. In order to give an advantage to
these methods, we also investigate the use of hyper-parameter tuning. We observe that
the sparse case is well handled by our algorithms, whereas the Levy adaptive algorithm

still keeps conservative step sizes.

Dimension‘ Lan ‘Levy ‘ Obliviousl | Oblivious2 | Oblivious3

d=50 > 1000 | 125 22 29 39
d=100 | > 1000 | 529 45 d7 70
d=150 | > 1000 | 679 106 163 244

TABLE 2. Number of iterations required to reach the precision le-2 with
stochastic smoothing.

We notice that, at least in high dimensions, these algorithms’ performance is dramati-
cally improved by hyper-parameter tuning (see Fig. 5.1). In particular, our method still
appears to be substantially faster than the alternatives.

5.2. Power method oracle. We reproduce these results using the power method oracle,
with mirror descent in relative scale [22] replacing Lan algorithm. The global phenomenon
is similar as before, with L, and D over-estimated by the theory and we need to use hyper-
tuned step-sizes for Levy and relative scale algorithms to obtain good performance.
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FI1GURE 2. Performance of algorithms on synthetic data, using power
method in the normal case and in the sparse case. The upper figures show
performances when we use the parameters L, and D provided by the theory,
the bottom one are using hyper-tuned step-sizes.

However there are two major differences with the smooth case. (the objective function
is not smooth anymore) First, we notice that our oblivious algorithm does not converge
directly to the minimum as in the smooth case. Instead, our algorithm’s first iterations

are

unstable and converges after a transition time, as our theory predicts. The other

point we would like to underline is that power method oracles cost less to compute in
practice, compared to the stochastic smoothing oracles, but the accuracy is also worse.
More discussions and simulations results can be found in the supplementary material.
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APPENDIX A. SIMULATIONS

We recall the simulation problem that we are solving for the stochastic smoothing
problem.

R, (@)

stz — Alle < p.

Note that, when using the power method oracle, we are actually solving an approximation
of Amax (7).

Problem setting To generate A, we chose a diagonal matrix C' with coefficients that
decreases exponentially C;; = exp(—i), then we add Gaussian noise to each coefficients
Aii = Cij + N(0,0%) (¢ = 0.2 for the normal case and o = 0.05 for the sparse case).
We normalise and project to make A symmetric and maximum coefficient equal to 1, and
we chose p = max(diag(A))/2. For the stochastic smoothing oracle, we chose the target
precision as € = le — 2. For the power method oracle, we use order p = 21.

Hyper-tuned step-sizes For Lan, Levy and relative scale algorithm, we have run
simulations with fewer iterations and lower dimension (7" = 200, d = 50). We discovered
that by diminishing given constants L, D or L,, all these algorithms require less iteration
to reach e = le — 2 precision. So for the rest of experiments, we have chosen some hyper-
tuned coefficients L/50, D/10 or L, /50 (with associated hyper-tuned step-sizes) and we
run these algorithms in higher dimension.

Power method oracle in higher dimension The idea is to repeat the same experi-
ence as for the stochastic smoothed case, as the power method oracle costs less than the
stochastic smoothing oracle, we have enlarged the number of iterations from 7" = 1000 to
T = 5000. This will affect our oblivious algorithm since we choose p = /7.

Dimension ‘ Relative ‘ Levy ‘ Oblivious1 | Oblivious2 ‘ Oblivious3 ‘

d=50 1591 342 881 644 641
d=100 > 5000 | 959 1172 713 629
d=150 > 5000 | 2207 2659 1127 767

TABLE 3. Number of iterations required to reach the precision le-2 with
power method oracle for different algorithms.

On the previous table, we see that our oblivious algorithm is still efficient for problems
in higher dimension. We also notice a major difference with the smooth case, in fact the
degree of polynomial of oblivious algorithm plays a great role here, the oblivious algorithm
using oy oc 2 require less iterations than the oblivious algorithm using «; oc t. We think
a good choice of the degree could be interesting in those situations.

Execution time and stability of the results From a practical point of view, it is
interesting to collect the computation time for these algorithms and see how the complex-
ity evolves in higher dimension. It would also be interesting to know if the experience are
easily reproducible, so we have repeated the simulations 10 times and put the results into
the following table with the empirical mean and confidence interval.
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Dimension d = 50 | Lan Levy Oblivious
Mean > 6 0.68 0.14

Confidence interval | NA | [0.51,1.03] | [0.12,0.16]

Dimension d = 100 | Lan Levy Oblivious
Mean > 18 9.98 0.8

Confidence interval | NA | [7.73,12.6] | [0.75,0.88]

Dimension d = 150 | Lan Levy Oblivious
Mean > 33 31.2 5.58

Confidence interval | NA | [19.6,> 37] | [4.9,6.25]

TABLE 4. Empirical measures about computation time (in seconds) re-
quired to reach the precision le-2 with stochastic smoothing.

Dimension d = 50 | Relative Levy Oblivious3
Mean 1.86 0.39 0.79
Confidence interval | [1.80,1.92] | [0.28,0.5] | [0.77,0.81]
Dimension d = 100 | Relative Levy Oblivious3
Mean > 18 4.9 2.34
Confidence interval NA [3.63,6.9] | [2.25,2.4]
Dimension d = 150 | Relative Levy Oblivious3
Mean > 26 24.35 4.0
Confidence interval NA 20.5,26.9] | [3.5,4.74]

TABLE 5. Empirical measures about computation time (in seconds) re-
quired to reach the precision le-2 with power method.

When the dimension increases, we notice that computational costs increase at non-
linear speed. The reason is that the algorithm requires more computational time for each
iteration and it requires more iterations in higher dimension to reach the precision le-2.
We also observe that our oblivious algorithm outperforms the other two algorithms in
higher dimension.
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