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Abstract. The growing prevalence of nonsmooth optimization problems in machine learning has spurred
significant interest in generalized smoothness assumptions. Among these, the (Lo, L;)-smoothness as-
sumption has emerged as one of the most prominent. While proximal methods are well-suited and
effective for nonsmooth problems in deterministic settings, their stochastic counterparts remain under-
explored. This work focuses on the stochastic proximal point method (SPPM), valued for its stability
and minimal hyperparameter tuning—advantages often missing in stochastic gradient descent (SGD).
We propose a novel ¢-smoothness framework and provide a comprehensive analysis of SPPM without
relying on traditional smoothness assumptions. Our results are highly general, encompassing existing
findings as special cases. Furthermore, we examine SPPM under the widely adopted expected simi-
larity assumption, thereby extending its applicability to a broader range of scenarios. Our theoretical
contributions are illustrated and validated by practical experiments.

Keywords. Fixed-time convergence; Gradient flow; Lyapunov stability; Second-order dynamics; Time-
varying systems.

1. INTRODUCTION

In this paper, we address the stochastic optimization problem of minimizing the expected
function

min { f(x) :=Egoq [fz(x)] }, (1.1)

xeRd

where § ~ & is a random variable drawn from the distribution 2, and E[-] represents the math-
ematical expectation. Here, x represents a machine learning (ML) model with d parameters,
2 denotes the distribution of labeled examples, & ~ 2 are the samples, f¢ represents the loss
associated with a single sample &, and f corresponds to the generalization error. In this set-
ting, while an unbiased estimator of the gradient V f¢ (x) can be computed, the gradient V f(x)
itself is not directly accessible. Such problems form the backbone of supervised learning theory
[8, 76, 77].
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A particular case of interest is the finite-sum optimization problem, where f is the average of
a large number of functions [1, 74]:

xeRd

min {f(x) = y fi(x)}. (1.2)
1

1
n;
This problem frequently arises when training supervised ML models using empirical risk min-
imization [27, 28]. It is an instance of (1.1) with & the uniform distribution over the finite set
{1,...,n}.

Optimization problems in ML and Deep Learning (DL) are frequently nonsmooth, meaning
that the gradient of the objective function does not necessarily satisfy the Lipschitz continuity
condition, or is even not well defined [32, 41]. For instance, even in relatively simple neural
networks, the gradient of the standard ¢,-regression loss fails to satisfy Lipschitz continuity
[92]. Moreover, the convex but nonsmooth setting often provides an effective framework for
capturing the complexities of DL problems [49]. Many widely used and empirically successful
adaptive optimization algorithms, such as AdaGrad [25], Adam [51], and Prodigy [63] have
been specifically designed for this setting, demonstrating their practical effectiveness across
various DL applications.

In contrast, optimization methods that rely on smoothness assumptions and offer strong theo-
retical guarantees frequently fall short in practical DL tasks [17]. For example, while variance-
reduced methods [34, 68] achieve superior convergence rates in theory, they are often outper-
formed by simpler methods in practice due to the challenges posed by the complex and highly
nonconvex landscapes of DL [21]. These challenges have motivated researchers to introduce
more realistic smoothness assumptions and develop corresponding theoretical guarantees within
these refined frameworks [32, 85].

One of the earliest extensions beyond the standard Lipschitz smoothness assumption is the
(Lo, L, )-smoothness condition, which was initially proposed for twice-differentiable functions
[92]. This assumption posits that the norm of the Hessian can be bounded linearly by the
norm of the gradient. Later, this assumption was generalized to encompass a broader class of
differentiable functions [11, 91].

Stochastic Gradient Descent (SGD) methods have been extensively analyzed in both con-
vex and nonconvex settings, with significant attention also given to adaptive variants and other
modifications [26, 40, 87, 93]. A natural extension of the (Ly,L;)-smoothness assumption in-
volves bounding the Hessian norm with a polynomial dependence on the gradient norm, offer-
ing a more flexible and generalized formulation. A further and even more general approach
to smoothness involves the use of an arbitrary nondecreasing continuous function to bound the
Hessian norm [57]. This generalized setting not only encompasses the previously discussed
assumptions but also provides a broader and more adaptable framework applicable to a wide
range of functions [84].

While SGD methods have been extensively studied in the context of generalized smoothness,
stochastic proximal point methods (SPPM) remain relatively underexplored. SPPM can serve
as an effective alternative when stochastic proximity operators are computationally feasible
[2, 3, 47]. We recall that the proximity operator (prox) of a function f : R — RU {+oo} is

prox s (x) & argmin {f(z)—#%”z—tz} (1.3)

z€R4
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[4]. Proximal methods, which leverage proxs of functions [16, 67], are known for their ro-
bustness and resilience to the choice of stepsize, often allowing for the use of larger stepsizes
compared to standard gradient-based methods. [71] provided convergence rate guarantees for
SPPM and emphasize its stability with respect to inaccuracies in learning rate selection; a prop-
erty not typically observed in SGD. [2] investigated a more general framework, AProx, which
encompasses SPPM as a special case. They establish both stability and convergence rate re-
sults for AProx under convexity assumptions. Moreover, SPPM has been shown to achieve
convergence rates comparable to those of SGD across a variety of algorithmic settings [69].

Alternatively, instead of relying on the smoothness assumption and its generalizations, we
can consider the similarity assumption [75]. It reflects the idea that there is a certain level of
similarity or homogeneity among the gradients, which is particularly relevant in ML, where
these gradients capture the characteristics of the underlying data [31, 78]. Recognizing this
natural property, several recent works have explored various formulations and generalizations
of the similarity assumption [37, 73, 79]. In particular, multiple studies have analyzed stochastic
proximal methods under different similarity conditions, demonstrating their practical relevance
and theoretical significance [29, 73]. Moreover, the concept of similarity offers a more refined
perspective on the behavior of optimization algorithms in distributed and federated learning
settings [44, 46, 54].

To make the considered methods practical, the computation of a prox often involves an inex-
act approach, where it is approximated by several iterations of a subroutine designed to solve the
corresponding auxiliary problem. This technique has been extensively studied in the literature,
with various criteria established to ensure the effectiveness of the approximation [7, 35, 54].
These criteria typically include conditions such as relative and absolute error thresholds [47, 55],
as well as guarantees on the reduction of the gradient norm [72]. Meeting these criteria is crucial
to maintaining the overall convergence properties and efficiency of the optimization algorithm
while balancing computational cost and accuracy.

Our contributions are the following.

e New generalized smoothness assumption, called ¢-smoothness. We investigate more
general conditions under which SPPM converges and introduce the novel notion of
¢-smoothness (Section 4). Under this assumption, we establish rigorous convergence
guarantees and explore various special cases, highlighting the specific effects and im-
plications of the proposed framework.

e Convergence under ¢-smoothness. We conduct a comprehensive analysis of SPPM
when the prox is computed inexactly under the newly introduced ¢-smoothness assump-
tion (Section 5). Specifically, we derive conditions on the number of subroutine steps
required to solve the auxiliary problem, ensuring that the overall iteration complexity
remains the same as in the case of exact proximal evaluations. Our results provide prac-
tical guidelines for balancing computational efficiency and theoretical guarantees. Our
convergence analysis covers both strongly convex and general convex settings, and we
precisely characterize the convergence rates, offering insights into the tradeoffs between
problem complexity and algorithmic performance.

e Convergence under expected similarity. We further extend our theoretical contribu-
tions to settings with the expected similarity assumption (Section 6), which captures
practical scenarios where the different functions share a certain degree of similarity in
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expectation. Under this assumption, we derive specific convergence results, offering
valuable theoretical insights.

e Experiments. To support our theoretical findings, we conduct a series of carefully de-
signed experiments that empirically validate our predictions and provide deeper insights
into the practical performance of the proposed methods (Section 7).

2. PRELIMINARIES

Before presenting our convergence results, we define the key concepts and outline the as-
sumptions used throughout the work. We start with the standard assumptions that apply to all
our results, primarily that each stochastic function f¢ is convex and differentiable (for sim-
plicity, to avoid complicated notations associated to set-valued subdifferentials, see their use in

[731)

Assumption 2.1 (Differentiability). The function fe : R? — R is differentiable for Z-almost
every sample &.

We implicitly assume that differentiation and expectation can be interchanged, which leads
to Vf(x) = VE¢ g [fz(x)] = Eg.q [Vfz(x)]. Consequently, f is differentiable.

Assumption 2.2 (Convexity). The function f¢ : R¢ — R is convex for Z-almost every sample
&; that is,
f§ (X) > fé (y) + <Vf§ (y)7x_y> vx?.y € Rd'

Next, we formulate the strong convexity assumption, which is applied to the expected func-
tion f in several settings:

Assumption 2.3 (Strong convexity of f). The function f : RY — R is p-strongly convex for
some U > 0; that is,

)2 £0)+ (VF0)x =3+ Sl =y vxy e R,

A strongly convex function is better behaved and easier to minimize than a merely convex
one.

Next, we consider the interpolation condition, where all stochastic functions share a common
minimizer. This regime is commonly observed in overparameterized models, particularly large-
scale ML models, where the number of parameters exceeds the number of training examples,
enabling perfect fit to the data [60, 86].

Assumption 2.4 (Interpolation regime). There exists x, € R? such that V fe (xx) = 0 for Z-
almost every sample &.

Now we need to formulate several smoothness assumptions which are used in the analysis.
We start with the well-known standard assumption of L-smoothness:

Assumption 2.5 (L-smoothness). The function f¢ : R? — R is L-smooth for Z-almost every
sample &; that is, it is differentiable and its gradient is L-Lipschitz continuous:

IVfe(0) = Vi < Llx—y|| Vx,y R

Next, we introduce the (Lo, L} )-smoothness assumption, initially formulated by [91].



REVISITING STOCHASTIC PROXIMAL POINT METHODS 475

Assumption 2.6 (Symmetric (Lo, L;)-smoothness ). The function f; : R? — R is symmetrically
(Lo, L1)-smooth for Z-almost every sample &; that is,

Ve (x) = V)l < (L0+L1 sup ||Vf5(u)||> =yl Vx,yeR?,

uelx,y]
where [x,y] denotes the line segment connecting points x and y.

A more generalized form of symmetric (Lg,L;)-smoothness is the so-called a-symmetric
generalized smoothness, introduced by [11]. This extension provides a more flexible framework
for analyzing smoothness properties by incorporating an additional parameter ¢, which allows
for a broader class of functions to be captured within the smoothness definition.

Assumption 2.7 (o-symmetric generalized smoothness). The function f¢ : R? » Ris a - sym-
metrically generalized-smooth for Z-almost every sample &; that is,

IVfe(x) = Ve )] < <L0+L1 sup ||Vf§(u)|!a> =yl vx,yeRY,

ue x|
where a € [0, 1] and [x,y] is the interval connecting the points x and y.

It is important to note that when o = 0, the definition reduces to the standard L-smoothness,
and when @ = 1, it corresponds to the symmetric (Lo, L;)-smoothness.

Then we consider the expected similarity assumption. Initially, the concept of similarity was
introduced for twice-differentiable functions and is commonly referred to as Hessian similarity
[82]. For functions that are only once differentiable, analogous assumptions have been em-
ployed in the literature. In this work, we consider an even more general assumption introduced
by [73]. We call it Star Similarity since it only has to hold with respect to a solution x,.

Assumption 2.8 (Star Similarity). The function f; : R? — R has Star Similarity; that is, there
exist a solution x, of (1.1) and a constant 8, > 0 such that

Egg |[|Vfe(x) = Vf(x) = Ve (x| < 82Jx—xlP vreR.

Finally, we consider the inexact computation of the prox by employing a subroutine. To
ensure convergence guarantees, we impose an assumption on the convergence rate of the sub-
routine, which has been previously introduced in [30, 72].

Assumption 2.9 (Inexact Proximal Condition). At the k-th iteration of the algorithm, the sub-
routine .#, after T iterations, produces an approximate solution %y that satisfies the inexactness
condition
Y2

1l — x|

T ’
where 17 > 0 is a scaling factor, & > 0 denotes the decay rate, and x,‘f’ denotes the exact mini-
mizer of the proximal subproblem objective Wy; that is,

IV (0| <

1
S ; — —x |2
X = arg)frel]g}l {‘Pk(x) = fe (%) + 2}/”)6 x| } (2.1)
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Algorithm 1 Stochastic Proximal Point Method (SPPM)

1: Parameters: stepsize y > 0, starting point x € R¢
2: fort=0,1,....,T —1do
3:  Sample § ~ 2
4 xepr = argmin{ f, (2) + &l —xel?}
z€R4
5: end for

TABLE 1. Summary of the main notations used in the paper.

Symbol | Description

X optimal solution that minimizes f(x)

X0 initial point

Xy, k-th iterate of SPPM

Y stepsize of SPPM

o) smoothness function.

D fe (x,y) | Bregman divergence of fe between x and y, see (A.1)

T o-algebra generated by xy,...,x;

Xk uniformly chosen iterate from the set {xo,x,...,x 1}

xkl{' exact solution to the proximal subproblem, see (2.1)

T number of inner iterations for inexact computation of the
prox

o’ upper bound on the variance of the stochastic gradients

U strong convexity parameter of the function f

Os Star Similarity constant

2.1. The Stochastic Proximal Point Method. The prox of a function f, defined in (1.3), is a
well-defined operator when f is proper, closed and convex. Moreover, when f is differentiable,
it satisfies

y = proxys(x) < y+yVf(y) =x. (2.2)
This relationship provides an insightful connection between proximal operators and gradient-
based methods, further motivating their use in optimization frameworks.

In real world applications it is often not possible or feasible to compute the prox of the total
objective function f, and a stochastic approach comes in handy. The stochastic proximal point
method (SPPM), shown as Algorithm 1, consists in applying at each iteration the prox of a
randomly chosen fg: x4 1= proxyy, (xz), so that, for differentiable functions,

X1 =Xk — YV fe (Xier1) - (2.3)

Compared to the standard SGD update, SPPM appears very similar, with one small but con-
ceptually major distinction: the gradient is evaluated at the updated point x; 1. Proximal algo-
rithms, such as SPPM, are thus implicit methods, as their updates require solving an equation
in which the new iterate appears on both sides.

The main notations used throughout the paper are summarized in Table 1.
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3. RELATED WORK

Stochastic Gradient Descent (SGD) [70] is a fundamental and widely used optimization algo-
rithm for training machine learning models. Due to its efficiency and scalability, it has become
the backbone of modern deep learning, with state-of-the-art training methods relying on various
adaptations of SGD [76, 89, 94]. Over the years, the algorithm has been extensively studied,
leading to a deeper understanding of its convergence properties, robustness, and efficiency in
different settings [8, 23, 33, 48]. This ongoing theoretical research continues to refine SGD and
its variants, ensuring their effectiveness in large-scale and complex learning tasks [10, 65, 90].
Notably, methods designed to leverage the smoothness of the objective often struggle in Deep
Learning, where optimization problems are inherently nonsmooth. For instance, while variance-
reduced methods [9, 22, 45, 62, 66, 74] theoretically offer faster convergence for finite sums of
smooth functions, they are often outperformed in practice by standard, non-variance-reduced
methods [21]. These challenges highlight the need to explore alternative assumptions that go
beyond the standard smoothness assumption.

One of the most commonly used generalized smoothness assumptions is (Lo, L )-smoothness
[92]. Several studies have analyzed SGD methods under this condition in the convex setting
[32, 52, 57, 59, 81, 85]. The analysis of SGD in the non-convex case was first discussed in [92]
and later extended to momentum-based methods in [91].

Similar results have been established for various optimization methods, including Normal-
ized GD [11, 39, 93], SignGD [17], AdaGrad-Norm/AdaGrad [26, 87], Adam [88], and Nor-
malized GD with Momentum [40]. Additionally, methods specifically designed for distributed
optimization have been analyzed under generalized smoothness conditions [18, 24, 50].

Stochastic proximal point methods [5] have been extensively studied across different settings
due to their versatility and strong theoretical properties. This framework can encompass var-
ious optimization algorithms, making it a unifying approach for analyzing and designing new
methods. One of its key advantages is enhanced stability, which helps mitigate the challenges
of variance in stochastic optimization. Additionally, it is particularly well-suited for nonsmooth
problems, where traditional smoothness-based methods may struggle. [6, 19, 83]. These prop-
erties make stochastic proximal point methods a valuable tool in both theoretical analysis and
practical applications [13, 14, 20].

Stochastic proximal methods have become increasingly important in Federated Learning due
to their ability to handle decentralized optimization problems efficiently [53]. Some researchers
propose replacing the standard local update steps with the proximity operator, which provides a
more robust framework for understanding the behavior of local methods and can lead to faster
convergence rates by improving the optimization process [36, 42, 56, 58, 80]. On the other
hand, other studies focus on interpreting the aggregation step as a proximity operator, which
allows for a more efficient combination of local updates [12, 15, 38, 43, 61, 64].

4. $-SMOOTHNESS: A NEW GENERALIZED ASSUMPTION

The standard analysis of gradient-based methods, including proximal point methods, can be
viewed within the framework of gradient-type algorithms due to their update formulation, as
given by (2.3). While such analyses typically assume standard L-smoothness, they, in fact,
operate under a path-wise smoothness condition, which applies specifically to the sequence of
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points generated by the algorithm:

[V fi (eier1) = Vg ()| < Lpaan v — xell. 4.1)
This condition is less restrictive than the conventional L-smoothness assumption (Assump-
tion 2.5), as it only needs to hold for the iterates produced by the algorithm. However, verifying
this condition is considerably more challenging, as it depends on the algorithm’s trajectory
and specific properties of the method. To circumvent this difficulty, we propose an alternative
approach by establishing path-wise smoothness through a different set of assumptions. Specif-
ically, we introduce the generalized ¢-smoothness assumption, which, when combined with
additional conditions, facilitates the derivation of the desired path-wise smoothness property.

Now we are ready to formulate our novel generalized smoothness assumption:

Assumption 4.1 (¢-smoothness). The function fe : R? — R is ¢-smooth for Z-almost every
sample &; that is,
d
IV fe(x) = VeI < o (I =YL IV O =yl Vx,y €RY,
where ¢ is a nonnegative and nondecreasing function in both variables.
This assumption is similar in nature to the concept of /-smoothness, as discussed in [57, 84]

However, [-smoothness specifically applies to twice differentiable functions. Next, we present
an important lemma for the new class of functions, which plays a crucial role in the analysis.

Lemma 4.1. ¢-smoothness (Assumption 4.1) implies that, for 2-almost every sample &,

fe(x) < fe () +(VIe (), x—y) + ¢(“x_y”’2||vf5(y)”)

Next, we demonstrate that the notion of ¢-smoothness encompasses (Lg, L] )-smoothness as
a special case.

e—yl* vx,yeR"

Lemma 4.2. [f the function f¢: R? — R satisfies the (Lo, Ly)-smoothness condition, then it is
also @-smooth with the function ¢ defined as

¢ (e =yl IV LW = (Lo+LallV.fe 0)1]) exp (Lillx = y1))

Another special case of the ¢-smoothness assumption is

Lemma 4.3. If the function f¢: R? — R satisfies the a-symmetric generalized-smoothness
condition, then it is also ¢-smooth with the function ¢ defined as

0 (Ix=y,IVL0)) = Ko+ K1 |V fe )| + K [|x — y|| ™2,

2

1y (2% L2 3 Ky = LT 0 30— )T
where Ky := Lo | 2 +1|,K:=L;-2 3 ,Kz.—Ll 2 3 (1 OC) .

5. CONVERGENCE RESULTS UNDER ¢-SMOOTHNESS

First, we outline some intuitions and key ideas behind our results. Our analysis crucially
depends on the fact that the distance between two consecutive iterates x; and x| is bounded.
This result is established using the interpolation regime, convexity of the objective function,
and nonexpansiveness of the prox.

We begin by proving monotonicity of the distance to the solution, i.e., ||xgs1 — X4]|* < [|xx —
x, ||>. Building upon this fundamental property, we derive the following key results:
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Algorithm 2 SPPM-inexact

1: Parameters: stepsize y > 0, starting point x € R¢
2: fort=0,1,....,T —1do
3:  Sample § ~ 2
4 K= argmin{fgk(z)+%/Hz—xk||2}
z€R4
X1 =X, — YV fe, (%)
end for

SN

Lemma 5.1. Let Assumptions 2.2 and 2.4 hold. Then the iterates of SPPM satisfy, for every
k>0,
[ N [ e

Next, we utilize the bound on the distance ||x; — x;.1 ||*> between consecutive iterates in con-
junction with the ¢-smoothness assumption (Assumption 4.1) to establish the concept of path-
wise smoothness (4.1). By deriving several intermediate steps, we further obtain a bound on the
difference between the function values evaluated at sequential iterates.

Lemma 5.2. Let Assumptions 2.1, 2.2 and 4.1 hold. Then for any y > 0, the iterates of SPPM
satisfy, for every k > 0,

10 (Ixo—xell, 3 llxo — x|
Je () = fe, (Gre1) < 5,4‘ < ! ) 6 — Xpq1 |2 (5.1)

2

We are now ready to present the final result and the main theorem. We establish convergence
results, notably without imposing a bound on the stepsize. This implies that while increasing the
stepsize can reduce the number of iterations, it also makes each iteration more computationally
complex. We provide convergence results for both the strongly convex case and the general
convex case. In the strongly convex setting, we achieve a linear rate of convergence, while in
the general convex case, we obtain a sublinear rate of &' (%)

Theorem 5.1. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.4 (Interpolation), and
4.1 (¢-smoothness) hold. Then, for any stepsize Y > 0, the iterates of SPPM satisfy, for every
k>0,

) 9 (llxo —xell, 3 10 —x:11) +
E[f (%)) — f(x.) < o

where Xy is a vector chosen from the collection of iterates x, ..., xx_1 uniformly at random.

If, in addition, Assumption 2.3 holds, then, for any stepsize 'y > 0, the iterates of SPPM satisfy,
for every k > 0,

k
U
E [[lo— x| < (1 - )> oo ./

2+ 0 (o —x.] 3llvo

2
o —2x.],

It is worth mentioning that our result guarantees convergence to the exact solution, as the
variance in the interpolation regime does not hinder convergence to the optimal point. Addi-
tionally, it is important to note that there is an additional dependence on the distance between
the starting point and the solution, ||xo — x. ||, within the function ¢.
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Next, we analyze the inexact computation of the prox within the framework of ¢-smoothness.
In this setting, the prox is computed approximately, followed by an additional gradient step
performed from the approximate point:

) 1
e argmin{ 1)+ 3l
z€R4 2y
Xy 1 := X — YV ().
It is worth noting that if the prox is computed exactly, the additional gradient step becomes
redundant. In this case, V fg (%) = )l,(xk — &), and we have x| = ProXyy, (xx). SPPM with
inexact prox (SPPM-inexact) is shown as Algorithm 2.
Remarkably, we show that when the number of iterations of the subroutine used to solve the
inner subproblem is sufficiently large (satisfying a specific condition), the overall convergence
guarantees are preserved up to a constant factor.

Theorem 5.2. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.4 (Interpolation) and
4.1 (¢-smoothness) hold. Consider SPPM-inexact with every inexact prox satisfying Assump-

tion 2.9. If T is chosen sufficiently large such that nT—f < ¢ < 1, then, for any stepsize Y > 0 the
iterates of SPPM-inexact satisfy, for every k > 0,

. 9 ([lxo x|, 5l1x0 —x.[]) +
E[f(xk)] _f(x*) < 2% ()i —C)

If, in addition, Assumption 2.3 holds, then, for any y > 0, the iterates of SPPM-inexact satisfy,
for every k > 0,

k
E[ka—x*Hz} < (1_ (1—C)‘Ll )) HXO_X*HZ-

2+ 00—l Hlvo— .|

2
o — x|

Remark 5.1 (Realizability of Assumption 2.9 by a parameter-free inner solver). Although ¢-

smoothness does not imply global Lipschitz continuity, the proximal subproblem ¥y is %,—strongly
convex and has a locally Lipschitz gradient on a bounded set containing the iterates (inde-
pendent of k). Consequently, gradient descent on W; with Armijo backtracking (requiring no
knowledge of Ly, Ly, or explicit values of ¢) converges linearly. In particular, the inexactness
model in Assumption 2.9 is realizable by such a parameter-free inner method. For more details,

see Appendix B.2.1.

6. CONVERGENCE RESULTS UNDER EXPECTED SIMILARITY

In this section, we discuss the convergence results under expected similarity (Assumption
2.8) without assuming that all stochastic gradients vanish at the solution. The main concept of
the proof is to introduce the average iterate:

X1 = Elxgp1]|-Zi],

where we denote by .#; the c-algebra generated by the randomness (e.g., stochastic gradients

or iterates) up to iteration k. This approach enables us to derive the complexity of the algorithm.

Since we utilize the expected similarity assumption, we do not require any form of smoothness.
In this setting, convergence is impacted by the variance, defined as follows:
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Assumption 6.1 (Bounded Variance at Optimum). Let x, denote any minimizer of f, supposed
to exist. The variance of the stochastic gradients at x, is bounded as:

g [IIVfz ()]*] < 02

Remark 6.1. The interpolation regime, where stochastic gradients vanish at the solution, is a
special case of the general setting with 62 = 0. Detailed convergence results for this regime are
provided in Appendix D.

First, we present the convergence result for the exact formulation of SPPM.

Theorem 6.1. Let Assumptions 2.1 (Differentiability), 2.2 ( Convexity ), 2.3 (Strong convexity of
f), 2.8 (Star Similarity), and 6.1 hold. If the stepsize satisfies ¥ < then SPPM satisfies, for

every k > 0,

k
2 1 YU 2 i 2
E[|lxe x*|”§(l me(z )) o — .| +4max(w,1>yzo*.

The result shows linear convergence to a neighborhood of the solution, with the neighborhood
size proportional to the variance 62 from Assumption 6.1, and depends on the stepsize . Using
a decaying stepsize schedule leads to sublinear convergence to the exact solution.

We now present the convergence guarantee for the inexact variant of SPPM.

i

Theorem 6.2. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.8 (Star Similarity),

and 6.1 (Bounded Variance) hold. Consider SPPM-inexact with Assumption 2.9 satisfied. If the

p(l—c)
452

is a constant, then SPPM—mexact satisfies, for every k > 0,

k 252
2 1 4y°o
E[|lx —x.]]7] < (1 2mm( X 11— ) [0 — x||> + max i T—c) ¢

The result guarantees convergence to a neighborhood of the solution, with a neighborhood
size strictly larger than in the exact case due to the approximation error c¢. Specifically, the
radius of this neighborhood increases by a factor of at least ;— . Additionally, the contraction
factor becomes worse (closer to 1), and the allowable step51ze 1s reduced by a factor of (1 —c).
Hence, the convergence speed is slower compared to the exact case, but convergence remains
guaranteed as long as the approximation error is controlled.

stepsize satisfies Y < and T is chosen sufficiently large such that T <c where0<c<1

7. EXPERIMENTS

In this section, we present numerical experiments conducted for the optimization problem in
the finite-sum form (1.2), where the functions f; take the specific form f;(x) = a;||x||**, with
s €N\ {1} and @; € R" for all i = 1,...,n. Each function f; is (Lo, L;)-smooth, with Ly = 2s
and L; = 2s — 1, and is convex.

7.1. Main Experiments. We begin with two main experiments. The first experiment inves-
tigates the effect of varying the maximum number of iterations for the inner solver, without
enforcing a stopping condition based on the gradient norm. The purpose of this analysis is to
demonstrate that if the inner solver fails to achieve sufficient accuracy in solving the proximal
step, the method may either diverge or exhibit slower convergence. We conduct two variations
of this experiment.
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FIGURE 1. Convergence behavior of SPPM-inexact with different inner itera-
tions in strongly convex and convex settings.

In the first variation, we consider functions with different values of s, ranging from 2 to
20, and run the algorithm with varying maximum iteration limits for the inner solver: 7 =
5,20,50,100,500. The number of functions is set to n = 100, and the dimension is d = 5. For
the second variation, we modify the original problem to ensure strong convexity of f, enabling
us to verify that the convergence rate becomes linear in this setting. The modified problem (1.2)
is defined as follows: f;(x) = a;||x||* + A{e;,x)?, where ¢; € R* foralli=1,...,n, A € RY,
and e; is a unit vector with its i-th coordinate equal to one. In this case, each function f; is
(Lo, Ly)-smooth, with Ly = 2s+2A and L; = 25 — 1, and convex. Furthermore, f is %—strongly
convex. We set n =d = 100, A =2, and s = 2, and conduct experiments with inner solver
iteration limits of 1,10, 15,100,200.

As shown in Figure 1, if the number of iterations of the subroutine is sufficiently small, the
method may either diverge or exhibit significantly slower convergence. Once the number of
inner iterations reaches a sufficiently large value, the convergence improves. It is worth noting
that increasing the number of iterations beyond this point does not result in a significant further
improvement in convergence. These observations confirm our theoretical findings.

In the second experiment, we analyze the performance of SPPM-inexact and compare it with

stochastic gradient descent (SGD) using constant stepsizes. Each function in this experiment
2—oy

has the form fi(x) = a,-|x|1*7“i', each of which is individually oj-smooth, as shown by [11]. Tt
is straightforward to verify that each f; is also 1 > B > o; > 0-symmetric smooth, implying
all functions are & = max;—1__y Q;-symmetric smooth. We set N = 1000, with coefficients a;
uniformly distributed in the range [10, 1000).

We run both SPPM-inexact and SGD with three constant stepsizes: y€ {1073,5x 107,107},
Figure 2 illustrates that for smaller stepsizes (y =5 x 10~7,107®), both methods exhibit slow
convergence, stagnating at suboptimal solutions within the number of iterations considered.
However, for the larger stepsize (y = 10~3), SPPM-inexact converges consistently to the opti-
mal solution, whereas SGD diverges.

This experiment highlights an advantage of SPPM-inexact: its capability to utilize relatively
larger constant stepsizes effectively, resulting in faster and stable convergence.

On the other hand, constant stepsize SGD may require smaller stepsizes or careful tuning
to achieve convergence. Hence, while the considered optimization scenario is not inherently
challenging, it clearly demonstrates the practical benefits of the flexibility in step-size selection
provided by SPPM-inexact.
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FIGURE 2. Comparison between SPPM-inexact and SGD with constant stepsizes 7.

7.2. Further Experiments. In addition to the main comparisons, we further examine the ro-
bustness of SPPM-inexact with respect to step-size selection and initialization. These experi-
ments complement the previous results by providing deeper insight into the practical behavior
of the method.

7.2.1. Impact of Different Stepsizes. We next investigate the impact of different stepsizes on
the convergence of the proposed method. Specifically, we aim to demonstrate that the method
converges for any positive stepsize, provided an appropriately chosen tolerance for the inner
solver is used, and that larger stepsizes lead to faster convergence rates.

To validate this, we analyze three different values of s, namely s = 2,3,4. For each case,
five different stepsizes are tested: Y= 0.1,1,10,100,1000. The number of functions is set to
n = 1000, the dimension to d = 100, and an inexact solver is employed with a stopping criterion
based on the squared norm of the gradient, with an accuracy threshold of 10~ 12: ||V, (%;)||? <
1072, As shown in Figure 3, the method converges for all chosen stepsizes. While larger
stepsizes accelerate convergence in terms of the number of iterations, they also increase the
computational cost per iteration. These observations confirm our theoretical findings.

7.2.2. Dependence on the Initial Point. Finally, we study the dependence of convergence on
the initial point. The objective is to verify that the convergence of SPPM-inexact is indepen-
dent of the initial point and to assess the tightness of the theoretical analysis, i.e., whether the
convergence rate depends on the distance between the initial and optimal points. For this ex-
periment, we analyze three different values of s (s = 2,3,4) and, for each case, randomly select
five different initial points with norms ||xo|| = 0.1, 1, 10,50, 100, while keeping all other param-
eters unchanged. As shown in Figure 4, the convergence rates are nearly identical across all
cases, suggesting that the upper bound ||x; — x11]|* < ||xo — x.||? provided in Lemma 5.1 may
be overly restrictive for certain problems. Further investigation of this effect is a promising
direction for future research.

It is worth noting that increasing the parameter s, which influences the problem formulation,
makes the problem more challenging to solve. This is because the parameters Ly and L increase
as s grows. This observation aligns with our theoretical understanding.
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FIGURE 4. Convergence behavior of SPPM-inexact with different starting points.

8. CONCLUSION

In this work, we analyzed SPPM methods under assumptions beyond standard Lipschitz
smoothness. We introduced a generalized @-assumption that covers many special cases and
provide convergence guarantees for both strongly convex and general settings in the interpo-
lation regime. Additionally, we studied convergence under the expected similarity assumption
in strongly convex cases for both interpolation and non-interpolation regimes. Our analysis of
stochastic methods beyond smoothness is a step forward in the understanding of their practical
performance in ML. Further exploring SPPM in general convex settings with expected similar-
ity is an important direction for future research.
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APPENDIX A. FUNDAMENTAL LEMMAS

We define the Bregman divergence of a function g as
Dy(x,y) :=g(x) = g(y) — (Vg(y),x—y) VayeR" (A1)

Lemma A.1. Let Assumptions 2.1, 2.2 and 2.4 hold. Then, for any stepsize Y > 0, the iterates
of SPPM satisfy, for every k > 0,

(X1 = X, X — Xper1) = V(fg, (1) — S (x)) 2> 0. (A.2)

Proof. Since
. 1 2
X = arg min + —lly—x ,
o1 =argmin (75 00+ oIl
the first-order optimality condition implies that:
1
Ve, (k1) + ;(karl —x) = 0. (A.3)

Since fg, is differentiable and convex, we obtain the following inequality:

fe () 2 fe, (1) + (Ve (k1) 5% — Xier1)
2 1
(2 Je (1) + ;,(xk — Xk 1 X — Xpr 1)

Rearranging this expression yields the first inequality in (A.2). Furthermore, we also have
fe (1) > inf fe (x) = fe (x.),
xeR4
which follows from Assumption 2.4. U

A.1. Proof of Lemma 4.1.
1
fe0) = fe0) = [ (Vfelre—y)x—y)ds
1
= [ (VL4 1=3) = VI () 6 =30+ (Vg ()= ).
Moving (V f¢(y),x —y) to the left-hand side and using Cauchy-Schwarz inequality, we get
1
Dy, (x03) = [ (Vfg0+1(x=y)) = Vf50)x—)dr
1
< [ 1A 0+1e=3) = VIO =l ar
Using ¢-smoothness of fz and that ¢ is nondecreasing on both variables, we get
1
Dy, (x,y) < /0 (@ (tlbe—=yll, IV f ) IDellx =y de

! 2
S/O (@=L IV LDzl =y~ dr

_ A=y VO
2

lx = y||*. (A.4)
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A.2. Proof of Lemma 4.2. From Proposition 3.2 (Point 2) in [11], the function fé ' RY - Ris
symmetrically (L, L;)-smooth if and only if for all x,y € R,

IV fe (x) = VDIl < (Lo +LilIV e 0)I]) exp (La[lx = ) Ix =yl
Hence, defining
¢ (Ix=yll, IVLz0N) == (Lo+Li [V fe 0)II) exp (Li]lx = yl]) ,

we obtain

V£ (x) = VI < ¢ (I =yl IV O [ =y,

which confirms that f¢ is ¢-smooth according to Assumption 4.1.

A.3. Proof of Lemma 4.3. From Proposition 3.2 (Point 1) in [11], the function Je: RY - Ris
said to satisfy the o-symmetric generalized-smoothness condition if and only if for all x,y € R¢,
1912 (6) = Ve )1 < b=l (Ko + Ki [V £z )% + Ko =y 752 )

where the constants Ky, K, K> are defined as:
o2
Ko =Ly (210( + 1) ,

. 20
Ki:=L;-27-a.3%

o

12
Ky :=L{ % -21a.3%1—a)Ta.
Hence, defining
¢ ([x=yIL IV OI) =Ko+ K[|V )% + Kallx =y e,

we obtain

IV£e () = VI < ¢ (I =yl IV O [ =y,

which confirms that f¢ is ¢-smooth in the sense of Assumption 4.1.

A.4. Proof of Lemma 5.1. Let k > 0. Since x41 = argmin,,ga <f5k(y) + %,Hy—xk”z), we
have

1 1

Je, (Xiy1) + Z,ka — Xt P < fe () + Z/ka —x%,
Rearranging the terms, we obtain

e = et 1P < e =217 = 2 (g, (an) — S, (x4)) -
Since fg, (xi11) — fg, (x«) > 0, it follows that

o =z 2 < e = .
On the other hand, due to the nonexpansiveness of the proximal operator, we know that
[tk — x:||> < |Jxe—1 —x4]|*  forany k> 1.
By applying this recursively, we obtain
e 26| < flo — x|

Combining the above inequalities, we arrive at the desired result.
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A.5. Proof of Lemma 5.2. Let kK > 0. Applying (4.1) to the iterates, we obtain

— \Y%
fék(xk)Sfék(xk-i-l)—"_<Vf§k(xk+l)axk_xk+l>+(p(HXk XkHHéH f(XkH)H)ka—XkJrle-

Using (2.2) we obtain

I e ) :
fék(xk)ngk(xk+1)+;/”xk_xk+l” + > [k — X1 |7

Finally, applying (5.1) and rearranging terms, we obtain

10 (ko= o —x.))

Je o) = fg () < ;,WL 3 [k — x|

APPENDIX B. PROOF OF THEOREMS 5.1 AND 5.2
B.1. Proof of Theorem 5.1. For convenience, we restate Theorem 5.1 here:

Theorem B.1. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.4 (Interpolation) and
4.1 (¢-smoothness) hold. Then for any stepsize ¥ > 0 we have, for every k > 0,

9 ([Ixo —oxill, 3 llxo — ) +

E[f (%)) - f(x.) < m o x|, (B.1)
where £% is a vector chosen from the set of iterates xq, . . . , x_ uniformly at random.
Additionally, if Assumption 2.3 holds, then, for any stepsize Y > 0, for every k > 0,
k
H 2
Efllx—x ] < | 1- [ xg — x4 ||%. (B.2)
24 0 (flo — x|, 3l1xo — )

Proof. We have
st — x| =l — 20 — (1 — x|
=l = xel|* = 20 — X, X — X1 + [l — X411
= [k = 1> = 200k — X1+ 1 — 2%, X0 = X1+ ok — 212
=[xk — X || ? = 200041 — Xy X — Xpr 1) — 1% — Xa1 |12 (B.3)

Using (A.2) and (5.1), we obtain

k1 =2
1
< ok — x> = 29(fe, (k1) — Sz, (x4)) — 1 (fe, () — fe, (Xix1))-
1 9(Io—xidl lvo—.1))
vt 2
Since 2y > 1 ¢(”X07X*H1LYHX(FM|),we obtain
A z
2 2 1
e e 1 (fe (k) = e (x:)).
L 0ol xo—x.]))
>+
b4 2
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Let .7 denote the o-algebra generated by the collection of random variables (xo, ... ,xx). Tak-
ing the expectation conditioned on .%;, we have

1
Eflxest =2 | ] < e —x* — 1 (f (o) = f (34)). (B.4)
1 9 (lo=x lo—x. )
5T
Y 2
Taking full expectation, we see that
1
E|lxe1 —x:[) < Bl =% 1 (ELf ()] = f(x:))-
19l lxo—x.])
7 )
By summing up the inequalities telescopically forr =0, ..., k, we obtain
3 19 (o= xcll Hlxo—x. ) ) )
Y E[f(a)] = flr) < | -+ (o = x: |7 = Efl a1 —2x4[|])
=0 14 2
1
10 (xo =, Slvo —x.)
<|5t 2y X0 — x|
Notice that:
_ R I
Elf (X)) =E[E[f(X F=E|——=) f(x)| =——=) E|f(x)]
)] = BIEL ) | Zill = |5 Y5 | = g BBl )
Thus, we have
" <%+¢(on—x*u,;uxo—x*u) )
[f (Gesn)] = £ ) < i) o~
If we assume 2.3, then in step (B.4), applying the strong convexity of f, we get
B[t —xel® | Fa <l —xa|* ~ - g — x>

24 (Ivo =], 3l —x.1])

<|1- £ o — .2
246 (Ixo =]l L lxo — x| )
Taking full expectation, we obtain
Efllusr )} < [ 1-- £ Bl — .12
249 (1o —x.ll, Lo —x.]1)
Applying this recursively, we get
k+1
Eflxet —xf? < [ 1- £ w0 —x. 2.

249 (1o —x.Il, Lo —x.11)
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B.2. Proof of Theorem 5.2. For convenience, we restate Theorem 5.2 as follows.

Theorem B.2. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.4 (Interpolation) and
4.1 (¢-smoothness) hold. Consider SPPM-inexact with every inexact prox satisfying Assump-

2
tion 2.9. If T is chosen sufficiently large such that % < c < 1, then, for any stepsize Y > 0 the
iterates of SPPM-inexact satisfy, for every k > 0,

) ¢ ([lxo —x.
E[f(xk)] _f(x*) < 2k(1 —C)

If, in addition, Assumption 2.3 holds, then, for any y > 0, the iterates of SPPM-inexact satisfy,
for every k > 0,

k
Bl ] < (1— L )> —

20 (o — x5 llxo — x|

[yl =) +
! o —ox.%.

Proof. We have
Pt = x| =l = |1 = 2001 — 2,20 — xa1) — [l — 21|
Substituting x4 1 = X — YV fg, (), we obtain
bt =2l * = flage = el = [l n = x> = 27V g, (B0 2r 1 — )
=l — e l® = [t = xell* = 27V e, () a1 — R+ £ — x.)
= |1k — X || T — X1 — X" — X)), X — x4) — X )s X1 — Xie) -
[N 2= 2009 £, (80), 1 — ) — 27(V e () )
Using the identity —2(a,b) = —||a+b||*> + ||a||* + ||b||*, we rewrite the expression as
X1 — X || 7 = || Xk — X || — || Xkp1 — Xk || " — £ (X ) X — X
|| | 12— 29(9 £, (805 —x.)
— [[xes 1+ YV e, (B) = £lP + 1YV fe, (R + a1 — 21>

Noting that [|xgy1+ YV fe, (&) = xl|* = [l — &> and [|¥V fe, (£ = i1 — x|, we sim-
plify as

k1 — 212 = [k — 2 ]|? = 27(V e, (8), 8 — x) — [l — Bl > 4 11 — £l
Using [Jxes1 — &1 = [ — YV £, (&) — &l = [| = YV Wi (%) [|%, we derive
bkt = 1? =l = x> = 27V e, (B 8k — ) — [k — &>+ PIIVER ()2 (B.S)
By convexity of fék’ we have
fe, (x) > fe, (X)) +(Vfe, (F) 0 — R,
which implies

(Ve (i) 8k — x) > fe, (%) — [ (%) (B.6)
Using (B.6) in (B.5), we get

Potcer =201 < [l =20l |2 = 29(fe, (81 = fi, () = v = 8l P+ P VR B.T)

Since x}! is the minimizer of W (x), we have

1 1
v v 2 . . )
fgk(xk)+ﬂ||xk — x| ngk(xk)+ﬂ||xk—xk|| ,
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from which it follows that
1 1
n N W N
Je,(Fr) > fe () + Z,ka —xl* — Z/ka — x|
Replacing it in (B.7), we obtain
Petes = xel® < e =l P = 27 (e, () — S () — Il —20el® - 1 — x| = [k — 22
+ 7|V ()P
= floe =2 = 29(fz, () — fig, () — g’ — x>+ 7|V (Re) 1.
Using (2.9), we get

7|l —a |
ot =5l < e 2~ 270 () — iy (o) — e s+ TR
= P20 )~ fy )~ (1= s @

TOt
From the proximal step, we have
1 1
y w2 2
Je () + Z,ka —x; ||7 < fe, () + Z,Hx* —xi .
Rearranging the terms, we get

b =5 |17 < v = xel® = 29(fe (o) — e, ()
< e —2uell?,

and from the (B.8), we know that ||x;, | — x.||? < ||xx — x.||%, so using recursion, we get ||x; —
xk‘PH2 < ||xp — x4 ||?, which means we can use (5.1) in (B.8):

Poics = xl? < e — x| = 29(fe, () — fig (x0)
_n7

@ B.9
L9l dlxo—x )
1y
Y 2
I,ﬁ
and since 2y > L , We can write

¢(HX0*X*H,71 HX()*X*H)
1
¥t 2
| ny

[ ] (fe, (F) = fe, (x2))

0 (Jlxo—x.ll, 4 lxo—x.

31 — ] |* < e —x]|* —

1
s 2
- g
— 1 <f§k(xk) — fe, (xg ))
1 9 (o=l lxo—x. )
s 2
=[x — x[|” = 1
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Taking the expectation conditioned on .#;, we have

-7
L ] (flw) = f(x)).  (B.10)

0 (Jlxo—x.ll, 4 xo—x.

+ 2

E|lxgrr =0l | Fa] < e — x| -

<X[=

Now, by taking the full expectation, we get

_nr
X, —x*z x—x*z— re X, —J Xx)).
Bl =17 < Bllk —lP) = e (B = f(w)
4 2

By summing up the inequalities telescopically for ¢t =0, ..., k, we obtain

0 (Ilvo—x. 1.4 xo—x.))

1
‘ 7+ 2 2 2
Y E[f(x)] — flxs) < e (o =2 = B[l — x4 [7])
t=0 — Ta
19l b lxo—x.])
7+ 2 2
< T X0 — x|~
T(X
Notice that
. _ Qg 1 ¢
Elf @er)] =EE[f(fer1) | Fl] =E H—lt;of(x’) _H—I,;O]E[f(x’)]
Thus, we have
) 246 (Ixo =]l S lxo =
E[f (Ber)] = fx) < ; [0 — x|
2(k+1)( —’;—Z)
246 (llvo —x.Il, liwo —x.])
[0 — x|

= 2k+1)(1—0)

If we assume 2.3, then in step (B.10), applying the strong convexity of f, we get

(1 %)

|1 —xel* [ Fa] < v — x> — ; . ek — x|
246 (lhto =, Hlxo — .
ny’
“( _W> 2
=|1-3 1 o0k — x|
540 (o =] fllxo —x.])
Taking the full expectation, we obtain
ny’
2 u( _W> 2
Efloters —xf|7T < [ 1= Eflloee — x«]-

246 (llto =1, Hllxo — x. )
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Applying this recursively, we get

u( _TT_'}’2> k+1
2 re 2
Elllvesr =l < | 1= 1 [E |
259 (1o —x.Il, Hivo —x.I1)
a
1—c
<|1- n1=c) [0 — x|

249 (oo — eIl S lxo — x.1))
0

B.2.1. Practical details (parameter-free Armijo on ¥y). Fix k. Recall ¥} and xk‘y from (2.1).
By the optimality condition,

1
VI =n = IV G = S| (B.11)
From the proof of Theorem 5.2,
e =) < Jlwo —xl| = R, (B.12)
hence by (B.11),
R
IV £z, ()| < > (B.13)

Let By := {z: ||z—x'|| < R}. For y € By, by ¢-smoothness and (B.13),
1V £, ) = Vg, i < Sy = 1 1V £z, ) ID Iy =l
< ¢(R,1—;)R. (B.14)
Thus
VAW <G+ 0RER.  yeb, (B.15)

Now, for any x,y € By,

IVFe, () = Ve DI < ¢ (lx = yll (Ve 0D llx =¥l
< 9(2R,G)|lx =yl (B.16)
Since VWi(x) = V f¢ (x) + )l/(x — Xi), we obtain
IV¥e(x) = V()| < (9 (2R, G) + ) lx =yl = Lioclx =y, Vix,y € B (B.17)
Here L, is independent of k, and W} is p—strongly convex with u = 71/
Implication for Assumption 2.9. Since W} is u-strongly convex and has a locally Lipschitz

gradient on By, gradient descent on W starting at x; with Armijo backtracking enjoys linear
convergence. Hence there exist p € (0,1) and C > 0 (independent of k) such that
b g ¥
I =x <Pl —xcll, IV < Cplflage—xc |-
Therefore, for any o > 0,
e — ¢ |17

[V <
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with 1 = C2C,, where Cy, satisfies p?7 < Co/T* forall T > 1.

APPENDIX C. PROOF OF THEOREMS 6.1 AND 6.2
For convenience, we restate Theorem 6.1 here.

Theorem C.1. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.3(Strong convexity of
f), 2.8 (Star Similarity) and 6.1 (Bounded Variance at Optimum) hold. If the stepsize satisfies
y < &, we have, for every k > 0,

SN 2 4 2
IE[ka—x*HZ} < (1 —min (T’E)) ||lx0 — x«||~ + max (ﬁ’2> 2y°62. (C.1)
Proof. Define X1 = E[x¢,1|-%]. Then

b1 — 12

= ok =2 |? = 21— xes X — 1) — [Pk — 2 |12

< e = xl P = 27(f, (o) — fig, () — [l — x|

< e = xil 12 = 29 (fe, (Rr) + (Ve (B 1) s X1 — Frn) — fe, (6)) = [l — 21 |1

Taking the expectation conditioned on .%; and using the equality E[||x—c||?] = E[|jx— E[x]||?] +
|IE[x] — c||?, we have

E [|lxes1 — x| |- %4]

< e — xi12 = 29E [ fe, (Br1) + (Ve (Ret) s Xt — Far1) — fr, (6) | F ]
—E [ |l — xi1 |*|- %)

= [bre =2 [|* = 27 (f (Bar1) — F () + B [(Vfe, (1) Xt — Te1 )| F])

—E [|Jxks1 = Tt Pxx] — [ — T |1 (C.2)

Since E [(f (Xx11),Xkr1 — Xkr1)|-Zk) = 0, we can write
E [t —x* | Zi]
< ok — x| =29 (f (Fes1) — F(e) +E [(V e, (Regt) s Xkt — Trr) | Fi])
—E [Pt = %1 12 | Fi] = oo — el
= [k = xa 1> = 27 (f (k1) — f (x2))
—2YE [(VSfe,(Fas1) = VI (Fayr) = Ve, (6) X1 — Tagr) | Fi]
+27 (B [(Vfe, ()Tt =) | Fi)) —E [ =% 12| Za] — o — T |1
Leta € (0,1). Then
E [[Jxxg1 —x|* | F]
< e = x> = 27 (f Gikg1) — f (x:))

= 2E [0V (1) — () = Vg (o))l = 1)) | 53]

+27 (B [(V e, (x) Tkt =) | F)) —E [ =S 12| Za] = o — T |1
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Using strong convexity of f and the identity 2(c,b) = ||c + b||*> — ||c||> — ||b||?, we obtain

E [|Jres1 — x«?]
< e — xi||2 =y [T — )2
1
- ZE 1YV fe, (Fe1) = Vo Brrr) — Ve, (60)) 4l — T 1P | i)

2
+ %E (Ve Gr1) = Vi (Ern) = Vg )P | Fi] = (1= @) [t — T | Fi]

+27 (B [(Vfe, (50) Bt — Xes) | Fi]) — ok — St |-

Using Assumption 2.8 and Young’s inequality, we see that

E [|Prest —x« %]

Y282 > 2
et =l = (1= @) [oegr — Fee | | 2]

< o =20 | = | — x|+

2
Y _ _
+E IV £, e 1P | xk] + SE [ [kt — Tt [1* | 2] = [k — Bt |1

By substituting s = 1 —a and choosing a = %, we conclude

E [|Jrest — x| 2 %]
< e = x| = Rt — x| 2 4+ 27282 | %ot — Xl |* 4+ 277E [V fe, () 1P | ]

— ook — Fer ||

We require 2y>82 < % which implies y < %. Therefore,

E [ka—i—l —X*HZ \ 35,(}
YU _
< o — x> = 5 et —x||P = e = et |2+ 27 E [V f, (217 | 2]

< e =l = min (22,1 (s =02 = o — T [P) + 29 [V g (x| ]

< <1—min <7_H l)) ]|xk—x*|\2+27263-

472

Taking the full expectation, we obtain

. 1
Efllees: x| < (1 ~ min (ﬁ —))E[uxk—x*rmzfof.
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By applying the inequality recursively, we derive

EfJlves1 — x|

() o (om0 e

k+1

. yu 1 ) 4 2

< _ £ — Xy —, -
(1 mm( 1 ,2)> [lxo — x| +max< 2) 2’}’26

For convenience, we restate Theorem 6.2 here:

Theorem C.2. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.8 (Star Similarity)
and 6.1 (Bounded Variance) hold. Consider SPPM-inexact with Assumption 2.9 satisfied. If the

stepsize satisfies Y < % (4 52 ) and T is chosen sufficiently large such that ij <c, where)<c<1

is a constant, then SPPM-inexact satisfies, for every k > 0,

1 . /yu k 2 1\ 4y%02
x| <(1-= Uiy ~x]? il iy
E[|lx —x]]7] < <1 2mln( 5 .1 c)) ||lx0 — x| +max<yu,1_c> =

Proof. To avoid repetition, we start from (D.4):

E [ et 1 — x| ]

< =02 =27 (1) = ) +E (Ve ()5 — ) )

2
ny’ - ny -
— (1= 0B [ =S [P | = (1= 50— 211

Now since E [{f(%1),xf —%ir1)|x] =0, we can write

E [[bee1 — x| | ]
< e =2 =27 (f (T = £ (x:))
—20E [V f (%) = VI (Feer) = V f (0). 28 = Fin) |

2y (B [V (et =) [ ] ) = (1= L0 [l = ]

- (12 ok
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Leta € (0,1). Then

E [[be1 — x| | ]
< e = xi12 = 27 (f Regr) — £(x0))

2 (B [0V i, () — Y ) = Vg (), alsf — o)) ] )
2y (B [V (e it =) [ ] ) = (1= 0B [l = ]

2
_ (1 —”—7) e — et |

T(X
Using strong convexity of f and the identity 2(c,b) = ||c + b||*> — ||c||> — ||b||*, we obtain

E [[|xir1 — x| | xk]

< o = xe? = R Frn — x|

(B I fe )~ ki) Vg () el —5n) ] )

2
+ LB (V5 () = VI Garn) = Vs eI [6] +E [ ! =5 ||
2
+27 (B [(Vf5,00) 1 =38) [ ] ) = (0 = TEOE I et ||

2
ny _
_ (1 — W) H.Xk — Xk+1 H2

Using Assumption 2.8 and Young’s inequality, we get

E |1 — x| xi]
Y

< vk = x| = v Bt — x|+

2
+ LRIV g (00) I ] +5E (i1 =581 | ]

i1 —=xol2 =+ e =5t | |

2 2
ny v 2 ny - 2
(1T ¥ - ]~ (1= 2 ) -l
| N
Choosing s = a = —"—, we derive
E [l — el | ]
_ 27282
< P = i e 20 ey — 2
s
2y%

ny* T

2
E IV s, (e) 2 | 5] - (1 - ﬂ) e — e |-
Tlx

+
1
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Let T be large enough such that T”’ < c¢ < 1. Then

E [[lkg1 — ]l | %]

29282 2
1 —x +iE [V f, (o) P | 2]

< ok _X*HZ — VI Frr1 _x*Hz +
— (1 =)l — Fept I

We want 2y>52 < W(; ) , which implies y < ”(462 ), so we get

B [[bee1 — x| | ]

Vi _ 2y
< g — x| |2 — —||xk+1 —xF=(1 —C)||Xk—Xk+1||2+1—_cE [V fe, Ge) 1 | ]

2
< o=l — Smin (1 =€) o — P 2T Y [V f, Ge) [P | 2]
2 27 1—

61 YU , 2Y*0?
1__ <_ 1— > X, it
( 2mm 5 c )ka x|l “ + -

Taking the full expectation, we obtain
29’62
B (s — 7] < (1= gmin (B 1) ) Bl -+ 22,
By applying the inequality recursively, we derive

El[ber 1 — x|’

k+1
(I—Emln (%L 1—c)> [0 — x|

+ ((I—Emm (% 1—c)>0+---+ (1—§mln<% 1—c>)k> 21]/2_(5;2

k+1
TH 2 1 4y-o;
(1 2mm( 5 )1 c)) [0 — x| +max<y“ - )(1—c)'

APPENDIX D. CONVERGENCE UNDER INTERPOLATION REGIME AND EXPECTED
SIMILARITY

Theorem D.1. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.3(Strong convexity of
f), 2.4 (Interpolation), and 2.8 (Star Similarity) hold. If the stepsize satisfies Y < 252, then we

have, for every k > 0,

. 1\
E[ |l —x. %] < <1—mm (%’“‘5)) o — x. |12 D.1)

Xpp1 = E[xk+1|ﬁk]. (D.2)

Proof. Define
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Then

21 — x|

= |k —X*Hz — 2{ X1 — Xy Xk — Xpp1) — || X — X1 H2
A2

< ok — 21> = 29, (at) — Sz, (x0)) = e — X |12
2.2
< e =2 ll? = 29 (fe, (Brt) + (Ve (B 1) s Xkt — Kkgr) — fe, (0)) = 1ok — Xt ||
Taking the expectation conditioned on .%; and using the identity E[||x — c||*] = E[||x — E[x]||*] +
|E[x] — c||?, we obtain
E [“xk—i—l —x*||2|cgzk}

< ok — 1P = 29 [ fe, (B 1) + (V e, (Rr) s Xkt — Tar) — fe, (6| F]
— B [|lxe — x| F]

= [Pre =2 ||* =27 (f (1) — F ) +E [(V fe, (1) Xt — Ter1 ) F] )
—E [ |41 — Tt 1P Fk] — [0 — T |1 (D.3)

Since E [(f (Xx41),%k+1 — Xk+1)|-Fx] = 0, we can write

E [[xes1 =Xl o] = loe = x> =29 (f Gag1) — f (x2)
+E (Ve Far1) = Vi (Frrr)seen —Trn) ] )

~ B [t = Tt Pxa] = o — T |12
Using strong convexity of f and the identity 2(a,b) = ||a+b|*> — ||a||*> — ||b||?, we derive

E [|lxes1 — x4 ]|*|-F]
<l — 5. 12 — s v l2_F L] — e — e |12
< ok = [[” = |1 — x| (b1 =Tt 151 7] — [l — T |
B |7V g, (Ger1) = VI Get) + (1 = T
~ PV i) = VI )P = [ — x| i
< o = 21> = v Bt — P — e — Tt |1

+7°E [vaék(fkﬂ) - Vf(fk+1)”2|yk} :

Finally, using the star similarity condition, we obtain

E [|lxe1 — X2 %] < e —x))? = (v — V282 1Tt — xel|2 — v — Fat ||
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If Y282 < 2)//.1, then y < 5 62 Under this condition, we have

E [[lrest —x: 1% F]

YU, _ _
< e — x| = THXHI — xi |2 = |l — T |2

< e =l = min (221 (g =2 = o =5 )

yu 1 ) yu 1 2
< — 2 _ — — .
||k — x| mm( i 2) ||lxk — x4 ]|7 = (1 m1n< i 2)) [l2tx — x|

Taking the full expectation, we obtain

. 1
B [t =) < (1 min (2 2) ) B [l ]

Applying this inequality recursively, we get

B (et =] < (1-min (2. 2)) " o

O

Theorem D.2. Let Assumptions 2.1 (Differentiability), 2.2 (Convexity), 2.4 (Interpolation) and
2.8 (Star Similarity) hold. Consider SPPM-inexact with Assumption 2.9 satsified. If the stepsize

satisfies y < (2 57 9 and T is chosen sufficiently large such that 1 72 < ¢ < 1, then the iterates of
SPPM-inexact satzsfy, for every k > 0,

k
E [l — x.]2] < (1—§mm(”7“ 1—0)) o — x|

Proof. To avoid repetitions, we start from (B.8):

2

ot = x| < v — x| = 29, () — fig, (x)) = (1= nT—a)Hx k= ||

Instead of (D.2), we define X3, = E[xklp\xk].
Using convexity of f , we get

et 1 = x| < o =212 = 20 f, (Ban) + (Ve (R ). —Tesr) — fie, (x)
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Taking the expectation conditioned on x; and using the equality E[||x — c||?] = E[||x — E[x]||?] +
|E[x] — c||?, we obtain

E [|l1 — x| *[k]

2
< =l = (1= EE [l = 221

27 | i, (B )+ (Ve (B )5 —Fen) = fe ()

=l =l = 27 (f(Besr) = £0) +E [(V f, (G 6 —Fesnd e )

2 2
= (1= 208 [ — 5 Pl = (1= 20— 1 2 D4

Since E [(f(Fx41),%¢ — Xer1)]xx] = 0, we can write
B ([ g1 — x| ]
< = e 2 =27 (£ (i) = £00) + B (Vg (Fen) = FGn) ol = )] )
2 2
ny = ny -
— (1= ) [l =Rt P | = (1= 5 o — 412 (D.5)
Leta € (0,1). Then

E [[loes1 =2l boe] < flooe =21 =29 (f (Begr) — £ (x)

2R [(H g () — () ! — T )

2
ny . ny’ 7
— (1= VB Il = T [Pl = (1= T2 o= 412

By applying strong convexity of f and using the identity 2(c,b) = Hc+bH2 - HcH2 — HbHZ, we
have

2
B [l —xulPboe] < o=l = v s =2 = (1= TR [ = 5 P
ny’ ]
—(1— W)ka — F1 |2
1 _ _ _
B[V e (1) = V) + (5~ Fes) Pl

2
+ %E 1V e, Gr1) = Vf (T[] + aB [ka+1 _x;<PH2|xk] :

2

By setting a = (1 — %), we obtain
E e 1] < e — 12— vl — 12— 1_77_72 o2
(e —xelPhe) <l =l = gl — 2 = (1= 20 g — 5|
Y 2
+ —E IV fe, (Ber1) = Vi G 17 1xe] -
(%)
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Now, using the star similarity assumption (2.8), we get

2
_ ny _
E [t —xell ] <l = 2P = ya |8 — x> = ( ~Ta )|k — Fe1 |2
252
Valoh
e — x|
(1-3%)

Assuming T sufficiently large such that 1 —72 < ¢ < 1, we obtain

E ([t —x][*]a] < |IXk—x*||2—}’I~L||fk+1 —x? = (1= ¢) s = T |

2S2
Valoh
1 o e — x|
We want y26 - <5 T which means y < K1 557 ), so we get
?’IJ _ _
E [ = 2] < g =l = min (£,1 =€) (e =02 = o =T |?)

< ka—x*Hz—Emln ()/7,11 l—c) [

(1 —Emln(yu 1—c>) B

Taking the full expectation, we obtain

1
B (s~ 7] < (1 gmin (B0 —) )& [l .

Iterating over k, the result follows

1 k+1
E[xeps —x.?] < (1—§mm(%“ 1—c)) 0 — x4 ||%.



	1. Introduction
	2. Preliminaries
	2.1. The Stochastic Proximal Point Method

	3. Related work
	4. -Smoothness: A New Generalized Assumption
	5. Convergence Results under -Smoothness
	6. Convergence Results under Expected Similarity
	7. Experiments
	7.1. Main Experiments
	7.2. Further Experiments

	8. Conclusion
	References
	Appendix A. Fundamental Lemmas
	A.1. Proof of Lemma 4.1
	A.2. Proof of Lemma 4.2
	A.3. Proof of Lemma 4.3
	A.4. Proof of Lemma 5.1
	A.5. Proof of Lemma 5.2

	Appendix B. Proof of Theorems 5.1 and 5.2
	B.1. Proof of Theorem 5.1
	B.2. Proof of Theorem 5.2

	Appendix C. Proof of Theorems 6.1 and 6.2
	Appendix D. Convergence under Interpolation Regime and Expected Similarity

