J. Nonlinear Var. Anal. 10 (2026), No. 3, pp. 507-521
Available online at http://jnva.biemdas.com
https://doi.org/10.23952/jnva.10.2026.3.02
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Abstract. This paper proposes a new fixed-time second-order time-varying dynamics to accelerate
continuous-time optimization. We derive a sufficient condition for the existence and uniqueness of so-
lutions to a general ordinary differential equation (ODE) and present a rigorous proof establishing the
well-posedness of our proposed algorithm, addressing a significant gap in the literature. We show that
the time-varying coefficients in the proposed dynamics can be used to accelerate convergence speed to
optimal solutions. The efficiency of the proposed method is demonstrated by numerical simulations on
the ridge regression and training neural networks.
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1. INTRODUCTION

Continuous-time optimization methods have received increasing interest in recent years. This
is due to the need for fast algorithms to solve optimization problems such as machine learning
applications where large data sets and long computational time are challenging. For instance,
Brown and Bartholomew-Biggs [4] employed continuous-time dynamical systems to derive
fast discrete-time methods. Su, Boyd, and Candes [22] utilized ordinary differential equations
(ODEs) to model Nesterov’s scheme. Despite much progress, the majority of the algorithms are
grounded on asymptotic convergence theories.

Recent years have seen the emergence of finite-time control systems due to the need to deliver
fast convergence [25]. Early work [3, 10] established a theoretical foundation for achieving
stability in autonomous systems within a finite time. This was subsequently extended to solve
a broad range of control problems, including terminal sliding mode control [25] and the finite-
time stabilization of nonlinear systems [7, 9, 23, 26]. Nevertheless, the settling time may be
dependent on the initial conditions, possibly becoming very large when the system state is far
away from the equilibrium. To overcome this limitation, fixed-time stability was introduced in
[20], which guarantees uniform upper bounds on the settling time for all initial conditions.

*Corresponding author.

E-mail address: thuy.lien.nguyen@rmit.edu.au (L.T. Nguyen), andy.eberhard@rmit.edu.au (A. Eberhard),
xinghuo.yu@rmit.edu.au (X. Yu), Chaojie.li@unsw.edu.au (C. Li)

Received 29 September 2025; Accepted 12 December 2025; Published online 1 April 2026.

(©2026 Journal of Nonlinear and Variational Analysis

507



508 L.T. NGUYEN, A. EBERHARD, X. YU, C. LI

Addressing continuous-time optimization problems using the finite-time/fixed-time stability
properties of dynamical systems has received increasing interest. For dealing with objective
functions that are twice continuously differentiable and strongly convex, [6] introduced two
modified gradient flow algorithms that exhibit finite-time convergence. Without requiring the
strong convexity, building upon the Kurdyka—t.ojasiewicz (KL) exponent concept for the ob-
jective function, [21] presented two dynamical systems which ensure finite-time convergence
if the starting point is close enough to the optimal solution. In [14], a fixed-time convergent
gradient flow was introduced, relying on the strongly convex assumption of the objective func-
tion. Under the Polyak—t.ojasiewicz (PL) condition, [8] also proposed a fixed-time convergent
algorithm for addressing continuous-time optimization problems. Still assuming the PL condi-
tion, in [17], a fixed-time first order dynamics with time-varying coefficients was proposed to
address the unconstrained optimization problems. In the case when the objective function only
satisfies the KL condition, [16] proved the global finite-time convergence of the algorithm in
[17] instead of a local result as in [21].

Second-order dynamics have been shown to be able to further enhance optimization perfor-
mance, for example, the continuous-time model of Nesterov’s accelerated gradient algorithm
[22]. Many studies have investigated second-order sliding modes to achieve finite-time or fixed-
time convergence [2, 19, 24]. On the other hand, to address optimization problems, in [5], a
fixed-time convergent dynamics with momentum was developed under the strong convexity
condition. However, the existence and uniqueness of solutions to this dynamical system is not
guaranteed and is non-trivial. Also, this algorithm is a variation of the heavy ball method [18]
which only has a convergence rate of O ( %) for convex functions and this rate does not surpass
that of the gradient descent method. In [1], a second-order fixed-time time-invariant dynamics
was proposed where the objective function satisfies the PL condition and has a unique mini-
mizer. However, the existence and uniqueness of a solution to this dynamical system remain
unproven. If a solution does not exist, fixed-time convergence cannot be achieved. Further-
more, an interesting question arises whether the time-varying coefficients for the second-order
dynamics can further enhance the optimization performance, similar to the results in [17] for
the first-order dynamics.

This paper attempts to answer the question above. We propose a new class of second-order
time-varying dynamics for finding the minimizer of strongly convex functions in fixed time.
We establish a sufficient condition for the existence and uniqueness of solutions to the ODE
and then provide a rigorous proof for the existence and uniqueness of solutions of our proposed
algorithm, thereby addressing a gap in the literature. Moreover, we show that using time-varying
coefficients can offer flexibility to vary convergence speed more precisely for different purposes.
We also show that Nesterov’s accelerated gradient method can be considered a “special case” of
our algorithm. To the best of our knowledge, this is the first work proposing a fixed-time second-
order dynamics with time-varying coefficients to further accelerate optimization convergence.

The remaining of the paper is structured as follows. Section 2 provides sufficient conditions
for the existence and uniqueness of ODE solutions. In Section 3, we introduce new fixed-time
second-order time-varying dynamical systems to solve continuous-time optimization problems.
Section 4 provides some numerical simulations to illustrate the efficacy of the proposed algo-
rithm.
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2. EXISTENCE AND UNIQUENESS OF SOLUTIONS REVISITED

In this section, we provide a sufficient condition for the existence and uniqueness of solutions
of dynamical system

{z(r) =9(1,2(1)), 2.1)

z(to) = zo0,

where & : D x R? — R?, D is an open interval in R, and (#9,z0) € D x R?. We then use this
condition to prove the existence and uniqueness of the proposed algorithm in Section 3.

Proposition 2.1. Let 9 : (1, +o0) x RY — RY be continuous, where Ty € (—oo,to). Suppose that
4 (t,w) is locally Lipschitz continuous in w € R\ So, where Sy is a closed subset of RY, and
the following hold:
(1) For all w € S, there exists a function Vy : [tg,+o0) X RY — Ry such that, for all t €
[to, +o0), Vis(t,W) = 0, Vig(t,w) > O for all w # W, and for every solution 7 : J — R of
(2.1) with J C [tg, +o0), LVy(t,2(t)) < 0.
(2) There exists a function V : [tg, +o0) x RY — R such that for any solution z : J — R?
of (2.1) with J C [to,+0), LV (t,z(t)) < 0. Moreover, for any interval I C [ty,+oo),
{we R :V(t,w) < V(ty,z0) Vt € 1} is bounded, and for all t € [ty, +o0), V(t,w) =
0 <= wes,.
Then there exists a unique solution z : [ty, +0) — R of (2.1).

Proof. Since ¢ is continuous, according to [11, Theorems 1.1 and 2 .1], there exists a right
maximally defined solution z : [fg, T) — R? of (2.1). By assumption (2), for all € [ty,T),
V(t,z(t)) < V(to,z(t0)) = V(to,20), and so (z())efs,,z) is bounded. By using [3, Proposi-
tion 5.1], T = 4. We now distinguish the following two cases.

Case 1: 7o € So. Let z: [tg, +o0) — R< be a solution of (2.1). It follows from (1) that for
all t > 1y, Vo, (1,2(1)) < Vo, (t0,20) = 0. By (1), for all r > 19, z(t) = z0, and hence (2.1) has the
unique solution z(-) = zp on [fg, +o0).

Case 2: zo ¢ So. Suppose that there is more than one solution of dynamical system (2.1).
Take any two arbitrary solutions zj, zo of (2.1). Set S := {r € [tg,+0) : 1 (t) € Sp or 22(¢) € Sp }.
If S # @, then it follows from the closedness of Sy that S is closed, and we set #; := min,cgt.
If S = &, set t; = 4oo. Take an arbitrary #; < f;. By the definition of ¢, for any s € [t, 1],
21(8) & So, 22(s) & So, which yields V(t2,z1(f2)) > 0 and V(2,22(t2)) > 0 (by (2)). Moreover,
t+— V(t,zi(t)) and t — V (t,22(¢)) are nonincreasing on [fp, o), and hence, for all s € 19, 1],

0 < V(t2,z1(2)) <V (s,z1(5)) < V(to,20),

0< V(t27Z2(t2>) < V(S,ZZ(S)) < V(t()?ZO)'
SetU :={w e R?:min{V (t2,21(2)),V (t2,22(t2))} <V (s,w) <V (to,20) Vs € [to,22]}. It follows
from the continuity of V that U is closed. By (2), U is bounded, which implies that U is a
compact set. Moreover, Sop € U since V(t,w) =0 <= w € Sy. Therefore, for all s € [t,12],
z21(s) €U, z2(s) €U and Sy Z U.

By the locally Lipschitz property of ¢ (¢,w) in w € R?\ Sy, there exists C = C(U) such that
for all s € [to,12],

19/(5,21(5)) =¥ (5,22(5))[| < Cllza(s) = z2(5) - (2.2)
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As 71,27 are solutions of (2.1), for all t € [ty,12], zi(t) = 20 +ftf)g(s,z,-(s))ds, i=12 It
follows from (2.2) that

21 (1) = z2(0) || =

/tot (4 (s,21(s)) — 4 (s,22(5))) ds
= C/ l21(s) = z2(s) | ds.

According to [11, Corollary 6.6], ||z1(t) —z2(t)|| = 0 for all ¢ € [fy,12], and so z; = zp on [ty, 12].
Since t, is an arbitrary point in [t,#;), it holds that z; = z on [tg,#;). If 1j = +eo, then z; = 22
on [tg, +oo). If fj < +oo, then by the definition of 71, we have z;(f) € S or z2(¢;) € So. By the
continuity of z;,z, and the fact that z; = z; on [tg,#;), we derive that 7 (t;) = z2(t1) := Z1 € So.
Using the same argument as in Case 1, it follows that z;(¢) = z2(¢) = z; for all 7 € [t],+e0),
which implies that z; = zp on [fy,+e). Therefore, for any two arbitrary solutions zj,z of
(2.1) on [fg,+oo), we have z; = zp on [fy,+0), and hence there is a unique solution of (2.1) on
[to, +o0). [

If Sp contains a unique point, then the following holds.

Corollary 2.1. Let 4 : (7g,+0) x RY — RY be continuous, where Ty < ty. Suppose that 9 (t,w)
is locally Lipschitz continuous in w € R\ {Ww} and there exists a function V : [ty, +-o0) x RY —
R such that for any solution 7 : J — R? of (2.1) with J C [ty, +o0), %V(r,z(t)) <0, and for
any interval I C [tg, +0), {w € RY : V(t,w) < V(to,z0) Vt € I} is bounded, for all t € [ty, o),
V(t,w) = 0 if and only if w = W. Then there exists a unique solution z : [ty, +o0) — R of (2.1).

Proof. Set Vi := V. The conclusion follows from Proposition 2.1. U

3. SECOND-ORDER FIXED TIME DYNAMICS

We consider the problem

min f(x),

xR
where f: RY — R is differentiable, and propose second-order dynamics as accelerated gradient
algorithms

i(t) = A(0) (VS (x(1)) = ae(t)u(r))o(r,x(), ur)) — £() (VS (x(1)) — ex(r)u(?)) G.1)

where xg, 19 € R? and 1 € [0, +0). Here 0 : [ty, +o0) x R? x R? — R is defined by 0(z,y,v) =

b L BU ifss0
Y(@)w(t,max{[[Vf()|]), [V (y) — o(t)v[|} +k(z) and y(z,5) = {Osp ¥ g Wb
0<p<1,q<0,where 1,5 : [to, +o) — (0,+o0). The function @ : [tg, +o0) x R x R —+ R
is given by either @(t,y,v) = y(t,x||Vf(y) — a(t)v]|) or @(t,y,v) = O(¢,y,v) for all (¢,y,v) €
[to, +-00) x RY x RY.
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It can be observed that if p = ¢ =0, and for all 7 € [1y, +-00), at(r) = &, Bi(t) = Bo(t) = A(r) =
y(t) =1,and [(t) = k(¢) = 0, then (3.1) becomes

(3.2)

which corresponds to Nesterov’s accelerated gradient algorithm [15] when o = 3 and for o > 3,
and the trajectories of (3.2) satisfy f(x(¢)) —inf,, f = 0(%2) We will prove that the trajectories
of (3.1) converge to a minimizer of f in fixed time if p € (0,1) and ¢ < 0.

Moreover, our algorithm provides us with more flexibility in choosing not only the param-
eters but also the function @. We have two options for @: either w(t,y,v) = y(t,x||Vf(y) —
a(t)v|) or @(t,y,v) = 8(t,y,v) for all (z,y,v) € [tg, +o0) x R? x R?. Additionally, the terms
0(t)(Vf(x(t)) — o(t)u(t)) in the equation related to # and the function k(¢) in the definition of 6
also contribute to speeding up convergence. We will delve further into these aspects in the nu-
merical simulation section. In order to reduce notational complexity, we drop explicitly stating
the dependence of (x,u) on ¢ and the dependence of 6 and @ on (¢,x(¢),u(t)).

We now prove the existence and uniqueness of solutions to dynamical system (3.1). It can be
seen that the dynamics (3.1) can be written as

{Z(t)—k%(t,Z(t)) =0

33
Z(t0) = (x0,110) G-

where Z(t) = (x(t),u(t)) and 9 : [ty,+o0) x R x RY — RY x R? is defined by ¥(t,y,v) =
(G (t,y,v),%(t,y,v)) with 4 (t,y,v) = vO(t,y,v) and

G(t,y,v) = =AO(V) = a)r)o,y,v) + L&) (Vf(y) - at)v).

Lemma 3.1. Let f: R? — R be a differentiable function and let o, By, By, 4,7 : [to, +o0) —
(0,4e0), £ [tg,+o0) = R, and k : [ty, +o0) — [0, +o0) be continuous functions. Then & in (3.3)
is continuous on [tg, +o0) x R? x RY,

Proof. Set ¢(t,y,v) = max{||Vf(y)|,k||Vf(y) — a(¢)v||}. Then ¢(¢,y,v) = 0 if and only if
Vf(y) =0 and v = 0. Take an arbitrary critical point y of f. It can be seen that ¢ is continuous
at any (z,y,v) where y # y or v # 0. So, let us now consider the continuity of ¢ at (7,y,0) with
f € [ty, +0). By Cauchy—Schwarz inequality, for all (¢,y,v) such that ¢(z,y,v) # 0, we have

Il o 1 VDI IVAD) —a@)v]
oP(t,y,v) — alt) oP(t,y,v)
1

S PN <1 +%) ¢1_p(t7yvv)'

Since ¢(2,5,0) = 0, lim )50 |9 (2,5,v)[| = 0. Moreover, lim .50 [|1(7,3,v)]| = 0.
O(t,yv)#0 o (t,y,v)=0
Thuslim, , ) 7.5,0) 41 (7,5,v) =0=%(7,7,0), and s0 ¢ is continuous atany (t,y,v) € [y, +o0) X
R? x R,
Now, let us prove the continuity of %. We distinguish the following two cases.
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Case I: o(t,y,v) = y(t,k||Vf(y) — a(t)v||). It can be seen that ¢ is continuous at any
(t,y,v) € [to, +o0) x RY x RY with |V f(y) — a(t)v|| # 0. Moreover,

1“2,y )| < %/W)ﬁl OIVF) =)'+ %l(t)ﬁz(t) IVF(y) = a(e)v'~
+EONVS () —a(r)v]].

Now take an arbitrary (7,7, 7) such that ||V f(¥) — o(f)?]| = 0. Then, lim; , ) 75,5 %2(t,5,v) =
0 =%(f,7,7). Thus, % is continuous at any (z,y,v) € [tg, +o0) x R? x RY,

Case 2: o(t,y,v) = 0(t,y,v). Take an arbitrary critical point y of f. It can be seen that %
is continuous at any (,y,v) where y # y or v # 0. We now prove the continuity of %, at any
(7,9,0) with 7 € [fg, 4o0). Indeed, using Cauchy—Schwarz inequality, we derive that

IVF) —a@vll < [V + lle(o)v]
< IV + AV +IVA) —alo)vl)

1
< (2_{—;) ¢(I,y,V),

which implies that

[2(t,y,v)|| < (2+ %) AOB1(1)9" P (1,3,v) +[Vf () — V[ A(1)B2(1)9 (1, 3,v)
+IVI) —a@)v]| (A (0)k(r) = £(7)) .

Combining this with the fact that p € (0,1) and g € (—o0,0), we have lim; , ), 7.5.0)%2(t,y,v) =
0=%(t,y,0) and hence we obtain the continuity of ¢. Therefore, ¢ is continuous on [fg, +0) X
R? x RY. O

Lemma 3.2. Suppose that V f is L-Lipschitz continuous. Then ¥ (t,y,v) is locally Lipschitz in

(v) € RN\{x*}) x (RY\ {0}).

Proof. Let Uy be an compact set in (Ty,+oo), Uy be an compact set in R? \ {x*}, and U, be an
compact set in R\ {0}. For all s € Uy, y1,y2 € Uy, vi,v2 € U,

191 (s,y1,v1) —41(s,y2,v2) || = [[v10(s,y1,v1) —v20(s,y2,v2) |
< |villll@(s,y1,v1) — O(t,y2,v2) || + [[vi —v2[|0(s,¥2,v2). (3.4)

Set ¢(s,y,v) =max{||Vf(y)|,x||Vf(y) — a(t)v||}. Since the function x* with o € (0,+e0) is
locally Lipschitz continuous everywhere except 0, for p € (0,1), there exists K, such that, for
all s € Uy, y1,y2 € Uy, and vy, v, € Us,

’¢p(s,y2,\/2) - ¢p(S,y1,V1)| < KP|¢(S>y27V2) - (p(saybvl)‘
< Kpl[VI(2) = VIO +Kpk[[Vf(y2) = V(i)
+Kp1<£1ézlijx o(s)|[va —vi||

< K,L(1+K)|[y2 —y1]| +KpK£r€1aUX o(s)|[va —vi]|- (3.5)
0
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On the other hand, since ¢ is continuous, U; C R? \{x*}, U, C R4 \ {0}, and U; (i =0,1,2) are
compact sets, there exists mg, My > 0 such that my < @(s,y2,v2) < My. Therefore,

1 1 K,L(1+ ) kK
o <L 2 — + —Lmaxo(s)||va— vy .
OP(s,y2,v2)  OP(s,y1,v1)| — mép ly2 =yl 2D e ()l |

Similar to (3.5), for any g < 0,

107 (s,y2,v2) — 0" (s,y1,v1)|
<K 4L(14%)|[y2 — 1] +Kqu§r€1%X0‘(S)HV2 —vi]|.
0

This, together with the definition of 0, yields that there exists Cy,C; > 0 such that

16(s,y1,v1) = 8(s,y2,v2)[| < Ci[lyr = y2l| + Cal vy = va.

Combining this with (3.4), it follows that
141 (s,y1,v1) — %1 (5,y2,v2)|| < Cilly1 = y2|| + Callvi — 2.

Similarly, ¢(t,y,v) is locally Lipschitz in (y,v) € (R?\ {x*}) x (R?\ {0}). Therefore, there is
k such that, for all s € Uy, y1,y2 € Uy and vy, vy € Ua, ||9(s,y1,v1) — 9 (s,y2,v2) || < k|| (y1,v1) —
(y2,v2)||- The proof is complete. O

The existence and uniqueness of the global solution of (3.1) will be established in Theo-
rem 3.1. The analysis of the fixed-time convergence of the proposed algorithm relies on the
following two lemmas.

Lemma 3.3. Let g : [tg, +o0) — [0,+o0) and, for i € {1,2,3}, let u; : [ty,+o0) — [0,+o0) and
m; € (0,400) with m; < m3 < my. Then the following hold:

(1) g(1)™ < g(t)™ +g(t)"™.

(2) —ur (1)g()™ —ua(2)g(1)™ +u3(r)g(t)™ < —(ur (1) —u3(r))g ()™ — (uz () —u3(1))g(r)™.
Proof. (1): If g(r) < 1, then g(r)™ < g(¢)™ since m; < ms. If g(¢t) > 1, then g(¢)"™ < g(¢)™
since m3 < my. Therefore, g(r)™ < g(z)™ + g(r)™.

(2): From (1), we have u3(t)g(¢)™ < uz(t)g(t)™ +u3(t)g(t)™, which implies the conclu-
sion. UJ

We now derive a critical inequality for our Lyapunov convergence analysis.

Lemma 3.4. Suppose that f : R? — R is twice differentiable u-strongly convex function with
L-Lipschitz continuous gradient and that &(t) < 0. Let (x,u): [tg,T) — R? x R? be a solution
to (3.1), where T > 0. For any t € [ty,T), set V(t) := a(t)||VL(x)||? + a(t)||Vf(x) — o(t)ul||?
and set £ (r) = max{{(t),0}. Then, for anyt € [ty, T),

V(1) < —26p||Vf(x)|* +26L||Vf(x) — o(t)ul*
—24(1) (&)@ — £+.(1)) |V (x) — ex(t)ul. (3.6)
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Proof. By the definition of V,
V(1) = 20(r)(V f(x), V2 f(x)x(1)) + () [V () |I* + 6 (o) |V (x) — ex(t)u®
+20(0)(V/(2) - a0 V2 F()(1)) — 20()(V £ (x) — ex(t)u, () + ex(t)i(1))
= —20(Vf(x), V2 f(x)Vf(x)) +26(Vf(x), V> f(x)(Vf(x )— (1)u))
+a(0) [V (0)? =26 (Vf(x) — oe(t)u, V2 f (x)ex(t)u) — 26(1){V f (x) — ex(t)u, cx(1)u)
+2062(t)€(t)||Vf( ) —a(t)ul? =22 (1)o* (1) @ |V f (x) — ex(t)u
+a(0)||Vf (x) - a(t)ul|. (3.7)

Since f is a twice differentiable u-strongly convex function and V f is L-Lipschitz continuous,
we obtain

(V(x),V2f()Vf(x) > pl[VF)*  and
(VF(x), V2 F()(VF(x) = a(t)u)) = (Vf(x) = ox(t)u, V2 f (x) ox(t)u)
= (V/(x) = a(t)u, V2 f(x)(Vf (x) = ox(t)u))
< L[V (x) — a(t)ul*. (3.8)
Moreover, since ¢&(¢) < 0 for any ¢ € [fg, +o0), we have
—20(t)(Vf(x) — o(t)u, a(t)u)
=20(t)||V(x) = a(t)ul|* —2c(1) (V£ (x), V.f (x) — ae(t)u)
< 2a(t) + e DIV (x) = a()ul* + e @)V ()l
< &IV A(x) — alyulP+ ) [V £ ()12
This, together with (3.7) and (3.8) yields that
V() < =200 — a(0)[|VF(x)|* +20L| V£ (x) — ou(r)ul®
+a(0)[|V(x) = (] +[a[|VF )| + 207 (€)1 (1) [V £ (x) — ox(t)ul|
—2A() @2 (0)0|| V£ (x) — a(r)ull? + a(r) |V £ () — ee(r)ul?
< 20|V (x)||* +26L||V £ (x) — au(t)ul|* = 2(1) (o (1)@ — £4.(2)) [V f(x) — ex(o)u|?,

where the last inequality is obtained by using the assumption that ¢ (¢) = max{/¢(z),0} and
a(t) <O0. O

We now provide the fixed-time convergence of our proposed algorithm.

Theorem 3.1 (Fixed-time convergence to a minimizer). Suppose that f : RY — R is a twice dif-
ferentiable [-strongly convex function whose gradient is L-Lipschitz contmuous p € (0,1),
2—

q <0, &a(t) <0, inf,cp 7y o(t) > 0 for all T < oo, ft ()[31()( ) dt +oo and
Zq

Jg~ (0B (1) ( ) dt = +o0, and one of the following holds:

(1) o(t,x,u) = y(t,x|VF(x)— al)u]), k> \f ur(£) > 0, [ uy (t)dt = +o0, us(t) >0,
and ft;rwuz( )dt = +oo, where uy (t) = (K Pvi(1)B1 (1) —va (1)) (1) 7,
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ua(r) = (w1 (Balr) = val0)) ex(t) ', v (1) = (1) 02 (1) — Ly(t) and va (1) = &> (1) .. (1)
—Lk(1).
(2) o(t,x,u) = 0(t,x,u), £(t) <0 and A(t)o*(t) > L.
Then for any initial value (xo,uo), there exists a unique solution (x,u): [ty, +0) — R? x R? of
(3.1). Moreover x(t) converges to the minimizer x* of f in fixed time and (x*,0) is fixed-time
stable.

Proof. By Lemma 3.1 and [11, Theorem 2.1], there exists a right maximally defined solution
(x,u): [tg,T) — R? x R of dynamical system (3.1), where T > to. Let V(1) := a(2) || V.f (x(¢))||* +

a(t)|[V£(x(t)) — a(t)u?)|?, for t € [to, T).
(): o(t,x,u) = y(t,k||Vf(x) — a(t)ul||). Applying Lemma 3.4, we obtain that, for all ¢ €

[t0,7),
V(1) < =20ul|VF(x)|* +26LIIVf(x) - ax(r)ul|?
—2(0) e () (1, x|V £ (x) — e (t)u| |V (x) — ex(t)u|®
+20()4 (1) |V f (x) — a(t)ul|. (3.9)
By the definition of y and Lemma 3.3,
— Ot K|V F(x) — ale)ul)) [V £ (x) — ex(e)u
+ 02 (0)04 ()| £ (x) — )l
< = (K7PA(N) @ (1) Br(r) — & ()4 (1)) IV (x) — ee()ul P77 (3.10)
— (k792.(0)02(0)Ba (1) — 02 (1)4. (1)) | V£ (x) — ax(e)ul 9.
Now let us consider the following two cases.

Case I: |[Vf(x)|| > x||Vf(x) — a(t)u||. Then V(¢) < (14 x2)a(t)||Vf(x)|* By the defi-
nition of 6 and Lemma 3.31,

20191 (3) - a0l = 2010) (ot 4 PR 19700 - el

+2Lk( IV £ (x) = ox(e)ul®
< —?’( )BL@)[[Vf(x) — Ot(t)ullz_”+%Y(f)ﬁz(t)llvf(@llz_q
+2Lk(1) |V £ (x) — (0 )u]|>~P + 2Lk (1) |V f (x) — ex(£)u] >~
Combining this with (3.9) and (3.10), we have
V(1) < =2uy()Bi()Vf()|> P - 2(h——3 )7’( )B2(1)|[V £ (x)[>
=2 (k" Pvi(n)Bi(r) —va () [V (x) — Oﬂ(t)u\lz”’
=2 (k1 (1) Ba (1) —v2 (1)) V£ (x) — ax(e)ul >~

=~

It follows from V (¢) < (1 +x~2)a(t)||V.f(x)||? that
Vi) < —2uy0)Bi (1) (1+ D)™ V()
L =2 24

=21 = Z)7OBa(0) (1 + kD)) = V2 (o). (3.1D)
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Since Kk > \/%, we have U — # >0, and so V' (¢) < 0, which implies that ct(¢)||V.£ (x)||> <V (to).

This, together with strong convexity of f, yields that “7205 (t)||x —x*||> < V(to). If T < +oo, then
by the assumption, there exists 0 such that &(¢) > o > 0 for all ¢ € [to, 7). Thus, (x(t)),c, 7)
is bounded. Let w = (x*,0), So = {w}. By Corollary 2.1, Lemma 3.1, and Lemma 3.2, for
any initial point (xg,ug), there exists a unique solution (x,u): [fg, +o0) — R? x R? of (3.1).
Moreover, by [17, Theorem 2.2], there is T > t( such that V(¢) = 0 for all t > T, which yields
that Vf(x(z)) = 0 and u(¢) = 0, and hence x(¢) = 0. Therefore x(¢) is constant for all t > T', and
soVr > T, x(t) = x*, where x* is the minimizer of f.

Case 2: ||Vf(x)| < x||V.f(x) — ot(t)u]|. Then V(¢) < (14 &) (t)||Vf(x) — a(t)u||? and by
Lemma 3.32,

20|V (x) — a(t)ull® < 2L Py(1) B (1) ||V £ (x) — (e )ul| >
+2LK4y(1) Ba(1) IV £ (x) — a(t)u]| >
+2LK(1)||V £ (x) — oe(t)ul >
+2LK(1) ||V £ (x) — oe(t)ul| >4,

Combining this with (3.9) and (3.10), we obtain that
V() < —2u (1)ax(r) 2V (x) — a(o)ul> P — 2us()ex(e) = |V £ (x) — ex(e)ul >4
< —2(1+«%) 7 v Y1) — 2(1+x)45 0V ().

The conclusion follows from using the same arguments as in Case 1.
(2): @ = 0. Since £(t) <0 for all # > 1y, we have ¢, () = max{/(¢),0} = 0. Using Lemma 3.4
with @ = 0,

V(1) < -260u|Vf()|* ~20(A()0 () — L)V f(x) — oe()u(t)||*. (3.12)

We now distinguish into the following two cases.
Case I: |[Vf(x)|| > k||Vf(x) — ot(t)u||. Then V() < a(t)(1+ x2)||Vf(x)|*>. In view of
A(t)a®(t) > L, by (3.12), one has

V() < 2B 191 W7 =210 S I =20k I
< —2uy(OBi 1) (@) (14 x2) T V() 2000 Ba) (ar)(1 + &)

G
(3.13)
Case 2: |V f(x)|| < k[ V£(x) — a()ull. Then V(1) < a()(1 + x2) |V £(x) — oe(t)u2 and

V(1) < -20(A()a’ (1) ~ L)||Vf(x) - oe(t)ul|?

< =2y(0)Bi (1) (A (1) (1) — L) (a() (1+ &%) Ty (t)
29O (A (1)) — L) (a)(1+ 1)) T Vo) (3.14)
The conclusion follows from Corollary 2.1 and [17, Theorem 2.2]. O

Regarding Theorem 3.1, the conditions for k, functions k and 7y in Theorem 3.12 are weaker
than those in Theorem 3.11.
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Remark 3.1 (Selection of time-varying coefficients). There are many choices of coefficients
such that the assumptions in Theorem 3.11 are fulfilled. Here, we present several of these
notable scenarios, some of which are investigated in our numerical work in Section 4:
(D A() =4, at) = &, pi(0) = Bi, B(1) = fo, v(t) =7, £r) <0, k() = &, and 4 >
max{ Ly (B 1 Ly), Ly (K2 4 Ly)}.
2) A1) =A, a(t) =4, (t) =t o= ;2’ k(t)=0,£(t) <0, Bi(t) = Bit", Br(t) = Baot™,
withn € {32 2}, me {34,4}, 1 > az, and 79 > 0. Thenn—1—%4 € {0,—1}. It can
be seen that all assumptions in Theorem 3.1 are satisfied.

We also list here some special cases of time-varying coefficients satisfying conditions in Theo-
rem 3.12:

(1) Forany t > to, £(t) <0, k(t) >0, A(t) = A, a(t) = o, and Aa® > L.
(2) Foranyr>1y>0,0(t) <0,k(t) >0, y( ) Y, Bi(1)=PBie 2L, Ba(r) = Bar?, A (1) = As2,
a(r) = % such that Aa® > L.
In dynamical system (3.1), we can choose ¢(r) = % which is the same as the choice of a(t) in
the continuous-time Nesterov’s accelerated gradient algorithm (3.2).

4. NUMERICAL SIMULATION

This section presents several numerical experiments to demonstrate the effectiveness of the
proposed method.

Example 4.1 (Ridge regression problem). Let A € R™*", b € R™ and consider the problem

min f(x) := 3[|Ax—b[* + A x>
x€R?

We will show the effectiveness of the proposed approach by comparing it with FxXTS(M) algo-
rithm [5], GenFlow(M) algorithm [1], and Nesterov’s accelerated gradient method [15]. Here
we randomly choose a sparse matrix A € R7000x1500 5, ¢ R7000 jp Figure 1(a); A € R10000x2000,
b € R190% jn Figure 1(b) and A = 0.0001. We see that f is B-strongly convex differentiable
and V f is L-Lipschitz continuous. In this numerical simulation, for FDS1 algorithm (dynamical

system (3.1) with @ = (¢, ||V f(x) — ct(?)ul|)), for all #, we choose A (t) = 0.01, Kk = \/%—k 1,

1/2
v =1 al) = (%) B0 = 2. o) =5. p = 1. g = 51 k(1) = 0 and €(r) = —80.
For FDS2 algorithm (dynamical system (3.1) with @ = 6), we choose A = 0.01, k¥ = 20,
o= \/E+ 1 Bi() =2 Ba(t) =5, p =1 g = 3 k(1) = 100, and €(r) = 0. With these
choices, all assumptions in Theorem 3.1 are satisfied. Figure 1 shows that our proposed algo-
rithms FDS1 and FDS2 have better performance than other algorithms.

Still, considering this problem, Figure 2 shows the role of function ¢ and function k in dy-
namical system (3.1). Here, the coefficients A, k, o, Bi(¢), B2(¢), p and ¢ for FDS2-1, FDS2-
2, FDS2-3, and FDS2-4 are the same as those for FDS2 algorithm. Moreover, we choose
0(t) = —100, k(¢) = 0 for FDS2-1; ¢(t) = 0, k(t) = 0 for FDS-2; ¢(¢) = —100, k(¢) = 100 for
FDS-3, and /(t) = 0, k() = 100 for FDS2-4. It can be seen that FDS2-4 is more stable and
converges faster than other algorithms.

The choice of a(r) = %, which might accelerate the convergence of the proposed method, is
shown in Figure 3. For the FDS2-5, FDS2-6, and FDS2-7 algorithms, the coefficients are chosen
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fix) = |Ax = bl + AIx|? fix) = JAx = b|]* + Alx?
6 FXTS(M) ' FXTS(M)
=== Nesterov 6 | -==- Nesterov
—-== GenFlow(M) | —=- GenFlow(M)

—-- FDS1

logao (|VAX)|)
o
logao (VX))

000 025 050 075 100 125 150 175 2.00 000 025 050 075 100 125 150 175 2.00

Time Time
(A) Ac R7000><1500 (B)A € ]RIOOOOX2000

FIGURE 1. Ridge regression problem I.

fix) = JAx - b]* + Alx]? fix) = |Ax = b > + Alx|?

logao ([|[VAX)|)
o
log1o (JVAX)])

T T T T T T T T T r T T T T T v T
0.00 0.25 0.50 0.75 1.00 125 1.50 175 2.00 0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
Time Time

(A) Ac R7000><1500 (B) Ac RIOOOOXZOOO

FIGURE 2. Ridge regression problem II.

as follows: A(r) = 0.0122, a(t) = 1 ( Lt 1), k=20, y=5,q=5 Bi(r) = 505,
Ba(t) =5¢%, k(t) = 100, and £(¢) = 0. These coefficients satisfy the conditions in Theorem 3.12.
We set p = % for FDS2-5, p = 2—10 for FDS2-6, and p = % for FDS2-7. Figure 3 shows that
the FDS2-5, FDS2-6, and FDS2-7 algorithms outperform FDS2-4 and Nesterov’s accelerated

gradient algorithm. Moreover, smaller values of p lead to better convergence for FDS2.

Example 4.2 (Training neural networks). We now use our proposed algorithm FDS to train
deep neural networks on MNIST dataset, where the training set contains 60000 examples and
the test set contains 10000 examples [13], and CIFAR10, which comprises 50,000 training sam-
ples and 10,000 test samples [12]. We compare the proposed method FDS with GenFlow(M)
algorithm and SGD algorithm. For classification on the MNIST dataset, we utilized a neural
network comprising a single convolutional layer with ReLU activation, containing 32 filters
of size 3 x 3. This is followed by a dense layer with ReLU activation and an output size of
128. The final linear layer converts the 128-dimensional input into a 10-dimensional output,
corresponding to the 10 classes, using SoftMax activation. The neural network for CIFAR10



log1o (JVAX))

ACCELERATING CONTINUOUS-TIME OPTIMIZATION

fix) = |Ax — b2 + Ax|?

-12.5 4

-=~- Nesterov
— FDS2-4
FDS2-5
—-= FDS2-6
—— FDS2-7

0.0 0.5 10 15 2.0 2.5 3.0 35 4.0

Time

(A) Ac R]SOOOX3OOO

logao (VAX)[)

fix) = JAx - bl + Alx]?

=== Nesterov

Time

(B) A€ R20000X4000

FIGURE 3. Ridge regression problem III
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includes two convolutional layers, each paired with a max-pooling layer with a 2 x 2 win-
dow. The convolutional layers have 6 and 16 filters, each measuring 5 x 5 and using ReLU
activation. Following these are two fully connected layers with ReLU activation, sized 120
and 84, respectively, and a final output layer with SoftMax activation corresponding to the 10
classes. For classification tasks, we apply L2-regularized cross-entropy loss. For FDS, we set
a=15 k=0.05 y=1, A =0.1, B; = 100/t, B, = 20 for MNIST, B, = 5 for CIFARI10,
¢=0,k=0, p=1/3, g=—2/3 and learning rate is 0.01. For SGD, the learning rate is 0.01.
For GenFlow(M), we choose (p,q) = (10,1.98). It is illustrated from Figure 4 that FDS has
better performance than SGD and GenFlow(M) in both training loss and testing accuracy on the
MNIST dataset and on the CIFAR10 dataset as well.

Training Loss

.

Training Loss on MNIST

1751

1.70 1

1.65

1.60

1.55 1

1.50

GenFlow(M)
SGD
— FDS

Test Accuracy (%)

98 -
97 1
96 -
95 A

93 1
92 1

91

Testing Accuracy on MNIST

----- GenFlow(M)
SGD
- FDS
0 10 20 30 40 50

Epoch

FIGURE 4. MNIST dataset

5. CONCLUSION

We proposed a class of novel fixed-time second-order time-varying dynamical systems to
accelerate the convergence of continuous-time optimization. A rigorous proof was provided for
the existence and uniqueness of solutions to the proposed dynamical system and its fixed-time
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FIGURE 5. CIFARI10 dataset

convergence. By utilizing time-varying coefficients, our method presents flexibility in tuning
the convergence transients. The outperformance of the proposed method was demonstrated
through numerical simulations.
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