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Abstract. We propose a distributed accelerated primal-dual method with backtracking (D-APDB) for
cooperative multi-agent constrained consensus optimization problems over an undirected network of
agents, where only those agents connected by an edge can directly communicate to exchange large-
volume data vectors using a high-speed, short-range communication protocol, e.g., WiFi, and we also
assume that the network allows for one-hop simple information exchange beyond immediate neighbors
as in LoRaWAN protocol. The objective is to minimize the sum of agent-specific composite convex
functions over agent-specific private constraint sets. Unlike existing decentralized primal-dual methods
that require knowledge of the Lipschitz constants, D-APDB automatically adapts to local smoothness by
employing a distributed backtracking step-size search. Each agent relies only on first-order oracles asso-
ciated with its own objective and constraint functions and on local communications with the neighboring
agents, without any prior knowledge of Lipschitz constants. We establish ¢(1/K) convergence guaran-
tees for sub-optimality, infeasibility and consensus violation, under standard assumptions on smoothness
and on the connectivity of the communication graph. To our knowledge, when nodes have private con-
straints, especially when they are nonlinear convex constraints onto which projections are not cheap to
compute, D-APDB is the first distributed method with backtracking that achieves the optimal convergence
rate for the class of constrained composite convex optimization problems. We provide numerical re-
sults for D-APDB on a distributed QCQP problem and distributed primal SVM training, illustrating the
potential performance gains that can be achieved by D-APDB.
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1. INTRODUCTION

Modern datasets are large, and data are often acquired by computational agents connected
over a communication network. In this context, an agent denotes any computational entity
(e.g., device, node, sensor, or processor) capable of local computation and communication. In
such systems, information is inherently distributed across agents that exchange messages only
with neighbors, rendering centralized processing impractical or infeasible due to bandwidth,
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latency, energy, and privacy constraints. These factors motivate decentralized optimization al-
gorithms, wherein data and computation reside across multiple agents and the global objective
is optimized via local updates and limited message passing, without sharing raw data. Such
methods arise in a wide range of applications, including machine learning with decentralized
data, control and coordination in multi-robot systems, smart grids, signal processing and esti-
mation over sensor networks [2, 7, 15, 33, 42]. We refer the reader to [40, 46] for additional
examples in a broader context. In these settings, the goal is to collaboratively solve an opti-
mization problem defined by agent-specific objectives and/or constraints through utilizing the
computing capability of agents across the network—without a central coordinator—using only
local computations and peer-to-peer communication among the neighboring nodes.

Let .4 = {1,...,N} denote the set of agents in the network. In many applications, the global
feasible set is given by the intersection of agent-specific nonlinear constraint sets that encode
local information or individual operational requirements. These constraints are often naturally
expressed as convex functional constraints of the form —g;(x) € J#; in the decision variable
x, where each g; is a vector-valued mapping and % is a closed convex cone, for each i € /.
Objective functions are frequently composite as well, combining smooth losses with nonsmooth
regularizers or indicator functions that model various constraints. In this paper, we consider the
following conic constrained optimization problems:

¢* £ min Y oi(x) £ i(0)+fi(x) st —glx)eH Vies/ E{l,--- N}, (L)
xeR™, 7

where ¢; : R" — RU{~+oo} is a proper, closed convex (possibly nonsmooth) function, f; : R" —
R is a smooth convex function, g; : R* — R™ is a smooth .%;-convex function!, and .%; C R™
is a closed convex cone for i € .4#". The data of agent i defining ¢;, g; and %; are private
and not shared globally, and agents cooperate to solve (1.1) using only local computation and
limited communication. This is a general class of problems that include many applications and
important special cases [9, 30, 33, 39, 40, 46].

Over the past few decades, a rich literature has emerged on decentralized constrained opti-
mization problems that are special cases of the class of problems in (1.1). In particular, dis-
tributed (sub)gradient schemes, gradient tracking methods, and their accelerated and proximal
variants have been extensively studied under a variety of assumptions on smoothness, con-
vexity, and network connectivity, e.g., [18, 22, 32, 38, 49, 50, 54]. Other approaches include
primal—dual type methods based on Augmented Lagrangian and ADMM formulations, e.g.,
[2,4,5,7,9, 18, 19, 27]. The latter class of algorithms typically rely on Lagrangian formula-
tions and exploit separability across agents to achieve fully distributed implementations. Except
very few [5, 19], none of the aforementioned methods can handle (1.1) in its full generality with-
out employing projections onto {x : —g;(x) € #;}. More importantly, a persistent challenge in
nearly all of these methods is to appropriately choose stepsizes with theoretical convergence
guarantees. Such guarantees often require stepsizes that depend on global problem parame-
ters—such as global Lipschitz constants for V f; and Jacobians of g; for i € .4/, that are difficult
to estimate, rarely known a-priori, and may vary widely across agents. In practice, this leads

!Given a closed convex cone .# C R™, and f : R" — R™ is J# -convex if f(Ax' + (1 —2A)x") < Af(¥) +
(1—2)f(x") holds for all ¥',x” and A € [0, 1], where <, denotes the partial order induced by %, i.e.,y < "
fory,y” € R™ when y" —y' € %
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practitioners to grid-search or adopt conservative, globally synchronized stepsizes that can sig-
nificantly degrade the convergence speed. The difficulty is further exacerbated in the presence
of nonlinear functional constraints, where the relevant Lipschitz constants for the Lagrangian
gradients depend on the dual iterates, which typically evolve within a cone; therefore, the Lips-
chitz constants may be only locally finite but not globally.

The literature on parameter-free decentralized algorithms—i.e., methods that do not require
prior knowledge of Lipschitz constants—remains limited. A small body of work studies de-
centralized adaptive gradient methods that exploit past gradient information to choose stepsizes
adaptively across iterations. For example, [37] develops a distributed adaptive moment esti-
mation method for online smooth convex and nonconvex minimization and establishes regret
bounds, while [12] proposes a general framework for converting centralized adaptive gradient
schemes such as RMSProp, Adam, and AdaGrad into decentralized counterparts. We should
emphasize that for the methods proposed in [12] to have convergence guarantees, it is required
that the step size is sufficiently small inversely proportional to 1/max;—i . n{Ly}, where Ly,
is the Lipschitz constant of V f;, and this would require some information exchange beyond the
immediate neighbors on the network. Furthermore, both [37] and [12] consider unconstrained
smooth optimization problems and do not handle constraints.

The work [31] proposes a parameter-free decentralized algorithm for nonconvex stochastic
optimization and the proposed method does not require knowledge of {L };c 4 or topolog-
ical information about the communication network. Another line of work [1] introduces a
port-Hamiltonian systems framework for the design and analysis of distributed optimization
algorithms, and develops methods for smooth, strongly convex, and unconstrained decentral-
ized problems. Convergence of the proposed decentralized methods is guaranteed for certain
special graph classes or when the stepsize is chosen below a threshold that depends on global
network information [1, Corollaries 2 and 3]. However, we should emphasize that the proposed
approaches in [1, 31] both focus on smooth minimization problems and they do not address
either the node-specific constraints or the non-smooth terms in the objective.

More recently, [29] considered distributed smooth strongly convex unconstrained minimiza-
tion problems and proposed a parameter-free decentralized optimization algorithm that employs
a local backtracking line search to select stepsizes adaptively—without requiring global infor-
mation or heavy communication, and the authors analyze two different implementations of the
proposed method. The first implementation uses a global min-consensus to synchronize agents’
stepsizes, which can be computed in practice via flooding protocols over low-power wide-area
networks, e.g., LoRa [3, 23, 25] (low power, long range), as it requires simple information ex-
change beyond immediate neighbors. On the other hand, the second one replaces the global
min-consensus update with a local min-consensus update, restricting communication to im-
mediate neighbors; however, as mentioned in the follow-up work [28], this increased locality
comes at the cost of weaker theoretical guarantees due to stronger assumptions requiring that
the iterates stay bounded, and potentially non-monotone convergence trajectories. In [28], the
authors introduce a fully decentralized algorithm in which each agent adaptively selects its own
stepsize using only neighbor-to-neighbor communication and no global information is required
for its implementation—agents need not even know whether the problem is strongly convex.
The algorithm retains strong guarantees: it converges at a linear rate under strong convex-
ity and at a &(1/T)-sublinear rate under mere convexity, matching the best-known rates for
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parameter-dependent, nonadaptive distributed methods. In the merely convex setting, the con-
vergence guarantees for the method in [28] also require that the primal-dual iterate sequence
stays bounded (see [28, Theorem 10]) as in their earlier work [29] —since neither work [28, 29]
can handle indicator functions to directly impose boundedness, the authors argue that this re-
quirement can be satisfied by some particular choice of algorithmic parameter sequences.

All of the previously mentioned works are designed to address unconstrained decentralized
problems of the form min,crn Y ;c 4 fi(x), Where each f; is smooth with a Lipschitz-continuous
gradient. Consequently, they do not apply to the more general constrained problems we con-
sider in (1.1), which feature agent-specific local constraints and nonsmooth terms ¢;(x) in the
objective. A more recent work [14] is the first to accommodate nonsmoothness, focusing on
problems of the form minY ;. , fi(x) 4+ ¢ (x), where ¢ is a convex, nonsmooth function known
to all agents in the network. The work in [14] introduces a novel three-operator splitting tech-
nique and proposes a method that requires neither global network information nor extensive
inter-agent communication. The resulting adaptive decentralized method enjoys robust conver-
gence guarantees and outperforms existing nonadaptive approaches.

These aforementioned results on adaptive distributed methods are exciting developments for
decentralized optimization; nevertheless, none of these existing methods that we discussed
above can handle a problem of the form (1.1) in its full generality. Indeed, to our knowl-
edge, there is no decentralized optimization method that does not rely on the a priori knowledge
of Lipschitz constants and that can handle agent-specific local constraints defined by nonlinear
convex functions.

We should mention that for centralized unconstrained optimization, where a central node
can aggregate and process all data, a wide range of parameter-free methods is available. These
include centralized adaptive gradient schemes such as AdaGrad [16], RMSProp [51], Adam
[26], and their variants [34, 44], as well as methods based on Barzilai-Borwein stepsizes [8, 10,
57] and adaptive techniques that estimate local curvature [35, 36]. For centralized constrained
convex optimization, backtracking schemes can estimate local Lipschitz constants on the fly,
yielding convergence-rate guarantees without prior knowledge of problem-specific smoothness
parameters. In particular, Lagrangian reformulations of (1.1) lead to convex—concave saddle—
point (SP) problems, for which primal-dual methods with backtracking have been developed
[20, 24] —on a different note, there are also backtracking-based algorithms for centralized non-
convex min—max formulations [53, 55], which can be used for (1.1) as well. However, these
methods fundamentally rely on centralized aggregation; therefore, they do not extend directly
to the decentralized computation setting we consider in this paper, where no single node has
access to global information. There are also adaptive distributed methods in federated learning
or central-server settings, e.g., [13, 43, 52]; but these algorithms still require a central node to
aggregate information from the network and are thus not applicable to the fully decentralized
setting over an arbitrary connected undirected communication network considered in this paper.

To address this gap, we propose D-APDB, a novel decentralized primal—dual algorithm that in-
corporates a backtracking mechanism for local, agent-specific stepsize selection to solve (1.1).
Unlike existing decentralized primal-dual methods that require knowledge of the Lipschitz con-
stants, D-APDB automatically adapts to local smoothness by employing a distributed backtrack-
ing step-size search. Each agent relies only on first-order oracles associated with its own ob-
jective and constraint functions, without any prior knowledge of Lipschitz constants. At each
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iteration of D-APDB, each agent locally communicates a n-dimensional vector one time with the
neighboring agents, and the agents across the network collectively implement a max-consensus
one time. As explained in [29], the max-consensus protocol is well-suited to existing wireless
mesh network technologies; more precisely, LoRa [3, 23, 25] enables wide-area coverage at low
data rates, which is advantageous for network-wide flooding where each transmission reaches
all nodes in one hop but conveys limited information. We establish &'(1/K) convergence guar-
antees for sub-optimality, infeasibility and consensus violation, under standard assumptions on
smoothness and on the connectivity of the communication graph. To our knowledge, D-APDB
is the first distributed method with backtracking that achieves the optimal convergence rate for
the class of composite convex optimization problems subject to functional agent-specific con-
vex constraints. Furthermore, we propose a variant of our method, which we call D-APDBO,
tailored to the setting with g;(-) = 0 for all i € 4" while agents can still have closed convex
functions ¢; in their local objectives. D-APDBO can also achieve ¢(1/K) convergence guar-
antees for sub-optimality and consensus violation —to the best of our knowledge, this is the
first time a rate result is provided for a decentralized method that can handle node-specific
closed convex functions without requiring a priori knowledge on Lipschitz constants. Finally,
we present numerical results for D-APDBO and D-APDB on a distributed ¢-norm regularized QP
and QCQP problems, illustrating the potential performance gains achievable with our proposed
backtracking framework.

Notation. Throughout the text || - || denotes the Euclidean norm and the spectral norm when the
argument is a vector and a matrix, respectively. Given two sets A and B, A X B denotes the
Cartesian product, and TT¥ | A; denotes the Cartesian product of a collection of sets {A;}}.. In
few places, we abuse the notation Hﬁ-‘i 1a; to denote the multiplication of a collection of real
numbers {a;}*, C R. Given a set S, let 1g(-) denote its indicator function, i.e., 1g(x) =0
if x € § and is equal to +e otherwise. For § C R", H(-) denotes the Euclidean projection
onto S; moreover, ds : R" — R denotes the distance function, i.e., ds(x) = ||lx — Ps(x)].
Given a convex cone J# C R™, let #* denote its dual cone, i.e., #* £ {6 eR": (6,w) >
0, Vwe 2}, Givenadiscrete set ., |.#| denotes the cardinality of .”. The set S'*, denotes
the set of ny, X n, positive definite matrices. Throughout the text, we use diag(-) to construct
block-diagonal matrices, i.e., given G; € R™*" fori € A", G = diag (|Gil;c_4 ) denotes a block
diagonal matrix with diagonal blocks being G; for i € .4"; hence, G € R where m =
Yic.y mi. We use I, to denote the m x m identity matrix, and 1,, to denote the m-dimensional
vector of ones.

2. ASSUMPTIONS AND THE MAIN RESULTS

We investigate distributed methods for efficiently solving the problem in (1.1) over a network
of 4" agents with computing and message passing capability.

2.1. Assumptions. This network is modeled as an undirected, static, connected graph ¢ =
(AN,&), where & C AN x A and (i,j) € & if there is communication link (edge) between
i€/ and j € 4. Our assumptions on ¢ are formally stated below.

Assumption 1. Let 4 = (N, &) denote a connected undirected graph of N computing nodes,
where N = {1,--- \NYand & C N x N denotes the set of edges — without loss of generality
assume that (i,j) € & implies i < j. Suppose that nodes i € A and j € N can exchange
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n-dimensional data vectors only if (i,j) € &. Moreover, given arbitrary {N;}ic y C R such
that each n; is only known to node i € N, suppose that the network is capable of computing
max;c_y{1;} in such a way that this quantity would be available to all the nodes. Finally, each
agent i € N has only access to the agent-specific functions @;(+), gi(+), and the cone ;.

Definition 2.1. Fori € .4, let 4= {j€ 4 : (i,j) € & or (j,i) € &} denote the set of neigh-
boring nodes and d; £ |.#;] is its degree, and also let diax = max;c_y {d;}.

According to Assumption 1, each agent i € .4” can communicate (send/receive vector data)
only with j € .4}, which denotes the set of immediate neighbors of agent i. We assume that
the agents are collaborative and the objective is to solve (1.1) in a distributed manner. For
this purpose each agent i € .4~ stores/updates its own copy of the decision vector, i.e., x; € R”
corresponds to agent-i; hence, (1.1) can be equivalently formulated as

rrgn¢(x)é¢(x)+f(x) st. —G(x) e, Ax=0, 2.1)

where X = [xj]ic.y € 2 = R denotes the long vector obtained by vertically concatenat-
ing the local decision variables x; € R” for all agents i € A", ¢(X) = Yic 4 0i(xi), f(X) =
Yicw fi(xi), G(x) = [gi(x)]ie.sr € R™ with m = Yc ymi, H = ey [Hi]jc.r denotes the
Cartesian product, and A € R7I€1xnA] i a block matrix such that A = H ® I, where H €
RI€IX71 is the oriented edge-node incidence matrix, i.e., the entry H; ;;, corresponding to
edge (i,j) € & and l € A, isequal to 1 if /] =i, -1 if [ = j, and O otherwise. Note that
ATA=H'H®I, = Q®1,, where Q € R X7 denotes the graph Laplacian of ¢, i.e.,
Qi =d;, Qjj=—1if (i,j) € & or (j,i) € &, and equal to 0 otherwise.

We make the following assumptions on {@; };c_ s, { fi}ic_» and {g; }ic_y throughout the paper.

Assumption 2. Foralli€ .V, ¢;: R" — RU {400} is a proper closed convex function with a
compact domain, i.e., there exists D; > 0 such that ||x;|| < D; for all x; € dom ¢;, and f; : R" — R
is a convex function that is differentiable on an open set containing dom ¢;. Suppose there exists
a constant Ly, > 0 such that the gradient V f; satisfies

IVfi(x) = VAE| < Lgllx =], Vx,X € domgy.

Assumption 3. Forallie ./, g;: R" — R™ is a J;-convex function that is differentiable on

an open set containing dom ¢;. Suppose there exists a constant Ly, > 0 such that the Jacobian
Jgi : R" — R™*" satisfies

1 gi(x) = Jgi(@)[| < Lg;[lx— &[], Vx, % € dom .

Furthermore, we assume that g; is Lipschitz on dom ¢;; hence, there exists Cq, > 0 such that
1Jgi(x)|| < Cy, for all x € dom ¢;. Let L = max;c_y{Lg,} and Cg = max;e_y {Cy,}.

Assumption 4. A primal-dual optimal pair (x*,0%) € R" x " for (1.1) exists, where 0} € JZ;*
denotes an optimal dual variable corresponding to —g;(x) € J; constraint fori € N . Fori €
N such that g;(-) is not affine, we assume that agent-i knows a bound B; such that 2||6;|| < B;.

Assumption 2 is standard in the analysis of first-order algorithms for distributed optimization,
and has been adopted in many works (e.g., [21, 41, 47]). Assumption 3 has also commonly ap-
peared in the literature related to constrained optimization problems with functional constraints
[6, 19, 20]. If the dom ¢ is bounded and the Jacobian is continuous on the closure of the do-
main, it will be satisfied. Assumption 4 requires existence of a primal-dual solution to (1.1),
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which is guaranteed to hold under some mild regularity conditions, e.g., whenever (1.1) admits
a Slater point. Moreover, when g;(-) is affine, i.e., when g;(x) = A;x + b; for some A; € R™*"
and b; € R™, the knowledge of a dual bound B; for —g;(x) € %; is not required. It is essential
to emphasize that due to conic structure of the constraints, one can still consider a rich class of
nonlinear constraints even when g; is affine, one can model convex quadratic inequality con-
straints, SOCP and SDP constraints. Furthermore, in the following remark, we discuss how the
agents can compute dual bounds B; (as defined in Assumption 4) for 8 corresponding to the
constraints with nonlinear g; in the distributed computation setting we assume in this paper.

Remark 2.2. Let # = RY and ¢;(x) = 1x(x) for i € A4, where X = {x e R": ||x]| < r}.
Consider (P) : ¢@* = min{Y;c 4 fi(x): gi(x) <0, i € A4, x € X}. In this remark, we discuss
how one can compute a Slater point for (P) in a distributed manner.

Given some small € € (0,r),let X° 2 {x € R": ||x|| < r—¢&}. Consider the Phase I problem:

(PhaseI): (x°,7°) cargmin 1x-(x)+¢
X

i

S.t. gi(x) <t: 9,'7 Vie V.

Note that ¥ =0, and 7 = g+ 1 is a Slater point for (Phase I) where § = max;c_y g;(¥). Moreover,
letg. = inf{g;(x): x€X} forie ./, andg £ max;c_y g;- Let £(x,t,0) denote the Lagrangian
for (Phase I) and 6° = [6°];c 4 € R]X be an optimal dual solution for (Phase I). Clearly, we have
g <t°=inf,, L(x,t,0°) <T+Y,c 4 67 (gi(X) —1), which implies that

g—g+1> Y 67(7—gi(®)> Y 67
ieN eV
therefore, 67 > 0 such that 87 < g— g+ 1 forall i € .4". Moreover, by construction x° is a Slater
point for the original problem (P). Note that (Phase I) satisfies the assumptions for D-APDB, and
we can employ D-APDB to compute a Slater point for (P), a special case of (1.1), in a distributed
manner. Next, using the computed Slater point x°, the network of agents can compute a bound
on 6%, i.e., an optimal dual solution of (P), by employing a global max operation twice. Indeed,
let @ be a lower bound on ¢* and it is known, e.g., when f; is a loss function for i € .4, then
one can set ¢ = 0. Then, using a similar Lagrangian argument with above, one can show that

Yiew 6 < (Lies filx®) — @)/ (—maxje 4 8i(x°)) < (@ — Nmaxie v fi(x°))/ maxie_y gi(x°).
We next provide two definitions before presenting our algorithm and our main results.

Definition 2.3. Under Assumption 4, for each i € .4, if g;(-) is not affine, let %; £ {6; e R™:
16;]| < B;}; otherwise, if g;(+) is an affine function, let %; = R™. Define 2 = Il;c_y %;.

Definition 2.4. For any x € dom ¢, let JG(x) £ diag ([Jgi(xi)]ics) € R,

2.2. Main Results. In this paper, we propose D-APDB, displayed in Algorithm 1, for solv-
ing the constrained, composite convex consensus optimization problem in (1.1), and propose
D-APDBO, displayed in Algorithm 2, for solving the unconstrained® version of the composite

convex consensus optimization problem. Given the parameters orf, B and & ™!, < gkt ag

Here “unconstrained” means g;(-) = 0 for all i € .#". Any node i € .4 can still have a simple set constraint
incorporated in (1.1) through choosing ¢; as an indicator function.
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set in D-APDB, the backtracking test function EX(-,-) in Line 18 of D-APDB is defined as follows:

1 ~
B, 0) 2 — (2 — (e + B 1) b —xHI2 = <110 — 0¥

1

2 (2.2)
2 T k 1 N
+WHJ&(X) (6—-6;) +Bk+1 (Jgi(x)—Jgi(xi)> OF || +2Ai(x),
i
where A;(x) = fi(x) — —(Vfi(xk), x—xk), foralli € A"~ in case L, = 0, setting B} =
. 2
and B! =0, we adopt 02/0 = 0; hence, we set H (Jgi(x) — Jg,-(xi-‘))T 6| /BF! =o.
Remark 2.5. From convexity of f;(), one has fi(x) — f;(xF) < (Vfi(x),x —xF); therefore, one
can bound the last term in the test function as follows: A ) < <V fi(x) = V£i(x¥),x — xk> In

the definition of EX(-,-) replacing A;(x) with this inner product leads to a stronger condition;
that said, in practice, we have found this condition to be numerically more stable.

Now we formally state our main results for D-APDB and D-APDBO.

Theorem 2.6. Suppose that Assumptions 1 to 4 hold, and 8,cq,cg,cg > 0 are given such that
S+c <1, where ¢ = co + cg+cc. Let (x*,0%) € R" x A denote an arbitrary primal-dual
optimal pair satisfying Assumption 4 and A* € R"¢1 be an optimal dual variable corresponding
to the consensus constraint AX =0 in (2.1). For all i € ., it holds for all step size parameter
values T;,C; > 0 that when initialized from arbitrary xO € dom ¢; and 90 = 0y,;, the ergodic
iterate sequences {(¥,05)}1>o generated by D-APDB, displayed in Algorithm 1, satisfy

. . _ . 1
(i) Suboptimality: | Y ()~ ¢*| = 0 ().
eV
.o g o7 * — * -K 1
(i) Infeasibility: Y 1167 dx; (&(5) ) + 1271 [4%] = 0= ).
et
where (¥K,0K) =y X | (K Qlk)/Z][f:_OI txfori e N, and {ty } ;>0 € Ry is defined recursively
such that ty oy =t /0% for k> 0 and ty = 1. Moreover; there exists (x*,0* ) a primal dual opti-
mal solution to (1.1) such that the actual primal-dual iterate sequence {(x* K )}k>0 converges
to (x*,07) forallie N, ie., hmk—mJCf‘ = x* and limy_,, 91 =0 foric V.

Proof. The proof of this result is given in Section 6 in three parts. The first part is on establish-
ing the rate result which is stated in more detail with explicit &'(1) constants — see Corollary 6.7.
In the second part, we provide an upper bound on the total number of gradient and projection
evaluations required for each i € .4 to collectively compute an €-optimal solution — see Corol-
lary 6.8. Finally, in Theorem 6.9, we show that the iterate sequence converges to a primal-dual
optimal solution of to (1.1). ]

Theorem 2.7. Consider the consensus optimization problem @* = mingcgn Y ;e @i(x), where
@i(x) = ¢;(x) + f;(x) for x € dom¢@;. Suppose Assumptions I to 3 hold, and §,cq,cc > 0 are
given such that 8 + ¢ < 1, where ¢ = cq + cpteg with cp= 0. Forallie ./, it holds for all
step size parameter value T; > 0 that when initialized from arbitrary x? € dom ¢;, the ergodic
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iterate sequence {)Zf‘ >0 generated by D-APDBO, displayed in Algorithm 2, satisfy

1 |
Y @) o' l=0(%), 4% = o(%).
ieN : K K
where 7X Z thk / ):k 0 Ui forie N, and {tr }r>0 € Ry is defined recursively such that
tkr1 =t/ nk+1 for k > 0 and tg = 1. Moreover, there exists an optimal solution x* such that the

actual iterate sequence {x{-‘}kzo converges to x* foralli € N, i.e., limkﬁwxf.‘ =x"forie N

Proof. This result follows from the proof of Theorem 2.6 for the case g;(-) =0forie 4. O

3. MOTIVATION AND DESIGN OF THE PROPOSED ALGORITHMS: D-APDB AND D-APDBO

Under Assumption 4, the constrained convex optimization problem in (2.1) can be equiva-
lently written as a minimax problem through the use of Lagrangian duality:
min%xg(x, 0,1) £ ¢(x)+(6,G(x)) + (A,Ax)—h(0), (3.1)

X
)

where i : R™ — RU {4} denotes the indicator function of #* N 4%, i.e., h(0) =0if 6 €
"N A, and +oo otherwise, i.e., h(0) = Lic - Lrnz,(6:).

3.1. Preliminaries. We briefly present a related previous work [20], where we proposed an
accelerated primal-dual (APD) algorithm for solving convex-concave saddle-point (SP) prob-
lems. As it is shown in [20], APD can be viewed as an extension of the primal-dual algorithm
proposed in [11] from bilinear SP problems to a more general setting with a non-bilinear cou-
pling term. Let 2 C R™ and ¢ C R be finite-dimensional vector spaces. Here we present a
slightly modified version of APD proposed in [19] to solve the following problem:

min max Z(x, V)= (Wt q0) (x) +2(x,5) — (v +4y)(¥), (3.2)

where v, Y, are possibly non-smooth convex functions, and g, gy are convex and differentiable
on open sets containing dom Y, and dom y, satisfying a descent property governed by L, €
R™>" and L,, € R, de., gx(X') < gx(x) + (Vgx(x), X' —x) + J(x'—x)TL,, (X' —x) for all
x',x € dom y,, and similar inequality also holds for ¢,. The coupling 5 : 2" x % — R is a
continuously differentiable function that is convex in x for any y € ¢/, and concave in y for any
x € Z . Moreover, forany x € 27, V,J¢ (X, ) is Lyy-Lipschitz for some Ly, € Ry and V.77 (x, -)
is REY™™ 5 L, -Lipschitz for some pyy, > 1, ice., [|[VoZ(x,¥) — Vo (X,y)|| < |[Liy(¥' = ¥)]|
forally,y’ € #; foranyy € %, V. J(-,y) is Ly-Lipschitz for some Ly, € Ry and V,.52(-,y)
is Rfﬁ“xn" > Ly-Lipschitz for some py, > 1. Given Q,,Q, € ST, x S:’E . and initial iterates
x’ € 2 and y° € #, the slightly modified version of APD iterations consist of the following
updates:

pt 2V, (xk yh) — v, (x! ’H), (3.3a)
v argmin y;,(y) + (Vay (") =", y) + 3lly—¥'l%,. (3.3b)

XK arg 1 rmn ve(x) + (Vau(x*) + Vo2 (xF,y ), x) + 3Ix—x"3,, (3.3¢)
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Algorithm 1 Distributed APD with Backtracking (D-APDB)

1: Inputs: constants §,cq,cg,cc,cy > 0: coteptce <1-8, ¢y <1/(
2: Inputs for each i E N
initial states x € dom ¢;, 91-0 € J;*; step size parameters 7;, {; > 0; dual bound B; if Ly, > 0

), peE(0,1)

3 (1,671 (xl ,910), 90 Vies
4. ’Ci_l — T, Gz <— C,’Ci, TZQ — T, Gio — gifi Vie N
5.0 «cq/T, B <—c,3/f,, P /T VieN >BY=0if Ly, =0
6: 1)« Jg(x)) T 00 + ¥ jc yi(s? sO), e VYiews
70 T+ maxlee//{r,}
8: fork=0,1,2,... do
9:  nke1
10: foralli e ./ do
11: Th !
12: loop > Backtracking Loop fori € A
13: 6F « (K, 771 ko gh=l/gk
14: ak“ eoa/ o BET g/, ST e /B > B =0if Ly, =0
15: %rkJrnl(r frk 1)
16: k+1 4 ProXz,, (xk TV fi(xk) +p~i-‘))
17: 9k+] — g%*mg (9k+6k i(® k+]))
18: 1fE"("-‘“, 9{‘“) < =2 [|E k|2 — 2|67 — 6F||* then > See (2.2) for Ef(-,)
19: break ' I
20: else
21: %{‘ — pi’ik > Backtracking for primal step size
22: end if
23: end loop
24: end for
25: Nk« maxlE vk > max-consensus step

. c n*\—1
26 YL Ca Z)
27: for allze A do

) k—1
28: Tik T /nk7 Gik A C’Tk
29: S gk A (14 Pk — kb
30: pl<—r"+n(rk )
31: if n¥> 1 then >Nk > 1: At least one node did backtracking
32: k+1 £ ProXgky, (xk T (sz( )+p5))
33: 9,'k+1 — ‘@%*ﬂ%i (elk + Gi gl( f+l)>
" else > 1% = 1: no node did backtracking
35: A et
. 1, Gkt
36: 0, 6"
37: end if
38; e g O+ e (s = 55T
2. a N o/t B e /Th, T g/t > B =0if Ly, =0
40: end for

41: k< k+1
42: end for
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Algorithm 2 Distributed APD with Backtracking (D-APDBO)

1: Inputs: constants 8,cq,cc,cy > 0: cqtce <1-68, ¢y <1/(2|€]), pe€(0,1)
2: Inputs for each i € .1":
initial state x? € dom ¢;; step size parameter 7; > 0

> Backtracking Loop fori € .4

> Backtracking for primal step size

a2 V0, T, et Vien
4: 79 ezje/,{(s?—sg), it Vies
5: T maxje s {7}
6: for k=0,1,2,... do
A L |
8: for all i€ N do
9: R
10: loop
11: nk« o1/zk
12: Pk k(b=
13: AR ProX (xk TE(Vfi(xb) + k))
14: if (B — fi(06) — (Vi) &4 = (1 5 cq —cg) |71 — x|)? then
15: break
16: else
17: T pih
18: end if
19: end loop
20: end for
21: T[k < maX;e_y nl-k

k
22 Y FE+D)!

23: foralli c ./ do

> max-consensus step

24: th Ti"*l/n"
k 1 k—1
25: U b (1 Pk — ka1
26: pl<—rk—|—n(r —rh
27: if %> 1 then > 1% > 1: At least one node did backtracking
28: Pl prole_kd,i( kb (V(E) + ph ))
29: else > % = 1: no node did backtracking
30: PR i
31: end 1f
k §k k
32- +1 — ZJE ,( +1 _ _+1)
33: end for
34: k+—k+1
35: end for

where |[x[|g, = v/x"Q:x forx € 2" and ||yllg, = /¥ ' Qyy fory € %'. Based on the discussion
in [20], if O, and Q) are chosen such that there exist some ¢ > 1, and «, B > 0 satisfying

1
Or — Ly, = Lyl + — LTLyx,

Qy - qu = C(a+ﬁ)1ny + ﬁLﬁy My (3.4)
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— see [20, Assumption 3] with 8 = 0, then according to [20, Eq. (3.3)] and [20, Lemma 3.4], it
holds for all K > 0O that

- 1
0<2& y) - 25 < 5 (Ix XU, + Iy =¥°l3,) . ¥xe2,yew, (3

where (2,5%) = £ ¥ (2", ¥9).
Our objectlve is to des1gn a momentum-based primal-dual method built on APD frame-

work in (3.3) for the saddle-point formulation in (3.1), which can be seen as a special case
of (3.2) with a very particular structure: y = [0 T4 '], yi(x) = (), gx(x) = f(x), H(x,y) =
(0,G(x)) + (A,Ax), y,(y) = h(0) and g,(y) = 0. Therefore, we will focus on a variant of the
primal-dual iterations stated in (3.3) with two goals in mind: (i) we prefer using momentum ac-
celeration for the primal updates rather than having momentum term in dual updates as in (3.3);
(ii) one should be able to adaptively select node-specific step sizes via adopting a backtracking
scheme, without relying on some prior knowledge on global Lipschitz constants.

The first goal is mainly motivated by the primal-dual dynamics for the particular saddle point
formulation we focus on. Indeed, 77 (x,y) has a curvature in x, while it is affine in y, and that
is why using momentum in x-updates helps dampening the oscillatory behavior that naturally
arises due to primal-descent-dual-ascent-type updates, e.g., see [48, 56] for the oscillatory be-
havior of gradient-descent-ascent updates; on the other hand, the use of momentum in y-update
as in (3.3) may even exacerbate the oscillations as Vy.#(x,y) only depends on x, i.e., if {x}
oscillates, not only there is no damping mechanism for x-updates in (3.3), but oscillations in
{x*} also causes {y*} to oscillate even more.

The first goal requires a change in the update order of (3.3), which can be justified assuming
(3.2) has a saddle point. Indeed, applying the extended version of APD given in (3.3) on an
equivalent problem minycy maxycz —-Z(X,y) with ¢,(-) = 0 would lead to the following
iterations with the desired momentum acceleration on the primal updates:

P (140 ) Vet (X' ") — ' Voo (X y ), (3.6)
X arg min ya(x) + (Vau(x) +p", x) + glx =%, (3.6b)
Y argmin yy(y) — (V2 (¥ ) + 5l -yl (3.6¢)

with Qk O, Q 0y, and nk =1 for all k> 0. A convergence rate result similar to (3.5)
continues to hold for this variant with Q. and Qy chosen slightly different than (3.4) due to
primal-dual switch:

Qy = Lyylny + = 1 LTnya Qx - qu = C((X—{-ﬁ)lnx + ﬁszcx Ny

for some ¢ > 1 and «, B > 0. Our motivation for giving (3.6) with iteration dependent step-size
matrices O, Q’y‘ and momentum parameter N* is to set the grounds for a setting that will allow
us to analyze a variant of APD method employing node-specific local step-size search. In the
rest, we use the notation x* = [xf] ey fork > 0.

Towards the second goal stated above, i.e., to ensure that the nodes can adaptively select
their primal and dual step sizes at each iteration through backtracking, we still need to slightly
modify the updates given in (3.6) since the A-update in (3.6), related to the dual variable vector
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A corresponding to the consensus constraint Ax = 0, is not suitable for a distributed local step
size search mechanism. Indeed, given some Tl-k , Gl-k >0 forie A4 and 7/‘ > 0 for k > 0, let

D_. 0
k k (o
:D =
Qx ks Qy < 0 ylkln|6"’|) ’

where D« = diag ([# In} ie/‘/), D, = diag ([ﬁ Im,-] , /1/)' For any iteration k > 0, after

a candidate point (x**! y**1) for the next iteration is computed according to (3.6) using some
given step sizes {’L‘lk , Gik }ic.s and ¥, one needs to check a backtracking condition to ensure that
(xk+1 yk+1) provides a sufficient decrease in a suitably defined potential function, where y**! =
(0%+1, AF+1) _if the condition holds, we accept (x**1 y**1); otherwise, we decrease the given
step sizes and compute a new candidate point. In this procedure, one needs to compute a term
involving the candidate dual point A%*! every time the condition is checked, e.g., || A %! — A%||2.
However, the update rule in (3.6) implies that A1 = A% + ¥*Ax**1  which is a function of
x*t1 for k > 0: hence, checking a test function involving A5H1 s not suitable for distributed
computation. Indeed, as an example, we consider the quantity |[A¥*! — A¥||? which can be
computed as below:

IARFL 2 2K2 = (P2 (AxE ! AxKTYY = (P2 (5L Qe L)%
(}})2 Z (xf“, Z (xi;+1 _xljg+1)>_ (3.7)

eV JEN

According to (3.7), at iteration k > 0, for each agent i € .4, checking its local backtracking

condition involves computing the term (x**! ¥, e M(xf“ - x];-“ )), which requires the decision
k+1

vectors X of its neighbors j € 4] that satisfy their own backtracking conditions. Therefore,

if one adopts the update scheme in (3.6), it is not trivial or practical to compute {xf+1 }ien in
a distributed manner that satisfy all local backtracking conditions simultaneously. To avoid this
issue, we slightly change the update order as stated in (3.8), i.e., at iteration k > 0, consensus
related dual variable A is updated first using the information related to x* and x*~!, then the
x-update is executed, and finally the dual variable 6; related to the local constraint —g;(x;) € J%;
is updated for all i € .4". Hence, for the variant of APD in (3.8), the term ||A¥*! — A%||2 only
relies on the points {xif}ie _y that satisfy the local backtracking conditions at iteration k — 1. It
should be emphasized that as an artifact of the proof technique we adopted, rather than setting
AL = Ak L/ Axk, we set AFFT = A% + /KA ((1 + n*)xk — n*x*—1) for some properly chosen
nk > 1, i.e., we also use momentum term in A-update as well.3

Given some arbitrary initial points X’ € dom¢, 8° € #*, A0 € R’ step sizes 08>0
forie AN, }/‘ > 0 and the momentum parameter nk >0forallk >0, wesetx 1 =x%, -1 =90,

3Later in Lemma 4.2, we establish how duality gap changes after one iteration of D-APDB. This choice of A-
update leads to a telescoping sum for the duality gap bound in (4.4) by ensuring that #; , Q"' (z) — R+ (z) <0
holdsforallk >0andz€ Z x %'.
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A1 =210 and we consider the following iterations for k > 0:
1
AR argmin — <A(<1 +nb)xk - nkxkfl),/1> +aglh — K2, (3.82)
A
pfeAl ((1 +nfAk - n’%"“) +(1+7HIGEH T  —nfJcx-H)Te,  (3.8b)
. 1
X1 argmin ¥ [:(0)+(V£(d) + ploxi) + v —f]] (3.80)
X ey 27
1
0!« argmin —(6;,g;(x\")) + — 1|6, — 6], Vie.r. (3.8d)
0.€.4;* "%, 20;

Here, update (3.8a) enforces the consensus constraint Ax = () via an ascent step; (3.8b) forms a
momentum/correction term using past dual/primal states; (3.8c) performs a proximal gradient-
type step on each block x; whereas (3.8d) is a projected ascent ensuring 91k+1 € J*. At this
point, we have an abstract algorithm as described in (3.8) with momentum acceleration in x-
updates to exploit the curvature of G(x), and it is in a suitable form to design a backtracking
condition for it. Next, we discuss how this abstract update rule can be implemented in a dis-
tributed manner using only local communications for n-dimensional data vectors.

3.2. Distributed implementation of the abstract method. Since we set x* =x~! and (3.8a)
implies that AX+1 = A% 4+ ykA((l + nF)xk — nkxk- 1) for all k > 0, we get

k
M“:Z%A((Hn‘ —n'xt- 1), Vk>0,
/=0

and we choose A? £ 0. To implement these steps efficiently using only local communications
among the nelghbonng nodes, we eliminate {},k} v1a an auxiliary consensus state sequence
{s*}1>0 such that s° 2 0 and s**! = s 4+ y*(1 + n%)x* — y¥*n*x*~1 for all k > 0; hence, ¥ = As*
for all k > 0. Using ATA = Q®]I,, we obtain that

(AT x) = (x,(QeL)s) = ) (Y (sF=55), wx

ieN JEN;

Therefore, (3.8) can be implemented in a distributed manner, i.e., each node i € .4/, starting
from arbitrary x € dom ¢; and 6 € %;*, initializes s? = l—o, x; l= x? and Gi_l =07, sets

=] g,( )TGO and computes the following updates4:
et H'fw( 1+n")x’-‘—n"X§“1) (3.9
rfJg(d) ek + Y (sf (3.9b)
JEN
et et (h ) 390
W prox gy (= (VA + ) (3.9
9,~k+1 %gzjij*m@i (61‘]( +0; gi(ngH)) ) (3.9¢)

4Our initialization implies that p? = r? = Jg;(x?)70? forall i € 4.
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for all k£ > 0, where the proximal map, proxwi(-), is defined for any 7 > 0 and x € R" as follows:

. 1
Proxey,(x) 2 arg min { 76,(w) + 3w — x| }.

Thus each node i € .4 updates its local variables (x;, 6;,s;) using only local gradients/Jacobians
and communicating only with the neighboring nodes in ./4;.

The accelerated primal-dual algorithm with backtracking (ADPB) introduced in [20] is a ver-
sion of ADP that supports backtracking; however it was designed for centralized minimax
problems. Our goal in this paper is to design a distributed stepsize selection mechanism for
the abstract method given in (3.9) so that we can extend ADPB [20] from centralized to the de-
centralized setting. The distributed stepsize selection procedure we propose is based on local
backtracking and it does not require a priori knowledge of global Lipschitz constants.

3.3. From the abstract method towards D-APDB in Algorithm 1. Here we propose a step-
size choice mechanism for the abstract distributed update scheme in (3.9), which would lead to
D-APDB displayed in Algorithm 1. Our goal in each iteration £ > 0 is to employ an Armijo-type
local backtracking condition for determining local step-sizes T{‘, Gl-k > 0 for each i € .4, and to
use a global-max consensus across the network to coordinate the momentum parameter n* > 0.

At each iteration k£ > 0, every node i € .4 calls a backtracking subroutine to compute candi-
date step sizes and a momentum parameter: (‘Z‘ik, 61-", nlk) Within the backtracking subroutine,
each node i € ./, employs Armijo-type step-size search to determine f'l-k using only local infor-
mation —for the sake of notational simplicity, in the coming argument we do not explicitly show
the iteration index k > 0. For each node i € .4/, given the current primal-dual iterate (x;, 6;), and
the gradient terms related to the agent-specific constraint function g; and consensus violation
for the current and the previous iterations, i.e., r; and r;, the trial primal stepsize 7; is initialized
using the step size of the previous iteration 7; , i.e., T; <— 7; , and node-i computes the candidate

primal-dual iterate (%;, ;) as follows:
8 T _
pi<rit—(ri—r;),
Ti

Xj < proxz,, (xi — T (V/fi(x) + ﬁi)) ,

0; Prenz(6i+ 6igi(%:)),
where p € (0,1) is a fixed contraction factor, 6 € (0,1) is a backtracking parameter, and p;
denotes a local momentum term mimicking the update in (3.9c). We adopted an Armijo-type
backtracking condition based on a local merit function E; as defined in (2.2), where for given
trial primal stepsize 7;, the parameters within E; depend only on 7; and 7;°, i.e.,

k—1
~ C ~ C - C - - T,
L T B 1 _%C gk gk

k i
0/ = = P = = ni =—
i Tl-k’ Tik? i Tl-k, i Tl-k 9

are all derived from *Z'l.k (with fixed cq,cg,cc > 0 and §; > 0), while we set Oc{‘ = ca/ ’L'l-k*1
and §; = cg/ ’L'f_l. The merit function E; is a quadratic surrogate tailored to the primal—dual
structure, and the trial pair (‘I’i, Gi) is accepted if the condition,

0 0
27 26;

Ei(%,6) < — —|%—xi|> — =—=116:— 6:]|*, (3.10)
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holds; otherwise, both step sizes are shrunk, i.e., 7; <— p 7;, 6; <— p G;, and the loop repeats until
(3.10) holds eventually. Upon the acceptance of the trial pair (f,-, 65), the routine returns the

current step 7; together with 1; = T%— Condition (3.10) enforces a decrease proportional to the

“step energy” ||%; —x;||> and ||§; — 6;||* in a model that captures the curvature of f;, and the local
constraint sensitivity via Jg;. As 6; and 7; are coupled through some {; > 0, the primal and
dual step sizes always remain properly scaled. More precisely, once f’l-k is accepted, node-i sets

k—1
6% = {tk and nf = Ti?; and next, D-APDB sets ¥ via

k k

= maxn;.
1 eV g
This step requires a global max consensus, i.e., the cooperation of the nodes to compute a max-
imum over the node variables nl.k . It can be typically implemented with protocols such as Lo-
RaWAN (low power, long range) which supports long-distance low-power wireless communi-

cation between the nodes [14, 25]. Then, D-APDB derives Tl.k = Tik_l/nk, ch“ = ca/‘cik, ﬁikH =

cp/tr, i =co/tF, oft! = Tk, and chooses 1, via
k
cy, 2 Nt _
Yo = Ty(_—i__) 17
T'ca cc

with T £ maxc {7} and for some ¢y > 0 such that ¢, < 1/(2|&]), to update the s* vari-
able. With this information at hand, the subsequent updates consist of updating the node-based
pf-‘, r{‘ and xi-‘ variables as outlined in Algorithm 1. Basically, these updates correspond to a
fully decentralized implementation of (3.9) —more precisely, Algorithm | describes how primal-
dual stepsize sequence {le , Gl.k } k>0 for i € 4 and the momentum parameter sequence {n*};>o
defining the update rule in (3.9) can be chosen through employing node-specific backtracking
and running the max-consensus protocol across the network once per iteration £ > 0.

4. PRELIMINARY TECHNICAL RESULTS

Now, we are ready to give our main technical results. We will derive some key inequalities
below for D-APDB iterates {X, A, 6 }x>0 generated by Algorithm 1. Lety = [0 7,1 "] denote

the concatenation of the dual variables and ® : dom ¢ x .Z* x R"¢l — R denote the coupling
function: ®(x,0,1) = (G(x),0) + (Ax,A). Thus, we have Z(x,0,1) = ¢(x) + P(x,0,1) —
h(0), where . and h(-) as defined in (3.1), and ¢(-) as defined in (2.1). For k > 0, define
pFA qu)(xk’ek,)tk> Fnkgk, g2 chp(xkjekjtk) _chp(xk—l79k—1’)tk—l)’
g £V, d(xF, 05 A0 — v, d(xF, 6F 1 Ak, 4.1)
gx L qu)(xk’ek—l’xk—l) _qu)(xk—l,ek—l,kk—l);
hence, qk = quy + qk’x. Moreover, for all i € 4" and k > 0, we similarly define
4 AV, B(xF 0, 1K) — v, d(xF, 05 AFT), w2
qf,x A V}qq)(xkvek—lvlk—l) _VXicp(Xk—l79k—1’)Lk—l) '

based on the differences of partial derivatives with respect to x;. Given the initial primal-dual
point x° € dom ¢ and y° such that 8° € #*N % and 10 =0, we set x ' =x% and y~! = y?;



DECENTRALIZED GRADIENT DESCENT-ASCENT WITH BACKTRACKING 571

hence, ¢° = 0. Moreover, for k > 0, the Cauchy-Schwarz inequality implies that

of +Bf
S ) @)

L ky2
(g X1 —xky < Z ( k”q_,y
200

+—=llg;
ieN ZBik l

for any OCl-k , Bi" > 0. We will use (4.3) later in the proof a few times.

Remark 4.1. For i € .4 such that Ly, = 0, for all k > 0, one trivially has qi."x = 0; hence, setting
Bk =0, we adopt 0?/0 = 0 and set quXH /Bk =

Recall that Lines 29-33 in Algorithm 1 correspond to (3.9), which can be written in a
compact form as in (3.8). Therefore, in the next lemma we provide a crucial result that an-
alyzes the effect of one step update in the form of (3.8). The result holds for any positive
{ak, a1 BK BRTT gk K1Y 4 which are indeed free design parameters of D-APDB. Later in
Sectlon 5 we discuss how these parameters should be selected.

Lemma 4.2 (One Step Result). Suppose that Assumptions [ to 3 hold. Fix k > 0 and let
x*, xk~1 e dom ¢, 6%, 0% c domh and A¥, A*~1 € R"¢ be arbitrary. Let {t%}ic y, {le}iEJy,
n* and y* be arbitrary positive scalars, and suppose (XkH,Ok“,?LkH) is generated from
(xk, 0%, AK) according to (3.8). For any x € dom¢, 6 € domh and A € R"¢|, ler z 2 (x,y)
withy 2 (0,1), and similarly y**1 2 (851 A¥+1) Then, for any collection of positive param-
eters {of, OCIHI, BE, ﬁikﬂ,gik, gikﬂ}ie v, the following inequality holds:

L& y) - 2(x,y") < 0 (z) - R (2) + P, (4.4)
where
1
k A k12 k2 2
02 X (b=l +ﬁue 0>+ 5 kuq,yu + ﬁkuq 1) (4.5
A= AP+ ) e ax— ax— A+ ¥ T
ze/V
1
k+1 A kL2 0 1o, pk+l 2 k+1y 2 k+1.x
R (Z)_,-egy(zrk”x’ el +2Gik\|91 L kﬂllq [ zﬁkﬂuq H) (4.5b)
Hl lk—HHZ < k+1,X—Xk+l>+<AXk+] —AXk,lk-H + Z g, k+1 k||2
’},k ieN
1/1 nk
PrEyY P~ (==Y —d) At =2 (4.5¢)
iEZJV 2(71{ iEZJ’V o )
1/1
k& k+1 +1 2 k+1 _ k2
P (Gt B It P 5 e e (450
1 .
el A ﬁkH g™ ¥+ A = i) — (VA 247 —af) Vie

for qi{ X qf Y qf“ * and q{-ﬂ'l’y defined as in (4.2) for alli € N, and ¢* defined as in (4.1).
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Proof. Fix arbitrary x € dom ¢, 6 € dom# and A. Using [20, Lemma 7.1] for the x—, 6 — and
A— subproblems in (3.8), we get

o (x"1) — o (x) + (VF(x") +p xF —x)

(4.6a)
(e = 1 = [l =2 = g = 1%),
iGJVQ’ i
h(9k+l)—h(9) . <G<Xk—i-l>7 9k+1 . 9>
< ¥ ol 61— o6+ I~ 10 — 6f), (60
zeJV
1
Wl—l"“,l"“—l") = (A=A A+ nO)x %)
1 (4.6¢)
SW(H)»—MHZ— 14 = ASFH2 — ]S — 252,
The convexity of f(-) implies that
(7)1 %) = (T8 x5 (7). =¥ n

> F(x) +(VF(x),x —x) — f(x)

holds for all x € dom ¢ and k > 0. Note that G(x**1) = Vo@(x**1 6% Ak+1); hence, the inner
product in (4.6b) can be written equivalently using the linearity of CID(X"H, )):

(G(xH1), 05+ — 9) = (Vo (xkH1, gk A+ g+l _ g)
—(Vod(x1, g% AKT1) 9k — ) + (Vo (xkH1 gk 1K1Y, gk+1 _ gk (4.8)
:CI)(Xk+1,9k,/’Lk+l) . q)(xk+17 971k+1) 4+ <V9q)(xk+1,9k,ﬁ,k+l), 9k+1 . 9k>

By combining (4.8) and (4. 6b) we have

h(e*) - <Z £ (16— 6F (17— [16;— 6571 |1* — |6/ — 6f(1*)
lEJV (49)

+(I)(Xk+17 9k)lk+1) —(I)(Xk+1, e’lk+1) + <V9(D(Xk+l,9k,lk+l), 9k+l o 6k>

On the other hand, by combining Equations (4.6a) and (4.7), and adding both f(x**!) and
—®(x, 05 A*F1) to both sides, for k > 0, we get

o) + F(XH) — 9 (x) - f(x) — D(x, 071, 2T
< —(D(X 9k+1 ;Lk+1)—|—<pk,x—xk+l>—|—[\k,
+Y o lez K2 = g = 2 ok —

IEJV
where AF £ f(x¥1) — f(x¥) — (Vf(xk),xk+1 —xK). Then, summing (4.9) and (4.10) leads to
X(Xk_'_l,e,l) —,,?(X, ek-i—l’lk—i-l)
= () + f(x*) + (x*1,0,4) —n(6) — 9 (x) — f(x) — D(x, 64", A*) 1 n(6")
<(I)(Xk+l 9k+l ﬂ,k—H)—(I)(X 9k+l lkH)-l-(pk X_Xk+1>
+®(Xk+l,9,;l,) _ CI)(xk'H,O,),]H_l) —I—Ak

(4.10)
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+ —2 16— 0F 12— 6 — 0112 — [l6} " — 6} |

P

+Y o [nxz N T =Y (.11)
zE/V

where we used d)(xk“, Ok, A — p(xkH1, T LKD) 1 (Vod(xk ! 0% AKF1), 941 — gF) = 0 due
to linearity of ®(x*+1 . A¥+1) Moreover, using the convexity of ®(-,y**1), we get

D(x g4 AR —(x, 041 AR 4 (pk x— xkT1)
(VL D(xH R AR L) v d(xk, 05, 2F) + gk x — Xk
—<qk+1,X—Xk+l>—|—nk<qk,X—Xk>+nk<qk7xk—xk+l>.
Next, we bound the term ®(x**1,0,1) — &(x}*1, 0, A¥*1) as follows:
D(xk1. 9. 2) — d(xk!, 9, 241
—(AXET A — Ak
(A 2= AR x4 — AR kst — AxET AR )
+<A((1+nk)xk k k 1) A — Ak+l>
< — (AXFT—Axk ARy pnfaxk — Axf T Ak - 1)

—|—T]k<AXk—AXk_1,lk+1—ﬂ,k> (Hﬂ, /1"”2 H/l—/IkHHZ—H)Lk“—)LkHZ),

7"

where the inequality follows from (4.6c). Thus, the above inequalities with (4.11) implies
g( k+1 9 )L)_ (X 9k+1 )Lk+1)
< <qk+lx Xk+1>+71 <q,x X>+7‘l<k k k+1>+Ak
o <AXk+1 —AXk lk+1 —l> +n < X _Axkfl’)tk_l> —|—T’k<AXk _Axkfl,lkJrl —lk>

+ Yo k[ue 60F117 116, — 61|17 ~ 16" — 6} ]
ieN

+ X o == = et -2
iE,/V i
+ 3R = AP = [ = A P A 25 R,

Thus, given some arbitrary OCl-k, Bik >0 fori € .4 and k > 0, (4.3) implies that
g(xk_‘_l,e,l)—X(X,Ok_‘—l,lk—i_l)
1 1 1
<[ X (eI =ello— 67) + e lia — a2
ieZ/V 21f 20f 27
+nk<qk7x_xk>+nk<AXk_AXk717)Lk_A>:|
1 k2, L k+1y2) 4 L k+1)2
- — ||xi — x} +—1/6;—6; )4——7L—7L+
| (gl 1P o= 1) + 5 H

eV
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Jr<qk+1 X_Xk+1>+<Axk+l _AXk,)Lk—I—l —M]

1 1
_ [ )y (2 k“xk+1 kH2+2_ok”9ikH_9’k”2)+W’Mk+l—lk\|2]
i

ieN
+nk<qk’xk_xk+1>+nk<AXk_AXk717)Lk+l _ Ky 4 Ak

1 U n* ok 1
<[ X (el =<+ g1 1+ el P+ gl I7) + 5714 =41
L AT A
+nk<q’<,x—xk>+nk<Axk—Axk*,Ak + ¥ TS k1
ieN
1 k12 k12 K1y 2 k1x)2
— —||xi — x; 0; — 6, T+ )
| T (gl || P gl zﬁkHllq ||
1
+W”l—lk+1||2—|-<qk+l,X—Xk+1>—|—<AXk+l—Axk,lk+l—l>
a2
+ Y
eV
1,1 k(k k 1 2 k+1 k2 1 k+1 k|2
— —(= - a‘+~>xk+ —xf 05! —6; >+—A+—7L
[iezﬂ(z(rk n“(af+B5) | 12+ Gku f7) + 2c] H
k1, k+1, €~
+Ak+~§(z wrrllal P+ ﬁ,mnq X k1
S
nk
S| AT - 242),
Si
where in the last inequality we invoke Young’s inequality the third time, i.e.,
T]k<AXk—AXk_1,)~k+] —)uk>
:nk< k_ k—1 AT(;Lk+1_;Lk)>
k
n*ek kf 2, M k k2
< Y (TSt = LAl 20 =2 ) (4.12)
eV zgl

Tl Gl k_ k 2y n* k+1 k(2
< B |7+ = di| AT = A7
§V< 29" )

holds for any gik > 0 —in the first inequality A; = Q; ® I, with Q; € R" | denoting the i-th
column of the Laplacian Q for i € .47; hence, the final inequality follows from the fact that the
spectral norm [|A;A"|| = ||Q;||> = d; for i € 4. Thus, using the definitions of Q%(z), R*"!(z)
and P¥ given in (4.5), we obtain the desired inequality in (4.4). UJ

Lemma 4.3. Given some arbitrary initial points x" € dom 0, 00 ¢ ¢+, A0 e RS step sizes
Yk > 0, ‘L'l.k, Gik > 0 fori € N, and the momentum parameter nk > 0 forall k > 0, set x 1 =x0,
01 =09 A1 = A0 and consider the iterations as in (3.8). Suppose that there exists {t } x>0 C
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R+ such that the algorithm parameters satisfy the following inequalities:

k k
T 1y O: Iy YI( Iy k+1 Iy
ma } e ma{ l}< , — % vi>o
iEJl)/({Tl.]‘+] T iejj k+1 ) — tr+1 ’yk+ l‘k+1 n tet1 -
4.13)
Then, for any z = (X,y) such that x € dom ¢, 6 € ¥ * N2, it holds that
K—1
Tk (Z(x5,y) - 2(x,55)) <10%(z) —txk1RX () + ¥ 0P, VK >1, (4.14)

k=0
where Ty = ZkK:_()l t, and (XX §5) & L Zk 0 U1 (x5, y5).

Proof. Fix an arbitrary z as given in the statement of the lemma. Note that £ (-,y) — Z(x,-) is
a convex function; thus, if we multiply #; for both sides of (4.4) and sum the resulting inequality
from k = 0 to K — 1, then using Jensen’s lemma, we get

T (Z(%K,y)— & ) < Z tk( )~ R (z )+Pk>. (4.15)

Next, we argue that under the parameter rule in (4.13), fork=1to K —2, we have #; | Q"Jrl (z)—
1R**1(z) < 0; indeed, it is easy to verify this inequality after writing it equivalently as follows,
using the definitions of Q*(z) and R**!(z) given in (4.5a) and (4.5b), respectively:

2

Ti+1 T Ti+1 k+172 k+1,y k+1x >
Xi — X; 0; — 6; MIEE
T (=1 o P+ gl P+ Skl
]
2;;11 1A — 7Lk+1||2+tk<qk+|,X—Xk+l>+lk<AXk+1 —AXk,lk—H —2)
tkg k1 2
Y
eV
LTI S e S TPy S N ST Co R UIE S
siegy(z—fikr\xz—xi I a6 0 1P+ o el P+ s )

z
+ _kHA —lk+l||2—|—tk<qk+l,x—xk+l> +tk<AXk+1 —AXk,;Lk+1 —l)

f
- Y S ],

ieN

where we used the condition 7, = #; ;1 n**! for k > 0. Therefore, the desired inequality follows
from (4.15). 0

Lemma 4.3 indicates that bounding ZkK:_OI 1 P* is essential to derive rate results for D-APDB.
Next, we show that P¥ can be bounded above by some quantity that can be written as a node-
specific consecutive iterate differences whenever 7 is sufficiently small. This observation will
play an important role in arguing for each i € .4 that (i) there is a non-zero lower bound ; > 0
such that ‘L'l-k > 1; for k > 0, and that (ii) backtracking condition for agent-i should be satisfied
after a finite number of contractions for all iterations k > 0.
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Lemma 4.4. For arbitrary k > 0, P* defined in (4.5¢) can be bounded from above as follows:

Pk < Z _5[__ Zd( . kﬂ)]”;tkﬂ AK|12,

eV

B &N+ fr g () T (8T gy P+ 2[3k+1H(ng( ) = Jai(eh) OfP @.16)
1/1
5 (M B It P - ||e,-k“—e,-’<u2,

and A¥ & f;(xXX1) — fi(xk) — <Vf,-(xf?), K —xf.‘>f0ri € N. Thus, it holds that P* <Y ;c 4 P¥
. k _1
7 < (Terdi=+1))

Proof. Give arbitrary X', x” € dom ¢ and 6',0" € #*NA. Recall that D(x,0,1) = (G(x),0) +
(Ax,A) for any x € dom ¢, 8 € #* N % and A € R"¢|. Thus, for any i € .#" and A, we have

|V (.0, 2) ~ Vi @(x 0/ 4)| = (i) — i) T6lll,  (417a)
VB, 6", 1) — Vo b(x",0',1)|| = |3g,() T (6 — 8))]]. (4.17b)

k—H,yHZ k+1XH2

We consider the terms k —lg

and k L lg that appear in the definition of P¥ given

in (4.5¢). For any i € ,/V using (4.17b), we get

1
> k+1 || k+17Y||2 A 2ak+1 ||inq)(xk+la 6k+l)lk+l) . VXiq)(Xk+l,9k’lk)||2
i

1
Sw”vxiq)(xk—i_la Gk-i-l’lk—l—l) . inCI)<Xk+1,9k,;Lk+l)||2

o
i | (4.18)
+ m’lvxi(b(Xk+l,9k,/lk+l) _ inq)(XkJrl, ek,lk) H2
az
d:
(Xk+1 ||ng( k+l) (eik_H - eik)||2+ ak—fHH}Lk_H _}LkH27
i i

where in the first inequality we use ||a + b||*> < 2|a||* +2||b||* after adding and subtracting
the term V,,®(x**1 6% AX+1) and the last inequality follows from (4.17b), AT (A% — 1K) =
Vi ®(xF1 ok AR — v @ (xk 1 9k AK) and the fact that the spectral norm [|A;A] || = || Q]| =
d; for i € .. Similarly, using (4.17a), we can obtain that

[Pl |V, @(x 1, 0%, 4%) — v, @ (xk, 6%, 1%)| 12

1
B_k—H
l

= sl O™ i) ot

k—H
2 (4.19)
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Therefore, using the bounds in (4.18) and (4.19) within the definition of Pkin (4.5¢), we get

1 1
P==3 ¥ (g e+ BD-a ! P+ —llot+ 1 — 6P
ic Oi
11 n* k1 k2 k K1y 2 k+1x
— (= X ) I =AY (AT llg; 1=+ lg; ™l
Z(Yk vy ) iew< l zakH ﬁkH >
1 1
<5 X [ (G -ned+ah)- GH) It — P+ —cll0F 1 — 6P
IS l l
1 T
L Af+ kﬂlugl(xk“) (67 = 6D+ 5y | e — Ji() a
ic i
171 nt 2 k+1 k)2
Sl Ldil = A = A%
opa(e )
L -1
hence, P < Y.ic.y P holds whenever ¥ < (Zleﬂ/d< —T + L )) . 0J

5. PARAMETER CHOICES

In the previous section, we considered a meta algorithm, i.e. given some arbitrary initial
points x’ € dom ¢, 6° E 2%, A0 e R4 step sizes ¥ > 0, ‘L’l ,0f >0 forie ./, and the
momentum parameter n >0foral k>0, wesetx ' =x" 6°1=06° 21 =19 an
consider the iterations as in (3.8). For this generic framework, we established a duality gap
result given in (4.14) assuming that there exists {fx }y>0 C Ry such that the algorithm pa-
rameters satisfy (4.13); furthermore, we were able to bound the error term Pk assuming that

-1
Y < <):,€ v di ( o + I )) . In this section, we will show that D-APDB displayed in Algo-

rithm 1 satisfies all these ‘conditions stated above. Towards this goal, we first argue that D-APDB
is well defined by showing that the agent-specific local backtracking conditions can be satisfied
in finite backtracking iterations for alli € 4",

For all i € .4, let f'k 6",7]1 denote the candidate stepsizes and momentum term agent-i

~k+1 6k+1) < _ ~k+1 k||2_

will be testing by checking the stepsize-search condition EX (&} ~k | X;

|61 — 6K||2 in Line 18 of D-APDB at the current iteration k > 0 by settmg of, BF, ekt

i
ﬁkH and ng in a particular manner as stated in D-APDB, where Elk(, -) is defined in (2.2).
Note that at the time test condition is checked in Line 18, according to Line 13 and Line 14 of

D-APDB, given some candidate primal step size fl-k € (0, ‘L'ik_l], we set

=5 /B, 6 =0T, o =cd/T, BT =cp/T, G =cg/TH G

and the test point (¥} il 9k+1) is computed according to Line 16 and Line 17 of D-APDB.

Moreover, according to Line 39, we also have

(xl.k:ca/fcikflj ﬁl.k:cﬁ/’clkfl, gk—cg/‘ck I (5.2)
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Therefore, evaluating EX(-, ), defined in (2.2), at the test point ()Zf“ , él.k“) using the parameters
as stated in (5.1) and (5.2), the test condition for agent-i can be equivalently written as follows:

6k+1 elkHZ

: kll

~ ~ 1
B8 =2Rf = (1= (catepteg) )8! —t|
l
T S\ T (k2 o 1 A gk
2O = DI+ L (S - Jaah) 6P 6.9
< —

< ~k||
z i

o  ~
1 k2 k+1_ gk|2
B (e [l

where A¥ 2 f£(ZF1) — fi(xk) — <V fi(xky, xf‘> Note that this condition can be easily
checked by agent-i locally without requiring any local communication.

Next, we provide a sufficient condition on the stepsizes for (5.3) to hold. First, we provide
some useful bounds on partial gradient differences. Consider some arbitrary x’,x” € dom ¢
and 6/,0" € A *NAB. Let Ly, = Lg,B; for i € A such that Ly, > 0; thus, for any A € R,
Assumption 3 implies that

1(Igi(x7) — Jgi(x0) " 6/l < L |67 17 — il < Ly 1} =1 (5:4)

which follows from 6/ € %, i.e., ||6/|| < B;. Similarly, Assumption 3 also implies
||Jgi(x;/)—r(9i// —6)|| < Cg 116 — 6] (5.5)
In the next result, we provide sufficient conditions for the backtracking line search to terminate.

Theorem 5.1. Consider node i € /. Given D-APDB parameters O sCasCp,Cg > 0, suppose
S+c<1wherec®cy+ cg +cg. Moreover, given a candidate primal step size ‘I’ik € (0, Tl-kfl ,
suppose that candidate dual step size 6 and momentum parameter nik together with test func-
tion parameters Ock+1 ﬁk+1,glk+l and O‘z . B; ,gl are set as in (5.1) and (5.2).

Then, for all k 2 0, the test condition in Line 18 of D-APDB holds whenever at the time of

checking it, flk satisfies the following two conditions, with the convention Ly, B; = 0 for Ly, = 0,

1-8 L2 B? 1-8_2
“’—k k +Lfl + gl %lk, k = Cl 8i ~ka (5'6)
moreover, (5.6) is guaranteed to hold whenever f'ik € (0,%;], where
Lﬁ+\/L2‘+4(1 —(8+))2B g 4 s
£ 2 min d wilh 1 el =) (5.7)

212 B?/cg ' Cy 24

forie N suchthat Ly, > 0, and %; = 2 min{2 ZS:C),CL& ca(1-9) 1 %) }forl € A such that Lg; = 0.

Finally, one also has®

1—-(8+¢) 1 \/Cﬁ(l—(5+c)) 1 [cq(1-9)

2L ey,
2L; ' LgBi 2 "\ T 28 } :

T > min{

SWith the convention that 1/0 = oo when Lg,B; = 0 for € .4 such that Ly, = 0.
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. < Ly . . . . .
Proof. First, note that A¥ < = || &1 — xk||? as V£ is Lipschitz with constant Ly, over dom ¢;.
Morover, since g; and Jg; are Lipschitz on dom ¢; with constants C,, and L,,, respectively, and
|6%|| < B, using (5.4) and (5.5), we get

=k zk T
T . ~ T .
27| 3gi(&H) (B4 — 011+ L)) (Jeat ) — Jaiad)) 6k

Co Cﬁ

(1P ak+1 _ gky2 T L k2
S _2Cgi||6i _ei || +_LgiBi|| i _'xi|| .
Ca Cﬁ
Since 6% = {;T¥, we can conclude that (5.3) holds if (5.6) holds.
Clearly, the roots of the two quadratic inequalities in (5.6) immediately imply that any %ik €

(0, %;] satisfies (5.6) for 7; given as in (5.7). Finally, the lower bound on 7; is obtained by solving
for the roots of another quadratic system, which provides us with a stronger condition, i.e.,

2B} _ 26Cy, .
(5+C) > max {Lf, & ! k} and =2 > &’L’-k. O
21' t B T Ca I
Deﬁnition 5.2. Given a candidate primal step size i‘ € (0, kal] let candidate dual step size
and momentum parameter nl together with test function parameters k+1 Bk+] , ClkH

ocl ,BF, gk are setasin (5.1) and (5.2). The D-APDB parameters (%, 6, n¥) are called admzsszble
if the test condition in Line 18 of D-APDB holds with these parameters.

In Theorem 5.1 we established that for each £ > 0, the test condition in Line 18 of D-APDB

holds after a finite number of backtracking iterations. For k > 0, let the candidate primal step
k—1

size is ’ck when the condition in Line 18 holds for i € .#"; hence, 771 = T’fk , which implies

that the number of times node- l employs backtracklng (i.e., shrinks its prrmal step s1ze) within
the k-th iteration is equal to n¥ logl/p nk. Thus, n* = max;c_y {N¥} = max;c 4 {2 /%}
denotes the largest amount of contraction of primal step size among all the nodes.

Corollary 5.3. Under the premise of Theorem 5.1, for all k > 0, the number of times node-i
employs backtracking (i.e., shrinks its primal step size) within the k-th iteration of D-APDB, i.e.,
nk £ log, /, n¥, is bounded above by ii; = log, )y [7i/%i] + 1 forie A

The accepted parameters ‘L’k,Gk,T] ot ﬁk“,gl +1 are set after the max-consensus step
nk = max;c_y {n¥}, where t¥ = ¥ 1/n of = ¢k, and ot = ¢ /1k, BET! = cﬁ/rl.k, gl =
ce/ Tl-k. Then, each node-i computes xi-‘“ and Gl.k“ accordrng toLine 32 and Line 33 of D-APDB,
respectively, forie 4. Itis essential to note that n% = 1 implies no backtracking is employed,

i.e., nf=1foralli€ . #;hence, tF = & = rk !for all i € 4", which also implies that ka
ProX ct,, <x — T (V£i(x) + ph )> and 0/ = P 1, <Ol~k+ o g,-(xf“)) — that is why we set

f“ = xf“ and 9ik+1 = 6ik+1 in Line 35 and Line 36 of D-APDB for the scenario n* = 1.
Below we collect all the parameter conditions stated so far within the hypothesis of Lem-
mas 4.3 and 4.4 and Theorem 5.1 together with (5.1) and (5.2). All of these required conditions
are formally stated below in Condition 1.

Condition 1. For the given parameters & sCa,CpsCg > 0, the primal-dual step-size sequence

{(tF,65) }is0 C Ry xRy fori € A and the momentum parameter sequence {(Y*,1%) }r>0 C
Ryt x Ry is acceptable if there exists {t; };>0 C Ry such that (4.13) holds together with
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~1
Y < (Zleﬂ/d ( o + I )) where the auxiliary parameter sequences {(Oclk,ﬁ,-k, Q,-k)}kgo are

defined as in (5.2) such that S+c<1forcecy+ cg +cg, and (a?,BR,gY) is initialized as
Ocl.o =co/ T ﬁio =cg/Ti gio = c¢/T; for some T; > 0 such that ‘L'ik < T fork>0forallic V.

Next, we show that the particular parameter choice in D-APDB satisfy Condition 1.

Theorem 5.4. Suppose Assumptions 1 to 3 hold, and & ,Ca,CpyCg > 0 are given that satisfy
S+c < 1, where ¢ £ ¢cq +cg +cg. Foreach i€ N, let x? € dom(])i,Gio € J;* be the initial
primal-dual variables, and let T;,{; > 0 and p € (0,1) denote the step size parameters of node
i and the contraction coefficient. Then, the primal-dual step-size sequence {(‘L’lk , Gik)}kzo C
R,y xR, for i € A and the momentum parameter sequence {(Y*,n")} >0 C Ry xR, |
generated according to D-APDB are acceptable with respect to Condition 1.

Proof. For all k > 0, according to Theorem 5 1 the test condition in Line 18 of D-APDB holds
within finite backtracking iterations, let (¥ ., 0; ,nl k) be an admissible set of local parameters in
terms of Definition 5.2. Accordrng to D-APDB, we have nl = ”L'k ! / ’L'k > 1 since T € (piti, T -k 1]
for all i € .4"; therefore, n = max;c_y nl > 1 as well. Moreover, according to Line 26 and

. -1
Line 28 of D-APDB, we have Y = % (i + n—k> for some ¢y € <0, ﬁ) while the primal-dual

Ca Ce
step sizes are set to *L'l-k = Tl.l"l/nk and O'ik = Cﬂf, where T = max,c_y 7;. Hence, for any i € .1/,
it holds that

o=k <k <L (5.8)
The auxiliary parameter update in Line 39 of D-APDB shows that (OC{‘Jrl , ﬁik“ : glk“) are defined
based on (5.2) such that § + ¢ < 1 for ¢ £ cq +cp +c¢, and (e, B?,¢”) is indeed initialized as
ocl-o = co/ T ﬁl-o =cg/ T gl-o = c./7; for some 7; > 0 such that T{‘ <7, fork>0forallic A
—the last condition holds as it has been shown that {t¥};>0 is a nonincreasing sequence such
that ’L'l.k < 7; for all k > 0 by construction for all i € 4.

Next, we check the condition on {¥} to be acceptable by verifying that

k k—1 k
Ll 5= LG+ M) < T (5 D) 59)
k = k :
sty )< (o n):

-1
hence, we can conclude that y¥* < (Zze wd; (ak — + L )> as in Condition 1, where the first

inequality follows from (5.8), the second inequality uses Tl-k < Tjfork > —1 and T = max;c_y T,
finally in the last inequality we use Y ;c 4 d; = 2|&).

To verify that Condition 1 holds for the sequences {(z¥, 6X) };>0 fori € 4 and {(¥*,n%) }i=0
generated according to D-APDB, one needs to show that there exists {; }r>0 C Ry such that
(4.13) holds. At this point, we have shown that {n*};>¢ exists that satisfy n* > 1. Thus, we
recursively define {# };>0 as follows: to = 1 and ;| = /n**!, which implies that ;| < < 1

Tl

k—1
for k > 0. Moreover, (5.8) and our choice of Gk C,’L'k imply that max;c sy { i } =nk= t"l—;'

k—1
and max;c_y {2—!(} =nk= t’;—;‘ both hold by construction. For k > 0, the only thing that

1
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remains to be shown at this point is % < tk% = nk“; indeed,

2 ky—
e ?7(_+n_) ! 241"y

‘s

}’k“ _7( +n"+‘) 1 2cc+nkeq

< pktl (5.10)

holds if and only if 2cc (N*! — 1) +con* ™1 (n* — 1) > 0, which can be easily verified as n* > 1
and nf+1 > 1. O

6. CONVERGENCE GUARANTEES FOR D-APDB AND THE PROOF OF MAIN RESULTS

Now we are ready to establish convergence guarantees for D-APDB. We first analyze how we
can bound the duality gap for D-APDB primal-dual iterate sequence through carefully controlling
the difference between the admissible parameters (fl-k, 61-", nl-k ) according to Definition 5.2 and
the updated parameters after computing max-consensus among the nodes (’L’k Gk, n%).

We first define an 1ndex set that plays a crucial role in the analysis of D-APDB. Recall that for
-1

all k >0, n* = max;c 4 ~k ; thus, n¥ > 1 implies that in the k-th D-APDB iteration at least one

node has employed backtrackmg, 1.e., its candidate primal step size has contracted.
Definition 6.1. Let .# 2 {k € Z, : n* > 1} be the set of iterations with contraction.

Lemma 6.2. Under the premise of Theorem 5.4, let {nk >0 be the momentum sequence gener-
ated by D-APDB displayed in algorithm 1. Then, {t; }i>o such that ty = 1 and t | = t;,/n**! for
k > 0 satisfies Condition 1 such that t;, <ty =1 and t, > { = p min,c 4 %;/T;, which implies that
Tx = Zsz_Ol tx > K forall K > 1, i.e., Tx = Q(K). Moreover, < {logl/p (maxie/;/ %)J + 1.

Proof. Since ty = 1, from the recursive definition of {7}, it follows that #;, = (H’g:mE) for

0
k > 1. Moreover, for i € .4 and k > 1, since ‘L'k = ‘L'k 1/n we have He 177 k, hence,

k
ty = T—i). Due to Tl-k = ‘Cl-k_l /n* for i € .4, whenever at least one node shrinks its step size, all

the otiler nodes must shrink theirs as well. Therefore, for all k > O such that n* > 1, we have
log; /p n* > 1, i.e., every node must shrink their step size from ’L’ "to rk by using at least one
contraction by p € (0,1). On the other hand, since {’c }e>0 is nonincreasing sequences for all
i € ., it follows from Theorem 5.1 that whenever ‘L' -1 <7t forallie 4 for some k* >0,
the test condition in Line 18 of D-APDB is guaranteed to hold for all k > k*, i.e., 17 =1 for all

k > k*. Therefore, we can conclude that | 7| < {logl/p (maxieﬂ %)J -+ 1; thus, Tl-k > f,-p|f| >
PTiminjc 4 = 7 Y forallic . Using our earlier observation ;, = -5 forallie A and k > 1, we

obtain the following lower bound: #; > p min;c_y ?;, which follows from ’L'io <7tforie V. [

Lemma 6.3. Under the premise of Theorem 5.4, given some arbitrary initial points (x?, Gio) €
dom ¢; x Z* and the step size parameters 7T;,(; > 0 for i € A, and the contraction coefficient
p €(0,1), let {x*, 0 }k>0 denote the D-APDB iterate sequence fori € A . Then, it holds that

i

[ ( =P —9.’<+1—9.’<2> 1,(k) Y & 6.1
ing_ o Tk!lx H+Gl_k|!, V7)) +1s00) ) 2L 6D

eV ieN
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where ¥ is given in Definition 6.1, 13." is defined in (4.16), and 1 4 (k) = 1 if k € .7, equal to
0 otherwise; moreover, fori € N, for the case Lg, > 0, & "'k = 2<Lf + 2 G BZL2 )D2 +4-* U C2 32
and for the case Ly, = 0, EX = 2L :D? + CT—;C; I Qik“ - Gl.k|| for k> 0.

Proof. Let .# C Z be the index set as given in Definition 6.1. First, consider a fixed iteration
k€ Z, suchthatk ¢ .#. Since nk > 1forallk >0, k € #¢implies that nk = 1; hence, according
to Line 35 and Line 36 of D-APDB, we get )ZkH = ka and ék+1 = 9k+1 foralli € .4, and
we have ¥ = ¥ = ¢!, which also implies 6% = ¢¥ = ¢}~ 1 together with &' = a1,
ﬁlkﬂ ﬁlk“ and glk“ = glkH. Therefore, it is easy to verify that for all i € .4/, it holds that
sz_ %Elk( k+1 ek—l—l) < - o ka

which follows from Line 18 of D-APDB and (5.3).

Next consider a fixed iteration k € Z, such that k € .#. For each i € ./, using Af <

||)ckJrl K2, okt = cq /7F, BT = cﬁ/‘L'ik, ¢Ftl = c./F and f = T~ /n*, we can bound
P,k defined in (4.16) as follows:

Ly 1
B <t P = (1 (catep o) ) I+~ -

i

o
F Al e O, Yhe s (62)
G;

k+1 k2
2gel0F =

Tik k+1NT / pk+1 k(2 le e " k2
gk T (04— 1) P S (Tek )~ Jei(eh)) 6
o CB

1 Tk S Tk 1

< (p,+5igy2 _ ) kb1 _ k2 (_lcz'__> i+l _ gk|2.

<5 (Lt B = It =P+ (GGG — e ot o

where we used n*(af + Bf) = (cq +cp) /7 for the first inequality, and § < 1— (cq+cp +c) in
the second inequality. For all i € .4, recall that for the case Ly, > 0, we have ||6F|| < B;; hence,
165! — 6¥||2 < 4B? for all k > 0. Therefore, for alli € ., since ¥ < 7, using [|x/ 1 — X2 <
4D? together with § € (0,1), we get PF < — > ka+1 xK(12 — Z%ikHGikJrl — 68|12 + EX, for all
ke . O

Theorem 6.4. Under the premise of Theorem 5.4, given some arbitrary initial points (x ?, 910)
dom ¢; x 2" and the step size parameters T;,§; > 0 for i € A, and the contraction coefficient
p €(0,1), it holds for i € N that the D-APDB dual iterate sequence {0F };>o is bounded; hence,

forie N such that Ly, = 0O, there exists B; > 0 such that || 9ik|| < B;forallk > 0.

Proof. Let (X, é,jt) be an arbitrary saddle point of .. Using Young’s inequality in a similar
manner to (4.3), it follows from the definition of Q¥(2) in (4.5a) that

. (1 s I ?
w0 @) 2 ¥ [5 (gt + B I P + 5 lof — 8

ic. i !
Iy k 2

e di— ) |A* = 4| 6.3)
2 <yk ie N glk>

7 S 2f, . a A

> DY (S a2+ 108 = 81P) + 22| min{ay 44— A1P >0,
2,50\ Giti co e
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where in the second inequality we used 7; > 7, ’L'ik <7, Gl-k = Cirl.", and 1 —cq —cp > 0 together
with the fact that

— = Zd, k_ Zd k+1__ Zdl ; 2—|€|m1n’c,>0
ieN i ie N OC & e NV

which holds due to Condition 1, || = Yc 4 d;/2 and TF > p min;c_4 £; for all k > 0.

Moreover, since Condition 1 holds, (4.13) immediately implies 4R !(2) > 1,1 0% (2).
Therefore, after multiplying both sides of (4.4) by #, and using the fact that .2 (x**! §) —
Z(%,y*1) > 0, Lemma 4.4 implies that

1 k 2
0 < 40%(2) — 110 (2) + 1 Z Pk—a[—— Z di<n—77,~k_1+—Tik>]’|/1k+l—/lk||2-
€N ieN ‘s Ca
Recallthat)/‘zc—-y<l+ﬂf> for some ¢y € (0 %@) hence, using % > 1, Tk<’vk <z <t
and Ty di =2/6], we get &~ Tie y di(Lek 1+ 20F) > 7(L Ly i) (2 - L) >0

Finally, we define 6’ 27 - ‘L'< —Yicer ,) (% %) > 0. Thus, using (6.1) and the fact that
0 <7<t <ty=1, we obtain a crucial inequality:

0 Sthk(i> —Ik+1 Qk—’—1 Z E ||)Lk+1 )LkHZ
- (6.4)
_ e Z ( kakH k”2+_kH9ik+1_9ikHz)7 Vk> 0.
16/ Gi

Next, let a 240 (), b 2 § Tic (I — a2+ L1651 — 617 + § 2k - 24P,
and ¢; £ 1.4 (k) Ljc_y EX for all k > 0. Recall that ¥ = 2L, D? + & Cy, 165! — 6K fori e AN
such that Ly, = 0; on the other hand, = _ = 2LfD2 + 4 Ly C2 B2 for [ € A such that Lg, > 0.
Clearly, ay,by,c; > 0 such that a; 1 < ay — by + ¢ for all k > 0. Recall that | 7| is bounded
from above according to Lemma 6.2; therefore, we can conclude that Z;fo ¢y < oo. This implies
that limy_,.,ax > 0 exists and ): e obr < H4oo. Since {a;} is convergent, it must be bounded;
hence, (6.3) implies that {(x¥ Gk)}kzo for all i € .4 and {A¥};¢ are bounded sequences—

1771
note that even if {x¥};~( must be bounded by Assumption 2, for the case g;(-) is affine we set

P; =R™, and this step of the proof is essential to establish { Gl-k }>0 stays bounded even for the
setting g;(-) is affine and we set %; = R™:. O

Lemma 6.5. Under the premise of Lemma 6.3, it holds that
- _ 0 1 -
Yu(LA)<-S ¥ Z (el =2+ o — el P) +2 6)
k=0 ieN e k=0 T i
where & & ({logl/p (maxie/y ;)J + 1) iy B such that for i € N with Ly, > 0, &
2<Lfi + %B%Lgi)D% +4%C§[Bi2 using B; given in Assumption 4, and for i € N with Lg, = 0,
E;=2L;D? +4CT—;C;BI-2 for B; > 0 given in Theorem 6.4.

Proof. The desired results immediately follows from the bound on the cardinality of .# given
in Lemma 6.2 and the fact that#;, <?#y =1 forall £ > 0. ]
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Theorem 6.6. Under the premise of Lemma 6.3. Let { 5, 0; } k>0 be the D-APDB iterate sequence
forie N, and {sl }k>0 denote the D-APDB auxiliary sequence with sl =0forie N, and define
{A%}1>0 such that A* = As* with s* = [s),c_y for all k > 0. For any x € dom¢, 6 € #* NP
and & € R"¢| letz 2 (x,y) withy 2 (0,A). Then, for any K > 1, it holds that

z(i’iw—$<x,yK>+”—K|rA—AKH2

1K 1 (Coc+c)
tare T (e Pt el o) <

i

1 -
T_F( X,y), (6.6)

_ 1 -
O e L e°||2) lil+E,

A K—1 <K A k k
whereuK:tK,1<yK = Yien &* 1>>O, Tx = Yo tk and (X°, ):TKZk Ot( yo).

Proof. Fix an arbitrary z = (x,y) such that x € dom ¢ and 6 € #* N 2. Since the hypothesis
of Lemma 4.3 holds for D-APDB parameters and 7y = 1, it follows that

K-1
Tx (Z(%,y) - 2(x,55)) < 0°(2) —tx_1R¥(2) + ¥ 0, P",
k=0

holds for any K > 1, where Tx = ZkK:_()l feand (2K §K) & L e Zk 0 ! 1. (x*,y*). Therefore, Lemma 4.4
and Lemma 6.3 together imply that

2K y) - L(x§ >+”;—K‘RK<z>s<Q°<> =)/ Tx, 6.7)

where Z is defined in (6.5). Next, using the definitions of Q°(z) in (4.5a) and RX(z) in (4.5b)
together with the fact that ¢ =0, x ! =x0, 071 = 0%, A =0 and 1o = 1, (6.7) implies that

1 g
27K T

k-1 1 Kn2 1 K2 Ky 2 1 Kx 2
+ — | [ 6, — 071"+ —=llg;. 7 I+ ==llg;"
o IGZM@“\Z I+ g 1606 + e+ ) oo
t Tk_
+—K l<q X — XKH——I; 1<AXK—AXK_1,7LK—A>

K

1 >
<Ly (e e e AP+
<5 X (T?nxl AP+ Jglle 61 )+ AP+

_ 1
K (z) 2 2(3K y) - L(x,55) + —— KL|4 - AK| + Zg e

ieN
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Using the same arguments we employed while deriving (4.3) and (4.12), we can further lower
bound the left hand side of (6.8) as below:

_ _ It t
¥(2) > L& y) = LX) + g o 1A= 2K P+ 0 B Gl =
Y K ey

k-1 1 K2 1 K2 2, b kxg2
+ o — =% |7+ —=16: — 6| +—K||Q, Y+ g lla
eV \ b 0; B;

e . JV<a—i,<||Cli +W||qi |7+ (o + B[] — x| )
K K-1 12, di K2
2Tk IGW@ I = +FH7L—7L [ )

_ _ tk—1 1 d
ZX(XK,Y)—X(X,YK)+m<F— ) ng_])H)L_/Ian
eV 5
tx—1 1—(cq+cp) 1
+ ot (—BH X =2+ Kluei—e,-’sz),
K ey tt 0;

where in the first inequality we used Young’s inequality twice, and the second inequality is
due to ¢X > ¢X~!, which follows from 7X < %~ for all i € .#". Furthermore, since D-APDB

parameter satisfy Condition 1, we have y<~1 < (Zie V% di(% -+ %)) , which together with

nK_l > 1 implies that % —Yier % >0, and % > 0 follows from 1 — ¢ > &; hence,

we can conclude using (4.13) to argue that 11/t~ ' > tx/tK and tx_1/0F ! > tx /oK for
ieN. O

Corollary 6.7. Let (x*,0%) € R" x £ denote an arbitrary primal-dual optimal pair for (1.1)
as defined in Assumption 4 such that ||6;|| < B;/2 for i € A with Ly, > 0, and 1* € R"¢| pe
an optimal dual variable corresponding to the consensus constraint AX = 0 in (2.1). Under the
premise of Lemma 6.3, initialized from arbitrary xO € dom ¢; and 60 =0forallic NV, the
ergodic iterate sequences of D-APDB, i.e., {( i Y )}k>o forallie W, satisfy

(i) Suboptimality: | Y () — 97| < -0 = 6(1/K), 6.9)
ie NV Tk

(i) Infeasivitiy: Y 1167 | d_x;(&i(5)) + |47 [A%5] < 22 = 01/K),  (6.10)
ieN

where To 2 Yic v (%Toﬂx* -2+ %HG,'*HZ) + %H?L*Hz E X2 ly®x*andy* = (6*,1%).
Proof. Consider x*=1y ® x* and note that (x*, 8*,1*) € dom ¢ x (#*NZ) x R"¢| is a saddle
point for minye - maxg , -Z(x, 0,4 ). Therefore, it follows from (6.6) that

2K, 0% 1%) — Z2(x*, 65 1K) <T(x*,y")/Tx.
Define W=[;];c_4 such that w; = g;(¥X) € R™ for all i € 4. Since .%; is a closed convex cone,
it induces a decomposition on R™:

wi=wt 4w st w22 ), P E P (), 6.11)
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~(2 -
D) = | 2_() -

586
. . ) .(2) :
which also satisfy < , W > =0forie /.
Wil £ d_ 4 (W;). Next, we define 8 = [0;];c_y € #* N % such that
~(2)
9ié2|] z*H 1(2) E%*ﬂ,@i, Vie N.
Il
Therefore, for each i € .4, we get
_ (2 | G . .
(i(5K), 6) =216 - <w Vi, o i >> = 20|60 d_s (%), (6.12)
l
where the second equality follows from the orthogonality w( )L w( )
A KH’ hence, from the definition, we get
(6.13)

Similarly, we define 1 £ 2||A*| -
(AXK, ) = 2|27 - [|JA%"]|.
¢* since (x*,0%,1%) is a saddle point of .Z, and

Note that .2 (x*, 0%, AK) < £ (x*,0%,1%)
that @ € #* N %. Thus (6.12) and (6.13) imply

O(R) — @(x*) + 247 - ARK|| + ) 20167 (| d—si(gi(5))
(6.14)

ieN
L(x*,0%,47) < Z(3K,0,1) — 2 (x*, 065, 1K),

= 2K,6,2)—
Moreover, since x* € dom ¢ and 6 € J#* N 2, (6.6) also implies that
Z(x5,6,4) 2 (x", 6%, 1%) <T(x",§)/Tx, (6.15)
where § = (6,2.), and (6.6) implies that
_ 1 1
F*,~: _*_Q2+ 62> 12 -T
5= L (5l 1P+ 551802 )+ gl +2=To .16
—r(8i(T)) <To/Tx.  (6.17)

Thus, combining (6.14), (6.15), and (6.16), we obtain
@) — (x") + 2| A%|| - [|Ax" ]|+ Y 2[|6](| 4
eV

Moreover, using the saddle point property of (x*,6*,1*) one more time, we see that
*

X(XK,G*,?L*)—Z(X*,G*,?L )>0
It follows that
o(%) — p(x*) + (A", 4%5) + Y (67, () > 0. (6.18)
ieN
Recall that g,(xK ) = w; such that (6.11) holds for i € .#". Hence, we immediately obtain
(07, &i(F)) = (07, wi— ol + (M) <07, i — W) <1167 ld i (@i (FF)).
Thus (6.18) implies
@(X) — (x) + || - [|AZN |+ Y 11671 d— (i (xF)) > 0. (6.19)
eV
O

Combining (6.17) and (6.19) immediately yields the desired result
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Corollary 6.8. Under the premise of Corollary 6.7, let f = p min;c_y %;/%;. Then, for any given
€ > 0, the D-APDB ergodic iterate sequence {)Zf?}kzo forie N satisfies

| Y ei@)—ol<e, ) dox(gE))6 I+ AK[[[|AT]| <e, VKZKeé%- (6.20)
eV eV
Moreover, for each agent i € N, the total number of backtracking steps is upper bounded by
log, /, (1/f). Then, to compute an €-optimal solution as in (6.20), the total number of gradient
and projection evaluations required for each i € N is upper bounded by

I\ Ty 1
i (logl/p (;) s E) . 6.21)

Proof. Due to Corollary 6.7, in order to achieve the complexity, we have that 1;—2 < &. Further-

more, according to Lemma 6.2, we have #; > 7 £ pminjc_y 1;/7;; therefore, Ty > 7K. Therefore,
for all K > K¢, we observe that < € is guaranteed to hold. Finally, combining the iteration
complexity with Corollary 5.3 grves us the total gradient complexity for each node. ([l

Theorem 6.9. Under the premise of Theorem 5.4, given some arbitrary initial points (x 9, 610)

dom ¢; x Z* and the step size parameters 7T;,; > 0 for i € A, and the contraction coefficient
p € (0,1), let {xl, ; }k>0 denote the D-APDB iterate sequence for i € N. Then, there exists
(x*,0*) a primal-dual optimal solution to (1.1) such that {(x*, 0%) };>¢ converges to (x*,6:) for

allie N, ie., hmk_mxk = x* and limy_,, 9" 0 foric N

Proof. Let (X, 0 l) be an arbitrary saddle point of .Z. In the proof of Theorem 6.4 we show that

{ax} converges, where a; = 1,0 () for k > 0; hence, it follows from (6.3) that { (x*, 6%)};> for
all i € 4 and {A%} > are bounded sequences. Let {k, },>0 C Z such that lim,,_,e(x f”, Gik”) =
(x7,6;) fori € A and Ak — A*, where x* = [x}];c_s and y* = (6*,1%) be an arbitrary limit
point —here, 6* = [6;];c 4. Let yk = (6%, A%) for k > 0. In the proof of Theorem 6.4, we also
showed Y;~0by < oo where by 2 S ¥, o (7:" [ — X124 GLI,( [Chans= Gl.k||2> + %/ AR+ — AK)12

for k > 0. Since ‘L'l-k <7;>0and Gl < {7, >0forallk>0andi€ A, Y ~0br < oo implies that
Yoo |IXKH —xK||2 4 ||y¥*+! —y¥||? < co. Thus, for any given € > 0, there exists Ni € Z such that
for n > Ny, one has [l 1 — xbo[2 4 gkt —yho |2 < & and b1 —xbo 2 [y | —yho |2 < &,
Moreover, there also exists Ny € Z. such that for n > Ny, one has ||x¥ — x*||2 4 ||y* — 6*||? <
£. Hence, for all n > max{Ny, N}, it must hold that ||x*™! —x*|2 4 ||y**! — y*||> < & and
[Ix = —x[2 4 [y -y P < e e,

Tim (a7, y7) = lim (i yf ) = dim (g7 Lyp ) = (), Vi (622)

Next, we argue that (x*,0%,1%) is indeed a saddle point of .. First, recall that the sequence
{A*%}>0 defined as A% = Ask for st = [sK],c_s satisfies

(ARt 2Ky fofn = A((1+ mbn)xte — pfaxbeT) (6.23)
pk,, :AT <(1 + T]k")lk" . nknlkn71> + (1 + T[k")JG(Xk”)TGk" . rIk,ZJG(Xk,,fl)Tek,,fl7 (624)
which follows from s-update s*™! = s* + ¥(1 +n*)x* — ¥*n*x*~! in (3.92) and (3.9¢). Since

-1 k—1
cy [ 2 k ‘L'
),k = %(a + %) for some ¢y € < ,—2|£|) and 1 < n = max,ewn = max;c y —— <
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: . e (2, i\~ epf(2 1)
max,-ei/yp—%i < 1/f; hence, 7(— + = <7< 7(— + —) for all kK > 0. Therefore,

Co Cg Co Cg

(Afnt 1 2 k) Jokn — 0 and ¥ (xk —xk—1) — 0 as n — oo. Thus, (6.23) implies that
AX* =0; (6.25)
hence, there exists some x* € R” such that x* = 1y ® x*. Furthermore, (6.24) implies that
p* 2 1lim, e pf =ATA* +JG(x*) T 0%
Finally, consider the first-order optimality conditions for (3.9d) and (3.9e) along the subse-
quence {ky}n>0 C Z+:

1

T " =) € VA + pit - 0gi (6:26
i

<e;<n+1 — 0 — glrg;(xki 1) g, — 9[‘"“} >0, V6 eH NS (6.27)

hence, because T; > Tl-k > pmin;c_4 T; > 0 and Gik = C,-Tl-k for some {; > 0 for all k > 0, taking
the limit on both sides of (6.26) and (6.27), and using [45, Theorem 24.4], we get

OEVfi(x*)—{—p;-k—{—a(Pi(x*), (—gi(x*), 9,‘—91-*> >0, V6 G%*ﬂggi; (6.28)
hence, (6.25) implies (6*,1%) € argmax{.Z (x*,0,A): 6 € #*N%AB,A} and
0eVix)+IGEX) 0" +ATA* +9¢(x*), (6.29)

which shows that z* £ (x*,0%,1*) € dom ¢ x dom/ x R"¢| is a saddle point of . as well.
Since (6.4) holds for any saddle point Z of .Z, we can replace Z with z* and the same arguments
we used in the proof of Theorem 6.4 continue to hold. Accordingly, we have a | < ay — by +cy
for k > 0 where {@ }s>0 is such that @; = #,0%(z*) > 0 for k > 0. Since Y >0k < oo, we have
a = limy_..d; exists. Moreover, the subsequence {k,},>0 defined above is independent of
z* or Z; hence, it follows from the definition of Qk(z*) in (4.5a) and (6.22) that lim, e ay, =
t, Qk(z*) = 0. Since for a convergent sequence, every subsequence converges to the same limit
point, we must have a@ = limy_,., @ = 0. Thus, the inequality in (6.3) with Z replaced with z* and
taking the limit as k — oo implies that limy_,.,x* = x*. Since we have already observed that x* =
1y ®x* for some x* € R”, we have limy_., xf.‘ = x* for all i € .#". Furthermore, t; > > 0 for all
k > 0 and Tx — oo as K — oo implies that the weighted sequence limg_so. )EZK = limK_milK =x*;
thus, Ax* = 0 implies that limg_,.. || AXX|| = 0. Finally, taking the limit on both sides of (6.9) and
(6.10) as K — oo implies that @* = Y,c 4 ¢;(x*) and d_ 4, (gi(x*)) =0, i.e., —gi(x*) € %, for
all i € .4, which shows that x* is an optimal solution to (1.1). On the other hand, setting ; =0
within (6.28) implies that (—g;(x*), 6) <0 for i € .4"; moreover, —g;(x*) € % and 6 € . *
imply that (—g;(x*), 6;) > 0; thus, the complementary slackness conditions (—g;(x*), 6) =0
hold for all i € .4, which together with (6.29), 6 € JZ* and —g;(x*) € % for alli € .4, and
Ax* = 0 together imply that 6* = [0;];c_4 is an optimal dual solution. O

7. EXPERIMENTS

In this section, we provide numerical experiments to illustrate the performance of D-APDB
and D-APDBO. The former algorithm can handle node-specific functional constraints defined
by gi(-); whereas the latter one is tailored for problems that are either unconstrained or with
simple constraint sets onto which projections are cheap to compute. We test D-APDB over /-
norm-regularized quadratically constrained quadratic programming (QCQP) problems and on
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primal support vector machine (SVM) training problems while D-APDBO is tested over ¢;-norm-
regularized unconstrained quadratic programming problems. For all experiments, we test our
algorithms on a random small-world network ¢4 = (4", &), i.e., we choose |.#"| edges creating a
random cycle over nodes, then the remaining |&’| — |.4”| edges are selected uniformly at random.
In our experiments, we set |&| = 24 edges and |.#"| = 12 nodes. Our experiments are run on
a MacBook Air equipped with an Apple M2 CPU and 8 GB of unified memory. Our code is
available at https://github. com/Qiushui-Xu/D-APDB.

7.1. QCQP problems with /;-norm regularization. We consider a QCQP problem of the
following form:

1
* A . T
2 ) 7.1
¢ ’EIGI}OE/HXHI_'_,'GZ/’sz Qix (7.1a)
1
s.t.g,-(x)éz(x—ii)TAi(x—Xi)§1, ic N, (7.1b)

ie, forie ¥, fi(x) = %xTQ,-x for some randomly generated Q; = 0, 2" = [—10,10]" and
0i(x) = %||x||1; hence, the local objective ¢; = ¢; + f; is convex. For every agenti € .4, Q; € S"
is generated randomly as follows: Q; = V,-FiViT, where V; is a random orthonormal matrix
satisfying V,-Vl.T =1, and I'; = diag(%i.1,%:2,- - -, %) is a diagonal matrix whose first element is
¥:1 = 5i, whose last two elements are ¥ ,_1 = ¥; , = 0, whose third-to-last element is % ,_» = 1,
and whose remaining elements are sampled from the uniform distribution % [1,5i] supported
on the interval [1,51]. By construction, the elements of I';, which coincide with the eigenvalues
of Q;, are sorted in a decreasing order. With this setup, Q; has zero eigenvalues and therefore
fi(x) is convex (but not strongly convex). For generating matrices A;, we follow a similar
approach and set A; = Ul~R,~Ul-T where U; is a random orthonormal matrix such that U,‘Ul-T =1
and R; =diag(r; 1,7;2,...,ri) is a diagonal matrix whose first element r; | = }1, the last element
1Sri,= %, and all the other elements are sampled from the uniform distribution % [%, }‘] and
as before all the elements are sorted in a decreasing order. The constraints result in ellipsoid
sets with a center at X;. We set its j-th coordinate to )E{ =2+ ﬁi] , where éi] is uniformly sampled
from [—ﬁ, ﬁ] In our experiments, we set n = 20 and generate the initial point xq such that

its entries are i.i.d. with uniform distribution % [—10, 10].

For this class of randomly generated QCQP problems, we compare our D-APDB with D-APD
in terms of log relative suboptimality, relative consensus error and infeasibility of the aver-
age iterate sequence {¥};>o C R”, i.e., in Fig. 1, we plot log(|@ () — ¢*|/|@*| + 1) in (A),
Yic.r |k — 2]/ (NJ#[1?) in (B) and maxic.y [|(g:(#)) |/ maxic. || (g:(2))+ ]| in (C), where
F =Yy xf? /N € R" for k > 0. The benchmark algorithm D-APD is essentially our proposed
method D-APDB without backtracking; that is, it uses a constant stepsize 7; and sets 77,'k =1 for
all k > 0, rather than performing backtracking on these parameters®. Comparing against this
benchmark allows us to assess the benefits of incorporating backtracking.

For the benchmark algorithm D-APD which is based on constant stepsize, we set the initial
stepsizes T; = T; where T;is asin (5.7), {; = 1, cq, Cp,Cg = 0.1 and nk =1 for k > 0. This stepsize
requires knowledge of the Lipschitz constants Ly, and constants L, ; therefore, we compute these

>We note that D-APD is closely related to the method proposed in [19] for decentralized constrained strongly
convex problems when the strong convexity parameter is set to zero.
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constants using the randomly generated matrices A;, Q;%. For D-APDB, because it can potentially
support larger stepsizes that adapt to the local curvature, we set the initial stepsizes to be larger
than 7;. More specifically, we set the initial stepsize of D-APDB (in Line 2 of D-APDB) as 7, = k'%;
with k¥ = 20, and we set the shrink factor p = 0.9, {; =1, Ca,Cp,Cq = 0.1, and 6 =0.1. All the
other parameters are set according to our theoretical results. The results in Fig. 1 shows that our
method outperforms D-APD on average over 20 simulations, each corresponding to a randomly
generated problem instance, where the shaded areas demonstrate the standard deviation of the
performance over the runs.

Log Relative Suboptimality Relative Consensus Error
—~6
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. Y
= = 107!
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FIGURE 1. Comparison of D-APDB against D-APD for solving (7.1) over 20 runs.
“Average number of gradient calls per node” means %Zé\lzl nf‘ where nf‘ counts

how many calls for gradients for node i at iteration k.

7.2. Unconstrained /;-norm-regularized quadratic programming. We consider an uncon-
strained quadratic programming problem of the following form
1

2xTQ,~x+q,-T x+ci, (7.2)

* A :
= mun ||x||1 +
o' min i+
ie., forie A, fi(x) = %xTQix—k g x+ ¢; for some randomly generated Q; = 0 and ¢;(x) =
~||x[|1; hence, the local objective ¢; = ¢; + f; is convex.
Let {Ls}ic.s be i.i.d. random variables sampled from the normal distribution with mean

1000 and standard deviation 100. The matrix Q; is generated randomly where we set Q; =

®Note V f;(x) = Qx; hence, we can take Ly, = ||Q;||2 and Ly, can be computed similarly as Ly, = ||A;|)>.
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V,T,-ViT such that V; is a random orthonormal matrix satisfying V,-Vl-T =TI and I'; = diag(¥;.1, %2,
..., %) is a diagonal matrix with the first diagonal element ¥ | = Ly, the last element %, = 0,

and all the other elements are independently sampled from %/ [O,min { 100, Ly, }} . Moreover,

every entry of g; is sampled from standard normal distribution independently and c; is sam-
pled from %[0, 1]. In this way, we can expect some significant variation among node-specific
Lipschitz constants {L }ic » —as Ly, = ||Q;||2 due to V f;(x) = Qix+g; fori € 4.

For this class of randomly generated unconstrained ¢;-norm-regularized QP problems, we
compare our D-APDBO with D-APD and global DATOS [14] in terms of log relative suboptimal-
ity, relative consensus error of the iterate sequence, i.e., in the two panels of Fig. 2, from left
to right, we plot log(|@ (&) — ¢*|/|@*| + 1), YN, [|lx* — #||?/(N||7*||?). Benchmarking against
these methods allows us to evaluate the benefits of incorporating node-specific backtracking
and employing node-specific stepsize choices. global DATOS uses two communication rounds
among the neighboring nodes per iteration while both D-APDBO and D-APD require one commu-
nication round per iteration. In Fig. 2 we plotted sub-optimality and consensus violation against
the number of communication rounds in the x-axis.

In the experiments, for the benchmark algorithm D-APD, we set the initial stepsizes to 7; = %fl
for each i € .4, and choose cq = ¢ = 0.4 and nik =1 for all k > 0. For D-APDBO, because it
can support larger stepsizes, we use a more aggressive initialization. Specifically, in Line 2 of
D-APDBO, we set the initial stepsizes to 7; = k%; with k = 5, and choose the shrink factor p =0.9,
coq = c¢ = 0.4, and 0 = 0.1. For global DATOS, node-specific stepsizes are not allowed, but
backtracking enables the use of larger global stepsizes. Therefore, we set the initial stepsize
for all nodes to & = k&, where & £ max;c_4 % and again choose k = 5 for a fair comparison
between D-APDBO and global DATOS. We follow the definition of Laplacian-based constant
edge weight matrix W =1 — dma% in [49] to generate the gossip matrix for global DATOS,
where Q is the Laplacian matrix of the graph ¢ and dpax is the max degree of the graph ¢. All
other parameters follow the theoretical prescriptions. The results in Fig. 2 show that our method
consistently outperforms both D-APD and global DATOS on average for 20 simulations, where

the shaded regions indicate the standard deviation across runs.
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FIGURE 2. Comparison of D-APDBO against D-APD and global _DATOS for solv-
ing (7.2) with 20 simulation.

7.3. Primal linear SVM problems. We consider a primal linear SVM problem with data dis-
tributed among computing nodes in .4". Let . £ {1,2,---,s} denote the set of indices for
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FIGURE 3. Comparison of D-APDB against D-APD for solving the linear SVM
problem in (7.3) over 20 random problem instances. “Average number of gradi-
ent calls per node” means 1%/2?]:1 ni‘ where ni‘ counts how many calls for gradi-
ents for node i at iteration k.

training data and 2 = {(x;,y;) € R® x {—1,+1} : £ € .7} be a set of feature vector and label
pairs. Let {.%;};c_4 be a partition of .# among the nodes ./".

Define w = [wi|;c_y» b = [b]icy, and € € R® such that w; € R"” and b; € R for i € 1.
Consider the following distributed SVM problem:

¢(w,b) Y IwilP+NCY Y &

ieN ieN e
yew!xp+b;) > 1—g, & >0,
bl':bj, (l',j)Géa.

Similar to [17], {x/}¢c.» is generated from two-dimensional multivariate Gaussian distribution
with covariance matrix X = [1,0;0,2] and with mean vector either m; = [—1,—1] or my =
[1,1]" with equal probability. The experiment was performed for s = 600 training points such
that for each i € 4", we randomly sample 50 training data points from ., i.e., || = 50
for i € 4. For this class of randomly generated primal linear SVM problems, we compare
our D-APDB with D-APD in terms of log relative suboptimality, consensus error and average
constraint violation of the iterate sequence, i.e., in Fig. 3, we plot log(|@ (WK, bX) — @*| /|@*|+1)
in (A), § Xiev 100§, 5] =[5, 5412 in (B) and { iy re s (1 - &f =y (% x0+55)). in (),
where W' =Y. ywk/N € R" and b* =¥, 4 b*/N € R for k > 0.

For the benchmark algorithm D-APD, which uses constant stepsize, we set the step size T;
0.005 (the first row in Fig. 3) to mimic the scenario where one picks a conservative stepsize in

case the Lipschitz constants are not readily available. For the case when one knows the Lipschitz

1-(6+c) 1 [ca(l-0)
2Ly 0 Gy 26

cases we set {; = 1 (for dual step size choice), ¢, cg,¢cc=0.1and nk =1 for k > 0. For D-APDB,

éminl
€2

lad)

(7.3)

s.t. te s, ieN,

Wi =Wwj,

constants, we set 7; = min { } shown in the second row of Fig. 3. For both
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because it can potentially support larger stepsizes, we set the initial stepsizes to be larger than
7; choices for D-APD stated above. More specifically, we set the initial stepsize of D-APDB (in
Line 2 of D-APDB) as 10 and 5 times larger than 7; of D-APD for the first and second scenario,
respectively. Moreover, we set the contraction factor p = 0.9, §; = 1, Ca,Cg,cc = 0.1, and
0 = 0.1 for both settings. All the other parameters are set according to our theoretical results.
The results in Fig. 3 shows that our method outperforms D-APD on average over 20 randomly
generated problem instances, where the shaded areas demonstrate the standard deviation of the
performance over the runs.

8. CONCLUSION

In this work, we consider cooperative multi-agent constrained consensus optimization prob-
lems over an undirected network of agents. Agents have local objective functions with a com-
posite structure—each is the sum of smooth and nonsmooth terms—and each agent is subject to
its own private convex conic constraints. We consider the setting when only agents connected
by an edge can directly communicate to exchange large-volume data vectors via a high-speed,
short-range protocol (e.g., WiFi), and when the network supports one-hop, low-rate information
exchange beyond immediate neighbors, as in the LoORaWAN protocol. In this setting, unlike ex-
isting decentralized primal-dual methods that require knowledge of Lipschitz constants, we
propose a new algorithm, D-APDB, which adapts to local smoothness via a distributed back-
tracking step-size search. We obtain &'(1/K) convergence rate guarantees for suboptimality, in-
feasibility and consensus violation. When nodes have private constraints for which projections
are expensive to compute, D-APDB is, to the best of our knowledge, the first distributed method
with backtracking that attains the optimal convergence rate for constrained composite convex
optimization problems. We also provide a variant of our algorithm, D-APDBO, for problems
that are either unconstrained or with simple constraint sets for which projections are cheap to
compute. D-APDBO can also achieve the same ¢ (1/K) rate for suboptimality and consensus vi-
olation. Finally, we present numerical experiments demonstrating the performance of D-APDBO
and D-APDB on distributed ¢ -norm-regularized QP and QCQP problems, and distributed primal
SVM training.
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