J. Nonlinear Var. Anal. 10 (2026), No. 3, pp. 635-660
Available online at http://jnva.biemdas.com
https://doi.org/10.23952/jnva.10.2026.3.07

A QUASI-NEWTON METHOD TO SOLVE UNCERTAIN MULTIOBJECTIVE
OPTIMIZATION PROBLEMS WITH UNCERTAINTY SET OF FINITE
CARDINALITY

K. GUPTA!, D. GHOSH!, C. TAMMER?Z?, X. ZHAQ?*, J.C. YAO*?

' Department of Mathematical Sciences, Indian Institute of Technology (BHU), Varanasi 221005, India
2Department of Mathematics, Martin-Luther-University Halle-Wittenberg, 06099, Halle (Saale), Germany
3School of Mathematical Sciences, Tiangong University, Tianjin 300387, China
4Center for General Education, China Medical University, Taichung 40402, Taiwan
3Academy of Romanian Scientists, Bucharest 50044, Romania

Abstract. In this paper, we derive an iterative scheme through quasi-Newton technique to capture ro-
bust weakly efficient points of uncertain multiobjective optimization problems under the upper set less
relation. It is assumed that the set of uncertainty scenarios of the problems is of finite cardinality. We
also assume that, corresponding to each given uncertain scenario from the uncertainty set, the objective
function of the problem is twice continuously differentiable. In the proposed iterative scheme, at any
iterate, by applying the partition set concept from set-valued optimization, we formulate an iterate-wise
class of vector optimization problems to determine a descent direction. To evaluate this descent direction
at the current iterate, we employ one iteration of the quasi-Newton scheme for vector optimization on the
formulated class of vector optimization problems. As this class of vector optimization problems differs
iterate-wise, the proposed quasi-Newton scheme is not a straight extension of the quasi-Newton method
for vector optimization problems. Under commonly used assumptions, any limit point of a sequence
generated by the proposed quasi-Newton technique is found to be a robust weakly efficient point of the
problem. We analyze the well-definedness and global convergence of the proposed iterative scheme
based on a regularity assumption on stationary points. Under the uniform continuity of the Hessian ap-
proximation function, we demonstrate a local superlinear convergence of the method. Finally, numerical
examples are presented to demonstrate the effectiveness of the proposed method.

Keywords. Gerstewitz function; Partition set; Quasi-Newton method; Regular point; Uncertain opti-
mization.

1. INTRODUCTION

Uncertain multiobjective optimization problems (UMOPs) encompass a category of opti-
mization problems where multiple uncertain objectives of a conflicting nature must be ad-
dressed. In many practical optimization problems, the objectives are inherently uncertain due
to incomplete information, imperfect data, unpredictable factors, or uncertain predictions [34].
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Analysis of the effects of uncertain scenarios in optimization theory serves many crucial pur-
poses, such as enhancing the robustness of solutions, improving decision-making under vari-
ability, trade-off analysis and managing risk in practical applications.

The area of uncertain (robust) optimization is growing quickly. For a detailed discussion
on fundamental concepts and applications of robust optimization, we refer to exploring the re-
search contributions of Ben-Tal, Nemirovski, and Ghaoui [1]. Ehrgott, Ide, and Schobel [5],
Kuroiwa and Lee [24] introduced the concept of minimax robustness for uncertain multiobjec-
tive optimization problems, replacing the objective of the uncertain problem with a multiob-
jective function that accounts for the worst-case outcomes of each objective component. This
concept of robustness involves converting an uncertain multiobjective optimization problem
into a deterministic one, known as the robust counterpart. Various types of robust counter-
parts (see [16] and [18, Section 15.4]) can be derived for uncertain multiobjective optimiza-
tion problems. Approaches like the minimax strategy and the objective-wise worst-case robust
counterpart [5] are used to address uncertainty by creating a deterministic formulation. These
deterministic problems can be addressed using scalarization techniques, such as the popular
normal-boundary intersection or the weighted sum method. For more information on these
techniques, refer to Ehrgott [6]. In [14, 15], various definitions of solution concepts for UMOPs
were proposed and reported based on several set less relations [7]. For additional insights, the
references [20, 21, 28, 31, 32] offer detailed information on these developments, and for a new
robust counterpart through aggregation operator, see recently developed ‘“generalized ordered
weighted aggregation robustness” [9, 19].

Regarding numerical methods for solving UMOPs, the authors in [22, 23] effectively tack-
led UMOPs with a finite uncertainty set. To convert an uncertain optimization problem into a
deterministic one, the idea of an objective-wise robust counterpart has been utilized in [22, 23].
The set of efficient solutions derived from the objective-wise robust counterpart is a signifi-
cantly smaller subset of the complete set of robust optimal solutions for UMOPs. In order to
identify all robust weakly minimal solutions of UMOPs, recently Ghosh, Kishor, and Zhao [10]
proposed a set-valued optimization view-point of UMOPs instead of just using objective-wise
robust counterpart. In [10], a Newton method is proposed for solving UMOPs. However, in
[10], the objective function for each uncertain scenario is assumed to be locally strong convex,
which is restrictive. So, in this study, we focus on developing a quasi-Newton scheme to solve
UMOPs without any convexity assumption of the objective. By transforming the considered
UMOPs into their min-max counterparts, problems are observed as optimization problems with
set-valued maps under the set-ordering relation given by upper less ordering. This reformulated
optimization problem with set-valued objectives is solved using a quasi-Newton scheme, which
helps to directly obtain robust weakly efficient solutions for the UMOPs under consideration.
To achieve this, we construct a sequence of vector optimization problems (VOPs) for the given
UMOP by employing the concept of a partition set, as defined in [2], to solve the pertaining set
optimization problem. Based on the ordering cone of the UMOP we find descent direction at
every iterate by applying quasi-Newton approach to the constructed sequence of VOPs. This
approach aims to find sequences that converge to weakly robust efficient points of the con-
sidered UMOPs by systematically analyzing and partitioning the maximal elements within the
uncertainty set of objective values across scenarios.
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The entire study is organized as follows: In Section 2, we provide notations, definitions, and
preliminary results that are used throughout the paper. Section 3 reports results on optimality
conditions for set-valued optimization, which are later connected with robust weakly minimal
solutions of UMOPs under consideration. With the help of these optimality conditions, Section
4 derives a quasi-Newton scheme for UMOPs. We establish the well-definedness of the pro-
posed algorithm, supported by the existence of the Armijo step length and detailed convergence
analysis. Section 5 provides numerical illustrations of the proposed method. Finally, the study
is concluded in Section 6 by highlighting the key findings and suggesting potential directions
for subsequent research.

2. NOTATION AND PRELIMINARIES

The set of all nonempty subsets of R” is represented as P(R™). The notation ||-|| denotes ei-
ther the Euclidean norm for vectors or the spectral norm for matrices, depending on the context.
The cardinality of a finite set A is denoted by |A|. For any p € N, we denote [p] :={1,2,...,p}.
The notations .4#[x, 8] and .4 (%, §), respectively, represent the closed and open balls centred
at x € R" with radius 6. We denote

RY := {z € R":z 2 0}, where z = 0 means no component of z is negative,
RYZ := {z € R™:z >0}, where z > 0 means z = 0 but z # 0,
and RY := {z € R" : z > 0}, where z > 0 means all components of z are positive.
A nonempty set K € P(R") is called a cone if 7z € K for every z € K and 7 > 0. A cone K is

called pointed if KN (—K) = {0}, and solid if its interior, denoted by int(K), is nonempty.
The dual cone of a cone K is the set

K*:={zeR":z'y>0forally c K}.

The following definitions are known in the literature; see [6, 12, 18] and the references
therein.

Definition 2.1. If K is a pointed, closed, and convex cone, then it induces a partial order < on
R™ defined as follows. For y,z € R", z Xy <= y—z € K. In addition, if K is a solid cone,
then K induces a strict order < on R™: z <y <= y—z € int(K).

A deterministic vector optimization problem is given by

in f (x), (2.1)

where S is a nonempty subset of R", f: § — R is a function given by

FO0) = (), 20, funl)) T
and the optimality concept is given by the following definition with respect to a pointed, closed

and convex cone K.

Definition 2.2. For the optimization problem (2.1), we categorize a point X € S as

(i) efficient if there is no x € S for which f(x) < f(X), and
(ii) weakly efficient if, for no x € S, f(x) < f(%).
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In this paper, we consider an UVOP as a family of parameterized optimization problems:
PU):={2(5):§ €U},

where, for any £ € U, the parameterized problem is

min F(x,&):= (f1(x,&), o(5,E),..., fn(x,E)) ', (P(&))

xeSCR”

where U is a nonempty subset of R” and F : R” x U — R™ is a vector-valued function. The
minimization in (Z(&)) is to be understood in the sense of Definition 2.2 with respect to a
partial order induced by a proper, closed, convex, pointed, solid cone K. The set U represents
the collection of uncertain (parametric) scenarios. Importantly, note that corresponding to each
& € U, the problem (Z(&)) is a deterministic vector optimization problem.

Throughout this paper, we assume the following for the class of problems Z(U).
(i) The uncertainties in the problem are given by a finite set of scenarios &, which collectively
form the uncertainty set U C R”. Specifically, we denote U := {&;,&,,...,&,}.
(i) The feasible set S is assumed to be independent of the uncertainties. The cone K C R™ is
closed, convex, pointed and solid. Furthermore, let e € int(K) be a given element.
(iii) The vector-valued functions F(-,&1),F(-,&),...,F(-,&,) : R" — R™ are twice continu-
ously differentiable.
For any given x € S, the notation Fy (x) will be used to represent the set {F (x,&) : & e U}. Ttis
important to note that for a given &2 (U ), the mapping Fy : S = R™ defines a set-valued map.
In the next definition, we introduce (weakly) robust efficient elements as solutions of a robust
counterpart problem to UVOP £ (U) (see [5]).

Definition 2.3. For a given UVOP &?(U), a feasible solution X € S is named
(i) robust efficient if there is no x € S such that Fyy(x) C Fy(X) — K, and
(ii) weakly robust efficient if there is no x € S such that Fy(x) C Fy (%) —int(K).

Next, we present the concept of maximal and weakly maximal elements of a set with respect
to <.
Definition 2.4. Let C € P(R™) and K be a pointed, closed, convex and solid cone.
(i) The set of maximal elements of C with respect to K is defined as
Max(C,K) :={z€C: (z+K)NC ={z}}.
(i) The set of weakly maximal elements of C with respect to K is defined as
WMax(C,K) :={z€C: (z+int(K))NC = 0}.

In [16], it was shown that the solution concept in Definition 2.3 can be formulated using the
upper set less relation introduced by Kuroiwa in [25, 26, 27]. Employing other set less relations
(see [18]), it is possible to obtain other concepts of robustness as discussed in [16].

Definition 2.5. [25, 26, 27] For a given pointed, closed, convex and solid cone K C R, the
upper set less relation <“ is a binary relation defined on P(R™) as, for all C,D in P(R"),
C XD <= CC D-K. Similarly, if K is solid, the strict upper set less relation <" is a binary
relation defined on P(R™) by, for all C,D in P(R™), C <* D <= C C D —int(K).
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Obviously, the (strict) upper set less relation <" is involved in the formulation of the solution
concept in Definition 2.3.

Proposition 2.1. [10] Let C € P(R™) be compact, and K be a closed, convex and pointed cone.
Then, C — K =Max(C,K) — K.

The Gerstewitz scalarizing function will be key in deriving the main results of this study.
This function is frequently used in vector optimization problems to convert them into scalar
problems. In the following definition, we consider a special case of the Gerstewitz function
(see [18, Chapter 5]).

Definition 2.6. Let K be a closed, convex, pointed, and solid cone. For a given element e €
int(K), the Gerstewitz function ®, : R — R associated with e and X is defined by

O.(z) :==min{r e R:te € z+K}. (2.2)

A few useful properties of the Gerstewitz scalarizing function ®, are provided in the follow-
ing proposition; see [18, Chapter 5] and the references therein.

Proposition 2.2. Let y,z € R"™. The Gerstewitz function defined in (2.2) has the following
properties.
(i) O, is sublinear, i.e., O,(y+2z) < O, (y) + O, (2).
(ii) ©, is Lipschitz continous on R™.
(iii) ®, is monotone, i.e., Vy,z ER", z Xy = 0,(2) < O,(y) and Vy,z e R", z <y —>
0O, (z) < Oc(y).
(iv) ©, has the representability property, i.e., —K = {z € R : O,(z) <0} and —int(K) = {z €
R™: ©,(z) < 0}.

Definition 2.7. Consider the UVOP #(U) and the associated set-valued mapping Fy : R" =
R™ defined by Fy(x) := {F(x,&) : & € U} for all x in R”. Using the upper set less relation <*,
we introduce the following robust counterpart problem (SOP) to the given UVOP & (U):

{ min Fy (x)

SOP
subjectto x € S CR". (SOP)

The robust counterpart problem (SOP) to & (U) is a deterministic set-valued optimization prob-
lem and the minimization in (SOP) is to be understood with respect to the set less relation <*,
see Definitions 2.3 and 2.5. A point ¥ € R” is said to be a local weakly efficient of (SOP) if
there exists a neighbourhood .4 (%, 8) such that # x € A (%,8) : Fyy (x) <" Fy(%).

In this paper, we propose a quasi-Newton method aimed at finding robust weakly efficient
solutions for &2 (U) through solving the robust counterpart problem (SOP).

3. OPTIMALITY CONDITIONS

In this section, we report optimality conditions for robust weakly efficient points of Z(U).
First, we start this section by mentioning some important index-related set-valued mapping sets.
The following notions are introduced in [2].

Definition 3.1. Consider the UVOP #(U) and the associated set-valued mapping Fy : R" =
R™ as defined above. Let x be a given element from S.
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(i) The active index for maximal elements of Fy(x) is .# : R” = [p], defined by
S (x):={i€p]: F(x,&) € Max(Fy(x),K)}.
(ii) The active index for weakly maximal elements of Fy(x) is ., : R" = [p], given by
Fw:={i€[p]: F(x,&) € WMax(Fy(x),K)}.
(iii) For a vector v € R™, the index set .%, : R" =% [p] is defined as
Fy(x) :={ie F(x): F(x,&) =v}.

Definition 3.2. The mapping ® : R" — NU {0} represents the cardinality of the set of maximal
elements of Fy with respect to K, i.e., 0(x) := |Max(Fy(x),K)|. Additionally, for a given X €
R", we define @ = o(X).

Next, we give the definition of the partition set of a point x € R" in order to systematically
identify weakly maximal points of the (SOP).

Definition 3.3. Let {v{,v3,... ,vfo(x)} be an enumeration of the set Max(F(x),K) at a given
x € R". The partition set at x is P, := ]}, Fre(x).

Le_mma 3.1. [10] Consider problem (SOP). Let X be a given element from S. Denote the cone
21K by K. Furthermore, for every B := (Bi,Ba,...,Ba) € P define a function F(-,&p) :
3 ~ T .
R xU — 172 R™ by F(x,8p) := (F(x,8p,).F(x,Ep,),....F(x,Ep,)) . Then, % is a local
weakly efficient solution to (SOP) if and only if, for every B € P;, X is a local weakly efficient
solution to the vector optimization problem

min F(x,&p)
subjectto x € R".

=k —(VOP)(5p) {

Next, to find a necessary optimality condition for the UVOP Z(U ), we recall the concept of
stationary point for (SOP).

Definition 3.4. [2] We call ¥ a stationary point for the UVOP & (U) if there exists a nonempty
subset A C P; such that
@
VB GA, = %Yo ceK": ZVF(Xaéﬁj)’y] :0? (%7Y27"'7Y@) 7é0
j=1
Proposition 3.1. [2] Let A C P; be given. Then, X is a stationary point for (SOP) with respect
to A if and only if

VB eA peR" 3 je[®] for which VF (X, cgﬁj)Tp ¢ —int(K).

Note that if ¥ is a non-stationary point, then, for all j € [@], there exist B € P; and p € R"
such that VF (%, &g ) " p € —int(K), i.e., ©,(VF(x,p,) " p) <0,

Definition 3.5. [2] If the following two conditions are satisfied at a point X, then X is called a
regular point of Fy; of (SOP):
(i) Max(Fy(x),K) = WMax(Fy(x),K), i.e., the set of maximal elements is equal to the set of
weakly maximal elements.
(ii) There exists a 0 > 0 such that ®(%) is constant in .4 (%, §).
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Lemma 3.2. [2] If X € R" is a regular point of Fy, then there exists 8 > 0 such that for every
x € N(x,68), we have P, C Pr and ®(x) = @.

4. QUASI-NEWTON METHOD AND ITS CONVERGENCE ANALYSIS

For a given initial point xo, for each i € [p], we construct a sequence {B(x,&;)} of Hessian
approximations of F (-, &;) beginning with an initial matrix B(xy, &;). For each function F(-,&;) :
R" — R™, we use the following quadratic approximation around xy:

&) = F () + VF (&) T (r—x) 4 3 (r—x0) Bk, &) (x 0.

We choose {B(xy, &)} that satisfies B(x11,&;)sx = y};, k=0,1,2,..., where s; := x;;1 —x and
i := VF (x11,&) — VF (xt,&). To maintain the symmetric and positive definite properties of
all terms in the sequence B(xy,&;), we apply the BFGS update formula starting from a given
symmetric and positive definite matrix B(xo,&;):

T
B(xi, &)sisy B(xi, &) yiv,
T + T,
s, B(xk, &) sk Sp Vi

From [33, Section 6.1], it can be noted that if B(x;, &;) is K positive definite, i.e., p' B(xy,&)p €
int(K) for all p in R”", then B(x;1,&;) will also be K positive definite.

We now present the process to generate a sequence of iterates {x; } starting from an xy, which
is built upon the result established in Lemma 3.1. To proceed from an iterate x; to the next
iterate, we use Xii| := Xg + TxPr, Where py is a descent direction of Fy at xi, and 7 > 0. In
the following, we formulate a quasi-Newton process to generate py. At the current iterate xy, an
element f3; from the partition set Py, is selected, and then, a descent direction for (VOP)(&g,)
is found by employing the quasi-Newton method for vector optimization. For a tactful choice
of B, we ensure later (in Theorem 4.3) that a decent direction py of (VOP)(&g, ) is a descent
direction of Fy at x;. The selection of such Py is detailed below. After determining a descent
direction, we follow the Armijo-type line search to choose a suitable step size Ty.

For an appropriate choice of f3, define the following parametric family of functionals { @y }cRrn,
whose elements @y : P, X R" — R are defined as follows:

B(xi11,6i) = B(xx, &) — 4.1)

¢«(B,p) := max {G)e (VF(x, Sﬁj)Tp—k lpTB(x, éﬁ)p) } , BEP,peR". 4.2)
jelo()] 2 !

If for any given x € R" and f3 € Py, the matrix B(x, §ﬁj) is positive definite, then we note that the

functional ¢,(f,-) is strongly convex on R” because ®, is sublinear. Therefore, @,(f3,-) attains

a unique minimum over R". Note that P, is finite for any x € R". So, @, attains its minimum

over P, x R". Hence, the functional ¢ : R" — R given by

o (x) := ( ﬁﬁpﬁrg}oﬂ‘w"’x(ﬁ’l’) (4.3)

is well-defined. In determining a descent direction for Fy; at a given nonstationary iterate xi, we
choose to employ quasi-Newton method on VOP(éﬁk) corresponding to that B; for which we
get

(ﬁkapk) = argmin (ka (ﬁ?p) (44)
(B.p)€Py xR"
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This is how a B; value is chosen. We show below in Theorem 4.3 that at a nonstationary xi,
the p; determined in (4.4) is a descent direction of Fy at x;. To arrive at this result, we require
the following Proposition 4.1. Notice that the formulation of VOP(f3) is x;-dependent and the
direction py is obtained from VOP(éﬁk). So, even if we aim to employ the existing quasi-Newton
method for vector optimization [30] on VOP(&Bk), the extension is not straightforward because
VOP(éﬁk) is determined point-wise, i.e., VOP(&Ek) differs once x; gets differed.

Proposition 4.1. Consider the functions @y and ¢ given in (4.2) and (4.3), respectively. Sup-
pose (B, p) € Pe x R” satisfies the condition ¢ (%) = @x(B,p). Then, all of the following three
statements are equivalent: (i) X is a nonstationary point of UVOP 2 (U); (ii) ¢(X) < 0; and
(iii) p # 0.

Proof. (i) = (ii). Let X be a nonstationary point of the UVOP & (U). Then, we see from
Proposition 3.1 that, for all j € [@], there exists a B := (B, B2, ..., Ba) € P and p € R" with

VF(%,&,) p € —int(K), ie., © (VF(X, &) 13) <0.
Note that

¢(¥) = (ﬁ,pﬁrélpﬂfw"’f(ﬁ’p)
< @x(B,tp), forsomer >0

= ]Er?ax {®.(VF(x 5;3) tp-l— "B(x gﬁ )ip) }

=1 max {©.(VF(%,85) " p+ p "B(x,68)P) },
which is negative for sufficiently small # > 0. Consequently, (ii) holds.
(ii) = (iii). By (4.2), @x(,0) =0 for any 3 in P;. Since ¢ (X) is negative, p # 0.
(iii) = (i). Assume that x is a stationary point. Then, for any 8 € P; and p € R", there
exists j € [@] such that VF (X, Jjﬁj)Tp ¢ —int(K), ie., ©.(VF(x, éﬁj)Tp) > 0. Since, for all
Jj € [o(x)], B(%,Sp,) s are K positive definite matrices, we have

0< 0. (VF(%.&) p)

@, (VF(x,&p)" p+2p "B(%,&,)p)

< max {@ (VF(x 5[3) 1 B(x’gﬁj)p)}

JjE[o(x)

That is,

0<gz(p,p) < i %(P,p)-
< @x(B,p) L (B,p)

From (4.3), one sees that 0 < ¢ (x) < 0. This leads to a contradiction, that is, X is a nonstationary
point for the UVOP £ (U). H

Theorem 4.1. Let S be a nonempty open subset of R". Then, the function ¢ : S — R, introduced
in (4.3), is continuous.
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Proof. The proof is similar to [10, Theorem 4.1]. Here, we omit the proof. U

Next, we propose a quasi-Newton scheme to solve the robust counterpart problem to &2 (U ).

Algorithm 1 Quasi-Newton method to solve the robust counterpart problem to UMOP & (U)

Step 0: Choose xp € R", v € (0, 1), and symmetric positive definite matrix B(xg,&;) € R**",
for each i € [p]. Setk:=0. Define N := {4 :n=0,1,2,...}.
Step 1: Compute Mj := Max(Fy (xx),K), Pr := Py, and oy := [Max(Fy (x),K)|.
Step 2: Find

. 1

(B*,pi) := argmin  max {®,(VF(x, &) " p+~p' B(x,Ep,)p) }-
(B.p)eP xR JE[4] 2 |
Step 3: If p;, = 0, terminate the process. Otherwise, proceed to Step 4.
Step 4: Choose 7 as the largest T € N such that
1 :
F(xic+ i, &) 2 F (i, Ept) + YT (VF (v, ) ' it 51 B3 Egi)pi) for all j € [eo].
Step S: Set x;. 1 := xx + Tk Pr-
Update B(x;1,&;) fori € [p] asin (4.1). Set k = k+ 1, and go to Step 1.

With regard to the well-definedness of the steps of Algorithm 1, we note that if Step 2 and
Step 4 are well-defined, then all steps are well-defined. Here, we note the following two points:

(i) For the existence of (¥, py) in Step 2, notice that, at any point x;, € R”, the map p
(VF (xk,éﬁj)Tp—l— %pTB(xk,éﬁj)p) is a convex function and [ay] is finite. Therefore, a
minimum of ¢y, (B, p) defined in (4.2) always exists.

(i1) Existence of a step length 7} in Step 4 is assured by Theorem 4.3.

Therefore, Algorithm 1 is well-defined.

Theorem 4.2. Let {x;} be a sequence of nonstationary points generated by Algorithm 1, {p;}
be the corresponding sequence of directions, and {x;} be convergent. Then, {p;} is bounded.

Proof. The proof is similar to [11, Theorem 4.4]. We omit its proof here. U

Theorem 4.3. Let 7y be a fixed value in the interval (0,1), and x be not a stationary point of
(SOP). Let (B, p) € Pe x R" be such that ¢ (X) = @z(B, p). Under these conditions, the following
statements are true.

(i) There exists T > 0 such that

VT € (0,%],j € [@): F(x+1p.65) 2 F(x.&5) +yr(VF(R,85) o+ %pTB(X, &,)P)-

(ii) Additionally, for all T € (0,%] and j € @],
S _ _ S N _
Fy(F+1p) 2" {F(%8) +v1(VF(%.85) P+5P BEE5)P)} e
<" Fy (X)
Proof. (i) Suppose that (i) is not satisfied. Therefore, there exists a sequence {7} and j € (@]
such that 7, — 0 and

VkeN:F(x+mup,&g)—F(%.Eg) —vu(VF (%, &) ' P+ %ﬁTB()E, §5j)p) ¢—K. (4.5)
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Multiply by le in (4.5) for each k € N obtains
Frtupég) —F(r.és)

1
VkeN o ~v(VF(.&p) ' p+5p B(%.85)P) ¢ —K.  (46)
Now taking the limit kK — oo in (4.6), we have
VF(x, 55 ) p— '}’(VF( 5;3) P+ p B( éﬁ )P ) ¢ —int(K). 4.7)

Note that ¥ is not a stationary point of (SOP) and (B,p) € P; x R" is such that ¢(%) =
©z(B,p). Therefore, by Proposition 4.1, we obtain p # 0 and ¢ (x) < 0. So, by the conti-
nuity of ¢, (see Theorem 4.1) there exists 6 > 0 such that

o(x) < %4)()2) < Oforallx € A%, §]. (4.8)

Let us consider a sequence {py} that lies in A4'[%, 8], i.e., || px — X|| < &, and converges to
p. By Taylor expansion, we obtain

F(Z+mpi, &g,) = F(%,88,) + uVF(%,8,) ' pi+0j(Tupr,x)e for all j € [o(%)],

where glm % (0,0,...,0)". Since {p;} is bounded, we have
—>00

k—ro0 Tk

Now, we see VF(X éﬁ ) pr =< VF(% 5;3) Dk + 2p,jB( 53 )Pk since pk B(x, éﬁj)pk is
positive definite for all j € [@(X)]. If {xz} is a sequence generated by Algorithm 1 and
converges to &, then, for all j € [®(%)],

F (v Tepr i) = F (o, S ) + T (VF (x, 53§)TP1< + 3¢ B(x, 5[;;;)Pk) +0(Tkpr, Xe)e.
Therefore,
F (xk + Tepr, Sge) — F (xk, Spr)
J J
Tk

1
= Y(VF (x, §szg)Tpk + Ep;;r B(xy, éﬁjk)l?k)

(1= (VFrdg) it 3 oiae)e).

Taking limit k — oo in the above inequality, we have from (4.8) that
1
e T N\ =
VF(5.85) 5 < V(VF(5.85) p+ 55 BE.E5)P).

VF(5.&5) P v(VF(x.E5) b+ 5p  B(E.&5)P) € —ini(K) forall j € [(3)],

which contradicts (4.7). Hence, (i) is proved.
(i1) As X is not a stationary point, we see by Proposition 4.1 that

9(1) <0 = ¢:(B,p) <0
1

= jlgax{@) o(VF(x égj)Tﬁ+§ﬁTB(fa§ﬁj)ﬁ)} <0

P B3 §g) i) +



UNCERTAIN MULTIOBJECTIVE OPTIMIZATION PROBLEMS 645
o _ 1
= forany j €[0],0,(VF(%.&5) p+ 55 B(%.55)P) <

I+ _ .
= VF(x éﬁ )'p EpTB(x,éﬁ-j)p € —int(K).
Using this in inequality (i), we have

Ve (0.7, € (@] F(v+1p.&5) < F(x,&5). (4.9)

As Max(Fy (X +1p),K) ={F(x+1p, ﬁl;j) : j € [@]}, it follows from Proposition 2.1 that
Fo(i+p) C {F (v+75.85)} —K
77 jelal

4 {F(X, &)+ 1T (vp()z, ajgj)Tﬁ+ %ﬁTB(X, 55)15) } -K

J€[@]
{ (* ,531)} o }—int(K)—K by Statement (i)
C{F(x.&),F(%&5),....F(%&, )} —int(K)
CFy(x )—1nt(K).
Hence, statement (ii) is proved. O

Theorem 4.4. Let {x; } be a sequence produced by Algorithm I and X be an accumulation point
for {x;.}. Additionally, let X be a regular point for Fy. Then, X is a stationary point of (SOP).

Proof. LetY : P(R™) — RU{ o0} be the functional defined by Y(A) := sup O.(z), A€ P(R™).
First, we show that, for all k € NU{0}, (Yo Fy)(xxt1) < (Yo Fy)(xx) —|— }/’L’kgb(xk) Due to the

monotonicity property of @, in Proposition 2.2 (iii), one sees that T is also monotone with
respect to the <, i.e., for all A and B in P(R"), A <* B — Y(A) < Y(B). In view of (ii) of
Theorem 4.3, for all k € NU{0}, one has
1
Fy (i + tepe) 2 {F (ok, Spe) + 10 (VF (xk éﬁj’?)—l—pk + EPZB(% Ep)PE) } ety
Therefore, by applying the monotonicity of Y and the sublinearity of ®,, we derive that, for any
ke NU{0},
1
(Yo Fy)(xr1) < max {©, (F(xi, §gr) + vo (VF (i, Egt) " pr+ 5.4 B, Egi)pe) ) }
J€lon] / / 2 J

1
< max {® ( Xkes éﬁjk)) + Y70, (VF(xk, gﬁjk)TPk + Epl—ch(xka éﬁjlf)pk) }

J€[ax]

1
< @e F s @ VF ~ )
< j%i[é(l;] (F (x 5[311.()) }’Tk]m[z(lu)z] (VF (x, éﬁk) Pt 3 i B(x; éﬁk)pk)

1
= (Yo Fy)(x) + ¥t max ©, (VF (x,&ge) ' i+ 54 B(xi, Ege) i)
Jjelay] / 2 /

= ?’TkmaX@(VF(xkaégk) Pk+;Pk (xk7§gk)l7k) (Yo Fy) () = (Yo Fy) (xXit1)-

J€loy]
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By summing the above inequality for k = 0,1,2,....k, we have

k
1 (YOFU)(Xo)—(YOFu)(X‘ )
— ) e max @, (VF (x, %k) i+ 5Py B, éﬁk>pk) Lo
k=0 Jj€lox] 2 Y
As {x;} is a sequence of nonstationary points, one sees that
1 .
VF (x, éﬁjzg)Tpk + Ep,;rB(xk, éﬁj;_c)pk € —int(K). (4.10)

Specifically, by applying Proposition 2.2 in (4.10), we find that, for all k € NU{0}, j € [ay],

1
O (VF (i, &gi) ' pi+ 511 Blxi, Egt)pi)) < 0.

2
Therefore,
‘ 1 YoFy)(xg)— (YoFy)(xz
0<—) max®,(VF(x, éﬁk) pr+ 54 B(x, fﬁk)pk) (Yo Fy)(xo) — (Yo Fuy) (1)
k=0 J€lox] 2 y

Now, by taking the limit of the previous inequality as k — oo, we deduce that

1
0< — O, (VF (xy, 5
];)Tkjrg[%:] (VF (x gﬁ") P+ 2Pk B(x éﬁk)pk)

In particular, we have
1
lim 7, 0,(VF T —p'B =0
Jim  max e (VF (¥t 8pt) ' pict 5y Bxi S ) i)

c., lim Tk¢(xk) =0. (411)
k—roo

However, since X is an accumulation point of {x; };>0, one sees that there exists a subsequence
¢ in N such that x; %, %. Since there are only a finite number of subsets of [p] and ¥ is regular
for Fy, we can utilize [2, Lemma 4.2]. From this, it follows that, without any loss of generality,
there exists a subset A C P and an element 3 € A such that, for large k, wy = @, P, = A, and
B* = B. Furthermore, since {7} and {p;} are bounded by Theorem 4.2, we can find 7 > 0
and p € R" such that 7, KX % and Dk ket p. Assume that X is nonstationary, according to

Proposition 4.1. It implies that ¢ (x) < 0 and p # 0. By applying Theorem 4.3 (ii), it follows
that there exists an integer g such that

Yo (Fy(x+279p) — Fy(x)) < y2 % (x). (4.12)
Since ¢ and Y are continuous within their respective domains, we have
lim py = p and lim @(x;) = ¢ () <O. (4.13)
k—yoo k—so00

For large enough k, we see from (4.12) that (Yo Fy ) (xx +279pg) — (Yo Fy) (%) < Y2799 (xx)-
Considering the definition of Y and Step 4 of Algorithm 1, we see that, for sufficiently large k,
T, > 274. By taking into account the second limit in (4.13), we deduce liminfy_,., 7¢|@ (x)| > 0,
which contradicts (4.11). Thus the desired result follows. ]
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Before we start analysing the convergence properties of the proposed quasi-Newton Algo-
rithm 1, we recall some results confirming the superlinear convergence of the BFGS method.
The first result, based on [3], states that if {x; } is a sequence of nonstationary points converging
to X, then

| (B(xk) = V2F (xi)) si||

lim =0,

(e s

where F is twice continuously differentiable such that VF () = 0 and V2F(X) is positive defi-
nite, s := X411 — Xk = TxPx. Moreover, By is a BFGS approximation at iteration k. Now, from
[30], for some € > 0, there exists kg € N such that, for all k > kg,

N Gy) —VE G L]
ks [l

Lemma 4.1. [2, 4] Let X be a regular point of the function Fy.
(i) Then, there exists 8 > 0, such that, for every x € A (%,0), ®(x) = &(X).

< € for every j € [@(x)].

(i) Let € >0 and & > 0 such that, for any x,y € S with ||y —x|| < 6,
IV2F (&) - V2F(x. &) < gfor al j=1,2,....[0)]. 4.14)
For any x,y € S such that Hy—xH <9,
(a)
IVF(,&p,) — [VF (x,&,) + V?F (x, &) (v —x)]|| < gHy—x”, and 4.15)
(D)
|P0u8) — [P) + P (5.8) 00+ 500 R85 )00 <

(4.16)
forall j=1,2,... [0(X)].

Next, we modify Lemma 4.1 to assess the approximation error by using the BFGS approxi-
mation of the second-order derivative term Hessian.

Lemma 4.2. Let V C S be a convex subset, and € > 0. Let V be such that there exists a 6 > 0
for which any x,y € V holds ||y — x|| < 8. Let {xx} be a sequence generated by Algorithm 1.
Assume that, for the given € > 0, there exists kg € N such that, for all k > k,

(V2P (e, Eg) — Bl Ego)) = 30|

€
< = (4.17)
Iy = x| 2
Then, for any x, k > ko, and y € V with Hy—ka <9,
[VF (3,6p,) = [VF (i, &ge) + B, ) 0 — )] || < &y — e (4.18)

and

170, ,) — [F (o )+ VF Con ) T3+ 50— Bsk ) (0 =] < guy(—ﬂ;.
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Proof. From (4.15) of Lemma 4.1, for every j € [®(x)] and x,y € S such that ||y —x|| < &, we
have

HVF(y7 5[3]) - [VF(xkaéﬁj") +B(Xk,§ﬁjk)(y—Xk)]H
|VF(y,8p,) — VF (i 8ge) — VZF(xkaéﬁj’F)(y_xk)” + H(VzF(xk,ﬁﬁ}) _B(xkaéﬁj’?)xy_xk)”

SHy—ka +§Hy—xk||, using (4.15) and (4.17)

IN

IN

IN

elly —xx|-

Similarly, by (4.16), one has
1
|F(v,&p,) — [F (x, Epr) + VF (o, ngk)T(y —x)+ 50 —x) ' B(x, Epr) (v —xi)] I

< ||F(n,85,) = F (. &f,) — VF (x, &) T (v —20) — %(y —x0)V2F (. &6 ) 0 — )|

1
+HE()’_xk)T(VzF(xkyéﬁjk)_B(xkaéﬁj/?))(y_xk)n
€ 2 € 2 € 2
< gly=xlP gl =l ” < Sy ==l
which confirms (4.19) and the proof is complete. 0J

Theorem 4.5. (Superlinear convergence). Let {x;} be a sequence of nonstationary points gen-
erated by Algorithm | and X be one of its accumulation points. Additionally, let X be a regular
point for Fy. Suppose that S is a neighborhood of x and there existsa > 0,b > 0,8 >0 and € >0
for which the following conditions hold:

(i) al <B(x,&;) <blI forall j € [0(x)],
(ii) HVZF(x, éﬁj) —V2F(y, gﬁ,)” < €forall x,y € S with Hx—yH <9,
(iii) H(VzF(xk,éﬁj;?) —B(xk,cgﬁjz_c))(y—xk))|| < € for all x;,y € S with ka —yH < 08, and
(iv) € <a(l—1).
Then, 1, = 1, for sufficiently large k € N, and the sequence {x;} converges superlinearly to
xe R

Proof. Theorem 4.4 established the convergence of the sequence {x;} to a stationary point
X. Given that F (-, éﬁj) functions are twice continuously differentiable, it follows that, for any
€ > 0, there exists & > 0 such that

N (%,8¢) C Sand ||B(x, Sp;) —B(y, éﬁ])H < gforallx,y € A (%,0).
Now, forx € §, ; >0and2 /l = 1, we define a function ®) : § x R” — R by
[0 (x)] ()]
Z (x,85,) " P+ Z/IJPB x,8p,) -

Note that, for any ¥ € P, and j € [®(x;)], the matrix B(xy, &g ) is K positive definite. Fur-
J
thermore, for any x; € R" and B* € P,,, set Py, is finite. Therefore, function ®, (x,-) is strictly
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convex in R", and hence it attains its minimum. Observe that &, attains minimum value when

[0 (xg)] [o(xz)]

Y AVFE xk,éﬁk + AiB xk,gﬁk pr=0. (4.20)
j=1 j=1

a)(xk

—1o(x)
= pk=— Z B, Spr) Z VF (x, Gpt)

1[ (xx)]

— p<— - jzl )LjVF(xlmgﬁj/?) since al < B(xk,éﬁ]z;)
1
= pr<—— max VF(x, &) 4.21)
PieS = et VE (o St)

Note that Zgi(lx)] Ajbj <max{bi,by,..., by} holds, where (A1, 22, ...,Ap(y)) € Ri’(x) with

Zg.(i(lx ) Aj =1 and b;’s in R. This identity is applied in obtaining (4.21). For sequence {x;},
using Lemma 4.1, we have

[@(xg+1)] [@(xe)] [@(x¢)
Z A;VF (X + pr, éﬁk { Z A;jVF (xg, éﬁk + Z l B(xk, gﬁk)pk}
j=1 /
[@(xk11)]
ie., Z leF(karpk,éﬁ;()
J=1 '

< &l|p]

<e|pl i <e|pel

max VF(x;+ px,
jelm) et Ploopy)

ie., ||per1] < ZHpkH using (4.21). (4.22)

As {x;} converges to X, one sees that there exists k¢ € N such that, for all k > k¢, xi, x; + py €
N (X, 8¢ ). Now, using the second-order Taylor expansion for j = 1,2,...,[@(x)], we have

F(xic+ pr Egt)

IN

1
F()Ck, éﬁjk) + ')/<VF()Ck, gﬁj/‘)—rpk + =

5 i B(xi 8 ) i)

1 )
+(1—7)(VF (x, égjls)TPk + EP;B(xk, éﬁj’?)pk) +3 HPkH2

IN

1
F(Xk, éﬁ;c) + ’Y(VF(xk? &ﬁj‘)—rpk + Epl—{rB(x/ﬂ gﬁ;‘)pk)

ciy) (_ka ([a%)] A;B(x, 5;3}/.«)) Pk

j=1

1 - [(xi)] € ,
"‘Epk 2'1 )»jB(xk,éﬁ]/;) Pk +5Hpk|| using (4.20)
Jj=

a(l—7) H
2

IN

1
F (e &) + Y(VF (v, ) it 5 ol + 5 el

S Pé Bl &g i) -

1 €—a(l—
sk 0) + 1 (VF (31, 850) pit 2 2] Blats o)) + =2 o,

IN
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which together with condition (iv) concludes

e<a(l—-vy) = #SO,
and 7, = 1 holds for k > k.. Now, for k > k., we have
e =2 = [kl < = [lpell = = e =i using (4.22).
For any k > 1 and j > 1, we obtain
[Pt j = x| <—||xk+z 1= Fe ]| < ka+] 2= j-i]| < - S(Z)ijk—kaH-

Now, to prove superlinear convergence, we take ¢ € (0, 1) and define
t
142t a}

If we take € < € and k > ke, then, by convergence of sequence {x;} to X, we have

g :=min{a(l1-7y)

Hﬁﬂmméilmﬂ—nﬂﬂHéZ ) || = 1 IM—MHH (4.23)
j=1 i=1
Therefore, we
1
= ekl | = [lek =i | = oer =5l = o ok = x| (4.24)

Combining (4.23) and (4.24), we can conclude that if € < € and k > k¢, then

sl _,
=
Ast lies in (0, 1), we conclude that sequence {x; } converges superlinear to X. O

5. NUMERICAL ILLUSTRATION

In this section, we show the performance of the proposed quasi-Newton Algorithm 1 on
several numerical examples. The testing of Algorithm 1 is conducted in MATLAB R2023b. The
software is installed on an IOS system with an 8-core CPU and 8 GB RAM. For the numerical
execution of the Algorithm 1, we selected the following parameter values:

e In our tests, the cone K is chosen as the standard ordering cone, specifically K = Ri for
all cases except in Example 5.1. Additionally, we set the parameter e = (1,1,...,1) €
int(K) for the scalarizing function @,.

e The parameter Y in Step 4 of the line search in Algorithm 1 was set to y =0.1.

e For the stopping condition, we choose ||px|| < 0.0001, or a maximum number of 1000
iterations are reached.

e To find the set Max(Fy (x;), K) with respect to upper set less relation at the k-th iterations
in Step 1 of Algorithm 1, we implemented the common method of pair-wise comparison
the elements in Fyy(xy).
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e In the k-th iteration of Step 2 in Algorithm 1, for each 8 € P, we determine a minimizer
p of the strictly convex problem m]iél o.(B,p). Next, we identify
pER"

(Bk: pr) = argmin @y, (B, p)
BEP
with the help of the inbuilt function fmincon in MATLAB.

e We take some test problems from the literature, while some are freshly introduced in
this paper. For each problem, we generate 100 random initial points and make a three-
column table. The following values have been collected for each of the examples from
Examples 5.1 to 5.4:

(1) Initial Points: The value represents the first column in the table, indicating the
number of random initial points used in applying Algorithm 1.

(2) Iterations: The second column with a 6-tuple (Min, Max, Mean, Median, Mode,
SD) indicates the minimum, maximum, mean, median, mode, and standard devia-
tion of the number of iterations in which the stopping condition is reached.

(3) CPU Time: The third column comprises another 6-tuple (Min, Max, Mean, Me-
dian, Mode, SD) that shows the minimum, maximum, mean, median, least integer
greater than or equal to mode, and standard deviation of the CPU time (in seconds)
taken by Algorithm 1 in reaching the stopping condition.

Moreover, numerical values are displayed with precision up to four decimal places to enhance
clarity. In each problem, the values of F' at each iteration are graphically depicted using different
colors: the initial points are presented in black and the final points in red. The intermediate
points are represented in blue.

Additionally, we evaluate the performance of the proposed quasi-Newton method (abbre-
viated as QNM) algorithm (Algorithm 1) by comparing it with the existing Newton method
(abbreviated as NM) for each of the four Examples 5.1 to 5.4.

Example 5.1. Let the uncertainty set be U := {0.1,0.2,0.3,0.4}. Consider the UVOP with the
bi-objective function F : R x U — R? defined as

F(x,8) = (71o§+3% ) :
Sxcos(x) 4 ~—=—=sin"(x)

The ordering cone K is given by
K:={(z1,22) " €R*:3z1 —2 >0,—z; +32 > 0}.

In Figure 1, the outcome of Algorithm 1 is illustrated for a randomly selected starting point
within the set [—4.7,4.7]. It can be seen that the points depicted with red color are optimal
points of Fy as the set (1.5680,0.7815)" — K does not contain any element of Fyy other than
(1.5680,0.7815) " for all x € [—4.7,4.7].

The performance of Algorithm 1 and comparing it with the Newton method [10] for Example
5.1 1s shown in Table 1. As usual, the Newton method performs better than the quasi-Newton
method since for each £ in U, the function F (-, &) is strongly convex, and the Newton method
has a faster rate (quadratic, see [10]) of convergence than the superlinear rate of the proposed
quasi-Newton method.
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FIGURE 1. The value of Fy at each iteration generated by Algorithm 1 for the
initial point xo = —2.8372 for Example 5.1

TABLE 1. Performance of Algorithm | on Example 5.1

Number of Algorithm Iterations CPU time
successive points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, Mode, SD)
100 QNM (0, 4, 0.9800, 0, 0, 1.2551) (0.1887, 1.4882, 0.5055, 0.2645, 0.1887, 0.3518)
100 NM (0, 3,0.7300, 1, 0, 0.8391) (0.2311, 1.9947, 0.6042, 0.6428, 0.2311, 0.4036)

Example 5.2. Let the uncertainty set be U := {0.1,0.2,...,4.5}. Consider the UMOP with the
bi-objective function F : R? x U — R? defined as

2
x% —l—x% +0.5 sin (_27:(125—1)) cos <—2ﬂ(1g§_1)> 4+ 2elx1Hx2)

F(x, &)= 92 102 2m(10&-1)
x| +2x5+0.5 cos =

In Figure 2, the iterates generated by Algorithm 1 for different initial points taken from the set
[—1.5,1.5] x [—1,0.5] are given. The sequence of iterates {x; } and the corresponding {F (x;)}
generated by Algorithm 1 for a selected initial point xy = (1.5,0.5) " are given in Figure 2a and
Figure 2b, respectively.

The performance of Algorithm 1 and comparing it with the Newton method [10] for Exam-
ple 5.2 is shown in Table 2. In this example also, the Newton method performs better than
Algorithm 1 because F is strongly convex.

TABLE 2. Algorithm 1 Performance of Algorithm 1 on Example 5.2

Number of Algorithm Iterations CPU time
successive points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, Mode, SD)
100 QNM (0, 11, 4.0220, 4, 3, 2.4266) (0.0213, 32.3012, 14.2624, 13.2682, 2.3446, 6.8122)

100 NM (0, 11, 1.4700, 1, 1, 1.5005) (0.0191, 12.1958, 1.2327, 1.0054, 0.0191, 1.3375)
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©
Z2

(A) The value of Fy; at each itera- (B) The value of x; at each itera-
tion generated by Algorithm 1 for tion generated by Algorithm 1 for
the initial point xo = (1.5,0.5) for the initial point xo = (1.5,0.5) for
Example 5.2 Example 5.2

FIGURE 2. Output of Algorithm 1 for Example 5.2

TABLE 3. Performance of Algorithm 1 on Example 5.3

Number of Algorithm Iterations CPU time
successive points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, Mode, SD)
100 QNM 0,5, 1.6383, 1, 1, 1.5300) (6.3462, 54.3345, 21.1840, 15.9259, 6.3462, 12.8506)

Example 5.3. Let the uncertainty set be U := {0.1,0.2,...,5.0}. Consider the UMOP with the
tri-objective function F : R? x U — R? defined as

X2+ (0.5) sin <%> —0.1Ex;

F(x,8) = 2x% +(0.5) cos (%&371)) +0.26x;

X7 +x3 +10€

The sequence of iterates {x;} and the corresponding {Fy (x;)} generated by Algorithm 1 for a
selected initial point xo = (1,—1) " are given in Figure 3a and Figure 3b, respectively.

Note that the objective function of this example does not fulfill the prerequisites of the New-
ton method given in [10] because Hessian matrices are not positive definite at any given point.
Therefore, in Table 3, we provide only the performance of the proposed quasi-Newton quasi-
Newton method.

Example 5.4. [10] Consider the UMOP with the tri-objective function F : R? x U — R? defined
as

lx =5 =&
F(x,§) = | |lx—L—&|* ],
lx—15 =&
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FIGURE 3. Output of Algorithm 1 for Example 5.3

TABLE 4. Performance of Algorithm 1 on Example 5.4

Number of Algorithm Iterations CPU time
successive points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, Mode, SD)
100 QNM (0, 2, 1.0800, 1, 1, 0.3075) (6.1637, 12.7476, 9.8998, 8.5954, 6.1637, 2.0854)
100 NM 0, 2,1.0782, 1, 1, 0.3105) (2.3863, 12.7695, 6.4920, 4.2540, 2.3863, 3.9367)
0 8 0 . . o .
where [ := 0 o= 0 and 3 := 3/ We consider a uniform partition set of 10 points of
the interval [—1, 1] given by
1 2 2s—1 .
V.= {—1,—1+—,—1+—,...,—1—|—g,1 with s =4.5.
s s s

A scenario & := (&),&,) is a member of the uncertainty set U :=V x V. In Figure 4, 100 initial
points were generated within the square [—50,50] x [—50,50]. The grey points illustrate the set
(L1 +&)U(L+ &)U (I3 + &) and the positions of 11, 1,13 are shown in blue colour. The value of
initial and final points generated by the Algorithm 1 are depicted by black and red, respectively,
in Figure 4. There are no intermediate points in Figure 4 because the Algorithm 1 has taken
only one iteration to reach stationary points from these chosen initial points.

The performance of Algorithm 1 and comparing it with the Newton method [10] for Example
5.4 is shown in Table 4. As usual, in this example, also the Newton method outperforms the
quasi-Newton method since the function F is strongly convex for each &, and the Newton
Method has a quadratic rate of convergence.

Next, we generate a few test problems and show the performance of the proposed Algorithm
1 on those problems. These test problems are either newly introduced or generated from the
commonly used test problems in the literature of multiobjective optimization. The list of the
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Ty

FIGURE 4. Output of Algorithm 1 for Example 5.4: The value of x; at each iter-
ation for three different initial points: {(—2,—2)",(—2,10)", and (10,-2) "},
as generated by Algorithm 1 in 5.4

generated test problems is given in Table 5. In the last column of the table, we mention the
source of the associated multiobjective problem. For example, the problem P3 is generated from
the bi-objective test problem BK1 from [13]. In the conventional bi-objective test problem BK1,
we have incorporated the uncertainty variables &; and & to generate the uncertain bi-objective
test problem P3; note that for §; = 1 and &, = 1, the problem P3 reduces to BK1 problem.
Similarly, all other problems, except P2 and P7, are generated from the sources mentioned in
the last column of Table 5. Problems P2 and P7 are newly introduced problems for UMOP.

The performance of Algorithm 1 on the test problems from Table 4 are provided in Table
6. In Figure 5, we have shown the generated robust weakly efficient point corresponding to a
randomly chosen initial point for test problems taken from Table 5. The black-colored points
in each figure collectively present the value of Fyy(xp) at the initial point xp, blue-colored points
present Fyy(x;) for intermediate x;’s, and the red-colored points collectively represent Fy (%),
where {x;} is the sequence generated by Algorithm 1 corresponding to a given initial point xg
and x; — X. The point X is a robust weakly efficient point of the corresponding point.

6. CONCLUSION

In this paper, we have introduced a quasi-Newton method to determine weakly robust efficient
solutions for UVOPs with an uncertainty set of finite cardinality. We adopted a set-valued
optimization perspective to reformulate the problem as a deterministic one. The deterministic
set optimization problem was structured so that its efficient solutions, under the upper set less
relation, correspond to the robust efficient solutions of the original UVOP. Utilizing the concept
of the partition set, we developed a class of VOPs, which yields efficient solutions to the set
optimization problem, thereby identifying robust efficient solutions for the UVOP. In the process
of finding a weakly minimal solution of the UVOP, we have approximated the Hessian matrices
corresponding to the given functions with the help of BFGS methods for vector optimization.
To generate a sequence of B; from the partition set P,, of the current iteration at x, we evaluated
quasi-Newton direction py (Step 2) with the help of concepts in [30]. The process of generating
iterates by Algorithm 1 continued until the stopping condition (Step 4) was met, and if not,
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TABLE 5. Test problems

Domain for x

Domain for scenarios

Problem (m,n,r) Modified f Reference for f
I’y ub’ I’y ub’
2 . 2 2. .3
Pl @2,1,1) S 6) =+ 284 174200 = 1) ¢ -1 0.5 -2 2 MOPI [13]
Hx,8) i=(x—28)*+Ex+Ex°
fl(xﬁg)::x+%(l(l+exp{sin(%)}7sin(%))
+&x
P2 21,1 -1 0.7 1 9 Newl
¢ ) jﬁ(xﬁ)::cos(h)-%—ﬁl«h) 1i0(1(1+exp{§1n(—(f)} v
—sin(*%))
fi(x, &) i=Ex] + &3 + & (x2 —5)?
P3 2.2.2) +(Exy —2)% + (Eaxy - 2)? (-3,-3) (5,5 (-2,-2) (2,2) BKI1 [13]
Hx,8) 11%*‘% + %X% + (§1X| *5)2
f1(x.8) :=xi + &z + E1xy 4 86axz
P4 222 N -5,-5 50,50 0.8,1 1,12 LRSI [13
@22 fz(X«,fS):zil(m+1)‘+X§+€1X?+z€z)c§ ( ) ( ) Os1 (12 1)
fi(x%8) =& — 17+ &(x1 —x2)
P5 2,22 —1,—1 5,5 1,1 2,2 SP1[13
(222 B0E) (B — 32 +E1(x1 — 12)? ( ) (5.5) (1,1 (2.2) [13]
fil8) =2+ &R + (B —1)?
P6 222 x%té;‘%;]l (=3,-3) (3,3) (1,0.5) (1.5,1) VU1 [13]
f(x,8) Eitindl +2&1x1 +26x
fi(%8) =& +xi+ (&x =27+ (&x2—2)
P7 2,22 ~1,-1 0,0 1.2,0.6 15,1 New2
@22 ) bt B+ i+ B+ (B 2 ] S ©0 (1209 — o
f1(x,8) :=—1.05&1x7 — 0.985x5 + (&1x1 —2)° + (&2 +2) .
P8 (22,2) e ) = 0.9, XIJ2710352()(272_5)2+5§I<{%+52X% (-3,-3) (5,5) (~1.5,-1.5) (0,0) Lovisonl [29]
fl(xg)-—2x+(5‘ ) 522’”
P9 (233) : (—=100000, ..., —100000) (100000, ...,100000)  (—2,...,—2) (2,...,2) GKZ9 [10]
fr(x, &) :7(:0”7 cm})g(;]; )+4§3
PIO (25,1 filw ) 4'“2“3“4”5%- N (=20,...,-20) (20,...,20) 0.008 0.012 DDI [13]
fx,8) = 3+5X1+2chf%‘+(m*)€5)‘+§x1
filx,&) = 2522
PI1  (2,20,20) ) (-9,...,—9) (=7,...,=7) (=2,...,-2) (1,...,1) Jinl [17]
fa(x,8) = nZ —28)+¢&}
1
8= (5'*' Y Gutl o dedeas
P2 (322) fz(xtg).,(ilhﬁéxz%)z (=8 *8@‘2*2) 7 tx (400, —400) (400,400) (—2,-2) (1,1 MOP7 [13]
— _ 2
Al g)7(~§1X1+f§§xz 1)? | (=&im +26m) C3EE 4 B —on
FlE) 1=x1 + (2 — 1.5) + L sin (@) bbbl
PI3 (322 fz()fg‘;)::2()(171)Z+2x%+%cos(4”(5727”>+|7ﬁ5|+x§ (1,1) (1.5,1.5) (1,1) (1.5,2) GKZ6 [10]
8 =Ed+3+&&
fix8) =6 +&a— 1) +x+&xd +3
Pl4  (323) fHxE) =+ (Ex— 1)+ + &3 +1 (-2,-2) (2,2) (1,0.5,-0.5) (1.5,1,25)  VFMI [13]
H(x8) =Eiln—1) +5°Xz+€3+551X1+Xz+3
il &) =& — 17+ (& — 1) +&x] +93
PI5  (323) fx&):=(&x — 1.5+ (Ex— 1) +x + &3 (—4,—4) (4,4) (=2.5,-2.5,—0.5) (2.5,2.5,2.5) MHHM2[I8]
(6 E) =& — 1) +&(&x— D) +&+58x +x
filx) :=2;x1+‘5f
PlI6 (310,100 f2(%§ *1+9Z§X‘ (0.2,...,0.2) (0.8,...,0.8) (=1,.00y—1) (1,...,1) ZDT1 [35]
A8
fi(x.8) =1 )
filx.€) 1:215:%,'
P17 (3,10,10) fz(xtg)::SJrlOi@x,z (0.2,...,0.2) (0.6,...,0.6) (~038,...,-0.8) (0.7,...,0.7)  ZDT2[35]
i=1
(AN
Js8) =2 "(fz(m)
fix8) =4 Zli(é,x, —i)*
PI8  (3.10,10) fz(x.g)::cxp<i-};> (=2,...,-2) (2.....2) (=1,...,=1) (2,...,2) FDS [8]
i=1

B 8) =G ):i(n —it1)e o
=1
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TABLE 6. Performance of Algorithm 1 for all problems given in Table 5

Problem Senarios Time Iterations count
min mean max min mean max
P1 40 0.0629 0.5031 1.0282 0 4.76 9
P2 35 1.5480 1.6323 1.9709 3 3.98 4
P3 40 0.3044 1.2164  2.5341 0 1.60 7
P4 40 0.5314 2.8990 62.3406 2 11.70 256
P5 25 0.6717 5.1853 119.0370 1 8.6531 198
P6 30 2.1577 22529  3.2651 2 2 2
P7 20 0.8279 6.2513  73.1986 1 9 98
P8 40 0.2294 12.8858 117.0456 O 16.10 149
P9 40 1.609 99.1422 407.6247 7 106 911
P10 25 14.2015 58.6909 144.2981 39 76.7234 155
P11 20 23.8567 25.9025 303595 7  7.0392 8
P12 30 0.4093 20.6827 202.9008 1 30.4583 313
P13 30 29827 4.8822 10.6499 2 4.36 8
P14 20 0.4212 23219 26.9343 1 8.58 136
P15 40 0.1858 19971 28.8318 0 4.62 89
P16 10 1.6223 4.0545 15.1023 O 2.53 12
P17 10 0.6223 3.0545 16.1023 1 1.54 10
P18 10 0.2532 23.6702 221.7030 0O 30.5319 297

657

then we find a step length 7; in (Step 5) to progress to the next iterate. It has been established
that if a weakly robust efficient point is a regular point, the method’s sequence exhibits global

convergence (Theorem 4.4) and has a local superlinear convergence rate (see Theorem 4.5).
In future research, we aim to explore the following directions:

e Extending these results and methods with respect to the other set less relations and
through different scalarization functions.
e The goal is to create techniques for solving UMOP with uncertainty sets that are either
infinite or continuous in nature.
e Deriving results without requiring regularity assumption on the accumulation points of
the sequence generated by the proposed algorithm.
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FIGURE 5. Robust weakly efficient points generated by Algorithm 1 for a few
test problems from Table 4
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