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Abstract. The feasibility problem lies at the core of modeling numerous challenges across mathematics
and the physical sciences. Quasi-convex functions, widely applied in economics, finance, and man-
agement science, offer a flexible framework for such problems. This paper addresses the stochastic
quasi-convex feasibility problem (SQFP), which seeks a common point within infinitely many sublevel
sets of quasi-convex functions. Inspired by the idea of a stochastic index scheme and Bregman projec-
tion, we propose a stochastic quasi-subgradient method with Bregman projection to solve the SQFP, in
which the quasi-subgradients of a random (and finite) index set of component quasi-convex functions
at the current iterate are used to construct the descent direction and employ the Bregman projection in
place of the Euclidean projection at each iteration. Furthermore, we introduce a notion of Holder-type
bounded error bound property relative to the Bregman projection and random control sequence for the
SQFP. Leveraging this property, we establish a global convergence theorem and quantify convergence
rates for the proposed algorithm. This paper reveals that the stochastic quasi-subgradient method with
Bregman projection offers both low computational cost requirement and fast convergence feature.

Keywords. Bregman distance; Convergence rate; Quasi-convex programming; Stochastic feasibility
problem; Subgradient method.

1. INTRODUCTION

Let I be an (finite or infinite) index set, and let C C R"” be a closed and convex set and
{fi : i € I'} be a family of continuous real-valued functions on R". The feasibility problem aims
to find a point x € R” such that

xe€C and fi(x)<0 foreachiel. (1.1)

This type of feasibility problems is at the core of the modeling of many problems in various
disciplines of mathematics and physical sciences, such as image recovery [9], wireless sen-
sor networks localization [18], radiation therapy treatment planning [11] and gene regulatory
network inference [33].
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When [/ is finite, problem (1.1) is the classical deterministic feasibility problem. In numerous
practical applications, the component functions involved in (1.1) are assumed to be convex, and
the corresponding problem is called the convex feasibility problem (CFP). Driven by its broad
applicability, significant efforts have focused on developing optimization algorithms for solving
CFPs. One of the most popular approaches is the classical projected subgradient method. Many
extensions on control schemes (cyclic/parallel/most-violated control schemes) and various con-
vergence features of projected subgradient methods have been devised and well explored. For
comprehensive discussions, we refer readers to [5, 11, 36] and references therein.

In applications such as robust stabilization, control systems, and integral equations, the index
set I in problem (1.1) is typically infinite, then the corresponding problem (1.1) is called the
stochastic feasibility problem [15, 32]. Classical projected subgradient methods are imprac-
tical here: parallel control schemes incur prohibitive computational costs, cyclic control fails
to complete even a single iteration, and identifying the most violated constraint becomes in-
tractable due to infinitely many inequalities constraints. To address these challenges, stochastic
subgradient methods!, inspired by the idea of stochastic index scheme [9, 28] in optimization,
have been developed for solving stochastic convex feasibility problems (SCFP), where each
component function in (1.1) is convex; see [25, 28, 32] and references therein. Notably, under
an error bound assumption, (1.1) established global convergence and a linear convergence rate
(with probability 1) for the stochastic subgradient method; Meanwhile, [25, 32] derived finite-
termination convergence theorems under assumptions of strong feasibility and distinguishable
feasible and infeasible points.

Previous studies primarily examine the feasibility problem (1.1) under the assumption of
convexity. However, convex functions are overly restrictive for many real-world applications
in economics, finance, and management science. In contrast, quasi-convex functions retain
key desirable properties of convex functions while offering a more accurate representation of
practical scenarios. A canonical example is the fractional function, defined as a ratio of technical
metrics (e.g., efficiency ratios), which is quasi-convex and widely applied across disciplines;
see [4, 34] and references therein. This versatility leads to a significant increase of studies in
quasi-convex optimization; see [4, 14, 17, 34] and references therein.

When [/ is finite and functions involved in (1.1) are quasi-convex, the corresponding problem
is called the quasi-convex feasibility problem (QFP), which was first introduced by Goffin et al.
[16] at a differentiable case. Censor and Segal [12] and Hu et al. [19, 22] proposed the pro-
jected quasi-subgradient methods with cyclic/parallel/most-violated/stochastic control schemes
to solve the non-differentiable QFP, and established their global convergence to a feasible solu-
tion of the QFP. When [ is finite and functions involved in (1.1) are quasi-convex, Li et al. [27]
proposed a stochastic quasi-subgradient method to solve the stochastic quasi-convex feasibility
problem (SQFP) and established its global convergence to a feasible solution of the SQFP with
probability 1.

Despite its utility, the projected subgradient method suffers from critical limitations inherent
to Euclidean projections; see, e.g., [1, 2, 10]. Specifically, the Euclidean projection disrupts the
algorithm’s descent property, frequently inducing a zig-zagging trajectory that slows conver-
gence. Moreover, the Euclidean projection could be computationally expensive if the feasible

'Randomized projection methods [15] can be understood as a special case of stochastic subgradient methods
with certain stepsize.
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set C is not simple. To overcome these limitations arising from the Euclidean projection, one
popular approach is to replace the Euclidean projection by the Bregman projection, which is
a proximal mapping on the subgradient-linearized function at current iterate with the Bregman
distance in place of the Euclidean distance. This approach retains algorithmic efficiency while
mitigating the drawbacks of traditional projections.

The Bregman subgradient method extends the projected subgradient method by using the
Bregman projection instead of the Euclidean projection. The history of the Bregman subgra-
dient method originates in 1983 from the mirror descent method proposed by Nemirovsky and
Yudin [29], which can viewed as a Bregman subgradient method with the Kullback-Leibler di-
vergence. Moreover, the Bregman subgradient method has several advantages: (i) it requires
only first-order information, (ii) for certain types of constraints and suitable Bregman distance,
it generates simple iterative schemes, and (iii) it exhibits a nearly dimension independent com-
putational complexity in terms of the problem’s dimension; see, e.g., [1, 2, 10]. Motivated by
these advantages of Bregman subgradient methods, their convergence theory and iteration com-
plexity have been well studied for constrained convex and quasi-convex optimization problems;
see [1, 2, 10] and references therein.

Inspired by the idea of stochastic index scheme [9, 28] and the Bregman projection [2, 10],
this paper aims to propose a stochastic quasi-subgradient method with Bregman projection (see
Algorithm 3.1) to solve the SQFP (1.1). In the proposed Algorithm 3.1, the quasi-subgradients
of a random (and finite) index set of component functions at the current iterate are used to con-
struct the descent direction and the Bregman projection is employed in place of the Euclidean
projection at each iteration. Contrast to the deterministic subgradient methods, the stochastic
quasi-subgradient method consumes much less computational cost at each iteration, and thus is
particularly attractive in applications with numerous objectives or constraints.

The major contribution of this paper is to establish the convergence theory, including the
global convergence theorem and convergence rate analysis, of the stochastic quasi-subgradient
method with Bregman projection for solving the SQFP (1.1). In particular, we first introduce a
notion of Holder-type bounded error bound property relative to a random control sequence and a
Bregman projection for the SQFP. Moreover, we use it to establish the global convergence of the
stochastic quasi-subgradient method with Bregman projection to a feasible solution of the SQFP
(1.1) with probability 1 (see Theorem 4.2) and to quantitatively estimate the convergence rates
(see Theorem 4.3). The established convergence theory extends most of existing convergence
results of subgradient methods for the CFP [5, Theorems 7.18 and 7.36], the QFP [19] and the
SCFP [28, Proposition 3]; see Remark 4.1.

The remainder of the present paper is organized as follows. In Section 2, we present the
notations and some preliminary lemmas which will be used in this paper. We propose a sto-
chastic quasi-subgradient method with Bregman projection to solve SQFP (1.1) in Section 3
and investigate its global convergence theorem and convergence rate theory in Section 4.

2. NOTATIONS AND PRELIMINARY RESULTS

Notations used in the present paper are standard in the n-dimensional Euclidean space R”
with inner product (-, -) and norm || - ||. For x € R" and r > 0, we use B(x, r) to denote the closed
ball centered at x with radius r, and use S to denote the unit sphere centered at the origin. For a
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convex set Z C R" and x € Z, the normal cone of Z at x is defined by
Nz(x) :={y e R": (y,z—x) <0 forany z € Z}.

As usual, we use R’} and R, to denote the nonnegative orthant and the positive orthant of R,
respectively. The positive simplex in R™ is denoted by A’ that is,

AT ::{16R$+:Z?Li:1}.
i=1

Moreover, we use the notation that a™ := max{a,0} for any a € R, define the positive part
function of f: R" — R by

fT(x) == max{f(x),0} foranyxcR"

and adopt the convention that 8 = 0 and U;cgl; = 0 for any family of index sets {/;}.
A function f : R" — R is said to be convex, ¢-strongly convex and quasi-convex if

flox+(1—a)y) <af(x)+(1-a)fQ),
flox+(1=a)y) < af () + (1= a)f(y) - 3 el =) [x— % and
fla+(1-a)y) < max{f(2). ()},

respectively, for any x,y € R” and a € [0, 1]. The sublevel sets of f at x are denoted by
levi(x):={y eR": f()) < f(x)} and lev}(x):={yeR": f(y) < f(x)}.

A convex function can be characterized by the convexity of its epigraph, while the geometrical
interpretation for a quasi-convex function is characterized by the convexity of its sublevel sets.

Proposition 2.1. f: R" — R is quasi-convex if and only if levf (x) (and/or leV? (x)) is convex

for each x € R".

2.1. Quasi-subdifferential. The subdifferential of a quasi-convex function plays an important
role in quasi-convex optimization. Several specific types of subdifferentials have been intro-
duced and studied for quasi-convex functions, defined using the “normal cone” to the level sets;
see [3] and references therein. In particular, Kiwiel [24], Censor and Segal [12], and Hu et al.
[19, 21] utilized a quasi-subgradient for developing quasi-subgradient methods.

Definition 2.1. Let #: R” — R be a quasi-convex function, and let x € R”. The quasi-subdifferential
of h at x is defined by

d%%(x) = Niev= (x) (x) ={g:(g,y—x) <Oforanyy € lev; (x)}.

It was shown in [21, Lemma 2.1] that each quasi-convex and upper semicontinuous function
has a nontrivial quasi-convex subdifferential; particularly, ?¢ f(x) contains at least a unit vector
since it is a normal cone to its sublevel set. From Definition 2.1, the quasi-subgradient is not
easy to calculate via estimating a normal vector to the level set. Alternatively, [10, Proposition
3] provides a practical approach for calculating a quasi-subgradient by computing the gradient
at a differentiable point, or the limit of gradients close to a nondifferentiable point.

The notion of Holder condition has been widely used in economics and management science.
In particular, the Holder condition of order 1 is reduced to the Lipschitz condition.
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Definition 2.2. Let 0 < 8 < 1 and L > 0. The function f : R” — R is said to satisfy the Holder
condition of order 8 with modulus L on R" if

F) = FG) < Llx—y|P  foranyx,y € R".

The Holder condition was used to provide the following fundamental property of the quasi-
subgradient in [26, Proposition 2.1] and [19, Lemma 2.1], which plays an important role in the
establishment of a basic inequality in convergence analysis of subgradient-type algorithms for
quasi-convex optimization; see, e.g., [19, 21].

Lemma 2.1. Let f : R" — R be a quasi-convex and continuous function, and C be a closed and
convex set, and let S:={x € C: f(x) <0}. Let 0 < B < 1 and L > 0, and suppose that f satisfies
the Holder condition of order B with modulus L on R". Then for any x € S and 'y € C\ S, it
holds that

fO) <L(gy—x)P  foreach g€ d2f(y)NS.

The following two lemmas are useful in the convergence analysis of subgradient methods.
Lemma 2.2 ([23, Lemma 4.1]). Let Yy > 1 and a; > 0 fori=1,--- ,n. Then it holds that
) Yoa| <Yad<|Yal .
i=1 i=1 i=1
Lemma 2.3 ([31, pp. 46, Lemma 6]). Let r > 0 and b > 0, and {u;} C Ry be a sequence of
nonnegative scalars such that
Uy < ug— bu,i“ for each k € N.
Then it holds that 1
up <ug (1 +rupbk)”r  foreach k € N.

2.2. Bregman distance. Bregman distance is a type of non-Euclidean distance-like functions,
which has been widely used in the type of Bregman subgradient methods [1, 2, 10]. Let ¢ :
R" — RU {4} be a Legendre function and C C R” be a closed and convex set with non-
empty interior, satisfying the following conditions.

(a) @ is proper, lower semicontinuous and convex with dom ¢ C C and domV¢ = intC.
(b) @ is o-strongly convex and continuous on dom @, and continuously differentiable on intC.

Associated to the kernel @, the Bregman distance Z : R" x R” — R, U {+oo} is defined by

. (P(X)—(P(y)—<V§D(y),x—y), VXEC,yeintC»
Tplx,y) 1= { +-o0, otherwise. .1

By the strong convexity of kernel ¢, one has that
c
Dp(x,y) > EHx—sz forany x € C,y € intC. (2.2)

Moreover, Bregman distance Z,, enjoys a remarkable three point identity [13, Lemma 3.1] that

Do(2,y) + Do(y,x) = Dp(2,%) = (Vo (x) = VO (y),2—). (2.3)
The Bregman distance from a point x € R" to a set Z C R" is defined by
Do(Z,x) := inf I, .
(P( ,X) ZHGIZ ¢(Zax)
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Example 2.1. Separable Bregman distances are the most commonly used in the literature. In
detail, when C := []_, C; is of separable structure, the Legendre function is written as

n

o(x) =) 0(x),
i=1

where 6 : R — R U{+oo} satisfies conditions (a) and (b) on C;. By the separable structure and
(2.1), one has Zy(x,y) = Y.i'| Zo(xi,yi). Several popular Bregman kernels are described as
follows, as well as the generated Bregman distances. In particular, the Euclidean distance, the
Kullback-Leibler divergence and the Itakura-Saito divergence are Bregman distances generated
by the energy, the Boltzmann-Shannon entropy and the Burg entropy, respectively.

(i) Energy: 0(1) 1= 31°, Zp(x,y) = 5/lx— | |

(ii) Boltzmann-Shannon entropy: () :=tlogt, Zp(x,y) = L1 X log)yi; —Xi + yi.
(iii) Burg entropy: 6(¢) := —logt, Zp(x,y) = Y1, log% + )yi: —1.

(iv) Fermi-Dirac entropy: 6(¢) :=tlogt + (1 —1)log(1 —1), Zy(x,y) = Z?zlxilog’yiﬁ +(1—

x,)log1 —
(v) Hellinger dlstance: 0(t) :i= —V1—12, Dp(x,y) =X, 2 lx’y’ \/1—x2.
vi

(vi) £, quasi-norm: 0(t) := —t” with p € (0,1), Dy (x,y) = X1 —xF 4+ (1= p)y? + pxiy! ™

-1
(07 1) @@(_x y) n lpyf (xi—yi)_(xf_yl[’).

(vii) Fractional power: 0(t) := 2~ 2

p
I-p

Given Bregman distance %, and a closed and convex set V, the Bregman projection mapping
Py R" x R" — R" is defined by

Py (g,x) = argmi‘lll (8,2) + Dyp(z,x) foreach g e R" x €intC. (2.4)
z€

Thanks to the property of Bregman kernel ¢, &y (-,-) is well-defined and is a single-valued
mapping with images in intC (see also [2]). For some choices of ¢ and V' (such as the polyhe-
dron and the nonnegative orthant), the Bregman projection mapping (2.4) can be computed via
a closed formula; one can refer to [1, 2, 10] for detailed examples. The following proposition
recall some useful properties of the Bregman projection mapping.

Proposition 2.2 ([20, Proposition 2.2]). Let x € intC NV and g € R". The following assertions
are true.
1) Py (0,x) =x.
(i) (g+Vo(Py(g,x))—Vo(x),z— Py(g,x)) >0 foreachz€V.
(iii) oflx— Pv(g.x)|* < (8,5~ Py(g:x)).
(iv) olx—Zv(gx) < llgll

3. STOCHASTIC QUASI-SUBGRADIENT METHOD WITH BREGMAN PROJECTION

This section aims to propose a stochastic quasi-subgradient method with Bregman projection
to solve the stochastic quasi-convex feasibility problem.

3.1. Stochastic quasi-convex feasibility problem. Let / be an infinite index set, and let {f; :
i € I'} be a family of quasi-convex and continuous (possibly nondifferentiable) real-valued func-
tions defined on R”, C C R" be a closed and convex set with non-empty interior and V C R" be a
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closed and convex set. In the present paper, we consider the stochastic quasi-convex feasibility
problem (SQFP) that is to find a feasible point x € R such that

xeCNV and fi(x) <0 foreachiel. (3.1)

Let (I,.%,Pr) be a complete probability space. By the formulation given in [15], an equivalent
representation of the SQFP (3.1) can be written as finding a point x € R such that

Pri{wel:xeCNV, fp(x) <0})=1.

When [ is a finite index set, the SQFP (3.1) is reduced to the classical QFP [12, 16, 19].
As usual, we assume throughout the whole paper that the SQFP (3.1) is consistent, i.e., the
solution set of the SQFP (3.1) is nonempty:

S={xeCnV: fi(x) <0,Yiel} #0.

Moreover, we always assume that each component function of the SQFP (3.1) satisfies a Holder
condition as in the following assumption.

Assumption 3.1. For each i € I, f; satisfies the Holder condition of order f; € (0, 1] with mod-
ulus L; € (0,+0) on C. Moreover, we assume

Bint :=inf B; >0 and Lgp:=supL; < oo.

iel icl

3.2. Stochastic quasi-subgradient method with Bregman projection. One of the most pop-
ular and practical optimization algorithms for solving the feasibility problem is a class of sub-
gradient methods; see [5, 12, 19, 36] and references therein. However, for the SQFP (3.1) where
the index set / is infinite, the typical deterministic control schemes in the classical subgradient
method are not implementable, e.g., the parallel/cyclic/most-violated controls consume expen-
sive computational cost because of the infinite inequalities constraints.

To conquer the obstacle of numerous objectives or infinite constraints in application prob-
lems, the idea of the stochastic index scheme is increasingly popular and extensively used for
optimization problems with a large number of component functions [6] or a large number of
constraints [28]. A typical and very popular example is the stochastic gradient descent (SGD)
algorithm in machine learning [9], in which only one component function is randomly selected
to construct the descent direction at each iteration. It was pointed out in [19] that the stochas-
tic control enjoys both advantages of low computational cost requirement and low (worst-case)
iteration complexity.

In order to execute the idea of stochastic index scheme, the random control sequence is
recalled from [25] as follows.

Definition 3.1. Let (Q,.%,Pr) be a given probability space. The sequence {/;} is said to be a
random control sequence in I if [ : Q — 27\ {0} are independent and identically distributed
(set-valued) random variables on (Q,.7,Pr) with M :=  sup |[(®)| < ce.
weQ kEN

The projected subgradient method suffers from several disadvantages arising from the Eu-
clidean projection, e.g., the Euclidean projection destroys the nice descent property and often
lead to a zig-zagging effect, resulting in slow convergence. To avoid these drawbacks of the
Euclidean projection, one popular approach is to replace the Euclidean projection by a Breg-
man projection, which enjoys several advantages: (i) it requires only first-order information,
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(i1) for certain types of constraints and suitable Bregman distance, it generates simple iterative
schemes, and (iii) it exhibits a nearly dimension independent computational complexity in terms
of the problem’s dimension; see, e.g., [1, 2, 10, 20].

Integrating the idea of stochastic index scheme [9, 28] and employing the Bregman projection
[10, 20] into the quasi-subgradient method [12, 19], we propose the following stochastic quasi-
subgradient method with Bregman projection to solve the SQFP (3.1). In particular, the quasi-
subgradients of a random index set of component functions are selected to construct the descent
direction at each iteration, and the Bregman projection is employed in place of the Euclidean
projection. Recall that {(f;,L;)} are the parameters given in Assumption 3.1.

Algorithm 3.1. Select an initial point x; € CNV and a sequence of stepsizes {vy} C (0,+co)
satisfying

O<v<vw<v<o, (3.2)

and generate a random control sequence {I;.} in I. For each k € N, having x; € R", we obtain a
stochastic index set I (@) C I, select weights { Ay.i}icy, (w) © AKk(w)‘, calculate gy ; € 99 fi(x;) NS
foreach i € I (®), and update xi. | by

+(x)\ B
M) 8k,i» Xk (3.3)

X1 =Py v Y 7Lk,i< 7
1

ie[k(w)

Remark 3.1. Algorithm 3.1 provides a unified framework of stochastic subgradient methods
for feasibility problems, either deterministic or stochastic, either convex or quasi-convex.

(i) When I is finite and {/; } is single-valued and the Bregman kernel is selected as the energy
(see Example 2.1(i)), Algorithm 3.1 is reduced to the stochastic subgradient methods for solving
the CFP [32] and the QFP [22].

(i1) When [ is infinite and the Bregman kernel is the energy, Algorithm 3.1 is reduced to the
stochastic subgradient methods for solving the SCFP [28] and SQFP [27].

The main computational task in Algorithm 3.1 is the Bregman projection mapping (2.4). As
mentioned above, for some choices of ¢ and V, the Bregman projection mapping (2.4) can be
computed via a closed formula, and thus the resulting Algorithm 3.1 is particularly attractive;
one can refer to [1, 2, 10, 20] for the detailed examples. Moreover, it is clear by (3.3) and
Proposition 2.2(i) that

the sequence {x;};~ will terminate at x; whenever it enters S. (3.4)

4. CONVERGENCE ANALYSIS

This section is contributed to the convergence analysis of the stochastic quasi-subgradient
method with Bregman projection. To guarantee the convergence property of Algorithm 3.1, we
shall assume the following condition on the weights {A ;}; see [5, Remark 3.13] and [27]. A

1

natural example is the naive weights, i.e., A4 ; = T @)] for each i € [ (®).

Assumption 4.1. There exists i > 0 such that min;c;, () Mi > uforany o € Q and k € N.
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4.1. Basic inequality. The basic inequality shows a significant property and plays a key tool
in convergence analysis of subgradient methods. The basic inequality of Algorithm 3.1 is pre-
sented in the following lemma, which is able to derive some basic properties of the stochastic
quasi-subgradient method with Bregman projection.

Lemmad.l. Letx € S, ® € Q, and let {x;.} be a sequence generated by Algorithm 3.1. Suppose
that Assumptions 3.1 and 4.1 hold. Then the following assertions are true.

(1) It holds for each k € N that

2

Do (X, Xk41) < Do (x,x) — v <1 - _) uLsuﬁ"” Y () (4.1)

ich(w)
(i) {Zy(x,xx)} is monotonically decreasing, and hence {x;} is bounded.
(i) Ty Ko (57 ) =0
Proof. (1) Fix k € N. We will claim that

+
f—<x")) h . 4.2)

L;

Dy (%, %141) < D (X, X1) — Vi (1 - vg’f) Y A <

iclh(w)

Granting this, (4.1) directly follows by (3.2) and Assumptions 3.1 and 4.1, and thus assertion
(1) is proved.

To show (4.2), without loss of generality, we assume that x; ¢ S; otherwise, f;(x;) = 0 for

each i € I, and thus, (4.2) is satisfied automatically by (3.4). By the three point identity (2.3)
and due to the fact that Z, > 0, we have

Do (x,%011) — Do (x,xx) = =D (Xu1,%%) + (x — X411, VO (i) = VP (xp1))
< (=21, VO (o) = VO (xis1)) (4.3)

1
+ B
< Vi Z Aki (fl (xk)) (8kinX — Xk41)s

i€l (o) Li

where the last inequality follows from (3.3) and Proposition 2.2(ii). Due to Assumption 3.1 and
the fact that g; ; € S, we obtain by Lemma 2.1 that

1
Tix)\ B
<gk,i7xk_x> > <¥) )
and then
1 2
+ Bi + Bi
¥ () = ¥ oau(B)" @.4)
lEIk ) l iEIk((D) !

Due to the fact that gz ; € S again, we obtain by Proposition 2.2(iv) that

+
Vi X
(8kis Xk = Xic1) < [l = X [| < — Z ;Lkl< i ( )) ,
o . L;
i€l (o)
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and hence
i i\ 2

+ B e\ F
Z llgi(fll(jck)) <gk,i,xk_xk+1>§vé_( Z At (fz ))

iEIk((D) lEIk

Sm} "y ( (, >)

(thanks to { A }icy (o) € AK"(w)‘ and the convexity of || - ||?). Combining this with (4.4), (4.3) is
reduced to (4.2), as desired.
(i) (4.2), together with (3.2), shows that the sequence { Z,(x,x)} is monotonically decreas-
ing, and hence is bounded. Consequently by (2.2), {||x; — x|} is bounded, and so as is {x; }.
(iii) It follows from (4.1) and (3.2) that

S 2 1 e
Z Z( ) f+ Xk )B < v(l——L)‘u,Lfl]fg .@(P(x,xl) < o
k=liel; = c

A [=

2
This shows that limy_,e ¥c7, () (fi (x%)) P = 0. The proof is complete. O

The error bound property [30] plays an important role and has been extensively used in con-
vergence analysis of various numerical algorithms; see [8, 28, 19, 35] and references therein.
Below, we introduce a notion of the Holder-type bounded error bound property relative to a
Bregman distance and a random control sequence for the SQFP (3.1). In particular, associated
with the random control sequence {/; }, the sigma-field {.%; } records the history of the method,
that is,

Fr={x,1(®),....Ir_1(w)} foreach k€ N. 4.5)
Definition 4.1. The SQFP (3.1) is said to satisfy the Holder-type bounded error bound property

of order p > 0 relative to the Bregman distance %, and the random control sequence {I;} if,
for any r > 0 such that SNB(0,r) # 0, there exists 1 := 1(r) > 0 such that

Z5(8,x) < nE{ Z fi‘L(x)L%{} forany x e CNVNB(0,r) and k € N. (4.6)
iEIk((J))

Remark 4.1. In the case when [ (@) = { @} is single-valued and the Bregman kernel is selected
as the energy and p = %, the error bound property (4.6) is reduced to [28, Assumption 2]:

dist(x,S) < nE{fg, (x)|.F} foranyxeCandkeN, 4.7)

which was used in [28] to explore the stochastic subgradient method for the SCFP. Clearly,
the Holder-type error bound property of order p > % extends and loosens the condition (4.7),
because the larger the order p, the less restrictive the condition.

To establish the convergence theory of the stochastic quasi-subgradient method with Bregman
projection, we shall assume the Holder-type bounded error bound property on the SQFP (3.1).

Assumption 4.2. The SQFP (3.1) satisfies the Holder-type bounded error bound property of
order p > % relative to the with Bregman projection , and the random control sequence {/; }.
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By virtue of the basic inequality (4.1) and the Holder-type bounded error bound property, we
provide the basic inequality in terms of conditional expectation for Algorithm 3.1.
Lemmad4.2. Let x € S, and let {x; } be generated by Algorithm 3.1 and {.%; } be defined by (4.5).

_ _2
Suppose that Assumptions 3.1, 4.1 and 4.2 hold, and let p := y(l — g) umM (nMLsup) Punt ,
Then there exists N € N such that the following basic inequality holds

2p
E{ Dy (x,x141)|Fk} < Dop(x,x) — P .@(g“‘f (S,xx) foreachk>N. (4.8)

Proof. By assumptions made in this lemma, Lemma 4.1 is applicable, and hence (4.1) holds for
each k € N. Taking the conditional expectation of (4.1) with respect to ., it follows that

E{%(x,kaws%(x,xk)—z(l—g)m;?%{ Y (ﬁ@u)@%}. “9)

iEIk(CO)
Below, we estimate the conditional expectation term at the right hand side of (4.9). Indeed, by
2
Lemma 4.1(ii1), there exists N € N such that Zielk(w) ( fiJr (xk)) Bi <1 for each kK > N; conse-

quently, f;" (x;) < 1 for each k > N and i € I(®). Fix k > N, and note by Assumption 3.1 that
Bi > Bint for each i € 1. Then we obtain that

2 2
Y ) B =Y (T () Pt (4.10)
iGIk((J)) iEIk(O))
Noting by Assumption 3.1 that % > 1, we can apply Lemma 2.2 (with f;" (x;), % in place of

ai, Y) to achieve that

2

)} <,~+<xk>>ﬂmfz|1k<w>|l%< )3 f,-+<xk>) 2M1%< )} f,-+<xk>>

ielk(a)) iEIk((D) ielk(a))

(thanks to |Ix(w)| < M as in Definition 3.1). This, together with (4.10), implies that
2 1 Bint
Y, (f ()P = B Y S| -
iEIk( ) lEIk )

Then by the elementary of probability theory and the convexity of tﬁmf on R, (as o> 1), we
obtain that

]E{ ) (ﬂ*(xk))’%lﬁk} > M P ( Y fi+(xk>> | Zk

ielk(a)) ie[k(a))

1— 22 ﬁ
> M P [Eq Y ST ()| Z :
iEIk(CO)

Note by Assumption 4.2 that (4.6) is satisfied; this, together with Lemma 4.1(i1) and (4.9),
yields that

V

v 2 2
E{.@(p(x,xkﬂﬂﬁk} < 9(p(x,xk) -V (1 — E) uM (T[MLsup) Bing _@(gmf (S, x0).
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That is, (4.8) is shown to hold by the definition of p, and the proof is complete. U

4.2. Global convergence theorem. This subsection aims to establish the global convergence
theorem of the stochastic quasi-subgradient method with Bregman projection for the SQFP
(3.1). To this end, we recall the following supermartingale convergence theorem, which is
useful in the establishment of global convergence theorem.

Theorem 4.1 ([7, pp. 148]). Let {Yi}, {Zi} and {Wy} be three sequences of random variables,
and let { F} be a sequence of sets of random variables such that #;, C F. for any k € N.
Suppose for any k € N that

(a) Yi, Zy and Wy, are functions of nonnegative random variables in .7,

(b) ]E{Yk+1 ‘ yk} <Y, —Z+ W,

(C) Zzozl Wi < oo,

Then Y.;7 | Zy < o and {Y;} converges to a nonnegative random variable with probability 1.

By virtue of the basic inequality in Lemma 4.2 and the supermartingale convergence theorem,
we establish the global convergence theorem of the stochastic quasi-subgradient method with
Bregman projection as follows.

Theorem 4.2. Let {x;} be a sequence generated by Algorithm 3.1. Suppose that Assumptions
3.1, 4.1 and 4.2 hold. Then {x;} converges to a feasible solution of SQF P (3.1) with probability
1.

Proof. By assumptions made in this theorem, Lemma 4.2 is applicable to ensuring (4.8). Then,
2p

by applying Theorem 4.1 (to ||xx —x]||, p @gi“f (S,x¢), 0 in place of Yy, Z;, Wy), we obtain that

oo

2p
{|lxx —x||} is convergent and ) .@(gi“f (S,xx) < eo with probability 1.
k=0
Consequently, one has limy_,.. Z(S,x;) = 0, and then by (2.2) that limy_,., dist(x,S) = 0, and
hence {x;} has a cluster point x* € S, with probability 1. This, together with Lemma 4.1(ii) and

(2.2), shows that {x; } converges to x* € § with probability 1. The proof is complete. 0J

Remark 4.2. Theorem 4.2 shows the global convergence (with probability 1) of the stochastic
quasi-subgradient method with Bregman projection to a feasible solution of SQFP (1.1) under
the assumptions of Holder continuity and Holder-type error bound property. It extends [22,
Theorem 4.2] and [20, Theorems 3.1 and 3.4] to the infinite inequalities constraints situation
and the general stochastic control. However, a slight defect in Theorem 4.2 is that an addition
assumption of Holder-type error bound property is required to guarantee the global convergence
property. This is because the condition expectation on the second term of the right-hand side
of (4.1) can be estimated in finite inequalities constraints situation, but cannot in the case of
infinite constraints, without Assumption 4.2.

4.3. Convergence rate analysis. The establishment of convergence rate is significant in guar-
anteeing the numerical performance of relevant algorithms. This part is devoted to the conver-
gence rate analysis for the stochastic quasi-subgradient method with Bregman projection.

Theorem 4.3. Let {x;} be a sequence generated by Algorithm 3.1. Suppose that Assumptions
3.1, 4.1 and 4.2 hold. Then the following assertions are true.
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(i) If 2p = Bing, then there exist ¢ > 0 and t € (0, 1) such that

E {dist(x;,$)} < ct*  foreach k € N. (4.11)
(i1) If 2p > Ping, then there exists ¢ > 0 such that

_ :Binf
E {dist(x,S)} < ck 2®»=Put)  for each k € N. (4.12)
Proof. By the made assumptions, Lemma 4.2 is applicable. Let N € N and p > 0 be given in
Lemma 4.2, and fix k > N and x := argmin cg Zy(z,X¢). Then (4.8) is reduced to
2p
B{ Dp(S,501)|- Tk} < Do (S,30) — p D™ (S, 31). (4.13)
Taking the expectatlon on (4.13), we derive by the elementary of probability theory and the
convexity of tﬁmf on R, (as 2p > Bine) that
2p
E{%p (S, xk+1)} SE{Zp(S,xx)} —p (E{Py(S,x;)})nt  foreachk > N. (4.14)
(i) Suppose that 2p = Bin¢. Then one has by (4.14) that
E{%¢(S,xk+1)} < (1—p)E{Zp(S,xx)} foreachk>N.

Let 7:=+/1—p and c:= \/%kn}aXN{(l —p)*E{Zy(S,xx)}}. Then it follows from (2.2)

that
E {dist*(x;, )} < E{% (S,x¢)} <t foreachk € N.
This, together with the fact that

(E {dist(x,5)})* < E {dist*(xz,5) } , (4.15)
deduces (4.11), and thus assertion (i) is proved.
(ii) Suppose that 2p > Binr. Then, by applying Lemma 2.3 (with E {.@(p (S, xx } p, e I in

place of ug, b, r) to (4.14), we obtain by (2.2) that there exists ¢ > 0 such that

2 __ By
E {dist*(x;,S) } < EE {Dp(S,x)} < @Fai  for each k € N,
This, together with (4.15), implies (4.12). The proof is complete. U

Remark 4.3. (i) Theorem 4.3 quantitatively estimates the convergence rates of the stochastic
quasi-subgradient method with Bregman projection under some mild conditions. Particularly,
Theorem 4.3(i) shows a linear convergence rate for the stochastic quasi-subgradient method
with Bregman projection if each quasi-convex function in (3.1) is Lipschitz continuous and

the SQFP satisfies the error bound property with p = 2, that is Assumptions 3.1 and 4.2 with

2p = B;i = 1. Theorem 4.3(ii) exhibits a sublinear convergence rate &' (k 2(25*%9 ) for the SQFP
satisfying the general Holder continuity and Holder-type error bound property.

(i1) By Remark 3.1, Theorem 4.3 extends most of existing convergence results of subgradient
methods for feasibility problems. In particular, when [ is finite, Theorem 4.3 is applicable to es-
tablish the linear/sublinear convergence rates of subgradient methods for the CFP [5, Theorems
7.18 and 7.36] and the QFP [19]. When [ is infinite, Theorem 4.3 is able to show the linear
convergence rate of the stochastic subgradient method for the SCFP [28, Proposition 3].
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