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Abstract. In this paper, we revisit the Grushin operator Ag = (97 —|—x2k8y2),k > 1 and study various
geometric properties associated with the Grushin manifold. In particular, we employ a Beta function
formalism to derive the heat kernel for the step 2 Grushin operator Ag = %(af —|—x28y2). This approach
is novel and proves to be effective in the analysis of the Grushin operator. Furthermore, the results
presented here reaffirm existing findings in the literature.
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1. INTRODUCTION

In this paper, we examine the operator Ag = 3(9? +x28y2), which we refer to as the Grushin
operator with kK = 1. This operator was introduced in Chang-Riess [7]. Through several exam-
ples in that paper, we have become acquainted with the underlying sub-Riemannian geometry
associated with this subelliptic operator, known as Grushin manifolds. Based on these consid-
erations and by applying the Chow—Rashevskii theorem [10], we can ascertain that geodesics
exist between any two points on the underlying Grushin manifold. The primary objective of this
section is to first determine these geodesics using the Beta function formalism. Following the
algorithm outlined in [6] and [9], we then count the number of geodesics connecting any two
points and derive the heat kernel for Ag.

We begin our study with the Grushin operator for k = 1, as this case is not only more manage-
able but also benefits from extensive prior work by various authors in finding geodesic solutions,
counting the number of geodesics, and determining the heat kernel. Before applying the new
Beta function formalism, we first review these previous results from [3, 4, 6, 7], and related
references. This foundational understanding will allow us to apply the Beta function formalism
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effectively and demonstrate that our new method yields results consistent with those previously
obtained by Catlin, Chang, Greiner, Furutani, Iwasaki, Li, Tie, and others. We start by solving
for the geodesic solutions and show how they align with the results from [9] for the case when
xo = 0. Subsequently, we extend these findings using the Beta function method to arbitrary
starting positions xo 7# 0. Finally, we illustrate how to derive the heat kernel using this Beta
function approach.

2. REVIEW OF PREVIOUS RESULTS

In this section, we review previously obtained results for the Grushin operator with k = 1, as
presented in [5, 9], and other sources. Our discussion draws heavily from [3, Section 11.2] and
[4, Section 5.2].

2.1. Geodesics.

Definition 2.1. The Grushin operator Ag, also called the Grushin-Laplacian, with k =1 is
defined using the vector fields X; = dy, X» = xdy as Ag = 3 (X7 + X3) = (9?2 +x28y2).

This operator A is elliptic on R?\{x = 0} and subelliptic (and therefore hypoelliptic) on all
of R%. We sometimes therefore say that Ag is degenerate-elliptic on R?, with the degeneracy
occurring whenever x = 0, i.e. the y-axis, where the coefficient for &yz vanishes. This is also the
singular set S = {x = 0}. The degeneracy of the vector field X, can be physically interpreted as
telling us that when x = 0, motion in the y-direction is blocked. An important property that we
will utilize is that the vector fields X; and X, are invariant under translations of the y variable.
However, we do not have the same type of invariance for translations of x due to the coefficient
of 8y2. Consequently, throughout this chapter, we will assume a starting point of yp = 0 to
leverage the y-translation invariance. As mentioned above, since [X;,X,] = dy, the bracket-
generating condition is satisfies and so by Chow’s theorem we know that every pair of points
in R? can be joined by a piecewise smooth curve ¥(s), moreover geodesics which are given by
the Hamiltonian system, whose tangent vectors J(s) at a point along the curve can always be
written as a linear combination of X;,X>. We thus can find these geodesics connecting any two
points (xg,yo) and (x1,y;) by studying the Hamiltonian associated to the Grushin operator:

H(x0§,0) = 5 (£ +26%)

where £, 60 are the momenta associated to the the coordinates x,y. The geodesics connecting
points (xp,yo) and (x,y;) are the projections on the (x,y)-plane of the solution of Hamilton’s
equations:

X=Hg =¢,

y=Hp = 0x",

é = _Hx = _62x7

6 = —H, =0 = 0 is constant along geodesics,

with boundary conditions: x(0) = xp, y(0) = yo, x(1) = x;, y(1) = y;. The derivative is with
respect to the parameter time, which we will denote using s, i.e. X = dx/ds and x(s = 0) = xo.
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We are interested in solving for the (normal) geodesics, i.e., solving this set of differential
equations. We summarize the following previous results for Ag with k = 1 in [3] and [9]:

(1) Case 1 - Horizontal lines: For any two points (xp,yo) and (x1,yo) on the same hori-
zontal line y = yy, i.e., y; = y1, there exists only one geodesics connecting them given
by:

x(s) = s(x; —x0) + xo,
¥(s) = yo,

for s € [0, 1].

(2) Case 2 - On the y-axis: Let (xo,y0) = (0,0) and (x1,y;) = (0,y;) with y; > 0. Then
there exist (countably) infinitely many geodesics connecting the two points (0,0) and
(0,y; > 0), given by:

Xm(s) = \/%sin(mﬂs),

Ym(s) = y1 (s— Smgn—mﬂm)) ,

where m = 1,2,3,... € N labels the geodesic and 0 = 6,, = mm. The mth geodesic has
length ¢, = \/2mmy,. Note that lim,;, o £,,, = oo.

(3) Case 3 - Arbitrary geodesics: For arbitrary boundary conditions x(0) = xp, y(0) = yo,
x(1) =xp, y(1) = y; gives us geodesics:

x(s) = xp cos(Bs) + 1=0%(0) in (gys), 2
2[20s+sin(26 - 6 205—sin(26 - )] .
y(s) = o + SEERCO | (s1genlo) ) 200-a009)  soacalOl i),

We can use these relations to count the number of geodesics. We have the following

sub-results:
(a) Case 3a - Connecting to the y-axis: (Theorem 11.2.4 in [3]). Let x; # 0, then there
are only finitely many geodesics connecting the points (0,yg) and (x; # 0,y;). The

Note: In the Riemannian setting, we do not need to distinguish between the characteristic curves of the Hamil-
tonian H and the minimizing geodesics, in the sub-Riemannian setting we do. This is because we can have normal
geodesics, which are the solutions of the Hamiltonian system. All normal geodesics are locally length minimizing.
However, the converse of this statement is not true. In the sub-Riemannian setting, there exist length-minimizing
geodesics that are not normal, i.e., solutions to H, which we call abnormal geodesics. This was first pointed out
by Liu and Sussmann [13]. However, we can constrain the set on which the abnormal geodesics lie. Namely,
on the set of regular points M\S, the manifold is Riemannian and the local existence and uniqueness of geodesics
holds. Furthermore, we know that on M\S, all locally length-minimizing curves are normal geodesics. As a result,
all abnormal geodesics must be contained in the singular set S. Furthermore, we can show that the uniqueness
property of geodesics fails when we want to connect two singular points. There could be multiple, even infinitely
many geodesics, connecting two singular points. As a result, the solvability of the operator Ay = %ZiXiz might
not hold on the set S. For example, the k = 1 Grushin operator A; defined above is not solvable along the set
S ={(0,y);y € R}. Thus, we know that the non-solvability of an operator is connected to the geodesics induced
by the geometry of the vector fields X;.
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geodesics are given by:

_ sin(6s)
Xin(s) = sin(6,,) &L
x2(0,,5 — Lsin(26,,s
ym(s):y0+ l(m 2 ( m))’

25in(6),)

where m € {1,2,...N} and 6,, is a solution to M = u(0), where u(z) =

1
m —cot(z).

(b) Case 3b: (Theorem 11.2.5 in [3]). Let xpx; # 0. Then there exist only finitely
many geodesics connecting (xg,yo) and (x1,y1).

2.2. Heat Kernel. We summarize the action and heat kernels found in [4] and [9]. The heat
kernel of the Hermite operator %8)62 — %ézxz is given by (Theorem 3.16.1 in [4]):

¢
K()C(),x l) 1 gt e—zi,m{ét)((x2+x(2))cosh(§t)—2xxo)’ >0,

V2t \| sinh(&r)

which implies from the x-component of the geodesics given by solutions to the associated
Hamilton’s equations (Equation 3.16.54 in [4]):

- h(at
)%(()f”)(a) sinh(as) 4 xo cosh(as).

x(s) =

From the associated classical action (Equation 3.16.56 in [4]), one has

S(xp,x3) =

sinh(ar) ((x* +x5) cosh(at) — 2xxg) -

The heat kernel v of the Grushin operator Ag = (92 +x28y2) is then given by:

1 ) 1 él‘ ( 21 x2) cosh(Er)—2xx, )
X.V: _ lyé 21 smh(ét) ( O) (5 ) 0
v( ,y,t) 27 /e (\/2_ Tt SlIlh(él)e dé

— ;/2\/_/ T ei(ytfl/zrl/z—%(xz—ﬁ—x%)’rcothl’) dt
(2m) tJ \ sinht ’

where we set T = &r. Since this integral is not expressible in terms of elementary functions,
one says the heat kernel of the Grushin operator is not of function type, and it is therefore
convention to set f(xo,x,y;T) = —iyt + 5 (x> +x3)Tcoth T+ —xxg as the modified complex

sinh T
action and V(7) = / =, the volume element. Thus, the heat kernel of the Grushin operator
can be written as:

l —J{X0,X,V,
v(x,y;t) = m/e feoxyD/ty (TydT, 1> 0.
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4 232), with a
dx? >

constant, called the Hermite operator. The associated Hamiltonian is given by H(p,x) = % P’ —

%azx2 and the Hamiltonian system of equations is

2.2.1. Finding the Hermite Operator. We consider the operator L = % <

x=H,=p,

p=-— x:azx.

The geodesic between x( and x within time ¢ satisfies

X = azx,

x(0) = xo, x(t) = x. (2.1)

The solution is

_ x—xpcosh(at)

x(s) = sinh(ar) sinh(as) +xg cosh(as). (2.2)
The Lagrangian associated with the previous Hamiltonian is
1 1
L(x,%)=pi—H = §x2 + Eazxz. (2.3)

Integrating the solution (2.2)) along the Lagrangian (2.3) and performing the same computations
as in [4, Sect. 7.8] yields

S(xo,x;t) = ((¥* +x5) cosh(ar) — 2xxp) .

sinh(ar)

There is an alternate way of finding the action using the Hamilton—Jacobi equation. The con-
servation of energy law for (2.1) is %xz — %azx2 = E, where E is the energy constant. This can

also be written as

dx _ 2E +a’x? = dx =

ds V2E + a2x2
Integrating between s = 0 and s = ¢, with x(0) = x¢ and x(¢) = x, and solving for the energy
yields

ds.

a*(x—xgcosh(at))> 5

k= sinh(ar)? —a
The Hamilton—Jacobi equation becomes
S = —H(x.$) = sinl:l(at) (%(xz +x%)COSh(at) —xxo) '
Hence,
S(xo,x3t) = 0 (l(x2 +x2) cosh(at) —xx0> . 2.4)
sinh(ar) \ 2

Since 928 = acoth(at) is a function of ¢ only, the transport equation becomes

V(1) + %acoth(at)V(t) =0.
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Integrating, we obtain the solution

c
V(t) = ———— 2.5
2 sinh(ar)’ ()

where c is a constant which will be determined later. Using (2.4) and (2.5), we obtain the fun-

a 2,2 . _
damental solution K =V (t)e™ as K(xo,x;t) = #(Z)e 2sinh(ar) (62 453) coshar) 21y In order to
sin|(a
determine the constant ¢, we write
K(xo,x;t) _ c eﬁh(m) ((x2+x%)cosh(at)72xxo) .
sinh(at)

1 2 . .
Since at/sinh(at) — 1 for a — 0, we can write K (xg,x;) ~ Wef(x %)” By comparison with
the fundamental solution for the usual heat operator ;axz, we obtain ¢ = v/2x. To conclude, we
have the following result:

2 .
Theorem 2.1. Let a be a constant. The heat kernel for the operator % (% — a2x2> is

x (x*+x3) cosh(at) —2xxo)
Y

K (x0,x;1) e ~ % b t>0.

\/27z smh (at)

Using the substitutions a = —i® and cosh(iwt) = cos(®t) and sinh(2iwr) = isin(2wt), w
see the following corollary.

Corollary 2.1. Let a be constant. The heat kernel for the operator % (% + a2x2> is

1 2at 2
K (x0,x;1) e s iy (0 +x°)cos(2m)72xx°), t>0.

\/271: sin( 2at

3. BETA FUNCTION FORMALISM FOR Ag WITH k = 1

3.1. Geodesics for General xy # 0 in Beta Function Form. Let us now apply the Beta Func-
tion Formalism to the Grushin operator Ag = 3(9? +x28y2) to find the geodesics solutions.
Recall that the Hamiltonian, i.e., principal symbol, associated to Ag is: H(x,y,&,0) = (&2 +
x*6?). Hamilton’s equations, which give us our normal geodesics solutions, are

y=6x7,
é = _92)(',
6=0.
We see that the equations partially decouple to give us the equation for x: ¥ = 5 = —0%x. As

a result, we can use the energy method by defining the energy to be: E = 5x2( )+ %szz (s).
Rearranging, we find

dx
7 =/2E — 62x%(s) = s—/ \/W (3.1)

This is the famous energy integral which for higher £ will in fact be an elliptic integral and not
expressible in terms of elementary functions. However, for kK = 1 as in our case, this integral can
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easily be expressed in terms of trigonometric functions (see [4, 5, 9]). However, to illustrate the
basics and the power of the Beta function formalism which we will then apply to the arbitrary &
case in subsequent parts of this series, let us express this integral in terms of the incomplete Beta
function defined as B(x; a,b) = [51~! (1 —¢)>~!dr. Note that we could express the integral
(3.1) in terms of other special functions. We will do this in Section 4; however, we can see that

we will quickly run into issues if we do so. Hence, we can rewrite (3.1) as:

dx.

/xl dx 1 /xl 1
S = g
xo \/2E — 02x2 (S) V2E Jxy ] 1— 0%x2

2E

From u = \}92%’ one has du = \/%dx and uy = % gives

s—l/u1 ! du—l ul(uz)o(l—uz)*l/zdu
_9 uop \/1—M2 _6 uo .

2
Using the substitution u?* =t, we have dr = 2udu, u(z) = (\%%) =1tpand

L@ g L)
- AUV /2 :_/ 112
S=55 . u (1—¢)""/=dt 26 ), <u2)l/2( 1)t
1

151 1 1
_ /201 _N\—1/2 4, _ / 12171 _ 1/2—1
= t 1—1t dt = t 1—t¢ dt
26 ), (L—1) 26 ), (L—1)

= 5 By, (1/2,1/2) — By, (1/2,1/2)].

Plugging our expressions for #y and ¢, we find

1 1 1 1 1
5=y [Boa (11 By (1.

2F 2E

(3.2)

It is relativity straightforward to reduce this result to results in Section 2 by using certain iden-
tities relating the Beta function to trigonometric functions. We will do this in Section 3.2. For
now, let us solve for x = x; in equation (3.2). We can do this by using the inverse incomplete

Beta function as follows:

BQZX% (%7%) = 29S+B92x(2) (%7%)7

2F 2E
2.2
- 1 1.\2°2/»
2E 20s+B 92x(2) (E’E)
2F
2E
— - 11
X1 = B (i,i)

n2 11
02 29S+Bez)% (E,z)
2F

Hence, the x-component of the geodesics solutions can be parametrized as

2E

928 11

0% 20s+B 92x(2) (272)
2E

)

=

Y

=

x(s) = (

(3.3)
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To obtain the y-component, we can use y(s) = 0 [ x*(7)d. Plugging (3.3) into the integral for
y(s), we obtain

yis)=6 [ g (

92 11 9 11
o 6 29”392)%(2@) 0 Jo 29”392)%(272)
2E 2E

_2E [

)dt = (

Y

,3)dT.

=
=
D=

Using the substitution u =267+ B (3,%) with du = 26dt and ug = By (3,%) and uy =
2 2
205+ B2 (3,%). the integral becomes:

2F

2E 5

n B 11

0 0 207t+B 92,% (EE)
2E

E [ __
(4. 5dae =25 [ BG du

uo

We can evaluate this by recalling the formula for the integral of the inverse incomplete beta
function: [ B;'(a,b)dz =By 1, (a+1,b)+c

E | “ E
—— |B 14,1 —— |B 11, -8B 14,1
62 | B;l(%,%)(Z 2)LO 02 { B;l‘(%,%)(z 2) Biol(%v%) (2 2)
=57 By 11, (L) =B, 11, (3+13)
B 11.(22) B 11.(22)
295+392x2(§'§> BBZXZ(E’Z)
L 2E0 2E0
_E B i1 1B Tyl
=92 | " . (%7%)(2+ 3) ~Bpa (3+1.3)
20s+B 02,2 (z §> 2E
i "
Hence, the y-component of the geodesics can be parametrized as
E 1 1 1 1
Y($) = g3 | By a1 (GH1L2) = Beg (3+1:3) (3.4)
11°2°2 2E
20s+B 02,2 (2,2)
o

Thus we can state the following theorem.

Theorem 3.1. Geodesics of Ag for k = 1 with Arbitrary xy in Beta Function Form. Using the
Beta function formalism, we find that the geodesic solutions to the Grushin operator Ag with
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k =1 and arbitrary starting point xqy are given by:

2F B

n2 11

0 29S+B% (z,z)
2E

x(s) =

y(s)=—5 | B
29?+392 2 (5, 2)
ZEO

3.2. Recovering Previous Results for xo = 0. In this section, we aim to reduce the parametriza-
tions of the x- and y-components, equations (3.3) and (3.4), in terms of the Beta functions found
in Section 3.1 to the previously obtained results in Section 2. Therefore, let us begin by reduc-
ing the x-component first. Rather than beginning with equation (3.3), it is easier to work with
the uninverted version of equation (3.2):

=15 {Bezx;(%,%)—Bezxg(%,%)] : (3.5)

2E 2E

We can recover previous result in [4] by using the identity:

1
/ % =sin~" (x/a) = 3B2/2(1/2,1/2) +c
ac — X

Applying this identity to (3.5), we obtain s = % [arcsin \/%)q — arcsin \/%xo} . Rearranging by
solving for x|, we have

V2E
x| = 0 sin (s@ + arcsin

0
\/EX()) . (3.6)

Given that ¢, = \/2tmy; = /2E and 0 = m, we see that the coefficient in front of the sine is:

/2E \/27tmy1 2y1

As a result, if we further set xo = 0, we obtain x,,(s) = \/% sin(smm). This is precisely the
result obtained in [3] as Equation (11.2.10). Now, to reduce the y-component of the geodesics
given by equation (3.4):

y(s)=—-5|B,., 11
6> | B 1122
29s+892x(2)(2 2)

2F

we assume xo = 0, which simplifies the expression drastically since By(a,b) = [;~ Opa=1(q —
1)~ =0:

()= 55 |B
s)=—

T Thyg
We can now rewrite this expression in terms of trigonometric functions by B,(1/2,1/2) =
2arcsin(y/x). Inverting this, we find that B, '(1/2,1/2) = u should be equal to the unique u

(G+1.3) (3.7)
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such that 2arcsin(/u) = x, i.e., we just invert the arcsine function to obtain B, !(1/2,1/2) =
sin?(x/2). This solves how to express the inverse Beta function in (3.7), namely,

By, (1/2,1/2) = sin® (?) = sin®(0s). (3.8)

But how do we express the other Beta function B, (3/2,1/2) in terms of trigonometric functions
in (3.7)? We can do this by simply writing out the integral expression for B,(3/2,1/2) as:

B(3/2,1/2) = /Oxﬁ/z‘] (1—0)">ar = /Oxtl/z(l —1)" 4.

and using the substitution ¢ = sin’ u with dt = 2sin(u) cos(u)du yields

—/ sin(u) (1 — sin(u ))l/zdt:/ox sin(u) dt

cos(u)

_ [ sin(u) sin(u) cos(u)du = " sin?(u)du
_/MO oot 72 (u) cos (u)du = 2 A (u)d
sin(

ol 2u) 1" o sin(2u) "1'
2 4 o 2 o
Evaluating the limits, we find uo = arcsin /7o = arcsin0 = 0 and u; = arcsin/x :

(2 aresi
= arcsin/x — sin( ar;sm V) :
We can simplify the second term above by recalling the following trigonometric properties:

sin(2arcsin y/x) = 2(arcsin/x) cos(arcsin+/x) = 2,/xv/1 — x. Hence:
= arcsin(v/x) — /x(1 —x). (3.9)
Thus, plugging (3.8) into (3.9), we find that (3.7) can be written in terms of trigonometric
By (3.3) (z

functions as:
E
- 1
62 2 ) ]
E 31
= m sm (z i)
E
02

-arcsin(\/sinz(es)) - \/sinz(Gs)(l —sin®(6s))| .

B

0w
=

—

If we assume that s6 € [0, /2], then 4/sin?(8s) = | sin(6s)| = sin(Os) meaning arcsin(sin Bs) =
0s. In addition, we find \/sinz(es)(l —sin?(@s)) = |sin(Bs)cos(Os)| = sin(Os)cos(Os) =
3sin(265s). Thus it is

(;Ez {Gs— ; sin(ZBS)l . (3.10)

Again, assuming 0 = mm and ¢, = V2E = \/2mmy;, we see that
sin(2m7s)
2mm '

1
= % [m?ts ~3 sin(2m7rs)} =y {s -



BETA FUNCTION FORMALISM 713

This result also agrees with the y-component found by in [3] for Equation (11.2.10). We have
thus shown that the Beta Function formalism, when applied to the Gurshin operator Ag with
k =1 is able to reproduce previous results for the geodesics solutions. We now can state the
following theorem.

Theorem 3.2. Reduction of Beta Function Form to Trigonometric Form. The x- and y-components
of the geodesics solutions (3.3) and (3.4) in Beta function form reduce for xo = 0 to the previ-
ously obtained results in [3], Equation (11.2.10):

2E [2y1 .
x(s)= |=B"! l,l — ([ ——sin(sm7x
(5) 02 29s+392x%(%,%)(2 2) m (smz)

2F

E
y(s):_2 B*l ll (%+172) B92X2 (2+1,%)
9 B 11 (252) 2E0
20s+B 02,2 (z,z)
in
sin(2mms)
NS T |

3.3. Extending Previous Results to General Starting Point xy. In Section 3.1 we found the
expression for the geodesics for arbitrary starting point xq in terms of Beta functions. However,
when reducing the Beta functions to trigonometric functions to recover previous results, we
assumed xy = 0. Let’s see how our reductions to trigonometric functions would differ if we
start from arbitrary xo and not assume xo = 0, i.e. let us rewrite the full Beta function form in
trigonometric form. In this sense, let us try to extend previous results in [3] to arbitrary starting
x-value of xg. Since we already have derived an expression for x(s) starting at an arbitrary xq in
equation (3.6)

V2E
x(s) = e sin (s@ + arcsin

0
\/ﬁxo) (3.11)

we can begin by working with the full expression for y(s) as seen in equation (3.4)

(3:3)=Beg (3:1) |- (3.12)

We can rewrite the second term in (3.12) in terms of trigonometric functions as

) 92)% szg sz%
) — arcsin — 1-—
At 2E 2E 2E
= arcsin( 03 ) — Ox 1-— szg
vV2E \V2F \/ 2F

[NMION]
=
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For the first term in (3.12), we can rewrite

(3.13)

0
Bezx% (%,%) = 2arcsin SE 2arcsin \/)ZC_OE'

2E
Furthermore, for B 1(1/2,1/2), we can use

205+ B2 (3:7)

2

= 1 2E
) = sin >

l\)l'—‘
l\)l'—‘

B!
20548 55 (3. %)(
=z
From (3.13), it is

9)60

20s + 2 arcsin —=~
V2E — sin? (Os—l—arcsin 0% ) .
2 V2E

x(1—x), which

sin

Now we can plug this in for the expression B;(3/2,1/2) = arcsin (y/x) —
obtains
31
27 f)

[STo]
D=

B

e

) - Bsm (9s+arcs1n \/ﬁ) (

=

)

NS

~1
B B
265+362 2 (5 z)

2E

Ox
. ) . 0
= arcsin (4 / sin” | @s + arcsin
<\/ ( =)
. . Bxp . . Oxp )
2 2
— 4 /sin” [ Os+ arcsin 1 —sin® [ Os+ arcsin
s (o5 arsin 220 ) (1 i (o5 arsin 92 )

. . 9)60
sin [ s+ arcsin

(s arcin 72 )|

sin (9 -+ arcsin 0% )cos (9 + arcsin 0% ) ‘
— S s

\V2E V2E

. . Bxg 1 . . Bxp )
sin [ s+ arcsin — |=sin ( 20s + 2 arcsin

( V2E ) ' ‘ 2 ( V2E

= arcsin

b

= arcsin

which is

—arcsin (4 /sin® (95 + arcsin ) )
\/ V2

Ox

) . .2 . 0

— 4 /sin“ [ Os 4+ arcsin (1 —sin” [ Os+ arcsin

\/ ( ) ( \/_ZE))

arcsin | sin (6 + arcsin )‘ sin <9 -+ arcsin 0% )COS (9 + arcsin Ox ) ’
= S S N
V2E V2E
6 0
=arcsin | sin (9s+arcsm 0 ) ‘ ’— sin <29s—|— 2 arcsin 0 ) ’
V2E V2E
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Thus we obtain for (3.12)

E ] . Oxp 1 . . Oxp ) ’
s) = — | arcsin | sin | Os + arcsin — |=sin | 205+ 2 arcsin
) 02{ ( ¢2E) ’2 < V2E
o5 ( 0xo ) 0xo | szg ]
arcsin — - —
V2E \V2FE 2F
E . . . GX() 1 . . GX() ) ’
= — | arcsin | sin [ Os -+ arcsin — |=sin | 205+ 2 arcsin
62 { ( V2E ) ’2 ( V2E
. { Oxg Oxo 62x3
— 1— ) 3.14
arcsin < ﬁ) + NeT °E ( )

Under the assumption that the arguments in the sine function are between [0, /2], i.e.,

. Oxg
Os + arcsin e (0,m/2],
( ) <o

expression (3.14) simplifies drastically since we can then ignore the absolute value symbols and
the arcsinsin(-) expressions simply equal their arguments. This yields

E . Bxg 1. . Bxg )
— | [ s+ arcsin — —sin | 205+ 2 arcsin
62 [ ( vV2E ) 2 < \2FE

. < Oxo > N 0xo . sz(z)}
— arcsin ——21.
V2E v2E 2E

The arcsines cancel gives

E 1 0 0 62x3
:m{(es)—isin (29s+2arcsin\/;_0E>+\/)2c_0E 1— 2;0}

Es E . . Bxp Vv Exy 62x3
=5 " 525 (26s—|—2arcsm \/ﬁ> + NGT: 1— 5E (3.15)

Comparing (3.15) with (3.10), we see that starting at an arbitrary x introduces a phase ¢ =

2 arcsin % in the sine function term above (second term) and gives us an additional initial y-

. 02x32 . .
displacement of ygisplacement = \/\g’;o \/1— 2—;0 as the third term above. Thus the two important

equations we investigated in this section are the trigonometric versions of x-component equation
(3.3) and y-component equation (3.4) which are given in terms of Beta functions.



716 R. BASAK, D.-C. CHANG, J. RIESS, J.-C. YAO

Theorem 3.3. Geodesics for Ag with k = 1 and arbitrary xg in trigonometric form, the trigono-
metric versions of (3.3) and (3.4) are respectively

V2E
x(s) = 5 sin (s@ + arcsin

7]
X
V2E 0)
. . Bxg 1 . . Oxp )‘
sin [ s+ arcsin — |=sin | 20s + 2 arcsin
( \/ZE)' ‘2 ( V2E

()—£ resin
¥(s) = 57 | ares

arcsin( Ox0 ) + Oxo 1 92)%}
V2E V2E 2E

Es E . . Bx VExq 62x3
_)F_Z_GZSIH (26s+2arcsm\/ﬁ>+ NT: 1— R

where we assumed in the last step that the arguments in the sine function are between [0, /2]

Remark 3.1. In [5] and [6], we found a function 4 which is a monotone increasing diffeomor-
phism of the interval (—m, ) onto R. On each interval (mz,(m+ 1)), m =1,2,..., 4 has a
unique critical point x,, which satisfies tan(x,,) = x,,. On this interval, u decreases strictly from
+o0 to W (x,,) and then increases strictly from pt(x,,) to 4+oo. Moreover, 1 (x,,) + 7 < W(Xp+1),
m=1,2,...,and 0 < (m—f—%)?r—xm <-L

mm*

147
124
10

N o~ OO
L I 1 1

2 74/6 8/10 2
24 X
—4-

FIGURE 1. On each interval (mm,(m+ 1)x), m € Z,, u has a unique critical
point x,, which satisfies tan(x,,) = x,.

In fact, There are finitely many geodesics joining the origin and P(x,y;) if and only if x; # 0.
These geodesics are parametrized by the solutions ¢ of
Y 1(20), where p(z) = —5 —cotz (3.16)

2 sin® z

Furthermore, let 0; < 6, < --- < Oy be the solutions of (3.16). The square of the length of the
geodesic associated with the solution 6, is

02 \2
2 = ( AL ) x|%.
" sin 6, o
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u(p) \ \

// \\ /’ \\/

ay 2ay. 3ax 4ay,
! !

o P2 Ps P4 Ps  Pe Pr

0

FIGURE 2. There are finitely many geodesics joining the origin and P(xy,y;) if
and only if x; # 0. This is the graph for the case k = 1.

3.4. Heat Kernel for A; with kK = 1 in Beta Function Form. In this section, we use the Beta
function formalism to find the heat kernel of the operator Ag = 1(9? +x28y2). We know from
Section 2.2 that the heat kernel v for Ag should satisfy

ov=Agv, t>0
hmt—)()v(xayat) = 6xo(x) ® 6yo (y)
As usual, we can perform the partial Fourier transform on y to obtain u = .%,(v) and dju =
% (o'?xzu —xzézu) . The solution is given by the Ansatz
u= e E2E) (5, () @ 1) (3.17)

We thus want to first find the heat kernel of the Hermite operator L = % (83 —xzéz). To do
so, we again need to find the Hamiltonian and the associated equations of motion, which are

H(p,x) = 3p*— %ﬁzxz with
xX=H,=p,
p=—H,=E%x

As a result, we need to solve the equation X = £2x, which can be done with the energy method
using the boundary conditions x(0) = xo and x(7) = x; = x:

=P —=Cx = ds= —F——.
2 2 V2E + E2x2
Hence, we can express the following integral in terms of the incomplete Beta function

; /[d /xl dx 1 *1 dx
= S = =
0 xo \/2E+&E2x2  V2E Jx /1+@
2E
o Ex . -
by substituting u = T with du = ﬁdx,

1 fm 1 \/2Ed 1/u1 1 p
u=— ——au.
V2E Juy V1+u2 & EJuy V1+u2

E
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o 2 . .
Now, we can use the substitution t = &7 which gives us 14 u?> = 1%1 and hence ——— =

V142
v/1 —t. The differential can be found as
dt 2u 2 [ 1 2 1/2 3/2
(1 =)t =2 ) —— (1 =) =2t12(1 — )32,
du  (1+u?)? u( ) l—t( ) ( )
Plugging this into our integral yields
1 ) —1
\/ _— t 1-— dt
5 to 2t1/2( )3/2 25 f ( )
1 1/2 1 0—1 1
1—1¢ dt = —|B;, (1/2,0)—B;,(1/2,0)].
25 o ( ) 2@['&(/7) lo(/»)]
i _ ()
Plugging in the boundary conditions 7y = 1+(;42 = (?0 )2, we obtain
0 1+ 5%
V2E
1
t=— |B > (1/2,0)—B 2 (1/2,0) (3.18)
Ex ) Ex )
26| () 2 (V32) 2
Ex Exq
(s ) (o)

We are faced with a minor technical problem at this point. Namely, although we have written
the incomplete Beta function B;(a,b) with one of its arguments as b = 0, this value is out of the
domain of the Beta function in its usual definition. Therefore, it would be more correct to write
limy,_,o+ B;(a,b) instead. In this limit when b — 0, the incomplete Beta function becomes an
arc sinh function, which recovers the previous result for the geodesics of the Hermite operator
studied in [4] and [8]. We will show this shortly after rearranging (3.18) to solve for x; = x(z).
Therefore, the notation B;(a,0) is more-so a technical notational shortcut. In a certain sense,
this is also not an issue since, as we have mentioned in [7], it is straightforward to analytically
continue in the arguments of the Beta function to any complex a, b.

Let us now solve x; = x(¢) in (3.18). To do so, we can use the inverse incomplete Beta
function:

(1/2,0)
]

o s
&x ) &xg |
() (i)
()
V2E —1
( o =Byeiin (éxo )2 (1/2,0)(1/2,0)
V2E V?E 5
()
We can invert the fraction by observing
n’ f

=f =  n-m=f = 1=
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Hence,

-1
BZ

b 1/2,0)

o (1/20)

Z3: 0 —1
2E 1_32§t+B

+
/N
o
~—
(&

, (1/20)(1/2,0)

1/2

VIE ()

x(t) =x; =

(3.19)

()

We will show that this is in fact the correct result by reducing it to previous work in Section
3.5. However, having found the x-component of the geodesics, we can now find the classical
action, which is the next step in our geometric mechanical algorithm for finding the heat kernel.
We can find the classical action using several different ways. The only one that seems to work
is the standard approach which is to first find the Lagrangian L associated to the Hamiltonian
of the Hermite operator. The classical action is then just the integral of L, with L evaluated
along the geodesic. Finding L can be done with the help of the inverse Legendre transform and
Hamilton’s equations, which tell us that x = p:

1 1
L(x,%) = px—H = x* — §< . §X2+€2X2

Thus, the classical action S.;, being the integral of the Lagrangian evaluated on the classical
path, i.e. the geodesics x| = x(t) = x,;, is given by:

t 1 t
Salvoxont) = [ L) du(o)ds = 5 [ (2+E22)ds

Therefore, we need to calculate xfl and xf,:

—1
BZ&H—B - 2 (1/270)(1/270)
()
Ex
2 == 2E 1+(¢T%>
cl g2 —1
l—Bng_B £x 2 (]/2’0)(1/270)
(%)
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and
1 1/2
Byt n £ 2 (1/20(1/2,0)
()’
o, V2Ed ()
ol = I
VaE
)2
1+(S0)
By} 172,00 \ " By} 1/2,0
L , (1720 (1/2,0) 2UrHB L 2 (1/20)(1/2,0)
_ V2L () d ()
£ 2| 1-By, , iy (1/2.0)(1/2,0) dt | 1-B}, , (sy) (1/20)(1/2:0)
V2E V2E
X{( 2 X 2
() ()
Setting f = Bzgt B (/20 (1/2,0), we see that the derivative from the chain rule is
(e
Ex,
()

d [ fU-HD—ff)  f
at—f - (1-f7F (-

We can calculate f’ with the help of

Hence, calculating f’ yields:

/ d -1
f _EBZ@‘JrB £\ (1/2,0 (1/2,0)
()"
()
B q1-1/2 11-0
-1 -1
- B2§t+B Exg 2 (1/2,0 (1/270) 1— B2§t+3 £ 2 (1/2,0 (1/270) (25>7

) (i)

L ) I () _
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where the 2& comes from the chain rule. Thus

1 —1/2
By ip £ )2 (1/270)(1/2,0)
()
VIE | ()
Xel = A 1 veE
§ 2 I_Bzger £xg \2 (1/2,0)(1/270)
(o)
()
- q1-1/2 4 1-0
-1 -1
Byl i - 120(1/2:0) =By - 10 1/20|  (28)
L () | (%) _
- 1-2
-1
I_Bzgzw £xg \2 (1/2,0)(1/270)
()"
(B

Remark 3.2. Note however that these cancellations are only a result of the fact that we have
k = 1. For general k, this cancellation does not occur as we will see later. In fact, we need
to develop a new formalism to deal with the general k£ Hermite operator by using a different
integral function than the inverse incomplete Beta function.

» ~1/2
Bortiip » (1/20)(1/2,0) [ 112
()
. 1+<j%)2 .
X =V2E = (1/2,0) B2§t+B £x \2 (1/270)(1/2’0)
i I ——s (5)
(), REY;
N 2F
(2) - ‘
_ o 1/2
1
—1 — /
1=Byis ,, a201/20)) = V2E 7 (1/2,0) [~
(\/%> 2E1+B <§x0)2 (1/2,0) ’
X 2 r
G |
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which implies that

—1/2
. -1
Xel] = 2F 1_B25H-B o 5 (1/270)(1/2,0)
()
()

Squaring this expression gives

-1

2 -1

(s

We can see here that if we integrate this expression, the integrand would be of the form 74(1 —
t)?, which means that we would again have a Beta function as the integral. This again indicates
to us the power of the Beta function formalism as a closed formalism, i.e. expressions will
often cancel and evaluate to be Beta functions, rather than only expressible using other special
functions. Hence, to see how we obtain a Beta function again from the integral of )‘czl, let us use
the substitution again

f(s):B;;S-‘rB (ém 2 (1/2,0)(1/2,0)
()

§
=
N———

ure

9

for clarity the following integral:

/[xf,(s)ds =2F /t(l — f(s)) " 'ds. (3.20)
0 0

Now change integration variables with the substitution to f(s) by rewriting ds = d f j—} (i.e. au-

substitution with u = f(s) and du = f’ds and up = f(0) and u; = f(¢)). (3.20) can be rewritten
as

[ u(syas =2k / J;S)df%,(l —fs)

Note that f’ may make the integrand no longer of the form ¢“(1 —¢)?. Since f is a inverse
incomplete Beta function, we can use the derivative formula for f’ to get f' = f 1/ 21— HL
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Technically, we have f(2Es+ B), which yields /' = f1/2(1 — f)2& and

» 0 | o E 0
) tstas =26 || Car s ) = )
E

f()
= g/f(o) dff1/2—1(1 _f)—l—l - E [Bf([)(l/Z,—l) —Bf(o)(l/Z,—l)]

I
o] Iy
™

1/270)(1/2’_1)_BBBI<5 2 (1/2,0)(1/270)(1/2’_1)
x0

I
o]
o

1/270)(1/2,—1)—8 (5x0>2 (1/2,—1)] . (3.21)

) ”

We can now do the same for integrating the potential ﬁzle:

-1
Byesis , (1/20)(1/2,0)

5)6)2
)

£ >2 (

—
B

¢

=
<

1+

~
ﬁ
]

t t
ds EXx? (s :2E/ ds
[asezes) =2k [ as | —

2e5+B 1/2.0)(1/2,0)

L~
3
o]

&x \?
(%)
Again, we see that this will be of the form of the integrand of the Beta function. To make this
clear, let us use the substitution

f =By , (1/20)(1/2,0)

with df = f'ds = 2E f1/2(1 — f)ds:

_ ! 1 f Y _2E [ 1201 ;-2
_zE/Odfzéfl/z(l_f)<l_f)—2§/()dff (1-1)

— 22 B,(3/2,-1). (322)
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Thus we can add together (3.21) and (3.22) to obtain the classical action as

Sei(x,x051) (3.23)

2/ (2 +&x3y)

E E
= |B,. 1/2,-1)—B 1/2,—1)| +==B,(3/2,—
2& 3251% (%)2 1/20(1/20( / 1)— <§;%>2 (1/ ) 28 1(3/
V2E Exg 2
1 =20
i 1+(§;%>2 +(7a) _
E
)= — |B,- 1/2,—1)—B 1/2,—1)+B 2,—1
SCZ(X,XO,I) 2& Bzélt+B <€x0>2 (1/210)(1/27O)< / ) ) (\5/;%)2 ( / ’ )+ t(S/ ) )
\V2E) £ \2
0\ "\ VaE
| (B ()

(3.24)

One could reduce this expression for the action to that found in [4] as equation (3.16.56). We
will not do that here. Instead, we move straight to finding the propagator for the Hermite
operator, which can be done by using the path integral approach and the van Vleck’s formula:

1 9%8,(x0,x)
2(4) = L 90d\X0,X)
Vi) = det ( 2T dxpdx ) '

The heat kernel now can be written in an even simpler form:

2
K (xg,x;t) = \/det ( ;ﬂ%) ¢ Saloxt) — v (1)e™Sel, (3.25)

Note: It turns out that in many cases, such a second-order elliptic operators with constant, linear, and quadratic
potential, the second integral [y —S(W) dm () is a function of ¢ only, i.e. Jg, € eSWdm(y) =V(r). We
use V to denote this function in representatlon of its volume element. It tells us how the geodesics spread away
from the initial point xy as we move along the parameter of the geodesics. Accordingly, it satisfies a transport
equation, usually of the form V'(¢) +V (1)L(S.;) = 0. More precisely, the square of V(z) gives us the density of the
geodesic flow, i.e. how geodesics spread away from a given geodesics. This square is given in many cases by the
determinant of the rate of change of the action. It is called van Vleck’s formula .

1)
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With an expression for S.;, we need to find the volume element V(7). Thus, let us find the
second derivative of the classical action

82
mscl(xaxo;t)
92 E
= ax()ax Z BB;;;-FB <§x0>2 (1/20)(1/20)(1/27_1)_B (\5/;%)2 (1/27_1)+B[(3/27_1)
V2E Exg )2
1+<%>2 H(ﬁ) |

Notice however that if we were to take naively the derivative with respect to x of this expression
for S.;, we would get zero. This would give us a null propagator, which is clearly wrong. The
mistake we would’ve done is to assume that S.;, as it is written, is independent of x = x;, which
it is not. We see, in Section 3.5, that the combinations of E, &, and x( give us expressions for x
or x1. Specially, from the geodesics, we find

(J§x0)2+2E _ [x] —xpcosh(&r)]
E sinh(&t)

In view of the arguments in the Beta functions in the action (3.24), we can rewrite

2 —
(3) o _<\/(§x0)2+2E> £y

H(@)Z_(&xo)ZHE_ ¢

V2E
_ (x1 —xocosh(ét)>‘2 _ ( xosinh(&t)

2
xosinh(&7) x| — X0 cosh(&t)) =: o((xp,x131). (3.26)

Combing (3.26) with (3.24) yields

E
)= — |B,- 1/2,—1)—B 1/2,—1)+B:;(3/2,—1
et (x0,%:7) 2¢ Bz€1z+B (5XO )z (1/2,0)(1/270)( /2,-1) (5;%)2 (1/2,-1)+B,(3/2,-1)
ey (5)
I () i
E
— % BB;§11+Ba(xo,xl;t)(]/z’())(1/2’0)(1/2’ —1) = By(xgr:) (1/2,—1) + B:(3/2, —1)] .

(3.27)

Remark 3.3. In fact, we do not need to change the parameter in (3.24) from ¢ — s since to
obtain the action we have integrated over the parameter s already from (0,¢), thus meaning we
already have reached the value s =r.
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We can therefore take the derivative of this expression now to find

82

0xp0x
02 E
= Jxodx \ 28 (1/20)(1/2,=1) = By (o) (1/2,=1) +B,(3/2,~1)
(3.28)

This derivative, when it hits the third term above, will give zero since B;(3/2,—1) is independent
of x and xo. Hence, we can focus on only the first and second term. Since the second term is
easier to work with, let us compute its second partial mixed derivative first. Using the chain rule
and recalling that 9B, (a,b) =z~ (1 —z)>~!, we find

Scl

2§z+B alxgey ) (1/20)

aiBa(xo x.,)(l/z, —1) = ?9_06061/2—1(1 o OC)_l_l _ 06_1/2(1 . OC)_Z%—OC.
X m X X
From aa“ —2%, we find that it is

[ x—xgcosh(&t) [x — xocosh(Er)]? 2 (xosinh(&t))?
2( xosinh(&r) )(xo—Zxxocosh(§I)+x3) [x —xo cosh(&1)]?
B xosinh(&t)[x — xocosh(&1)]?

[x2 — 2xx0 cosh(&1) + x3]2

Taking the derivative with respect to xp, we find
82

8X08X xo,xt (1/2 _1)

5 sinh(&f)[x — xocosh(E1)]>  xosinh(&1)[x — xocosh(Et)] cosh(&r)

[x2 — 2xxg cosh(&1) + x3]2 [x2 — 2xx0 cosh(&1) + x3]2
40 sinh(&1) [x — xo cosh(&)]?[2x0 — 2xcosh(&¢)]
[x2 — 2xxg cosh(&t) + x5

~ —2sinh(&r)[x —xgcosh(&t)]
[ —2xxgcosh(&t) +x3)3

([x — 3xo cosh(&1)][x* — 2xxg cosh(E¢) +x]

+4xxgcosh(&r)[xg —xcosh(Et)]) . (3.29)

We can now compute the derivatives of the first term in (3.28). To make the chain rule clearer,
let us define z(x) = 281 + B (xy v ) (1/2,0). Thus

St 020 (1/2 70 = 5 (27 0= 1) (8 017200 (1= (172,001
=5 (=27 (02,0020 _351(1/2,0))*2) .

Therefore, let us compute gz = ;xB alxo1s) (1/2,0) = %‘;‘ aaa a(xo.x13) (1/2,0) = *1/2(1 —
a)~!. Hence, it is

D121 ) (2127 (871 (1/2,0)) 720~ B (1/2,0)2) =: (+).

X

Q.)QJ|Q.)
—
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Thus

(., (xosinh(&r)) [ xosinh(&) \?)
(*)_( 2[x—xocosh(§t)]2) (1 (xl—xocosh(ét)) )
% (281 +Bagug ) (1/2,0)) ™2 (1= 281+ By (1/2,0)) ")

1 ~1/2 ~1 2
(B 020 (1200 OB g (1/20072).

X0X1 st X0X1 st

Notice that we can rewrite the following middle term

(1 (s YY)

_ ([xl —)Cocosh(ﬁt)]2 B x% Sinhz(gt) )1

[x; —xpcosh(&r)]?  [x; —xpcosh(&r)]?

[ X} —2x0x; cosh(&r) + x5 cosh?(&r) —x3sinh? (1) -
B [x; — xocosh(&r)]?

 [xi—xo0 cosh(&1)]?

 x3 — 2xox; cosh(&r) +x3

(3.30)

Hence, we have

() =

(xosinh(&7)) s
<_2x% — 2xpx1 COSh(ét) +x3> (251‘ +Ba(x0,x1;t)(1/270))

X (1 - 2€t +Ba(xo,x1;l)(l/270))71

-1 -1/2 -1 )
<(B2§I+Ba(x0,x1;t)(]/270)(1/2,0)) / (1 _BZ§I+Ba(XO7X1;[>(]/2,O)(1/2’0)) ) .

We can now take the derivative of this expression with respect to xy. This leads to

J J { (_ o (xsinh(n)

— (%) =——
0xo 9x x% — 2xpx1 cosh(&r) —I—x%

X (1 - Zét +Ba(x0,x1;t)(1/270))71

—1 —1/2 ~1 -2
((BzngrBa(xoxl;t)(1/2,0)(1/2’0)) /(1_B2§I+Ba(x0x1;,)(l/2,0)(1/2’0)) )]

) (261 + Baguy ) (1/2,0))
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Applying the derivative to each of the four terms gives

_ (_2 xosinh(Gt) ) [_% (2§t+Ba(x0,x1;t)(1/2,0))_3/2}

x? — 2xox) cosh(&t) +x3

B ,da -
X O 1/2(1—(X) la—xoX(1—2§t+Ba(xO7x1;t)(l/27O)) !

~1 -1/2 -1 )
X((Bzézwa(w)(1/270>“/2’0)) P =By o 1/20)(1/2:0) )

+(—z (o sinh(61) )(2&+Ba<x0,xl;t><1/z,o>)‘”2

x7 — 2xox; cosh(&r) +x3

9
8xo

-1 —1/2 -1 -2
(B 020 (200 PO B a0 (1720072

B (xpsinh(&r)) s
+ ( 2,@ ~xox; cosh(&r) H%) (2E1+ By (1/2,0))

< (= 1)(1 =280+ By sy ) (1/2.0) 2 (1 - 1)

(12804 Bt (1200 (4B 020 (12002

Nl
8xo

~1 1/2 -1 1
120 2OV B2 (172,00

—1 -2
X (1 _Bzétﬁ_Ba(xoﬁxl;l)(l/Lo)<1/27O))
N (_2 (xpsinh(&r))

x? — 2xox; cosh(&1)

[a_l/z(l —a)_l}

~1/2

+x(2)) (281 + Baxg.ni)(1/2, 0))

(12804 Bt (1200 (B 0120(1/2.0)77)
1 3
XU = Bogr by 1/20)(1/2:0))

x g—g [a—1/2(1 —a)—l}

-1 1/2 -1 1
x {[Bzérwa(xo,xl;t)<1/2,o>“/ 200 20— By 5y 1720 (1/2:0) ] (3:31)

where in the last two terms we used

J -1
a_xoBzgt—i_BOt(xO,xl;r) (1/2,0) (1/27 0)

_ 8_a [0671/2(1 . a)fl

—1 1/2 -1 1
X [[BngB (1720)(1/2,0)] / (=B, /20(1/20)1

(Z(XO X1t
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Note that
Ja 5 ( xosinh(&r) ) sinh(&1)[x; —xgcosh(&r)] — [— cosh(&r)]xq sinh(&r)
X x1 —xgcosh(&r) [x; —xpcosh(&r)]?

:2( xosinh(&r) ) xpsinh(§r)  2xoxy(sinh(&r))?

x1 —xpcosh(&r) ) [x; —xocosh(E1)]2  [x; —xgcosh(&Er)]3

Using (3.30), one has

g—f:) {a’l/z(l —oc)’l}

_ 2x0x1(sinh(§t))2( xosinh(&r) )—' 1_( xosinh(&1) )2 -
[x; —xpcosh(&r)]3 \ x; —xpcosh(&r) x1 —xgcosh(&t)
_ 2x0x1(sinh(5t>)2< xosinh(&?) >1 [x; — xocosh(&1))?

[x; —xgcosh(&r)]3 \ x; —xpcosh(&r)

B 2x; sinh(&1)
~ x3 — 2xox; cosh(&r) +x3

x7 — 2xox; cosh(&r) +x3

(3.32)

Thus, plugging (3.32) into (3.31), we obtain
82

Byt (1/2,0)(

dxp0x Bix(1/2.0)

_ (_2 sinh(&f) [x} — x3]
[x? — 2x0x; cosh (&) +x3]

1/2,-1)

;) (@814 Bugaya(1/2:0))
(12804 Bt (1200 (B 0120(1/2.0) )

| |4 (281 + Baguy ) (1/2,0) 7]

X (1=2&t + By ) (1/2,0)) 7 <Bz_51t Bang (1720 (] /2,0)) v
— (2814 By (1/2,0)) 2 (1= 281 + By (1/2,0))
~1)2
. (Bzéltwa(xo,xl;z><1/27o> (172 0))
— 3 (&1 + Baguymn) (1/2:0) ™% (1= 281 + By ) (1/2,0)) !

-1
) {Bzgt—i_Ba(’Cval?’)(]/z’o)(1/2,0)] <1 - B2§t+3a(xo,x1;z)(1/270) (1/270))

! 1/2
H_B"‘Ofo-»q;l)(1/270)(1/270)] / ]

—4xox; (sinh(Er))?
X ([x ) . (3.33)

2 — 2xox; cosh(&1) + x3]2

1 T
200 =By gy (1/20)(1/20) 7 [Byg
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Thus, we can find the volume element by putting (3.33) together with (3.29) to obtain (3.28):

92 9?

92 E
(1/2,0(1/2,=1) = mBa(xo,x;t)(l/zv -1)

dxpdx Set = 28

— B,
dxgdx BzétJrle(xO,xl;t)(l/z’O)

E
2 [(3.33) +(3.29)],

V(i) = \/det( 2;%) :\/ 21 2’2 [(3.33) +(3.29)),

where the determinant in the expression or V (¢) is only really necessary if we deal with multiple
dimensions. Since our derivative result for the classical action is just a simple function, we can
ignore [12]. Thus, we find the propagator in Beta function form of the Hermite operator to be

which implies

K(xo,x;t)z\/ 21 fé[(s 33) +(3.29)]e= 324 (3.34)

Following the steps in the algorithm outlined in Section 2.2, we summarize this result in the
following theorem.

Theorem 3.4. Propagator of the Hermite Operator. The propagator of the Hermite operator
L= %(af — x2E2) in Beta function form is K (xg,x;t) = \/ T 25 [(3.33) + (3.29)]e =G24

The next step in the geometric method is to use the inverse Fourier transform with respect to
¢ on equation (3.17). Since u = .#,(v), this gives us an expression for the heat kernel v of the
Grushin operator, fy_l (u) =v, as

1 .
_ —iy& _ -yt [+ = (3.24)
v(x,y,t)—zn/e VoK (x,E5t)dE = 27:/ Y \/ 271_25 33)+(3.29)]e” dé&.

Hence, we can summarize this result as follows.

Theorem 3.5. Heat Kernel of Ag with k =1 in Beta Function Form. The heat kernel of the
Grushin operator Ag with k = 1 in Beta function form is given by

—iy€ - = (3.24)
V(o ,1) 27:/ y\/ o 2(5[333)+(329)] dE.

3.5. Reducing Geodesics for the Hermite Operator to Trigonometric Form. In this section,
we show how to reduce expression (3.19) for the x-component of the geodesics for the Hermite
operator in Beta function form to the hyperbolic trigonometric form found in [2, Section 10.4]
and in [4, Equation (3.16.54)]. To do so, we will use the key identity. The proof is from the

inverse of By(1/2,0) = [yt~ /2(1 =)~ 'dt = 2In %, where 0 < x < 1. The inverse is then
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the unique x € (0,1) with B,(1/2,0) =21In i/i =z, B;1(1/2,0) = tanh?(z/2). As a result, we

see that

B 1(1/2,0 tanh?z/2 tanh?z/2

: fl/ 0) _ [ _tan ZZ/ — 22/ — sinhz/2 (3.35)
1—-B;(1/2,0) 1 —tanh“z/2 sech”z/2

In (3.19), we have

1/2
B2§1t+B gXO 5 (1/270)(1/270)
(8
x(t) = V2E +(%>
1
é - Bzét—i-B a0 \2 (1/2,0)(1/270)
()
Ex

0)2

)2 )
IE(T%;)Z = (éigng)rzE, one sees that the z in (3.35) is

T
/N
S
eyl

Setting o =

ﬂ

=281+ Ba(1/2,0) = 261 121 Y% gy (1 +\/aeét> .

Vi—a Vi—o

Plugging this into our sinhz/2 expression in (3.35), we can use the identity sinh(Iny) = %(y —

P 1+\/ae§t)_ (1+\/_g, \/— 5t>
Vo ) T 2\Via® 1rval

We can now simplify the coefficients in front of the exponents as follows:

(Ex0)” -
L+va UtV Eerer T Eeree VB F2E +Ex
Vi—ao 1 — _Ew)? 2E V2E '

(Exo)2+2E (Exo)*+2E

sinhz/2 = sinhln (

The reciprocal is

Vi—a  V2E(\/(Ex0)? +2E —&x0) _ /(Ex0)+2E —Exo
1+yo 2F B V2E '

Thus,

5

V2E1 (1+Va ¢ \/— &t
éi(wT +va )

- % (V (Ex0)2 +2E (e —e™5') + &g e “_&)) '

Using the identities: %' —e %' = 2sinh(£¢) and €5 + e~ = 2cosh(&1), one has

% < (Ex0)? +2E sinh(&1) + Exg cosh(éf))

— Wsinh(éﬂ + xgcosh(&?). (3.36)

x(t) = Z sinh(z/2) =
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This agrees exactly with the result in [2, Section 10.4]. To get this into the form of [4, equation
(3.16.54)], we simply use the fact that

(Exp)?+2E _ [x; —xpcosh(&r)]
& sinh(€r) 7

which follows from the initial condition x(z) = x;. Hence, we can plug this into equation (3.36)

to see that
x(s) = [x1 X0 cosh(&1)]
sinh(&¢)
This is precisely the form found in equation (3.16.54), with & = a. We can thus summarize this
section by the following theorem.

sinh(&s) 4+ xpcosh(&s).

Theorem 3.6. Reduction of Beta Function Form for Geodesic of Hermite Operator to Trigono-
metric Form. The expression for the x-component of the geodesics of the Hermite operator
L = 1(92 —x*&?) in Beta function form (3.19) can be reduced to the result presented in |2,
Section 10.4] and to [4, equation (3.16.54)]:

_ 1/2
BZ€IZ+B £ \2 (1/2’0)(1/2,0)
)
V2E ()
=" | Ty 1/2,0
_ zéz-q-B Exg 2 (1/270)( / ) )
)
()
p)
o Msinh(ét)%-xocosh(ét)
— x(s) = 1~ xocosh(5r)] sinh(&s) 4 xocosh(&s).

sinh(&1)

If one assumes xg = 0, both expressions simplify significantly, then the action in Beta function

form S, = % BBz_gt(l/lO) (1/2,1)+B:(3/2, —1)] , which could provide a solid starting point.
4. ALTERNATIVE METHODS TO THE BETA FUNCTION FORMALISM

Recall that the foundation of the Beta function formalism was to express the energy or ¢-
integral [ —2%X_ in terms of incomplete Beta functions. However, this integral can also be
& f \/2E+E2x2 p g

represented in various ways, including through elliptic functions and hypergeometric functions.

4.1. Elliptic Function Method. One possible alternative formalism we can consider is to ex-
press the 7-integral in terms of elliptic functions, e.g. the incomplete elliptic integral of the first
kind F(¢|m):

o do
Flplm) = | e

Namely, we can use the identity, for a > 0 and m = —b/a,

/ﬁ = %F(sinh_l(\/%x)\ —b/a)+c,
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where a = 2E > 0 and b = £2 > 0. Hence, we have m = —£2 /2E and
= [ = R (Gx/VEE)| - /28) |
= = si X - :
X0 2E + ézxz 2E X0
An intuitive concern regarding the downsides of this formalism is that inverting the function
F(sinh~!(-)|-) may lead to complications when integrating and differentiating. For a reference
on elliptic functions, we refer to Beals and Wong [1] and Lawden [11].

4.2. Hypergeometric Function Method. An alternative formalism that could be considered is
to express [ \/#7. Another possible formalism is to express it in terms of hypergeometric
X

functions. We already encountered Gauss’s hypergeometric function in [7, Section 8.3.3]. For a
more detailed discussion, we refer to [11]. We aim to address the limitations of this formalism
in the more general case of arbitrary k in the future. Additionally, it is worth noting that there
are other extended hypergeometric functions that we could also use to express the z-integral.
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