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LEVITIN-POLYAK WELL-POSEDNESS FOR SET OPTIMIZATION WITH A
VARIABLE SET STRUCTURE
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Abstract. In this paper, we aim to elaborate on some notions of Levitin-Polyak well-posedness for
set optimization problems with a variable set structure and well-posedness of the corresponding scalar
optimization problem by employing a nonlinear scalarization function. We categorize these notions
into two classes including pointwise and global Levitin—Polyak well-posedness. Some necessary and
sufficient conditions for these well-posedness are established. Additionally, we characterize LP well-
posedness for set optimization problems in terms of the upper Hausdorff convergence and Painlevé-
Kuratowski convergence of approximate solution sets. Furthermore, we explore the interrelationships
among these well-posedness concepts. Finally, we explore some applications of the obtained results to
multi-criteria traffic network equilibrium problems.
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1. INTRODUCTION

Set-valued optimization problems have been intensively studied in recent years on account
of their wide-ranging applications in various fields like optimal control problems, differential
inclusions, game theory, robust optimization, image processing problems, and mathematical
economics; see, e.g., [6, 13, 25, 31, 33, 36] and the references therein.

In the field of set optimization research, set relations play one of the most essential roles
since they act as preference relations that provide a natural way to compare the values of the
set-valued objective mapping. Based on a fixed convex cone, there is a variety of set relations
known in the literature and several authors have obtained rich results by studying different
set relations; see, e.g., [15, 35, 38]. However, sometimes the set ordering structure relies on
a set-valued mapping; see [10, 27]. In 1974, Yu [34] introduced the concept of variable set
structure by using several different cones in vector optimization. Motivated by applications in
medical image registration [8, 9], variable domination structures in vector optimization have
gained recognition as they allow the introduction of a specification of the decision-maker’s
preferences into the model. During the past two decades, the interest in vector optimization and
set optimization problems with variable set structures has increased; see, e.g., [5, 19, 26]. In
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this paper, we consider an upper set less relation (see [19]), which is equipped with a variable
domination structure.

In the field of set optimization, although the existence of solutions to set optimization prob-
lems remains a core focus, the stability of optimization problems is also an important research
content. Many researchers have studied the stability theory of perturbed set optimization prob-
lems from various perspectives. Luc et al. [24] investigated the convergence of the solution sets
of perturbed vector optimization problems in the sense of Painlevé-Kuratowski convergence
when both the ordering cone and the feasible set are perturbed. Gutiérrez [13] considered the
perturbation of the feasible set and established external and internal stability of the solution
sets of a set optimization problem by using the notions of Hausdorff and Painlevé-Kuratowski
set convergence. Han and Huang [14] established characterizations for two generalized well-
posedness of set optimization problems by using the Hausdorff upper semicontinuity of solution
mappings and investigated the semicontinuity of solution mappings to parametric set optimiza-
tion problems. Most of the previous studies on the stability theory of set optimization are based
on a fixed set relation. This naturally raises a question: can we use a variable set relation to
study the stability of set optimization problems?

In the study of the sensitivity and stability of optimization problems, well-posedness plays
an important role, see [21, 23, 37]. The well-posedness of an optimization problem means
that when the values of the objective function approach the optimal value, the correspond-
ing independent variables will also be close to the solution of the optimization problem. In
1966, Tykhonov [29] introduced the concept of well-posedness for scalar optimization prob-
lems which ensures the convergence of minimizing sequences to the unique solution of the
problem. Since then, numerous researchers have extended the notion of well-posedness to dif-
ferent kinds of optimization problems. Levitin and Polyak [22] introduced an alternative notion
of well-posedness, which strengthened the Tykhonov one. In recent years, LP well-posedness
for optimization problems has been widely discussed in many studies, see [7, 11]. Vui et al.
[30] investigated some characterizations for pointwise LP well-posedness of set optimization
problems with respect to various set order relations. Gupta et al. [12] introduced Levitin-Polyak
well-posedness in the set and scalar sense, established some relationships among them using the
upper less relation and characterized these LP well-posedness by invoking Painlevé-Kuratowski
set convergence. Tahu et al. [28] also established characterizations of LP well-posedness for
a parametric set optimization problem in terms of upper Hausdorff convergence and Painlevé-
Kuratowski convergence of sequences of approximate solution sets.

Inspired by these works, in this paper, we study LP well-posedness for set optimization prob-
lems in set sense and scalar sense, respectively, based on pointwise and global notions. In
Section 2, we provide some notions that will be used in later sections. Then, we recall a set
relation with respect to a variable structure and some properties of a set scalarization func-
tional of type sup-inf, which is an extension of Gerstewitz’s functional. In Section 3, we in-
troduce some pointwise notions of LP well-posedness in set sense and scalar sense for a set
optimization with a variable structure. Some necessary and sufficient conditions are obtained
for these LP well-posedness in terms of upper semicontinuity, compactness and the measure of
the approximate solution mappings. We then establish the upper Hausdorff convergence and the
Painlevé-Kuratowski convergence of sequences of approximate solution sets for these pointwise
LP well-posedness. In Section 4, we define some global notions of LP well-posedness for a set
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optimization problem in set sense and scalar sense with variable structure, respectively. We
also give some necessary and sufficient conditions for these LP well-posedness and establish
upper Hausdorff convergence and Painlevé-Kuratowski convergence of sequences of approxi-
mate solution sets. In Section 5, we establish the link between different LP well-posedness.
In Section 6, the last section, we apply the results to investigate traffic network problems with
interval-valued cost functions.

2. PRELIMINARIES

Throughout this paper, let X,Y be real normed spaces. The zero vector and the family of
all nonempty subsets of ¥ are denoted by 0 and Zy(Y), respectively. The open and closed ball
centered at a with radius r are denoted by B(a,r) and B(a, r), respectively. Moreover, we denote
by B the closed unit ball in Y. For two nonempty subsets A and B of Y, we denote the sum of A
and Bby A+B:={a+bla € A,b € B}. Let R"” denote n-dimensional Euclidean space, R’} :=
{(x1,.0%0) € R"x1 >0,...,x, >0} and R% == {(x1,...,x,) € R?x; >0,...,x, > 0}. Given a
nonempty subset A C Y, we denote the topological interior and the topological closure of A by
intA and clA, respectively. Let # : Y == Y be a set-valued mapping satisfying int.# (y) # 0 for
ally €Y. Let kK € Y\ {0} satisfying ¢ (y) + (0,40)k? C # (y), forall y € Y. Foraset A €
Po(Y), we define H# (A) := U en# (a) and A (A) := Nyen # (a). To study set optimization
problems with variable structures, we recall the following set relation which is appeared in [19]
and further studied in [2, 3].

Definition 2.1. [19] Let A,B € (Y ). The variable generalized upper less relation (<;7) is
defined by A </ B= A C Upep (b— 7 (b)).

Similarly, we introduce the following concept.

Definition 2.2. Let A,B € #,(Y). The variable generalized strictly upper less relation (<:7")
is defined by A < B < A C Jpep (b —int# (b)).

We say that A ~ B <= A —\<;f£/ B and B 4;4%/ A. In order to investigate some properties of
variable set relations, we use three kinds of assumptions concerning the set-valued mapping
H Y 3Y:

0c .7 (y),Vyey. (2.1)
H(y)+H (y) CH(y),Vy€eY. (2.2)
H(y—d) S A (y),VyeY,de X (y). (2.3)

Following the notations introduced in [16], for simplicity, we say that —.¢" is transitive if (2.2)
and (2.3) are satisfied, and — 7" is reflexive if (2.1) is satisfied. In addition, we give the assump-
tion: (Hy) () + (0,+00)k? Cint.# (y) forall y € Y.

Lemma 2.1. [16] (i) The relation 4,%/ is reflexive if and only if —#" is reflexive.
(ii) If —¢ is transitive, then 4,4‘%/ 18 transitive.

In the following, we introduce the concept of the weakly maximal point of a nonempty subset
of Y.

Definition 2.3. Let A € (Y ). An element ap € A is called a weakly maximal point of A with
respect to %, denoted by ag € WMax(A, %), if (A —ap) Nint.% (A) = 0.
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Let Q € Z2y(Y), k€ Y\ {0}. We consider a nonlinear scalarization function z&* : ¥ — RU
{+oo} given by z2*(y) :=inf{t € R]y €tk—Q},y €Y. Kobis et al. [19] introduced some new
nonlinear scalarization functions: g=7" (-,-), g~ (-,-), g5a (-,-), g~ (-, "), gﬁ{;’g(-, ), g*ﬁ(-, ).
We recall the following concept.

Definition 2.4. [19] Let A,B € Zy(Y ) The nonlinear scalanzatlon function g*u : Pp(Y) x

P (Y) — RU{Foo} is defined as g=« (A B): _suplngz b+ (b)k° (a).
acAbe

Lemma 2.2. [19] LetA,B € Py(Y).

() 1f g (A,B) < . then Uy (A~ 1k”) € Upep(b = (B)). i-ee, Uy (A — 1K) < B.

(i) If A — rk° C Upep(b— A (b)), then g=¢ (A,B) < r.
Lemma 2.3. [19] LetA,B € Zy(Y). If Upcp(b—# (b)) is closed, then A <;fﬂ/B(:>g<ig(A,B) <
0.

Let ¢ : Y — RU{+oo} be defined by ¢(y) := gngz_“%(b)’ko (y), Yy € Y. In the following,
€
we present some properties of the relation <u% .

Proposition 2.1. Let A,B € (Y ) and (H;) hold.
(i) If g5 (A,B) < r, then A — rk® < B.
(ii) If sup¢ (a) is attained at some ag € A, then A — rk <:# B implies g<fg (A,B)<r
acA

Proof. (i) Let g (A B) < r. Then supgngz b (b)K° (a) < r. Therefore, for any a € A, there
aeA €

exists b, € B, such that 7 2«+# (b a) K (a) < r. Then there exists fy < r such that
a € 10k° + by — H (by) = rk® + by + (tg — r)k® — A (b,) C rk® + by — int# (b,).

Then A C Upcp(b —int.# (b)) + rk°, which implies A — rk® <:#" B.

(i1) Suppose that A — rk? %',fg/ B. Since ag € A, there exists by, € B such that ay € by, —
int.# (by,) + rk°. Consequently, there exists fp > 0 such that ag — by, — rk? + 1ok € — 2 (bg,).
Thus, we have inf {t € Rlag € tk° + bay— A (bao)} < r—ty < r, which implies that

infz bt (0)4 (ag) <.
beB
Since sup¢(a) is attained at ag € A, we have g*f (A,B) =supd(a) <r. O
acA acA

As a consequence of Proposition 2.1, we get the following corollary.

Corollary 2.1. Let A,B € #y(Y) and (H;) hold.

(i) If g~ (A,B) <0, then A <. B.

(ii) If sup@(a) is attained at some ag € A, then A <;*" B implies g*ig (A,B) < 0.

acA

Let D be a nonempty subset of X and F : X = Y be a set-valued mapping. Throughout
this paper, it is assumed that F(x) # 0 for every x € D. The graph of F is defined as grF :=
{(x,y) e X xY :y € F(x)}, the image of F under D is denoted by F (D) := U,cp F (x).

We consider the following set optimization:

(SOP) minF(x) subjectto x € D.



LEVITIN-POLYAK WELL-POSEDNESS FOR SET OPTIMIZATION 757

Definition 2.5. ([[4], Definitions 3.1.7 and 3.1.12]) Let xy € X. The mapping F is said to be

(i) upper semicontinuous (u.s.c.) at xg if, for every open set V. C Y with F(xp) C V, there
exists a neighborhood U of x( such that F(x) C V, for every x € U;

(ii) lower semicontinuous (l.s.c.) at xg € X if, for any open set V C Y with F(xo) NV # 0,
there exists a neighborhood U of xq such that F(x) NV # 0, for every x € U;

(1i1) Hausdorff upper semicontinuous (H-u.s.c.) at xo € X if, for any neighborhood U of the
origin in Y, there exists a neighborhood W of x( such that F(x) C F(xy) + U, for every x € W;

(iv) closed at xq if, for any sequence {(x,,ys)},cn € grF which converges to (xo,y0), Yo €
F(xo);

(v) compact at xp if, for every sequence {(x;, y,,)}neN C grF with x, — xp, there exists a
subsequence {yn, } of {y,} such thaty, — yo € F(xp).

The mapping F is said to be upper semicontinuous (l.s.c., H-u.s.c., closed, compact) on a
subset S C X if F is upper semicontinuous (L.s.c., H-u.s.c., closed, compact) at every point
xes.

Lemma 2.4. Let F : X =2 Y be a set-valued mapping. Then the following statements hold.

(1) [17] If xo € X and F (xp) is compact, then F is u.s.c. at xq if and only if, for every sequence
{x,} € X with x,, = x and for any y, € F(x,), there exist yo € F(xp) and a subsequence {y,, }
of {y} such that y,, — yo.

(ii) [4] F is lower semicontinuous at xo € X if and only if, for every sequence {x,} C X with
xn — Xo and for any yg € F(xg), there exist y, € F(x,) such that y, — yo.

In the following, we introduce the concepts of minimal and weakly minimal solutions of
(SOP).

Definition 2.6. An element xy € D is said to be

(1) a minimal solution of (SOP) with respect to the variable generalized upper less relation if
x € D with F (x) <7 F(xo) implies that F(xo) <7 F(x);

(i1) a weakly minimal solution of (SOP) with respect to the variable generalized upper less
relation if x € D with F(x) <. F(xo) implies that F (xq) <;* F(x).

LetMin(D, F,<:”") and WMin(D, F,<;”") denote the sets of all minimal solutions and weakly
minimal solutions of (SOP) with respect to the variable generalized upper less relation, respec-
tively.

Theorem 2.1. Let —# be transitive. Then Min(D, F, <;* ) C WMin(D, F, <;").

Proof. Let xo € Min(D, F,<.7). If F(x) £7 F(xo) for all x € D, then xo € WMin(D, F, <:7).
If there exists x; € D such that F(x;) <;* F(xo), then

Fx)S |J (-t (y)). (2.4)

yeF (xo)
Thus F(x;) <7 F(xp). It follows from xo € Min(D,F,<:?) that F(xy) <7 F(x;), which
implies

Fx))S |J 0—20)). (2.5)

YEF (x1)
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Then, for any y € F(xp), there exists y; € F(x;) such that y € y; — # (y;). From (2.4), there
exists yg € F(xp) such that y; € yo —int.# (yo). Hence
y € yo—int# (yo) — A (yo —int” (yo)) C yo —int% (yo) — % (yo) C yo — int.# (yo).
It follows from (2.5) that there exists y, € F(x;) such that yg € y» —int.# (y;). Then
y € y2— K (y2) —intt (y2 — H (y2))

C y2 = (y2) —intA (y2)

C y2 —intH# (y2).
Thus F(x0) € Uyep(x,)(y — int# (y)). Therefore, F(xo) <% F(x;). This implies that xo €
WMin(D, F,<:7). O
Theorem 2.2. Let xg € D and — % be transitive. If WMax(F (xo),-#") # 0, then xo € WMin(D,
F,<;7) if and only if F(x) 47 F(xo) for all x € D.

Proof. By Definition 2.6(ii), the sufficiency holds. We now prove the necessity. Assume that
x1 € D satisfies F(x1) <% F(xo). It follows from xo € WMin(D, F, <% that F(xo) <% F(x).
Thus

Fx)C |J (g—intt (q)) (2.6)
q€F (x0)
and
Fx)S |J (p—intt(p)). 2.7)
PEF (x1)

From (2.7), we can infer that for any y € F(xp), there exists y; € F(x;) such that y € y; —
int.Z (y1). It follows from (2.6) that there exists yg € F(xg) and k; € int.%# (yg), such that y; =
yo—ki. Then int# (y;) = int# (yo — k1) C int.# (yp). Hence y € yo —int.# (yp) —int# (y;) C
yo — int.# (yo). Therefore, (F(xo) —y) N (int# (F(xo))) # 0 for any y € F (xo), which implies
WMax(F(xg),# ) = 0. This is a contradiction. O

Let M,, C X,n € N. We now recall the notion of Painlevé-Kuratowski convergence (see [17]).
Denote
LiM, :={x € X : x, = x,x, € My, for sufficiently large n}
and

Ls M, :={x € X : x», = x,X,, € My, ,{nx} is an increasing sequence of integers} .

We say that {M, } converges to M C X in the sense of Painlevé-Kuratowski(P.K.), denoted by
M, & M, if Ls M, C M C Li M,
For two nonempty sets A and B of X, the diameter of A, denoted by diamA, is defined as

diamA := sup |la; —a||.

ap,areA
The excess functional of A over B, denoted by ex(A, B), is defined as

ex(A,B) := supd(a,B),
acA

where d(a,B) := bin£||a—b\| :
S
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The sequence {M,,} C X converges to M C X in the sense of upper Hausdorff set convergence
[20], denoted by M, LN M, if ex(M,,M) — 0 as n — +oo.

3. POINTWISE LP WELL-POSEDNESS OF (SOP)

In this section, we introduce some notions of pointwise LP well-posedness for (SOP) with
respect to variable set relation. Throughout this section, Min(D,F,g<u% ) is assumed to be
nonempty. Let v € Min(D, F,<:7"). Consider the following scalar optimization:

(P) min g~ (F(x),F(v)) subject tox € D.

Let argmin(D, g,v) be the set of all minimal solutions of (P).
Motivated by [12, Definition 3.3] and [18, Definition 2.6], we introduce the following con-
cepts for set optimization with a variable structure.

Definition 3.1. Let ¥ € Min(D, F,<:%). A sequence {x,} C X is called

(i) a pointwise scalar-LP minimizing sequence at ¥, if there exists a real sequence &, — 0T,
such that d(x,, D) < &, and g=i (F(x,),F(9)) < €;

(i) a pointwise LP minimizing sequence at ¥, if there exists a real sequence &, — 0", such
that d(x,,D) < &, and F(x,) — £,k° <7 F ().

We now present two notions of pointwise LP well-posedness for (SOP).

Definition 3.2. Let ¥ € Min(D, F,<:”"). The problem (SOP) is said to be

(i) pointwise scalar-LLP well-posed at v if, for every pointwise scalar-LP minimizing sequence
{xn} at ¥, there exists a subsequence {x,, } of {x,} such that x,, — £ € argmin(D, g,V);

(ii) pointwise gL.P well-posed at ¥ if, for every pointwise LP minimizing sequence {x,} at ¥,
there exists a subsequence {x,, } with x,, — £ such that d(£,D) <0 and F (%) <;7 F(9).

We next introduce the following three approximate solution mappings.
Let L(k%,-,-) : Min(D, F, <7 ) x R, = X be defined as

LK%, v,€) := {x e X|d(x,D) < e,F(x)—ek’ <7 F(v)};
w(-,-) : Min(D,F,<:%) x R = X be defined as
w(v,€) := {x € X|d(x,D) < 8,g${(F(x),F(v)) < 8}
and 7 : R; = X be defined as

ne) = | {x € X|d(x,D) < &,F(x) — ek’ < ¥ F(v)}.
veMin(D,F,<;%)

Proposition 3.1. The following statements hold:

(i) If D is closed and —.# is transitive, then 2 (0) C Min(D, F,<;" ).

(i) If, for any x € Min(D, F,<;/"), there exists ¥ € Min(D, F,<;”") such that F (%) ~ F(x), then
Min(D,F,<;"") € 2,(0).

Proof. (i) Let xg € 2,(0). Then there exists yo € Min(D, F,<:?") such that d(xo,D) < 0 and
F(x0) <X F(yo). For any x € D satisfying F(x) <:¥ F(xo), since —¢ is transitive, from
Lemma 2.1(ii), we obtain that F(x) <7 F(yo). It follows from yo € Min(D,F,<:?") that
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F(y0) <7 F(x), which together with the transitivity of —.# gives F(xo) < F(x). Then
xo € Min(D, F,<:.7).

(ii) Let ¥ € Min(D,F,<;”"). Then d(%,D) < 0. Since there exists £ € Min(D, F,<:¥) such
that F (%) ~ F(x), we have x € 2(0). O

Remark 3.1. If —# is reflexive, then F (x) ~ F (x) for all x € D. Thus Min(D, F,<;*) C 2(0).
From Proposition 3.1, we obtain the following corollary.
Corollary 3.1. Let D be closed. If —%" is reflexive and transitive, then
2,(0) = Min(D, F,<¥).
Next, we give a characterization for the pointwise gLLP well-posedness.

Theorem 3.1. Let ¥ € Min(D,F,<:7). Then (SOP) is pointwise gLP well-posed at ¥ if and
only if L(k",%,-) is u.s.c. at 0 and L(k°,%,0) is compact.

Proof. Necessity. Let {x,} C L(k°,%,0). Then d(x,,D) <0 and F (x,) <;¥ F(Z), which implies
F(xn) € Uyepr (v —# (y)). Hence, for any &, — 07, we have d(x,,D) < &, and

Flx)—&k’C |J —&k’—2()c U 6—H ).
yeF () yeF (%)
Therefore, {x,} is a pointwise LP minimizing sequence at . Since (SOP) is pointwise gLP well-
posed at ¥, there exists a subsequence {x,, } with x,, — %, such that d(£,D) < 0 and F () <;/
F(X). Then £ € L(k,%,0). Thus L(k°, %,0) is compact. Assume that L(k,%,-) is not u.s.c. at
€ = 0. Then there exists an open set V, containing L(k", %,0). And, for any y > 0, there exists
& € [0,7) such that L(k°,%,&) ¢ Vo. Thus, there exist 1, € [0,1) and a sequence {x,}, such
that x, € L(k°,%, tt,,) but x, ¢ Vp. Let €, = W, + 5-. Then p, < &, and &, — 0™ Since p, < €,
we have L(k°, %, u,) C L(k°, %, €,). Hence, x, € L(k°, %, &,) but x, ¢ Vy. Then

d(x,,D) <eg, and F(x,)— g,k C U (y—H(y)).
YEF ()
Hence, {x,} is a pointwise LP minimizing sequence at X. Therefore, there exists a subsequence
{x, } with x,,, — % such that d(#,D) < 0 and F (%) <;* F(%). Then % € L(k°,%,0) C V,. Thus
there exists m € N, such that for any k > m, x,,, € Vy, which contradicts x,, ¢ Vj.

Sufficiency. Let {x, } be a pointwise LP minimizing sequence at X. Then, there exists &, — 0™
such that d(x,,D) < &, and F(x,) — &,k° <:¥ F(%). Hence, x, € L(k°, %, ¢,). Since L(k,%,-) is
ws.c. at € = 0 and L(k°,%,0) is compact, from Lemma 2.4(i) there exists x,, — £ € L(k°,%,0).
Hence, F (%) <7 F(%) and d(%,D) < 0. Therefore, (SOP) is pointwise gLP well-posed at &. [

Remark 3.2. If, for any a € A, ¥ (a) = K, which is a fixed convex cone, then Theorem 3.1
reduces to Theorem 3.14(a) of [1].

Now, we give an example to illustrate Theorem 3.1.

Example 3.1. Let X =R, Y =R, D =[0,1] and kX = 1. Define F: X =Y and # : Y =
Y by F(x) = [0,|x|] and # (y) = [|y|, +o0), respectively. If xo = 0, then F(0) ~ F(0) and
F(x) € Uyer(o)(y — # (v)) for any x € D\ {0}. Thus xo = 0 € Min(D, F, <), If xo € (0,1],
by taking x; = 0, we can observe that F(x1) </ F(xp), but F(xo) %;/ F(x;), which implies
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xo ¢ Min(D, F,<;"). Hence, Min(D, F,<;*) = {0}. Consider ¥ = 0. Let {x,} be a pointwise
LP minimizing sequence at 0. Then there exists &, — 07 such that x,, € [—&,, €], which implies
that there exists a subsequence x,, — 0 € Min(D, F, <7). Thus (SOP) is pointwise gLP well-
posed at 0.

We observe that

{0}, e=0,
[—e,€], €>0.

L(k°,0,¢e) = {

Clearly, L(k°,0,-) is u.s.c. at € = 0 and L(k",0,0) is compact.

Theorem 3.2. Let D be closed, ¥ € Min(D,F,<:7) and —% be transitive. If (H) holds and
WMax(F (x),.#") # 0, then (SOP) is pointwise scalar-LP well-posed at X if and only if w(x,-)
is u.s.c. at € = 0 and w(x,0) is compact.

Proof. Necessity. Let {x,} C w(x,0). Then d(x,,D) < 0 and g~i (F(xn),F(x)) <0. Hence,
{x,} is a pointwise scalar-LP minimizing sequence at X. Since (SOP) is pointwise scalar-
LP well-posed at %, there exists a subsequence {x,, } with x,, — % € argmin(D, g,%). Hence,
g5 (F(£),F (%)) < g5 (F(xy),F (%)) <0 and d(£,D) < 0, which implies £ € w(%,0). Then
w(x,0) is compact. If w(x,-) is not u.s.c. at € = 0, then there exists an open set V with
w(x,0) C Vp and for any y > 0, there exists & € [0,7) such that w(x,&) € V. Thus there
exist y, € [0, %) and a sequence {x,} such that x, € w(x, ) but x,, ¢ Vp. Let &, = U, + 2171
Then p, < €, and &, — 0T. Since u, < &,, we have w(x, it,) C w(x,¢€,). Hence x, € w(x, ,)
but x, ¢ Vy. Then d(x,,D) < &, and gsit (F(x,),F (X)) < €&, Hence, {x,} is a pointwise
scalar-LP minimizing sequence at X. Therefore, there exists a subsequence {x, } such that
Xy, — £ € argmin(D, g,). Thus g=i (F(£),F(%)) < g~ (F(xy),F (%)) < &,k € N. There-
fore, gﬂ% (F(%),F(x)) <0andd(%,D) <0. Hence, £ € w(x,0) C Vp, which contradicts x, ¢ Vj.

Sufficiency. Let {x,} be a pointwise scalar-LP minimizing sequence at . Then there exists
€ — 01 such that d(x,,D) < €, and g‘b]/ (F(x,),F(x)) < &, Hence, x, € w(X,¢&,). Since
w(x,-) is u.s.c at € = 0, from Lemma 2.4(i), it follows that there exists a subsequence {x, },
such that x,, — £ € w(x,0). Then gﬁ‘u}/ (F(%),F(%)) <0and £ € D. From ¥ € Min(D, F,<;)
and Theorem 2.1 we obtain that £ € WMin(D, F,<;” ). Then it follows from Theorem 2.2 and
Corollary 2.1(i) that g5« (F(x),F (%)) > 0. Hence,

<KX

g™ (F(%),F (%)) <0< g% (F(x),F(%),¥x € D.
Therefore £ € argmin(D, g,x). Thus (SOP) is pointwise scalar-LP well-posed at x. 0

The following example illustrates Theorem 3.2.

Example 3.2. Let X =R, Y =R%, D=[0,1], k= (1,1) and # (y) = R for all y € Y. Define
F:X=Yby
F(X): [X,l]X[)QZ—X], ‘x|<17
{(1,D}, x| > 1.
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We observe that Min(D, F,<;¥) = {1}. If 0 < x < 1, then gﬁ;j(F(x),F(l)) =1l-xifx=1,
then g= (F(x),F(1)) = 0. Hence argmin(D,g,1) = {1} and

w(l,s):{{l}’ =0

[1—¢g, 1], €>0.

Clearly, w(1,-) is u.s.c. at € = 0 and w(1,0) is compact. We can verify that (SOP) is pointwise
scalar-LP well-posed at X = 1.

We next give a sufficient condition for the pointwise gLP well-posedness for (SOP).

Theorem 3.3. Let ¥ € Min(D, F,<:”) and — % be reflexive. If diamL(k°, %,&) — 0 as € — 07,
then (SOP) is pointwise gLLP well-posed at x.

Proof. Let {x,} be a pointwise LP minimizing sequence at X. Then, there exists &, — 0" such
that d(x,,D) < €, and F(x,) — ,k° <¥ F(%). Then x, € L(k°,%,¢,). Since —% is reflexive,
we have F (%) C Uyepg (v — % (). Hence,

F@—ek’C |J 0—20)—ek’C | 6-20)),

YEF (%) YEF ()

which implies that ¥ € L(k°, %, &,). Combining this with x, € L(k", %, &,), we obtain that d(x,,%) <
diam(L(k°,%,&,)) — 0. Thus x,, — X. Since —.7  if reflexive, one has F (%) <;¥ F (). Therefore
(SOP) is pointwise gLLP well-posed at . 0

Remark 3.3. (i) If we replace % (y) =[|y|, +e°) by # (y) = [|y|, +0) U{0} for any y € Y in Ex-
ample 3.1, then —.# is reflexive. We observe that Min(D, F, <:¥ ) = {0} and diam(L(k°, %, €)) —
0 as € — 0. Similar to Example 3.1, we can verify that (SOP) is pointwise gLLP well-posed at
0.

(ii) If —2# is not reflexive, then Theorem 3.3 may not hold. For instance, if we replace
A (y) = [y, +eo) by # (y) = (|y|, +oo) for any y € Y in Example 3.1, then Min(D,F, <% ) =
[0,1] and diam(L(k°,0,€)) — 0 as € — 0T, but (SOP) is not pointwise gLP well-posed at 0.

We now give a characterization of the pointwise scalar-LP well-posedness for (SOP).

Theorem 3.4. Let ¥ € Min(D, F,<;”"), WMax (F (%),.#") # 0, —% be reflexive and transitive.
If diam(w(x,€)) — 0 as € — 07, then (SOP) is pointwise scalar-LP well-posed at .

Proof. Let {x,} be a pointwise scalar-LP minimizing sequence at X. Then there exists &, —
0* such that d(x,,D) < &, and g5+ (F(x,),F (%)) < &,. Hence, x, € w(%,&,). Since —% is
reflexive, we have F (%) <;¥" F(%). Then, it follows from Lemma 2.2(ii) that gﬁ{ (F(x),F(x)) <
0. Therefore X € w(x, &,), which implies

0 < d(xp,%) < diam(w(x,¢&,)) — 0.

Then, we have x,, — %. Since ¥ € Min(D, F,<:7), by Theorems 2.1 and 2.2, we have F(x) A7

u

F (%) for any x € D. Hence g~ (F(x),F (%)) > 0. Thus % € argmin(D, g, <7 ). O

Remark 3.4. Example 3.2 can also be used to illustrate Theorem 3.4.
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Proposition 3.11 in [23] establishes the relationship between the generalized /-well-posedness
with perturbation and the /-well-set property with perturbation. By adopting a proof strategy
analogous to that employed in this proposition, in what follows, we give a characterization of
the pointwise gLP well-posedness in terms of upper Hausdorff convergence of sequences of
approximate solution sets.

Theorem 3.5. Let ¥ € Min(D, F,<:7). The following assertions hold.

(i) If (SOP) is pointwise gLP well-posed at %, then ex(L(k°, %, €),L(k°,%,0)) — 0 as € — 0.
(ii) If L(k%,%,0) is compact and ex(L(k°, %, €),L(k°,%,0)) — 0 as € — 0T, then (SOP) is point-
wise gLP well-posed at x.

Proof. (i) Assume that there exists &, — 0" such that ex(L(k°,%,¢,),L(k",%,0)) - 0. Then,
there exist 8 > 0 and g,, — 0™ such that

L(K° %, €,,) € L(,°,%,0) +B(0,8).

Therefore, there exists x,, € L(k%,%,¢,,) such that x,, ¢ L(k°,%,0)+B(0,8). Then {x,,} is a
pointwise LP minimizing sequence at X. Since (SOP) is pointwise gLLP well-posed at x, there
exists x,, — £ such thatd(£,D) <0 and F(£) <% F (%), which imply that £ € L(k°, %,0). Hence
Xy, € L(k°,%,0) +B(0, 5) for sufficiently large Z, which is a contradiction.

(i) Let {x,} be a pointwise LP minimizing sequence at ¥. Then there exists &, — 0
such that x, € L(k%,%,¢&,). Since ex(L(k’,%,¢),L(k",%,0)) — 0 as &€ — 0, then, for any & >
0, ex(L(k%,%,¢&,),L(k°,%,0)) < § for sufficiently large n. Then d(x,,L(% k°,0)) < § for any
x, € L(%,k°, &,), which implies that there exists u, € L(%,k°,0) such that ||x, —u,| < §. As
L(%,k°,0) is compact, there exists a subsequence u,, — £ € L(%,k°,0). From the arbitrariness
of §, we have x,, — £ € L(%,k°,0). Hence, d(£,D) < 0 and F(£) ;¥ F(%). Thus (SOP) is
pointwise gL.P well-posed at . U

The following example justifies that Theorem 3.5(ii) may not hold in the absence of the
compactness of L(k%, %,0).

Example3.3. Let X =R, Y =R?, D=[0,2] and k° = (1,1). Define F: X =Y and # :Y =Y
by
{(LD},  x<0,
F(x)=1<¢(0,1)x(0,1), 0<x<1,
[0,x) x [0,x), x>1,
and
%(y): R%—’ y:(ylay2)€ [071)X[0a1>7
{<S>t) S Rzls > 0,1 > |)’2_ 1’}7 y= (y17YZ) g—f [071) X [071>7
respectively. A direct calculation gives Min(D, F,<:*") = (0,1]. For any ¥ € Min(D, F,<:%),
we observe that
L(KO.5.€) = {[—8,1—|—8], €>0,
0,1], e=0.
Clearly, ex(L(k°,%,€),L(k°,%,0)) — 0 as € — 0. If &, — 0% and x,, € (—¢,,0), then {x,} is a

pointwise LP minimizing sequence at X. For any subsequence {x,, } of {x,}, x,, — 0 as &, — 0,
but F(0) £ F(X).
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Combining Theorems 3.1 and 3.5, we obtain the following corollary.

Corollary 3.2. Let ¥ € Min(D, F,<;”") and L(k°, %,0) be compact. If ex(L(k°, %, €),L(k°,%,0)) —
0as & — 07T, then L(k°,%,-) is u.s.c. at € = 0.

Next, we give a characterization of pointwise gLP well-posedness for (SOP) in terms of the
Painlevé-Kuratowski convergence of sequences of approximate solution sets.

Theorem 3.6. Let ¥ € Min(D,F,<:”) and {&,} be a sequence of positive numbers with &, —
0*. If (SOP) is pointwise gLP well-posed at %, then Ls (L(k°,%,&,)) C L(k°,%,0). Moreover, if
L(K°,%,) is Ls.c. at & = 0, then L(k°, %, &,) — L(k°, %,0).

Proof. Letx € Ls (L(kY,%,¢,)). Then there exists x,, € L(k",%,¢,,) such that x,, — x. It can be
seen that {x,, } is a pointwise LP minimizing sequence at ¥. Since (SOP) is pointwise gLP well-
posed at X, there exists x,, — x such that d(x,D) < 0 and F(x) <% F(%). Thus x € L(k°, %,0).

Assume that xop € L(k,%,0). Since L(k°,%,-) is L.s.c. at € = 0, it follows from Lemma
2.4(ii) that there exists x, € L(k°,%,¢&,) such that x, — xo. Then xo € Li L(k°,%,&,). Thus
L(k°,%,0) C Li L(x°, %,&,). O

In what follows, we present a characterization of pointwise scalar-LP well-posedness.

Theorem 3.7. Let X € Min(D, F,<;7) and 0 € 7 (F()). If (SOP) is pointwise scalar-LP well-
posed at ¥ and g, — 07, then Ls w(x,&,) C w(x,0). Moreover, if w(x,-) is L.s.c. at € = 0, then

w(X, &) = w(%,0).

Proof. Let xg € Ls w(x,&,). Then there exists x,, € w(¥,&,,) such that x,, — xo. It follows
from x,, € w(x,€,) that {x, } is a pointwise scalar-LP minimizing sequence at %. Since

(SOP) is pointwise scalar-LP well-posed at X, there exists a subsequence of {xnkl} converg-

ing to some £ € argmin(D, g,x). Then xy = £ € argmin(D, g,%). Hence, g"u// (F(x0),F (%)) <
g~ (F(x),F(x)) <0, which implies xo € w(x,0). Assume that ¥ € w(x,0). Since w(X,-) is
Ls.c. at € = 0, it follows from Lemma 2.4(ii) that there exists x, € w(X, &,) such that x, — X.
Then X € Li w(X, &,). Thus w(x,0) C Li w(X, &,). O

4. GLOBAL LP WELL-POSEDNESS OF (SOP)

Gupta et al. [12] introduced Levitin-Polyak well-posedness in the set and scalar senses,
respectively. Motivated by Definitions 3.1-3.5 in [12], in this section, we introduce some notions
of global LP well-posedness for set optimization with respect to a variable set relation.

Definition 4.1. A sequence {x,} C X is called

(i) a global scalar-LP minimizing sequence for (SOP) with respect to {v,} C Min(D, F, <.
), if there exists a sequence of positive numbers {g,} with & — 0" as n — +oo such that
d(x,,D) < &, and gSit (F(xn),F(vi)) < &3

(i1) a global set-LP minimizing sequence for (SOP), if there exist a sequence of positive
numbers {&,} with &, — 0" as n — +o0 and v, € Min(D, F,<:* ) such that d(x,,D) < &, and
F(x,) <% F(v,) +&,B;

(1i1) a global LP minimizing sequence for (SOP), if there exist a sequence of positive numbers
{&,} with &, — 0 as n — +o0 and v, € Min(D, F,<:¥) such that d(x,,D) < &, and F(x,) —
g.k0 <7 F(vy).
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Definition 4.2. The problem (SOP) is said to be

(i) globally scalar-LP well-posed if, for every global scalar-LP minimizing sequence {x, } for
(SOP) with respect to {v,} C Min(D, F, <" ), there exist subsequences {x,, } of {x,} and {v, }
of {v,} such that v,, — ¥ and x,,, — £ with £ € argmin(D, g,7);

(ii) globally set-LP well-posed if, for every global set-LP minimizing sequence {x,} for
(SOP), there exists a subsequence {x,, } such that d(x,,,Min(D,F,<;)) — 0;

(iii) globally gLLP well-posed if, for every global LP minimizing sequence {x,} for (SOP),
there exists a subsequence {x,, } such that x, — % € Min(D, F,<:7).

Next, we define 7 : R, = X by

2(6)= | {x € X|d(x,D) < &,F(x) <* F(y) +8B} .
yEMin(D,F,x;%)
Here, 2 : Ry = X and Z(¢€) denote the approximate mapping and the set of approximate
solutions, respectively. We observe that Z(0) = Z,(0).
Next, we give some characterizations of the three types of global LP well-posedness in Def-
inition 4.2 in terms of Hausdorff upper semicontinuity, closedness and compactness of the ap-
proximate solution mapping.

Theorem 4.1. The following statements hold.

(i) Let 0 € 7 (F(Min(D, F,<;"))). If (SOP) is globally scalar-LP well-posed, then, for any
$ € Min(D, F,<:7), w(-,-) is closed at (9,0).

(ii) Assume that D is compact and (H;) holds. Let —# be transitive and Min(D, F,<;7)

be compact. If WMax(F(9),.#) # 0 and w(-,-) is closed at (9,0) for any ¥ € Min(D, F, <% ),
then (SOP) is globally scalar-LLP well-posed.
Proof. (i) Let (v,,&,) € Min(D,F, <) x Ry such that (v,,&,) — (9,0), and x, € w(v,,&,)
such that x, — £. We next prove £ € w(9,0). Take &, = &, + % for any n € N. From x, €
w(vy, €,), we have d(x,,D) < g, < J, and g*‘u[(F(xn),F(vn)) < 8,. Hence {x,} is a global
scalar-LP minimizing sequence for (SOP) with respect to {v,} C Min(D, F,<:%). Since (SOP)
is globally scalar-LP well-posed, there exist subsequences {v,, } and {x,, }, such that v, — ¥
and x,, — £ € argmin(D,g,9). Thus g=i (F(£),F(0)) < g5« (F(9),F(9)). It follows from
0 € /7 (F(Min(D,F,=<;7))) that F(9) <:¥ F(9). Combining this with Lemma 2.2(ii), we have
g~ (F(9),F () < 0. Hence, £ € w(9,0). Thus, w(-,-) is closed at (,0).

(ii) Let {x,} be a global scalar-LP minimizing sequence for (SOP) with respect to {v,} C
Min(D, F, <. ). Then there exists £, — 0" such that d(x,, D) < &, and g5¢ (F (x,),F (vs)) < €,
which implies x,, € w(vy, €,). Since Min(D, F, ;') is compact, there exist a subsequence {vy, }
of {v,} and ¥ € Min(D, F,<;/) such that v,, — ¥. Since d(x,,,D) < &, and D is compact, we
have that there exists u,, € D such that

Hxnk - unkH < &y 4.1)
Since D is compact, there exists Uny, — x € D. Then, from (4.1), it can be deduced that
Xp, — X. Since w(-,-) is closed at (¥,0), one gets £ € w(¥,0). Consequently, we obtain
gt (F(%),F(9)) <0. Since ¥ € Min(D, F, <%, by virtue of Theorems 2.1 and 2.2, we can in-

fer that F(x) £ F(9),Vx € D. Then it follows from Corollary 2.1(i) that gﬁi{ (F(x),F(v)) >0,
which implies £ € argmin(D, g, 7). Hence (SOP) is globally scalar-LP well-posed. U
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The following example justifies that Theorem 4.1(i) may not hold without the condition 0 €
A (F(Min(D,F.<))):
Example4.1. LetX =R, Y =R?, D=[~1,2]and k® = (1,1). Define F : X =Y and ¥ : Y =3 Y
by
{<070)}7 X<—1,
F(x) = {(1, )}, —1<x<0,
[0,1+x)%x[0,14+x), x>0,
and
{(s,) eRE 1> —s+1}, ye[0,1)x[0,1),
]R%L , otherwise,

%(y)={

respectively. A direct calculation gives that Min(D, F, <:% ) = {0}. It is clear that 0 ¢ /7 (F (0))
and (SOP) is globally scalar-LP well-posed. For any u € Min(D, F, ﬁf ) and € > 0, we observe

that
—1—¢€,-1 0
w(u, &) = ( &-1), e>0,
0, e=0.

Hence, w(-,-) is not closed at (0,0).

The following example illustrates that the condition “—._¢" be transitive” in Theorem 4.1(ii)
cannot be omitted.

Example4.2. Let X =R, Y =R?, D=[0,1] and k° = (1,1). Define F: X =Y and ¥ : Y =Y,
respectively, by

[0,1] x {1}, x<0,

[0,1] x {—1}, x=1,

{(3,3)}, otherwise,

F(x) =

and
1) €eR?r >0}, >0,
:%/(y)z {(S ) 2‘ = } Y2 =

{(s,t) eR*|t >0o0rs >0}, y» <0,
where y = (y1,y2). We can calculate that Min(D, F, <% ) = {0,1}, argmin(D, g,0) = {1} and
argmin(D, g, 1) = {0}. We observe that w(0,¢) = (—€,0] U {1}, w(0,0) = {0,1}, w(l,€) =
(—&,0]u{1} and w(1,0) = {0, 1}, which imply w(-,-) is closed at (0,0) and (1,0). Letx, = —1
and v, = 0 for any n € N. Then {x,} is a global scalar-LP minimizing sequence for (SOP) with
respect to {v, }, but x, — 0 ¢ argmin(D, g,0).

Next, we give an example to illustrate that the compactness of D in Theorem 4.1(ii) cannot
be omitted.

Example4.3. Let X =R, Y =R?, D= [0,2) and kX’ = (1,1). Define F : X =Y and ¥ :Y =Y
by
{(0,0)}, x <0,
F(x)=14[0,x] x[0,1—x], x€]0,1],
{x—1,2—x)}, x>1,
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and

- R%Hr’ otherwise,

respectively. A direct calculation gives that Min(D, F,<:%) = [0,1] and argmin(D,g,?) =
{9,941} for any ¥ € Min(D, F,<;’ ). We observe that for any (v,&) € Min(D,F, <. ) xR,

(v,€) (v—ev+e)U(—e+v+1,v+1+¢),e>0,
w(v,€) =
{vyv+1},e=0,

which implies that w(-, ) is closed at (v,0). Letx, = — 1 and v, = 1 — 1 forany n € N. Then {x,}

is a global scalar-LP minimizing sequence for (SOP) with respect to {v,} C Min(D,F, 4;4%/ )
but x, — 0 ¢ argmin(D, g, 1).

The following example shows that the compactness of Min(D, F,<;* ) in Theorem 4.1(ii) can
not be omitted.

Example4.4. Let X =R, Y =R%, D=(0,3] and k° = (1,1). Define F: X =Y and ¥ : Y =Y
by

{(171)}7 RIS (_°°>O]U{1}7
F(x)=<¢1[0,x) x[0,1—x), xe€ (0,1),
{x=1,2—x)}, x>1,
and
{(s,) eR?0<1 <25}, ye —R2,
RZ, otherwise,

%(y)z{

respectively. We calculate that Min(D, F,<:?) = (0,1) and argmin(D, g,9) = {9, 9+ 1}, V9 €
(0,1). Further calculation shows that, for any (v,£) € Min(D, F, <" ) x Ry,

v.€) (v—egv+e)U(v+1—g,v+14¢€),e>0.
w(v,€) =
{vywv+1},e=0,

which implies that w(-,-) is closed at (v,0). Taking x, = 1+ 1 and v, = 1 for any n € N, it
is clear that {x,} is a global scalar-LP minimizing sequence for (SOP) with respect to {v,} C
Min(D,F,<:7), but v, — 0 ¢ Min(D, F, <7 ).

u

Zhou et al. [37] studied a necessary and sufficient condition for generalized ky-well-posedness
of the set optimization problem with respect to m-upper set less order relation <%“. We next
present the necessary and sufficient conditions for globally gLLP well-posedness with the set
relation <% .

Theorem 4.2. (i) Let —.% be transitive and D be closed. If Min(D, F,<:”) is compact and
21(+) is H-u.s.c. at € = 0, then (SOP) is globally gL.P well-posed.

(ii) Assume that for any x € Min(D,F,<;"), there exists xo € Min(D,F,<:”) such that
F(x0) ~ F(x). If (SOP) is globally gLP well-posed, then Z;(-) is H-u.s.c. at € =0 and
Min(D, F,<:¥) is compact.
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Proof. (i) Let {x,} be a global LP minimizing sequence for (SOP). Then there exist €, — 0" and
{v,} € Min(D,F,<;") such that d(x,,D) < &, and F(x,) — £,k° <;¥" F(v,). Since 2(-) is H-
u.s.c. at € =0, for any € > 0, there exists a neighborhood U (0) of 0 such that Z; (a) C %,(0) +
B(0,¢€) for all ¢ € U(0). Thus there exists m € N such that &, € U(0) and Z;(&,) C 2:(0) +
B(0,¢) for all n > m. Then x,, € Z,(&,) C 21(0) +B(0, €). It follows from Z;(0) = Z(0) and
Proposition 3.1(i) that x, € Min(D, F, <7 ) +B(0,¢&). Thus d(x,,Min(D,F,<:*)) < &. From
the arbitrariness of &, we have d(x,,Min(D,F,<;’)) — 0. Since Min(D, F,<;) is compact,
there exists a subsequence x,, — £ € Min(D, F,<;/). Thus, (SOP) is globally gLP well-posed.

(ii) Let {x,} C Min(D, F,<;"). From Proposition 3.1(ii) we have {x,} C 2(0). Thus {x,}
is a global LP minimizing sequence for (SOP). Since (SOP) is globally gL.P well-posed, there
exists a subsequence x,, — £ € Min(D, F,<:7"). Hence Min(D, F, ;") is compact. Assume that
2:(+) is not H-u.s.c. at € = 0. Then there exists & > 0 such that for any n € N, there exists @, €
[0, 1) such that 2;(ay,) ¢ 21(0) +B(0,&). Thus, for any n € N, there exists £, € Z; () such
that %, ¢ 2,(0)+B(0,&). It follows from %, € Z;(0,) that d(X,,D) < a, and there exists y, €
Min(D, F, ;" ) such that F (%,) — a,k® < F (yn). Taking B, = oy + 1, we obtain d(%,, D) < B,
and F (%,) — Buk® <% F(y,). Thus {%,} is a global LP minimizing sequence for (SOP). Since
(SOP) is globally gLP well-posed, there exists a subsequence {%y, } such that %, — £ € 2;(0).
Therefore %, € 21(0) +B(0, &) for sufficiently large k, which is a contradiction. O

Remark 4.1. The condition that D is closed cannot be dropped in Theorem 4.2(i). This can be
justified by considering Example 4.3. The next example illustrates that the condition “—_¢" be
transitive” in Theorem 4.2(i) cannot be omitted.

Example4.5. LetX =R, Y =R?, D=[0,1] and k” = (1,1). Define F: X =Y and ¥ : Y =3 Y,
respectively, by

[0, 1] x {1}, x<0,
F) [1,2) x {4}, x_(O 1)
[0,2] x {—1}, x=1,
{(3,3)}, x>1,
and
R?, y2>2,
H(y) =< {(s,1) eR?*|t >0}, 0<y, <2,

{(s,t) eR?*[t >00rs >0}, y, <O,
where y = (y1,y2) € Y. A direct calculation gives that Min(D, F, <7 ) = {0}. We observe that

_ J(—€,0]U{l},e>0,
7ile) = {{0,1},8 —0,

which implies that 2, (-) is H-u.s.c. at 0. Let x, = 1 for any n € N. Then {x,} is a global LP
minimizing sequence for (SOP), but 1 ¢ Min(D, F,<;").

Now, we give an example to illustrate the condition “for any x € Min(D, F, 4‘5{ ), there exists
xo € Min(D, F,<:¥) such that F(x) ~ F(x)” in Theorem 4.2(ii) cannot be omitted.
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Example 4.6. Let X = R%, ¥ = R?, D = [0,2] x [0,2], X” = (1,1). Define F : X =Y and
K Y =Y, respectively, by
{0} x [1,2], xe —R3,
F(x)=q100,1]x[0,1], xe{(1,1),(2,2)},

{(1,2)}, otherwise,
and
RZ,  y1 >0,

where y = (y1,y2) € Y. A direct calculation gives that Min(D, F,<:7) = {(0,0),(1,1),(2,2)}
and F(x) %47 F((0,0)) for any x € D. We can verify that (SOP) is globally gLP well-posed.
We observe that

Ti(e) = {((—Ri)HE((O,O),S))U{(L1),(2,2)},e -0,
{(1,1),(2,2)},e =0,
which implies that Z, (-) is not H-u.s.c. at 0.

From Theorem 4.2, we can easily get the following corollary.

Corollary 4.1. Let D be closed and —. % be transitive and reflexive. Then (SOP) is globally
gLP well-posed if and only if Z;(-) is H-u.s.c. at € = 0 and Min(D, F, <;*) is compact.

Theorem 4.3. (i) Let —¢" be transitive and D be closed. If Z(-) is H-u.s.c. at € =0, then
(SOP) is globally set-LP well-posed.

(ii) Let Min(D, F, —4,{5/ ) be compact. If for any x € Min(D, F, 4{ ), there exists vo € Min(D, F,
<% such that F(vg) ~ F(x), then that (SOP) is globally set-LP well-posed implies Z(-) is H-
u.s.c.ate =0.

Proof. The proof is similar to that of Theorem 4.2 and is thus omitted. U
We now present some necessary conditions of global glLP well-posedness for (SOP).

Theorem 4.4. Let F be compact on Min(D, F,<;). If (SOP) is globally gLP well-posed, then
for any global LP minimizing sequence {x,} for (SOP), there exists a subsequence {x,, } such
that ex(F (x,, ), F(Min(D, F,<;7))) — 0.

Proof. On the contrary, suppose that there exists a global LP minimizing sequence {%,} such
that for any subsequence {%,,}, ex(F (%, ),F(Min(D,F,<;))) ~ 0. Then there exist § > 0

and a subsequence {)Enk] } such that
F(%, ) ¢ F(Min(D,F,<;"))+B(0,8),V € N.
Consequently, for any / € N, we can find an element yy, € F ()Enkl) satisfying
Y, & F(Min(D,F,<;7) +B(0,8). (4.2)

Since {)anl} is global LP minimizing sequencefor (SOP), there is a subsequence of {)’C’nkl}

converging to some £ € Min(D, F, 4;{5/ ). Without loss of generality, suppose that Xny, — X. From
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Y, € F ()anl) and the compactness of F' at X, we deduce that there exists a subsequence { Yy, }

of {ynk[ }, such that y,, — y € F(£) € F(Min(D,F, <7)). Then, Yn, € F(Min(D,F, <7
)+ B(0,0) for sufficiently large m € N, which contradicts with (4.2) O

Theorem 4.5. Let —% be reflexive and &, — 0. If (SOP) is globally gL.P well-posed, then
ex(21(€n), 21(0)) > 0asn — +oo.

Proof. On the contrary, if ex(Z)(&,), 21(0)) fails to converge to 0, then there exist a positive
number & and a subsequence {&,, } such that Z; (&, ) € 2:(0)+B(0, ) for any k € N. Hence,
for any k € N, there exists x,, € Z; (&) such that

Xn, & 21(0) +1B(0,0). (4.3)

It follows from x,, € 2;(¢,,) that {x,, } is a global LP minimizing sequence for (SOP). Since
(SOP) is globally gLP well-posed, there is a subsequence of {x, } converging to some % €
Min(D, F, <uf ). Without loss of generality, we suppose that x,, — £. Owing to the reflexivity
of —J¢ and by Proposition 3.1(ii), we can deduce that £ € Z;(0). Then, x,, € Z;(0)+B(0,9)
for sufficiently large k € N, which contradicts (4.3). O

Theorem 4.6. Let —% be reflexive and g, — 0. If (SOP) is globally gL.P well-posed, then
Ls 21(&,) € 2:(0). Moreover, if Z;(-) is 1.s.c. at € =0, then %, (g,) K9 (0).

Proof. Let X € Ls Z;(¢&,). Then there exists x, € Z;(&,,) such that x,, — X. Thus there exists
v, € Min(D, F,<:7") such that d(x,,,D) < &, and F(x,,) — €,k° <,/ F(vn,). Consequently,
{xn, } is a global LP minimizing sequence for (SOP). Since (SOP) is globally gLP well-posed,
we can find a subsequence of {x,, } converging to some £ € Min(D, F,<;/"). Then, from Remark
3.1, we have x =% € 2,(0). Let xo € 2,(0). Since Z(-) is L.s.c. at € = 0, then, for any positive
sequence {g,} with g, — 0™, it follows from Lemma 2.4(ii) that there exists x, € Z;(&,) such
that x,, — xo. Then xo € LiZ(g,). Thus 2;(0) C LiZ(&,). O

5. THE RELATIONSHIPS AMONG THE DIFFERENT LP WELL-POSEDNESS

In this section, our focus shifts to exploring the relationships among the three global LP well-
posedness in Section 4 and the connections between pointwise LP well-posedness and global
LP well-posedness. Now, we first present the relationship between the minimal solutions of
(SOP) and (P).

Theorem 5.1. Let ¥ € Min(D, F,<:” ) and —.# be transitive.

(i) If (Hy) holds, WMax(F(9), %) # 0 and F(x1) ~ F(x,) for any x{,x, € Min(D, F,<;),
then Min(D, F,<:¥) C argmin(D, g, 7).

(i) If — is reflexive and Uyep(s) (v — 2 (v)) is closed, argmin(D, g,?) C Min(D, F, <.

Proof. (i) Let xg € Min(D, F,<). Then F (xg) ~ F (%), which implies g (F (x0),F()) < 0.
Since WMax(F (9)), %) # 0, by virtue of Theorems 2.1 and 2.2, we can infer that F(x) 4/
F () for all x € D. Hence, by Corollary 2.1, one has g#g (F(x),F(¥)) > 0. Therefore xy €
argmin(D, g, 7).

(ii) Let x € argmin(D, g, 7). Then g<i (F(x),F(¥)) < gSi (F(x),F(9)),Vx € D. Hence,

¢St (F(R),F(9)) < g5« (F(5),F (D).
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Since —.% is reflexive, we have g=i (F(9),F(9)) <0. Then it follows from Lemma 2.3 that
F(%) <7 F(9). From ¥ € Min(D, F,<:7), it follows that F (%) ~ F(9). As — is transitive,
we obtain X € Min(D, F,<;"). O

Theorem 5.2. Let —.% be transitive and reflexive. For any ¥ € Min(D, F,<:7), Uyerm —

 (y)) is closed. If (SOP) is globally scalar-LP well-posed, then (SOP) is globally gLP well-
posed.

Proof. Let {x,} be a global LP minimizing sequence for (SOP). Then there exist €, — 07 and
v, € Min(D, F,<:¥) such that d(x,, D) < &, and F (x,,) — £,k° ¥ F(v,). Itis clear that F(x,,) —
£,k C Uyerv,) (v — % (v)). Thus, by virtue of Lemma 2.2(ii), we obtain gﬁifg (F(xn),F(vp)) <
€. Thus, {x,} is a global scalar-LP minimizing sequence for (SOP) with respect to {v,}. Since
(SOP) is globally scalar-LP well-posed, we obtain that there exist subsequences {x,, } of {x,}
and {vy } of {v,} such that v, — ¥ and x,, — £ with £ € argmin(D, g,?). It follows from
Theorem 5.1(ii) that ¥ € Min(D, F,<;?). Thus (SOP) is globally gLP well-posed. O

We now give an example to show Theorem 5.2 may not hold, if there exists xo € Min(D, F, 4;7
) such that Uyep () (v — () is not closed.

Example5.1. Let X =R, Y =R?, D=[-1,2] and kX = (1,1). Define F: X =Y and % : Y =
Y, respectively, by
{(0,0)}, x< -1,
1,1)}, x € [-1,0),
[0,14x) x[0,1+x), x>0,
and
_RI L U{0}, i <1,
| R2, y2>1,
where y = (y1,y2). We observe that Min(D, F,<:¥) = {0} and argmin(D, g,0) = [—1,0]. Here,
Uyer)(y — % (y)) is not closed, (SOP) is globally scalar-LP well-posed. Take x, = —1 — rlz

for any n € N. Then {x,} is a global LP minimizing sequence for (SOP), but x,, — —1 ¢
Min(D, F,<:7).

H(y)

Theorem 5.3. Let (H;) hold, —% be transitive and Min(D,F,<:*) be compact. Assume
that WMax (F (v),.#") # 0 for any v € Min(D,F,<:?), and F(x;) ~ F(x;) for any x,x; €
Min(D, F,<:7"). If (SOP) is globally gLP well-posed, then (SOP) is globally scalar-LP well-
posed.

Proof. Let {x,} be a global scalar-LP minimizing sequence for (SOP) with respect to {v,} C
Min(D, F,<;* ). Then there exists &, — 0% such that d(x,, D) < &, and g« (F(x,),F (vy)) < €.
By applying Lemma 2.2(i), we deduce that

UFE@) -t J 6-#0).

1>, yEF (vy)
Hence, F(x,) —2&,k° C Uyer ) (v = Z (), ie., Flxn) — 2¢,k° <% F(v,). It is clear that
d(x,,D) < 2¢, and 2¢, — 0T. Hence {x,} is a global LP minimizing sequence for (SOP).
Since (SOP) is globally gLP well-posed, there exists a subsequence {x,, } converging to some
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% € Min(D,F,<:7). Owing to the compactness of Min(D, F,<;’), there exists Vi, =V €
Min(D, F,<:7"). From Theorem 5.1(i) we have £ € argmin(D, g, §). O

The following example illustrates that Theorem 5.3 may not hold if there exist xi,x; €
Min(D, F,<:7") such that F(x;) % F(x2).

Example 5.2. Let X =R, Y =R?, D =(0,2] and k” = (1,1). Define F: X =Y and ¥ : Y =2 Y,
respectively, by
{0} x[1,2], x=0,
F(x)=41[0,1] x[0,1], x € {1,2} U(—c,0),
{(1,2)}, otherwise,

and
R%—-{-? J1 < 07

H(y) =
() {Rﬁ—v y1>07

where y = (y1,y2). We observe that Min(D, F,<:*) = {0,1,2}. Here, F(0)  F(1) and (SOP)
is globally gLLP well-posed. Let x,, = —% and v, = 1 for any n € N. Then {x, } is a global scalar-
LP minimizing sequence for the problem (SOP) with respect to {v,}. For any subsequence
{xn,} of {x,}, it is clear that x,, — O ¢ argmin(D, g, 1), which implies (SOP) is not globally
scalar-LP well-posed.

Theorem 5.4. Let D be closed and —. % be transitive. If F(x;) ~ F(xp) for any xi,x; €
Min(D, F, 434%/ ), then (SOP) is globally gLLP well-posed if and only if (SOP) is pointwise gLP
well-posed at any x € Min(D, F, <7 ).

u

Proof. Necessity. Let ¥ € Min(D, F, <:%) and {x, } be a pointwise LP minimizing sequence at .
Then there exists &, — 07 such that d(x,,D) < &, and F(x,) — &,k° <;¥ F(%). Hence {x,} is a
global LP minimizing sequence for (SOP). Thus, we can find a subsequence of {x, } converging
to some £ € Min(D, F,<:7). Then, since F (%) ~ F (%), we obtain that (SOP) is pointwise gLP
well-posed at x.

Sufficiency. Let {x,} be a global LP minimizing sequence for (SOP). Then there exist &, —
0" and {v,} C Min(D,F,<:7) such that d(x,,D) < &, and F(x,) — &k° <¥ F(v,). For any
x € Min(D, F,<;/), we have F(v,) ~ F(x). Then F(x,) — &k° <;¥ F(x). Thus, {x,} is a
pointwise LP minimizing sequence at x. Since (SOP) is pointwise gLLP well-posed at x, there
exists a subsequence of {x,} converging to some £, such that d(£,D) < 0 and F (%) < F(x).
As D is closed, then £ € D. From x € Min(D, F,<:7") one has F(x) ~ F(%). Then, since —.%¢"
is transitive, it follows that £ € Min(D, F, 4;{5/ ). Hence (SOP) is globally gLP well-posed.  [J

Remark 5.1. In Theorem 5.4, the condition “ F(x1) ~ F(x2) for any x1,x; € Min(D, F,<:%)”
cannot be relaxed. From Example 4.6, it is clear that (SOP) is globally gl.P well-posed but is
not pointwise gLP well-posed at xo = (0,0).

The following example illustrates that the closedness of D in Theorem 5.4 cannot be omitted.

Example 5.3. Let X =R, Y = R?, D = (0,1] and k° = (1,1). Define F: X =Y and .7 :
Y =Y by F(x) = [0,1] x [0,1] for all x € X, and ¥ (y) = R for all y € Y. We observe that
Min(D,F,<:¥) = (0,1]. Then (SOP) is pointwise gLP well-posed at any ¥ € Min(D, F,<:7),
but it is not globally gLLP well-posed.
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The following example illustrates that Theorem 5.4 may not hold if —J¢" is not transitive.
Example 54. Let X =[*, Y = R?, D = {x = (a1,a2, ...,ap,...) € [®|a,, € [0,1],m=1,2,...}

and K = (1,1). Denote Ox = (0,0,...,0,...) and 1y = (1,1,...,1,...). Define F : X = Y and
K Y Y, respectively, by

[0,2) x {1}, xe (=I2)\{O0x},
[0,1] x {1}, x=0x,
F(x)=1¢ [0,2)x{2}, x€A,
0,2] x {—1}, x=1x,
[ 0,3] x {2}, otherwise,
and ,
_ ) {Gs,1) eR?e > 05, 220,
,/"i’(y)_{{(s,t)eR2]t200rs>0}, y2 <0,
where—lj::{x:(al,az,...,am,...)El“]amSO,mEN},A:{x:(al,O,. ,0,..)]a; € 2,4]}

and y = (y1,y2). We can verify that — ¢ is not transitive. A direct Calculatlon gives that
Min(D,F, <) = {0x,1x}. We observe that (SOP) is pointwise gLP well-posed at x = 1y
and x = Oy, but it is not globally gLLP well-posed. In fact, by taking x,, = (% + ,11,0, s, 0,.00),
v, =0x and g, = % for any n € N, one obtains that {x,} is a global LP minimizing sequence,
but x, — (1,0,...,0,...) & Min(D, F, <% ).

Theorem 5.5. Let —% be reflexive, Min(D, F,<:7") be compact, .# (y) C .# (y+d) for any
y€eYandd € # (y). If (SOP) is globally set-LP well-posed, then (SOP) is globally gLP well-
posed.

Proof. Let {x,} be a global LP minimizing sequence for (SOP). Then there exist €, — 0" and
{v,} € Min(D,F,<;’) such that d(x,,D) < &, and F(x,) — &k° <¥" F(v,). It is clear that
F(xn) C Uyerp) 0 — 2 () + €,k%. Since —.# is reflexive and 7 (y) + [0, +0)k" C # (),
one has &,k € J# (y) for any y € Y. Then .# (y) C .# (y + &,k°), which implies

F(x,) C U (y+ €.k° — # (y+ £,k°)). (5.1)

YEF (v)

Take 8, = 2¢;max {1,[|k°||}. Then &, > &, and &,k® € §,B. Hence, combining this and
(5.1), we obtain F(x,) C UyeF () .peB (Y F Onb — (v + 8pb)), thus F(xy) <X F(v,)+6,B
and d(x,,D) < &,. Hence {x,} is a global set-LP minimizing sequence for (SOP). Since (SOP)
is globally set-LP well-posed, there exists a subsequence {x,, } such that d(x,,, Min(D, F, g<u‘%/

)) — 0. Owing to the compactness of Min(D, F, <%, there exist a subsequence {xnk } of {x,, }
and £ € Min(D, F, <" such that Xy, = X. Thus, (SOP) is globally gLLP well-posed. OJ

6. AN APPLICATION TO TRAFFIC NETWORK PROBLEM WITH INTERVAL-VALUED COST
FUNCTIONS

As an application of the results obtained in the preceding sections, we consider a traffic
network model studied in literature [32] to clarify the viability of the results. Xu et al. [32]
investigated a multi-criteria traffic equilibrium network problem with uncertain cost. In the
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traffic network problem, the traffic cost is in the form of a vector, covering various cost types.
In practice, influenced by a series of actual situations such as road conditions and policies,
decision-makers will compare these different actual situations. By evaluating the potential im-
pacts of each situation on different cost types, they will choose to focus on certain types of costs
according to their specific needs and priorities.

In the traffic flow cost problem, the design of the weight function w(-) : R" — R’} is crucial
for reflecting the decision-maker’s preferences among different cost types within a single cost
vector y = (y1,y2,-..,yn). Each component @;(y) of @(y) := (@;(y), @ (y),..., ®,(y)) repre-
sents the decision-maker’s relative emphasis on the i-th cost type.

Such a weight at a point y defines a cone of preferred directions by

(o)) = {d Y sgn(d)oly) > o},
=1

l
where
1, if d; > 0,
sgn(d;) :=<0, if d; =0,
—1, if d; <O.

In the traffic network, the set of nodes and the set of directed arcs are denoted by N and E,
respectively. We denote by ¢, > 0 the capacity of arc e € E. Let C = (c.). € E denote the
capacity vector. The set of origin-destination (O-D) pairs is denoted by W, and the demand
vector is denoted by D = (d,,),vew, Where d,, > 0 is the demand of traffic flow on O-D pair w.
Let P, denote the set of available paths connecting O-D pair w € W. Let ¥, cw |Py| = m and
P =, cw Py. For a given path k € P, hy is called the traffic flow and h = (hy,ha, ..., h,) € R™
is called a path flow. The arc flow needs to meet the capacity constraints 0 < v, < ¢,,Ve € E,
where ve = Y.ew Ykep, Ock/k» Oer = 1 if path k includes arc e; otherwise, 8. = 0, see [32] for
more details. The path flow vector /& needs to satisfy the demand constraints Y ycp iy = dy.
Let g¢(v) = (g1(v),&2(v),...,&s(v)) be an interval-valued function on the arc e, where g;(v) =
[gF(v), g8 (v)](i =1,2,...,5) denotes the different types of interval-valued cost functions such as
time, money, etc.

Let F¥(h) = (ff(h),..., f5(h)) be the interval-valued cost function along the path k. Then
FK(h) = ¥ ockg 8xg¢(v). Now, we consider the case of s = 2. The minimum cost flow problem
of the traffic network equilibrium is defined by

min) Y F k(h)
weW kebP,,
ot { Yiep, ik = dw, Yw e W,
T e 2 Yew ZkEPw Oukhy = 0, Ve € E,

where FA(h) = (f}(h), £(h).
Example 6.1. Consider the network problem depicted in Figure 1. N ={1,2,3}, E = {e},e2,e3},

C=(3,2,3)T,W ={(1,3)}. Let the demand quantity be 4. The cost functions of arcs from R?
to 2R are defined as follows:

gil (V) = [Vla 1'5V1]7 851 (V) = [vlvzvl]’
g2 (v) = [0.5v2,2.5v1], g2 (V) =[2—(va—2)%4—2(v,—2)?,
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s

€
€ 3
—>4
€2
FIGURE 1.
g? (v) = [1.5v3,2v3], g? (v) = [v3,2v3],

where v = (v, v2,v3) € R,
Let A = {(yl,yz) eR?:y; < 10}, B = {(yl,yz) eR?:y; >10,y, < 10}, kK® = (1,1) and
® : R? — R2 be defined by

Then the minimum cost flow problem of the example can be expressed as follows:

(SOP)  min ®(h) = (P (h),P>(h)) = F'(h)+ F*(h)

OS]’Z] §27
S.t. 0<hy <3,
hi+hy, =4,

where F! (h) + F2(h) = (f{ (h) + f (h), £3 (h) + f3 (h)).

Let S denote the feasible region. Then S = conv {(1,3),(2,2)}. We obtain ®; (h) = f(
fE(h) = g1 (v) + g7 (v) + &7 (v) = [vi +0.5v2 + 1.5v3, 1.5v) + 2.5v5 + 2v3], @5 (h) = f5 (h) +
) =g () +87()+857() =[vi+v3+2—(v2—2)%2v +2v3+4 —2(v, —2
h= (h1,h2),v = (V],VZ,V3) and h1 =V] =V, h2 = V3.

N—

W
£
=
(¢]
=
¢

{d e R?|(d\ > 0,d> > 0)or(d; >0,d, <0)},y €A,
H(y) = {d € R*|(d, >0,d, > 0)or(d; <0,d, >0)},y € B,
{d cR?|d; >0,d, € ]R} ,otherwise.

If h=(1,3), we observe that ®(h) = [6,10] x [5,10] and forany h € S\ {h }, ®(h) Z Uyeam) (
A ).

y
A (y)):if he S\ {(1,3)}, taking i = (1,3), we observe that ®(h) <7 ®(h) but &(h) £;* ®(h
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Then Min(S,®, <) = {(1 3)}. Let h = (1,3). Through calculation, we can know that the ap-
proximate solution sets L(k", #,0) = {(1, 3)} and

LK, 7€) = { R2|d(x,S) < &,®(x) sk0<=;f’c1>(iz)}
C {x e R}d(x,S) < &,y1 —€ < 10,y = (y1,y2) € D(x)}
- (1,3)+§£B,

where & > 0. Thus diamZ(k°, %, &) — 0 and ex(L(k°, h,€),L(k°,h,0)) — 0 as € — 0. Accord-
ing to Theorem 3.5, we obtain that (SOP) is pointwise gL.P well-posed at /.

In fact, we can verify that (SOP) is pointwise gLP well-posed at 7 = (1,3). Let {x,} be a
pointwise LP minimal sequence at 2 = (1,3). Then there exists &, — 0™ such that d(x,,S) < &,
and F(x,) — £,k° <;¥" F(h). Then, we derive that x,, € (1,3) + &,B((0,0),1). Thus there exists
a subsequence {x,, } of {x,} such that x,, — h, which implies that (SOP) is pointwise gLP well-
posed at i = (1,3). Meanwhile, according to Theorem 5.4, (SOP) is globally gL.P well-posed.

Acknowledgements
The second author was supported by the National Natural Science Foundation under Grant No.
11961047.

REFERENCES

[1] Q.H. Ansari, N. Husain, P.K. Sharma, Levitin-Polyak well-posedness for set optimization problems, J. Non-
linear Convex Anal. 22 (2021), 1353-1371.

[2] Q.H. Ansari, E. Kobis, PK. Sharma, Characterizations of set relations with respect to variable domination
structures via oriented distance function, Optimization 67 (2018), 1389-1407.

[3] Q.H. Ansari, PK. Sharma, Set Order Relations, Set Optimization, and Ekeland’s Variational Principle, In:
Optimization, Variational Analysis and Applications, V. Laha, P. Marechal and S. K. Mishra (ed.), Springer
Proceedings in Mathematics & Statistics vol. 355, pp. 103—165, Springer, 2021.

[4] J.P. Aubin, H. Frankowska, Set-valued Analysis. Modern Birkhduser Classics, Birkhduser Boston Inc,
Boston, 2009.

[5] L.Q. Anh, PT. Duoc, V.T.M. Thuy, Existence and stability to vector optimization problems via improvement
sets, J. Appl. Numer. Optim. 5 (2023), 219-235.

[6] P.T. Duoc, H.M. Le, P.T.A. Thu, Existence conditions and radiant properties of solutions to uncertain vector
optimization problemss, Appl. Set-Valued Anal. Optim. 7 (2025), 57-70.

[7] T. Q. Duy, Levitin—Polyak well-posedness in set optimization concerning Pareto efficiency, Positivity, 25
(2021), 1923-1942.

[8] G. Eichfelder, Variable Ordering Structures in Vector Optimization, Springer, Berlin, Heidelberg, 2014.

[9] G. Eichfelder, Vector optimization in medical engineering, In: P.M. Pardalos, T.M. Rassias (Eds.), Mathe-
matics without boundaries. Surveys in interdisciplinary research, pp. 181-215, Springer, New York, 2014.

[10] G. Eichfelder, M. Pilecka, Set approach for set optimization with variable ordering structures part I: set
relations and relationship to vector approach, J. Optim. Theory Appl. 171 (2016):931-946.

[11] M. Gupta, M. Srivastava, Approximate solutions and Levitin—Polyak well-posedness for set optimization
using weak efficiency, J. Optim. Thoery Appl. 186 (2020), 191-208.

[12] M. Gupta, M. Srivastava, On Levitin—Polyak well-posedness and stability in set optimization, Positivity, 25
(2021), 1903-1921.

[13] C. Gutiérrez, E. Miglierina, E. Mohlo, N. Vicente, Convergence of solutions of a set optimization problem in
the image space, J. Optim. Theory Appl. 170 (2016), 358-371.



LEVITIN-POLYAK WELL-POSEDNESS FOR SET OPTIMIZATION 777

[14] Y. Han, N. J. Huang, Well-posedness and stability of solutions for set optimization problems, Optimization,
66 (2016), 17-33.

[15] B. Jiménez, V. Novo, A. Vilchez, Six set scalarizations based on the oriented distance: properties and appli-
cation to set optimization, Optimization, 69 (2019), 437-470.

[16] B.Jiménez, V. Novo, A. Vilchez, Two set scalarizations based on the oriented distance with variable ordering
structures: properties and application to set optimization, Numer. Func. Anal. Opt. 42 (2021), 1367-1392.

[17] A.A.Khan, C. Tammer, C. Zalinescu, Set-valued Optimization: An Introduction with Applications. Springer,
Berlin (2015).

[18] S. Khoshkhabar-amiranloo, Characterizations of generalized Levitin—Polyak well-posed set optimization
problems, Optim. Lett. 13 (2019), 147-161.

[19] E. Kobis, T.T. Le, C. Tammer, A generalized scalarization method in set optimization with respect to variable
domination structures, Vietnam J. Math. 46 (2018), 95-125.

[20] K. Kuratowski, Topology, vol. 1 and 2. Academic Press, New York, 1968.

[21] C.S. Lalitha, P. Chatterjee, Stability and scalarization of weak efficient, efficient and Henig proper efficient
sets using generalized quasiconvexities, J. Optim. Theory Appl. 155 (2012), 941-961.

[22] E.S. Levitin, B.T. Polyak, On the convergence of minimizing sequences in conditional extremum problems.
Dokl. Akad. Nauk SSSR 168 (1966), 997-1000.

[23] J. Liu, Q.H. Ansari, J.W. Chen, W.Y. Zhang, Generalized well-posedness with perturbation of set optimization
problems in terms of lower set less order relation, J. Nonlinear Convex Anal. 21(5) (2020), 1081-1096.

[24] D.T. Luc, R. Lucchetti, C. Malivert, Convergence of efficient sets, Set-valued Anal. 2 (1994), 207-218.

[25] N.P. Osmolovskii, V. M. Veliov, Strong metric subregularity of the optimality mapping and second-order
sufficient optimality conditions in extremal problems with constraints, Commun. Optim. Theory 2025 (2025)
31.

[26] J. Peng, W. Wei, D. Ghosh, et al. Characterization of E-Benson proper efficient solutions of vector optimiza-
tion problems with variable ordering structures in linear spaces, J. Nonlinear Var. Anal. 8 (2024), 659-680.

[27] A. Sayadi-bander, R. Kasimbeyli, L. Pourkarimi, A coradiant based scalarization to characterize approximate
solutions of vector optimization problems with variable ordering structures, Oper. Res. Lett. 45 (2017), 93-97.

[28] B. Tahu, M. Dhingra, S. Kumar, Levitin-Polyak well-posedness for parametric set optimization problem,
Carpathian J. Math. 39 (2022), 511-527.

[29] A.N. Tykhonov, On the stability of the functional optimization problems, USSR Comput. Math. Phys. 6
(1966), 28-33.

[30] P.T. Vui, L.Q. Anh, R. Wangkeeree, Levitin-Polyak well-posedness for set optimization problems involving
set order relations, Positivity 23 (2019), 599-616.

[31] H.Z. Wei, C.R. Chen, S.J. Li, Robustness characterizations for uncertain optimization problems via image
space analysis, J. Optim. Theory Appl. 186 (2020), 459-479.

[32] Y.D. Xu, C.L. Zhou, S.K. Zhu, Image space analysis for set optimization problems with applications, J.
Optim. Theory Appl. 191 (2021), 311-343.

[33] H. Yu, H.M. Liu, Robust multiple objective game theory, J. Optim. Theory Appl. 159 (2012), 272-280.

[34] P.L. Yu, Cone convexity, cone extreme points, and nondominated solutions in decision problems with multi-
objectives, J. Optim. Theory Appl. 14 (1974), 319-377.

[35] W.Y. Zhang, S. J. Li, K. L. Teo, Well-posedness for set optimization problems, Nonlinear Anal. 71 (2009),
3769-3778.

[36] Z.A. Zhou, W. Chen, X.M. Yang, Scalarizations and optimality of constrained set-valued optimization using
improvement sets and image space analysis. J. Optim. Theory Appl. 183 (2019), 944-962.

[37] Z.A. Zhou, K.H. Feng, Q.H. Ansari, Well-posedness of set optimization problems with set order defined by
Minkowski difference, J. Optim. Theory Appl. 204 (2025), 31.

[38] Z.A. Zhou, K.H. Liang, Q.H. Ansari, Optimality conditions for Benson proper efficiency of set-valued equi-
librium problems, Math. Meth. Oper. Res. 101 (2025), 111-134.



	1. Introduction
	2. Preliminaries
	3. Pointwise LP well-posedness of (SOP) 
	4. Global LP well-posedness of (SOP)
	5. The relationships among the different LP well-posedness
	6.  An Application to Traffic Network Problem with Interval-valued Cost Functions
	References

