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Abstract. In this paper, we study the following fractional Schrédinger-Poisson system

(—A) Y+ A9 (x)y =g(y) inR’,

(8P ¢ =Ay? in R?,
where a, 3 € (0,1) are constants and A > 0 is a parameter. By using a truncation technique and an
auxiliary functional, we prove the existence of multiple solutions for the above system when g satisfies
the Berestycki-Lions type conditions via combining variational methods with genus theory.
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1. INTRODUCTION

In this paper, we investigate the multiplicity results for the general fractional Schrodinger-
Poisson system
(~A) Y+ Ao (x)y = g(y) inR?,
B 2 L R3 (1.1)
<_A) (P = 7“// in R )
where A > 0 is a parameter, o, 3 € (0,1) and 4a+2f > 3, (—A)* withs = o, B € (0, 1) denotes
the fractional Laplacian operator which can be defined as

v(x) —v()
(—A)*v(x) = C(s)P.V. - mdy,

where P.V. is the Cauchy principal value and C(s) is a normalization constant. The frac-
tional Laplacian operator (—A)* has wide applications in several physical phenomena such as
fractional quantum mechanics, flames propagation and geophysical fluid dynamics (see, e.g.,
[10, 14]).

We note that if A = 0 and replace R? with R¥(N > 2), then system (1.1) reduces to the
following fractional Schrodinger equation

(—A)%y =g(y) nRY. (12)
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Equation (1.2) was studied extensively by using variational methods. For example, Chang and
Wang [6] proved the existence of a positive ground state solution for (1.2) by combining the
monotonicity trick and the Pohozaev identity. In [5], Byeon et al. studied equation (1.2) and
obtained the existence, symmetry, regularity and decay property of a mountain pass solution.
Subsequently, Alves et al. [1] proved the existence of ground state solutions for (1.2) with the
critical nonlinearity.

In recent years, fractional Schrodinger-Poisson systems have attracted a lot of attention due to
their widespread applications in interdisciplinary fields such as condensed matter physics, quan-
tum optics, optimization, finance, and image processing; see, e.g., [10, 11]. On the other hand,
due to the presence of multiple nonlocal terms in the fractional Schrodinger-Poisson systems,
it brings inherent mathematical difficulties, which has attracted the attention of many mathe-
matical researchers. For example, in [16], Shen and Yao considered the fractional Schrodinger-
Poisson system

{ (—A)* Yy +V @)Y+ o)y = [y[i 7y in R, 13

(—A)P ¢ =y? in R3,

where 3 < g < 2y, = ﬁ, o,B € (0,1) with o < B and 2 + 28 > 3. Under certain assump-

tions on V (x), by using the Nehari-Pohozaev manifold method, they showed that system (1.3)
has a ground state solution for ¢ € (3,2%). Teng [17] studied system (1.3) for the case o = 8
by using the monotone trick and a global compactness result, and the existence of ground state
solutions for (1.3) was obtained under different assumptions on V (x). Similarly, using the same
method as in [17], Teng [18] studied the existence of nontrivial ground state solutions for the
following critical fractional Schrodinger-Poisson system

(—A)* Y +V(@X)y+o(x)w = |y 2y +u|yli 2y inR,
(—A)Fo =y? in R,

where g € (2,2%), > 0is a parameter, o, 3 € (0,1) with 2a + 2 > 3.

In [22], Zhang et al. investigated system (1.1) as the general nonlinearity f with subcritical
or critical growth. Using a perturbation approach, they obtained the existence of positive ra-
dial solutions for (1.1) if A > 0 small enough. For more related results concerning fractional
Schroédinger-Poisson system, we refer the interested readers to [7, 12, 19, 20, 21] and the ref-
erences therein. Up to our knowledge, in the literature, there are few results on the multiplicity
results for generalized fractional Schrodinger-Poisson system except works [12, 13]. In [13],
the authors studied the following system

4 (—A) Yy +V(x)y + o)y = f(y) inRY, 14
e2(—A)F 9 =y’ inRY, '
72 221(B) . . .
where 6 € (0,2f3) and 3 = B is a constant, f has subcritical growth and satisfies the
2

monotonicity condition that @ is strictly increasing in (0, +o0) and the Ambrosetti-Rabinowitz
(AR) type condition: there exists K > 4 such that 0 < K [} f(t)dt < tf(t) for all ¢ > 0.
They established the multiplicity results of (1.4) for suitably small € > 0 via the Ljusternick-

Schnirelmann category theory. This result has been subsequently improved by Liu and Zhang
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[12] to the critical nonlinearity case: f(¢) is replaced by g(r) + |t|?«~2¢, where g(t) = o(£3) as
t —0and 2 ( )i strictly increasing for ¢t > 0.

Inspired by the papers mentioned above, in the present paper, we consider the multiplicity
results for fractional Schrodinger-Poisson system (1.1) with the Berestycki-Lions type nonlin-
earity g. More precisely, we assume that g satisfies the following conditions:

(Go) g € C(R,R) and g is an odd function;

t
(Gy) —eo < liminf £~ 40, < llmsup 40, =—-0<0;
t—0t+ t =0+ 1
(Gy) —oo < limsup 2*() < 0, where 2¢, = 5 62 is the fractional Sobolev critical exponent for

f—5foo
3-dimension;

(G3) there exists a constant ¥ > 0 such that G(9) := foﬂg(t) dr > 0.
Now we state our main result as follows.

Theorem 1.1. Suppose that (Go) — (G3) hold. Then, for each m € N7, there exists Ay > 0 such
that, for any A € (0,A,,), problem (1.1) admits at least m couples of radial symmetry solutions
in H*(R3) x 2B2(R3).

Remark 1.2. Compared with existing related research, theorem 1.1 can be seen as an extension
of the results presented in [12, 13]. Due to the absence of any monotonicity or (AR) type
conditions in the conditions (Gg) — (G3) of this paper, our problem becomes more challenging.
It is worth noting that the methods we used in the present paper are different from that in
[12, 13].

We emphasize that, in the general assumptions (Gg) — (G3), we do not assume two standard
conditions, namely ( )i increasing in (0, +o0) and the (AR) type condition: there exists k > 4
such that 0 < kG(r ) < g(t)t for any ¢ > 0, which bring about two obstacles when we use the
mountain-pass arguments both in checking the geometrical conditions in the corresponding
energy functional and in proving the boundedness of its Palais-Smale((PS) for short) sequences.
On the other hand, since g does not have any homogeneity property, we cannot use the usual
arguments as in the pure power case.

The paper is organized as follows. In Section 2, we introduce some notations, set the varia-
tional framework for problem (1.1) and provide some preliminary lemmas which will be used
later. In Section 3, the last section, we give the proof of Theorem 1.1.

2. PRELIMINARIES AND MODIFIED FUNCTIONAL
Throughout this paper, C,Cy,Cy, - - - denote some positive constants that may vary from line to
1
line; ||| = (fgs |[w|?dx) denote the usual norm of L4(IR3), 1 < g < e0; 2%2(IR3) is completion
of C3(R¥) with respect to the norm ||w|| 2@y = (Jra [(— A)2w|?dx)2. The fractional Sobolev
space H*(R?) is defined by

o3y 23
H (R)—{ ) € L(R”) /]R@/Rg - y|3+2a

endowed with the natural norm

|2
dxdy < 00},

1

Il ey = (913 + I913)
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1
2
HUC]R3 (/R3/]R3 |x y|3+2a dXd)

is the so-called Gagliardo semi-norm of w. Via Fourier transform, we have

(“A)@w(E) = [EPHR(E) for & € RS,

where the symbol ~ stands for Fourier transform. Therefore, by the Fourier transform, H%(R?)
can be equivalently defined as

HO(R) = (W) e (R [ 8PP Pag <o)
R
and the norm can be equivalently written as

1
2
W]l e sy = (/ [ 1% o( |2d€+HWH%>

From [14, Proposition 3.4 and Proposition 3.6], for all w € H*(RR?), we have

aybwp = [ [ PO gy [ epeimepat,
where Co = ([ e d8) .8 = (61,60, 63).

Now, we recall some embedding results for fractional Sobolev spaces.

where the term

Lemma 2.1. (See [14]) Let 0 < s < 1. Then
(i) 2°2(R3) is continuously embedded into L* (R3), i.e., for every y € Z°2(R3), there
exists a sharp constant S > 0 depending on s such that || l;/||%§ < S|(—A) 2yl
(ii) H*(R?) is continuously embedded into L4(R>) for any q € [2,2] and compactly embed-
ded into L (R?) for any q € [1,2}).

loc

12
Note that if 40t +2 > 3, then 2 < 3+2l3 < 18- =2} and thus H*(R3) — L2 (R®). For
each y € H*(R3), denoting %, (¢) the linear functional in ZB2(R3) by

Zy(9) = | Viod

we obtain by Lemma 2.1 that, for any ¢ € 2P2(R?),

3+2ﬁ

2ol < ([ v ac) ([ 1ol de);g

< C 2 (/ y
= H‘I’H%H‘l’ugﬁz(ﬂgs)
< Cl”Wl|§1a(R3)||(P||9ﬁ,2(R3) < o0,

In view of the Lax-Milgram theorem, we can obtain a unique (l)ﬁ € 2P2(R3) such that

LaPehoar= [ (-a)fof-a)pd=2 [ viods Ve o),
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SO ¢)5 solves the equation (—A)ﬁ ¢ = Ay? inR3, and ¢$ can be expressed by

2 2
o () =c<ﬁ>/ﬂ§3%dy, @.1)
ré5%)

——=——. Moreover, ¢5 has the following properties, which can be
n22?P1(B)

where the constant ¢(f) =
found in [16, 18, 22].
Lemma 2.2. Let o, 3 € (0,1) and 4a +2B > 3. Then, for all y € H*(R?),
) oB B — B2 do-
(i) 9 = 0and 651250 =2 [ ohvds

(ii) /3 %‘1 yrdx =312 /3 ¢5l[/2 dx for any t > 0, where y;(x) = y(t~'x);
R R
(iii) there exist C1,Ca > 0 independent of y € H*(R?) such that

B 2 B, 2 4
||¢w||@B,2(R3)§C17L”‘V”% and /R3¢y/‘// dXSCMH‘l/”ﬁa

(iv) if W, — yw in H*(R?), then (])ll;n — (])5 in 2P2(R3);

(v) if W — y in H*(R3), then gbgn — ¢5 in 2P2(R3) and/ gbgnl//,fdx — / ¢£l//2dx;
R3 R3

(vi) if v is a radial function, then (])l,ﬁj is radial.

Inserting (2.1) into system (1.1), we see the following equivalent equation

(—A) %y +Adpw=g(y) inR>. (2.2)

The energy functional associated to equation (2.2) is defined by

1 a A
s =5 [ IaTvPar 7 [ obviar— [ cwar

where G(y) := [, g(t)dt. It is standard to show that &, € C'(H*(R?),R) under (Go) — (G3).

Clearly, if y is a critical point of the energy functional &, then (y, ¢)5) € H*(R3) x 2P2(R3)
is a weak solution to (1.1).
Similar as that in [3], without loss of generality, we assume that

¥ = inf{t € (0,+) : G(¢) > 0},

where ¢ is given in (G3). Let tp = min{r € (¥, +e0) : g(t) = 0} (19 = +oo if g(¢) > 0 for any
t > 9), and define g : R — R,

g(r), if 0 <t <ty,

g(t)=1< 0,ifr > 1,

—g(—1) fort <O0.
Observe that  is an odd function and satisfies (Go) — (G3). We note that if y € H*(R?) solves
(2.2) for g, then, we obtain by the strong maximum principle for fractional Laplacian that y
is positive and y/(x) < 1o for all x € R3, i.e., ¥ solves the original problem (2.2) for g. Hence,

we can replace g by g, but still use the same notation g. With this modification, g satisfies the
stronger condition
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(Gy)" lim (_) =0.

t—-too 120!
In addition, for # > 0, define

g1(t) = max{g(t) + 1,0} = (g(t) + 01)", g(t) = g1(r) —g(1), (2.3)

and extend g1, g> as odd functions for # < 0. Then, by (2.3), we have that g = g — g» with
81,82 > 0onR*, and

g(t) > ot, V>0, (2.4)
and the following limits hold:
t t
im®® Z0. fim gi( ) _o. (2.5)
t—0 f t—-+oo t2a—1

Moreover, from (2.5) by some computations, for each € > 0, there exists C¢ > 0 such that
g1(t) <ego(t) +Cet® ™!, 1 >0, (2.6)
Let Gi(t) = [{ gi(s)ds,i = 1,2. From (2.6), we have
G1(t) < €Gy(t) +Celt]*=, Vi eR. 2.7)

In order to verify the mountain-pass geometry and the boundedness of the (PS) sequences for
&), following [9], we construct a truncation function A(r) € C7'(]0,+<0),R) as below

At) =1, fort €[0,1],
A(t) =0, forr € 2,+e),  and ||A'(r)]. < 2.
0<A(t) <1, forr e (1,2)

For all d > 0, let

_(vlg _ 12

We will study the following modified functional é"f : H*(R3) — R defined by

o A
s =5 [ IafvPafnw [ efviar- [ Gwar

Under our conditions, it is easy to see that & € C!(H*(R?),R), and, for every y, ¢ € H*(R?),
one has

(& .0) = [ (0 (-0 fpar+aTi(y) [ ofwods

W
*WAI ” ”9 / ks 2w<pdx/ Oy wzdx—/ g(y)pdx
R3

Clearly, if y is a critical point of éaf and satisfies ||y||g < d, then v is a solution of to equivalent
equation (2.2).

In the following, we introduce two compactness results obtained in [2, 3] and [6], respec-
tively.
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Lemma 2.3. (see [2, 3]) Let P and Q : R — R be two continuous functions satisfying
P(7)

.
o tee O(1)

Let w be a bounded measurable function and {v,} be a sequence of measurable functions:
RN — R such that

sup = |Q(v(x))w|dx < +oeo and P(v,(x)) = v(x) for a.e. x € R,
neNJRV

Then, for any bounded Borel set B,

lim /j (P(va(x)) — v(x))w|dx = 0.

n—oo

Moreover, if

P(t

limL =0 and lim sup|v,(x)| =0,

=0 Q1) [l =+ nely
then

tim [ 1P (a) () wldr=0.

Lemma 2.4. (see [6]) Let (Z,]| - || ) be a Banach space, 2" be continuously embedded into
L' (RN) for r € [r1,ry] and compactly embedded into L"(RN) for r € (ry,r), where ry,ry €
(0, +o0). Assume that P € C(R,R), {v,} C 2 and v : RN — R is a measurable function satis-

fying

P P
im 29 Z o tim PO 0. supfvallar < oo, P(un(x)) = v(x) for a.e. x € RY.

m - b
1|0 [¢]" 1] oo [2]72 neN

Then, up to a subsequence, P(v,) — v in L'(RN) as n — oo

3. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1.1. We will try to find critical point of &)

on H%,(R?), where H%,(R?) is the subspace of H%(R?) containing only the radial functions.
In this way, if u € Hgd(ﬂ@), then also ¢£ is radial by (vi) of Lemma 2.2. We note that the

embedding H%,(R?) < LI(R?) is compact for any g € (2,2}); see, e.g., [14, 1].
In what follows, we set

Dy={oc=(o1,---,0m) eR":|o| <1}, ID, ={0=(01,--,0m) €ER":|o|=1}.
First, we show that é“’/{l satisfies the symmetric mountain-pass geometry.

Lemma 3.1. Suppose that (Gg) — (G3) hold. Then
(i) there exist constants po, & > 0 such that & (y) > & for | V|| go(rsy = po and & (y) >

0 for Wl pegs) < po;
(ii) for each m € N, there exists an odd continuous mapping Yo, : 0D, — HE

@ (R3) such
that & (Yom(0)) < 0 for all & € IDy,.
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Proof. (i) By the definition of 5’/{1( V), using (2.7) for € = 1, (2.4) and Lemma 2.1(ii), we have

st = [ 1o tPacs S [ ofviar [ (Gi() -Gy a

9 w C() *
>1 —A) 2y dx —/ de——/ 2a dx
=5 R3\( )2 W dxt o RSM 2 R3|W|

| 2 24
25 min{1, a)}||ll/||Ha(R3) - C||W||Ha(R3)-

Note that 2}, > 2. Thus there exist pg, & > 0 such that é"f(l//) > &0 > 0 for ||y yars) = Po
small enough.

(i1) Arguing as [4, Theorem 10], for every m € N, we can find a continuous mapping 7, :
oD, — H?* (R3) with the properties

rad

0¢ mu(dDy,), my(—0)=—myu(o / G(my(0))dx > 1 for all o € dD,.

1
Set Yom(0)(x) := myu(0)(t~'x) for £ > 0. Then, for sufficiently large ¢ > ( 24° )3 >0,

17 (o)

t3 20 o At3+2ﬁ 1'3 T, (0 0
& 0mm(0) =5 [ -8 (o) Pars 2 a(HEEY [ 68 o)
—ﬁ/cm%w»m
R3
t3—2a o 5 3
< [ 8 (o) P
R

<0 forall o € dD,,.

2d° 1 )
m) ’ }, Yom has the desired property. O

For every m > 1, by Lemma 3.1, we can define

¢m = inf max é’d(y( ), (3.1)

yelm c€Dyy

Thus, for sufficiently large 7 = t,, > max {1, (

where

_ w 3. |Y(=0) = —¥(0) forall 6 € Dy,
- {76 €D, Hraa (R ))‘Y(G) = Yom(0) for all o € ID,,

and 7, is given in Lemma 3.1(ii). We remark that ', # 0, since ¥, € I';,;, where
" 0, if 6 = 0.

Thus, by the Ekeland’s principle, there exists a (PS) sequence at the mountain-pass level ¢, for
&f. That is, a sequence {y,} C H%;(R?) such that

gf(‘l/n) — Cm; (éaf)/(wn) — 0 as n— oo,

where ¢, is the minimax level of functional @@f given in (3.1).



MULTIPLE SOLUTIONS FOR FRACTIONAL SCHRODINGER-POISSON SYSTEMS 807
We can easily see that, for all ¥ € Uy, YD) N{y € HZ4(R?) : || o3y = po} # 0. Then,
it follows from Lemma 3.1 that
cm >8>0, VmeNT. (3.2)
Moreover, the ¢, has the following property.
Lemma 3.2. ¢, — +o0 as m — oo, where c,, defined in (3.1).
Proof. The proof is similar to that in [15, Chapter 9]. Let
= {h((Dx x HX(R3))\Y) : h € T,k >m,Y € &, genus(Y) < k—m},

where X is the family of closed sets A C Dy x Hgd(R3) with the property that —A = A, and
genus(Y') denotes the Krasnoselskii genus of Y. Then I'}, is stable under deformation. Thus we
can define another sequence of minimax values of @”’d by

Cn = Alenfm sup &L ().
Modifying the arguments in [15, Chapter 9], we see

@ ¢ < om;

() c;<c<--- <, <c,
(iii) ¢}, = 400 as m — oo,
The conclusion of Lemma 3.2 then follows from (i)-(iii). 0

b1 S

From Lemma 3.2, we can assume that the minimax values ¢, are strictly monotone increas-
ing.

It seems difficult to show the (PS) compactness condition for é"f directly and it is a main
difficulty in showing that c,, is a critical value of &F. Let @ : R x H*(R?) — H*(R?) be given

by ®(7,v) = v(e~"x), and define an auxiliary functional c?f RxH “(R3) — R:

- (3—2a)t (3+2[3) 37
&d(t,v) = (@ (1,v)) =2 . /R3va2dx+’le ; HVHG /«Pﬁ v dx

— 7 G(V) dx.

We endow R x H%(R?) with the usual norm ||(7,v)||g ze (R3) \/\T\z + HVHHa (B3

In view of (G), the functional @‘af(’c, v) € C'(R x H*(R?)) and satisfies
0.9 =), &l(ry) =& (y(e ™) (33)
for all w € H*(R?) and 7 € R. Now, we define a minimax value &, for (;5/{1 by

F o ED’H

¢m = inf max é"/l (7(0)), (3.4)
ye

where

£ = {7(0) = (5(0).1(0)) € ClD R x HE (B
(

1(—0),n(-0)) = (1(c),-n(0)), Vo & Dm}
(2(0),1(0)) = (0,%m(0)), ¥ 0 € D,

Then we have the following results.

~~
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Lemma 3.3. For everym > 1, &, = cp,.

Proof. First, since for any y(c) € I, we can see that (0,7(6)) € Iy, that is, {0} x I, C L.
Then, for £(0,v) = & (v) we have &, < ¢,y On the other hand, for any given

7(0) = (2(6),n(0)) € L,
setting 7(0)(x) = 1(c) (e~ %) (x)), we can verify that y(c) € I, and by (3.3), &l(y(o)) =
c;“vf (7(0)) for every o € D, which implies that &, > c¢,,. Hence é&,, = ¢

Lemma 3.4. Suppose that (Go) — (G3) hold. For any m > 1, there exists a sequence {(T,, W,)} C
R x H%,(R?) such that

(i) T — 0;

(ii) &4 (Tn, W) = Cms

(iii) (gf)’(rn, W) — 0 strongly in (R x H%,(R?))*;
(iv) 064 (T, W) — 0.

To prove Lemma 3.4, we need the following result, which was established in [8] (see Lemma
2.3).

Lemma 3.5. Let € > 0 and 7(6) € I, such that SUPGcp,, g"f(?(c)) < &+ €. Then there exists

a pair of (T,v0) € R x H%,(R?) satisfying

(a) c;[;f(’co,vo) € [Cn—€,CntE|;

(b) [IVEL (%0,v0) | e (o)) < 2V, where V&L (t,v) = (9:E4(1,v), (68 (x, ))
) =

(c) distRngd(W)((To,vo)?}7(1D)m)) < 24/€, where disrRngd(R3)(( v),B)

IV = ulZags))? for B C R x HE,(R?).

rad

P+
onf (7=

Proof of Lemma 3.4. Leg{yn(c)} C Ty satisfy supgep, &5 (%(0)) < ¢+ 1. Setting ,(0) :=
(0,7.(0)), one has ¥, € I';,. In view of &, = ¢, (see Lemma 3.3), one obtains

~ 1
sup éaf(f/n(c)) < Cpu+-—.
oeh,, n

By Lemma 3.5, one sees that there exists a sequence {(7,,v,)} in R x H% (R?) such that

rad

> I U |
E(Tnyvn) € [cm—;,cm—f—;}, (3.5)
~ 2
V& (T vl etz oy < NG (3.6)
and ,
distp e (z3) ((Ta, i), Fa (D)) < N (3.7)

Note that %,(Dy) C {0} x H%,(R?). From (3.5)-(3.7) we see that the conclusions of Lemma

3.4 hold. UJ

Lemma 3.6. Let {(,, ¥,,)} C R x H%,(R?) be the sequence given in Lemma 3.4. Then there
exist d > 0 sufficiently large and A* > 0 depends on d, such that, for any A € (0,1%), there
holds limsup || y,||¢ < d.

n—soo
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Proof. From Lemma 3.4, we see that 3(;5/{1 (Tn, W) — QT(;@;‘L{ (Tw, Wn) — 3cm, which implies that

ae(32a)rn/ |(_A)%Wn’2 )‘ﬁ o(3+2B) rnA a "H‘VnHO /¢l]ann

3%6 6+2B Tn
44°

317”
[y HGA'( Hllane / ¢wnll’ndx 3cm+0a(1). (3.8)
From (3.8) and Lemma 2.2(iii), we have

oe 3—-2a)7 ‘(

)2 Y| dx

_ AB (3128)z, | yallg B2
=3cn+ e A(—> AL

d°
31e0T2P)% |y, |13 3T”Hllfn\|9
3.9
+ 170 A( / ¢wandx+0n(1) (3.9)
CA’B o3+2B)%, H‘l/an 4
<o+ CEB (Y e

3C,A2(0+2B) T / e3fn||%||g ire
+ N () lwall§ +ou(1).

By the definition of ¢,,, we obtain

cm < max & (y(0))

ceh,
1 o
< max (— (&) y(0) P~ G(y(o))dx)
oeb, \ 2 JRr3 R3
Ao [ s
o (Ga(R%) | of o
= Ag+ A1 (d). (3.10)

We note that if || y(0)|§ > 2d°, by the definition of A, we obtain that A 1 (a’) 0. On the other

hand if ||y(0)[|§ < 2d9, then we conclude by Lemma 2.2(iii) and 6 = 3 +2ﬁ that

Czl
< 4/ 0f V(0 dx < 2 y(o)[[§ < CiA2d, (3.11)
R3
Moreover, we can estimate

CA 3Tn ;
oy = B s (TN s < e,

2 d®
(3.12)
3CoA2el0F2B)m 3|y, g 416 2 14
As(d) = =N (0 ) wll*? < Cs2%a".

In fact, by the definition of A, if e3%||y,||§ > 24, we obtain that A;(d) = 0. On the other hand,
if &%y |8 < 2d°, that is, | yle < 28¢~ %" d, then we find by the fact that 0 < A(f) < 1 for
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€10,2),and 6 = 3+2ﬁ that
12
Aod) <L P oy
2
SC272L B c+2pym b~ 2 4

—GB 061 B12B-F)m 244
_Cof 2% A2dt = cld

where C4 = Cof -2 . In addition, [|A'(1)]l.. <2 and 8 = 5127 yield

3C21,26(6+2B)T”
As(d) <25 g

. 30212;;“’”’” .2# .e——3<4;9> g0

—3C,-20 - (628"

)Tn A{Zd4

:6C227 A2dY = CsA2d,

where C5 = 6C22?. Now, it follows by (3.9) that

ae(S—Za)Tn |(_ )%

. a7 dx <3(Ag+A1(d)) +Aa(d) +As(d) +0a(1)

<3(Ag+ C3A%d*%) + CyA2d* + CsA2d* +0,(1).
In view of 7, — 0, we obtain that

1=8) Ty dx < Co(1+A%d*). (3.13)

In addition, by the fact that 9; & (’L’n, v,) — 0 and (2.7), we deduce that

3 2a p AB+2B) ™|y
(37207 2 AT EP) B+2B)mp (11 ¥nlle B2
- 18y ar =2 N AT
3Qe(6128) 0 A 3 A
 Shelorn ||w||9A< 018 [ o yaaes3e [ Gatwaras

33 /]12{3 G1(y,)dx+o0,(1)

<33T (CS/]R3 |%|2’&dx+e/IR3 Gz(wn)dx) +o,(1). (3.14)
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Therefore, by (2.4), (3.14), (3.12) and (3.13), one has

£)3e>% / w2 dx
R3
<(1-ep3e™ [ Gay)ax
R

316 6+2ﬁ Tn
4d°

3’En
Sence [ yfiar WAl po (YIS T o8 y2aes o)
R3

2a

2
<cg(/| )y ) +CsA%d* +0,(1)

<Cc(1+ /12d4)7a +CsA%d* +0,(1). (3.15)

Next, we claim that limsup,, ||y, ||e < d if d is sufficiently large. We suppose by contradiction
that ||y,||e > d (up to extracting a subsequence if necessary). It follows from (3.13) and (3.15)
that

2%
&> < ||¥ullg < Cll¥nllfraggs) < C7+CsA%d* +Co(A%d) E

which is a contradiction for d large enough and A%d* < 1. In fact, if we choose dy > 0 such
that d§ > C7+Cs +Co and A* = 1*(dy) such that A%d§ < 1 forall A € (0,A*), then we reach a
contradiction. This finishes the proof. U
Lemma 3.7. Let {(t, ¥»)} C R x H%

rad

4 o
admits a strong convergent subsequence in H_,

(R3) be the sequence given in Lemma 3.4. Then {y,}
(RY).

Proof. By Lemma 3.4, 7, — 0. Now, from Lemma 3.6, we see that {y,} is bounded, passing

to a subsequence, we may assume that there exists y € Hgd(R3) such that

v, =y, in HE(R),
Vv, >V, ae inR?, (3.16)
Ve =y, inLP(R3),2< p<2i.

|l <d, so, for any ¢ € C6°(R3),

<(gf)/(fnv W), @) :<(%)/(Tn7 Vi), @)

=25 [ (—)Ty(-a)

o
2

@dx+ e3P /q)%l//ngodx

_631’"/3 (g1(wn) — (g2(w)) @ dx. (3.17)

If we apply Lemma 2.3 to P(t) = gi(t),i = 1,2, Q(t) = |t|>¢~ !, v, = W, v=gi(y),i = 1,2 and
w=@ € Cy(R?), by (3.16), we have

lim [ si(wedi= [ e(y)eds, i=1.2 (3.18)
R3 R3

n—yoo
Note that l//n — y in H%(R?) and H%,(R?) < LY(R?) is compact for any g € (2,2%). In
12
view of 3+2[3 € (2,2%) since 4a +2 > 3, we have y, — y in L3+28 (R?), then by continuity
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(2)5” — q)g in 2P 2(IR?). Furthermore, using Lemma 2.2, we can deduce that
/ ¢5,1%<de—>/ Oy d (n— ). (3.19)
R3 R3
From Lemma 3.4(iii), (65')' (T, Yu) — 0, then we deduce by(3.16)-(3.19) and 1, — O that
L8t vntodcin [ ghvoar— [ (a1(y)—e(v)pdr=0. Ve Gy R,

Since CJ(R?) is dense in H%(R?), we get (&5 (v), @) =0forany ¢ € HY
(&) (w),w) =0, that is,

IR

(R3). In particular

Ca)SyPacea [ ofviax [ (a(y) -e(w)ydi=0. (320
R3 R3 R3
Now, taking ¢ = y, in (3.17), we obtain
on(1) :<((§7L)/(Tn7‘/’n) V)
02005 [ (-8)Fyp e+ 26l 05 | of yrax

+e3f"A3gz(wn)wnw—63’”/RSg1(%)l/fndx- (3.21)
Again, by (3.16) and Lemma 2.2, we obtain as n — oo
B .2 B, 2
/]12{3 q)l,,nl/fndx%/ Oy Y- dx. (3.22)

By (Gy), (G3), and (3.16), we apply Lemma 2.4 to 2" = H%,(R3), q1 = 2,q2 = 2}, P(t) =
81 (t)t vp = Y, and v = g (y)y. Then

tim [ o1(yn)vnde= [ ei(y)war (3.23)

n—oo JR3

Moreover, by (3.16) and Fatou’s lemma, we obtain

[ e(wvdx <liminf [ ex(v)yad (3.24)
R3 n—oo 3
Then by (3.21)-(3.24) and the fact that 7,, — 0, we have

limsup [ |(— )l//n|2dx
n—oo JR3
—limsupe3~2%)7 |( A) 7y, | dx
n—soo
=limsup e3r”/ gl(ll/n)lllndX—e3T”/ gz(ll/n)ll/ndx—le(3+2ﬁ)fn/ ‘Pl/li ‘Ifzdx
n—o0 R3 R3 RS "

< [Lawya [ ewyac-2 [ ofyar

_ /R (=8)E P dx. (by (3.20) (3.25)

On the other hand, by weak lower semi-continuity,

o

liminf/}\(— 2y/n]2dx>/] )% w2 dx. (3.26)
R,

n—oo
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Now, by (3.26) and (3.25), we obtain

lim [ |(=A)Ty,Pdx= [ |(=A)F y|?dx. (3.27)
n—oo JR3 R3
From (3.25) and (3.27) we deduce that
tim [ ex(yvads= [ exwyds (3.28)
n—oo JR3 R3

Recall that g is odd on R. By (2.3), we have

g2(t) = (g(t) + or) " —g(t) = wt + (g(t) + 1)

Thus g>()t = wt*> +k(t), where k(t) =1(g(t) + @t)~ is a nonnegative and continuous function.
Fatou’s lemma yields

. 2 2 ..
hrrlglorolf/R3 A de/R3 |y|~dx, hgglf/R}k(l//n)dxz R3k(W)dx'
By the above two inequalities and (3.28), up to a subsequence, we obtain
. 24 2
lim [ o= [ jylar (3.29)
From (3.27) and (3.29) we have y,, — v strongly in Hr‘;d(R3). O

Proof of Theorem 1.1. Let {(T, ¥»)} C R x H%,(R?) be a sequence obtained in Lemma 3.4.
From Lemma 3.7, we see that there exists Wy, € Hrgd(ﬂ@) such that y,, — vy, strongly in

H% (R3). Then by Lemma 3.4, we have

rad
(0, Wom) = my (610, o) = 0. (3.30)
Moreover, by Lemma 3.6, we see that || yy,|l¢ < d for any A € (0,4%). Hence, (3.30) yields

E\ (Wom) = Cm, g){(‘VOm) =0.

By (3.2), we see that ¢, > &y > 0, which implies Yy, # 0. Thus ¢, is a critical value of & .
From Lemma 3.2 ¢,, — +o0 as m — oo, we can consider ¢; < ¢y < --- < ¢, Which completes
the proof. UJ
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