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INFINITELY MANY POSITIVE PERIODIC SOLUTIONS FOR TWO CLASSES OF
NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

WEIBING WANG*, PENGLIANG XIE

Department of Mathematics, Hunan University of Science and Technology, Xiangtan, China

Abstract. In this paper, we study the existence of positive periodic solutions to two classes of neutral
functional differential equations. By using Schauder’s fixed point theorem and Krasoselskii’s fixed point
theorem in cones, we demonstrate that the problems have infinitely many positive periodic solutions
under appropriate conditions. Some examples are presented to illustrate our results.
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1. INTRODUCTION

In this paper, we are concerned about the existence of positive periodic solution for the fol-
lowing neutral differential equations

(x(t) — ex(t — 1)) = F(x(t —10)) — Flx(t — )+ p(0), (1.1)
(x(r) — cxlt = 1)) = Flalt — 1)) — f(xlt = 1)) + pl0), (1.2)

where ¢, 7,7, T € R, 7] # Tp, p # 0 is a continuous @-periodic function with [;° p(¢)dt = 0,
and @ > 0 is a constant.

The existence of periodic solutions has always been a hot topic in the field of functional dif-
ferential equations; see, e.g., [1, 2, 3, 4, 5, 6, 7, 8] and the references therein. In recent years,
the existence of periodic solutions for neutral functional differential equations (NFDEs) has
attracted the interest due to their various real applications. In [9], Serra investigated the exis-
tence of periodic solutions for x'(r) +ax'(t — t) = f(¢,x(t)) by using the continuation theorem.
Afonso, Bonotto and Silva [10] studied the existence and uniqueness of periodic solutions for
(x(t) —A(t,x;))" = f(t,x;) with the aid of a fixed point theorem. In [11], using the coincidence
degree theory, Lu and Ge investigated the existence and uniqueness of periodic solutions for the
equation

(x(t) — ex(t — 7)) = g(u(t)) + g2(ult — 8)) + p(z).
Recently, numerous authors studied the existence of positive periodic solutions for NFDE:s.
In [12], Luo, Wang, and Shen discussed the existence of positive periodic solutions of the
following neutral differential equation

(x(t) — ex(t = h(1)))" +a(t)x(t) = f(r,x(t = h(r)))
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by using Krasoselskii’s fixed point theorem. The results presented in [ 12] were further extended
by [13] to the following equation with variable coefficients

(x(t) —c(t)x(t — 1)) +a(t)x(t) = f(t,x(t — 1)).

Similar methods were applied for the following equations
(x(t) —ex(r = h(1)))" £ a(t)x(t) = £ (t,x(t = h(1))),
(x(t) —c(t)x(t = h(1)))" £ alt)x(r) = £f(t,x(t — h(1))),

and
/

2 2
[x(l) — Z{c,-(t)x(t —1)| +alt)x(t) = Zifi(t,x(t),x(t — 1)) —H(...)

by Cheung et al. [14], Candan [15], and G6zen [16]. In the references mentioned above, the
basic idea is to constructed two appropriate operators from the linear term a(f)x(¢): One is
completely continuous and the other is contractive. In [17], Wu and Wang considered exis-
tence, multiplicity, and nonexistence of positive periodic solutions for the following second-
order NFDE

(x(t) — ex(t = 7))" +a(t)x(t) = Ab(1) f (x(t — 7))).

Wang and Shen [18] studied the existence of positive periodic solutions of the NFDE

(x(t) —ex(r — 7)) = k(t)g(x(t — 8(r))) — b(1).
Yang and Li [19] discussed the existence of positive periodic solutions for the NFDE with
delayed derivative terms

(x(t) —ex(t — )" +a(t)x(t) = f(t,x(t — 1), X' (t — 71),x" (t — 1)))

under the condition that f satisfies superlinear or sublinear growth. The key step in those papers
is the application of the properties of the operator (Ax)(¢) = x(¢) — cx(t — 7), and converted the
associated problem into a non-neutral functional differential equation. The other results in this
field can be found in [20, 21, 22]. It is noticed that almost all the results in literature only
discussed the existence of a finite number of positive periodic solutions for NFDE:s.

The aim of this paper is to study the existence of infinitely many positive periodic solutions
for (1.1) and (1.2). With proper variable substitution, we construct appropriate operators whose
fixed point is closely related to the positive periodic solution of the original problem. Under
weak conditions, we demonstrated that (1.1) or (1.2) has infinitely many positive periodic solu-
tions.

2. PRELIMINARIES

Let Ep = {u € C(R,R) : u(t + ®) = u(t),t € R} with the norm ||u|| = maxo<;<g |u(t)]. It is
clear that E, is a Banach space. Let i, k € E, and consider the differential equation

X (t) = —h(t)x(t) +k(1). 2.1)
Lemma 2.1. [18] Iffowh(s) =0, then (2.1) has a unique ®-periodic solution

9 exp [ h(r)dr
X0 = /t exp Jo  h(r)dr — lk(s)ds
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We need the following known Schauder’s fixed point theorem and Krasoselskii’s fixed point
theorem in cone in our arguments.

Lemma 2.2. [23] Let E be a Banach space, and let D C E be closed and convex set. If ®:D — D
is a completely continuous operator, then ® has a fixed point in D.

Lemma 2.3. [23] Let P be a cone in B_anach space E. Assume _that Q; and Q, are open and
bounded subsets of E with 0 € Q) C Q| C Qy, and ®: PN (Qy\ Q1) — P is a completely
continuous operator such that

(1) ||Pu|| < ||u|| for u € PNIQy, and ||Pu|| > ||u|| for u € PN IQ,, or
(2) ||Pu|| > ||u|| for u € PNy, and ||Pu|| < ||u|| for u € PN IQ,;.

Then ® has a fixed point in PN (Qy \ Q1).
Next, we define an operator A : E, — Eg by (Ax)(t) = x(t) —cx(t — 7), x € Eg.
Lemma 2.4. [11]If|c| # 1, then A has a bounded inverse A~! on Eg, and, for all x € Eg,
) cx(t—1j), e <1,

i>0
A X)) = /= .
( )0 =Y cix(+1)), e|>1.
Jj>1
Lemma 2.5. Let x € Eg with0 < oo < x < B. Then,
o -1 ﬁ .
<A < 4 1
—c="0 =1 ¢ if ce[0.1)
" I8 Bl
o —|c 1 — || .

Lemma 2.6. Let h € E,, with [y° h(s)ds = 0. Then there exists a unique H € E such that
H'(t)=hand [y’ H(s)ds = 0.

Since the proof of two lemmas mentioned above is trivial, we omit it here.

3. POSITIVE PERIODIC SOLUTIONS OF (1.1)

If x € E is a solution of (1.1), then y(¢) = x(¢) — cx(¢ — 7) satisfies

Vo= ([ stsnas )

—T
where p| = p and [;° p1(s)ds = 0. Consider the following equation

—T

u(t)= [ A w6 +pi(0) + o G

—T

where ¢, > 0 is to be determined. It is easy to check that A~'u is the periodic solution of (1.1)
if u is a periodic solution of (3.1). Define the operator T in E by
—7T

(Tu)(r) = /l FIA™ W) (5)]ds + p1 () + cn.

_fz

Clearly, the fixed point u of T is the periodic solution of (3.1).
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In order to obtain infinitely many positive periodic solutions of (1.1), we introduce the fol-
lowing conditions.

(Hy) (o —11)f : (a,+o0) — (b, +o0) or (—oo,b) is continuous and

1—
i @I 1 =lell
X—rFoo X ”L']—’L'z‘

(Hy) f:(a,+o) — R is continuous and
Sl 1=l

li <
x—1>I—P°° X 2|t — 1|’

where a,b € R.

Theorem 3.1. Let (H) or (H) holds and ¢ # +1. Then (1.1) has a sequence {x,} of periodic
solutions satisfying x, — +oo as n — oo

Proof. First, we consider the case |c| < 1. If (12 — 71)f : (a,+o) — (b, +e0), then there exist

0<k < \;lili‘ﬂ and k, > 0 such that

If(Ol <kilt|+ka, (a—11)f(t) > b, Vt>a. (3.2)
Let n be sufficiently large, and let
Q,={x€Ep: n"=b, <x<bp 1} if c€][0,1)
and

nlc|"
For u € Q,,, it follows from Lemma 2.5 and (3.2) that

by <x< b,,+1} if ce(—1,0).

A_luz

>a for c€[0,1),
—c

1
Ay >
I/t_l_

Cz(bn— lc|byt1) > a for ¢ € (—1,0),

and

11—
/ (k1]A~ ()| + ko) ds
t

—T

i< [ elas <

(%)

kl T =l k|t — 1, cel0,1),
k
%%¥<H1k%)+Mﬁ—thEPL%

<

which implies that, for u € Q,,,

kibyy 171 — .| + ko| T — 2| + P+ cnyc €10, 1),

—|b|—p+cy <Tu<
b —p+cn {kllf_'lc,—fz|.(bn+l lclby) +ka|T1 — 2| + P+ cnyc € (—1,0),

where p = max;cg |p1(¢)|. Choosing

k —
. _{%(r—i%:ﬂ)aﬁb celo,)
-

(|C| +81)bn+1, O<eg <1— |C| —k1|‘L'1 —’L'2|, S (—1,0),
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we have

Cn 1 (klbn—H

— oo, T — T <1
+ bt 1_C|1 ﬂ+ao

forc €[0,1) and

Cn 1 k|t — 2|
— — 4o, —— —_— by
by, * bu+1 {cn—k 1—c2 bue1 =
for ¢ € (—1,0), which implies that
by <Tu<b,, YueQ,. (3.3)

If (1o — 71)f : [@,+o0) — (—o0,b), then there exist k3 € (0, ﬁ%'i'z‘) and k4 € (0, +e0) such that
(1) = —kslt| = ks, (m1—m)f(2) <[], Vi>a.
For u € Q,,, we have

A’luz

1
Ay >
l/l_l_

1_C>a, cel0,1),

-2 (bn_ ‘C|bn+l) >a, cc (_170)7

and

M‘T — | = k|t — 2f,c €[0,1),

b1z [l )l > { nl,

T 1—&2 ( n+1— ’C’b) k4’”L'1—’L'2’,C€ (—1,0).

Choosing
rb,i 1, ré€ (MMTZ' 1) for c€10,1),

ldthaln—nlter ), o (0,1 — || —ks|T1 — 1)) for c € (—1,0),

c]

Cn:

one can easily check that
by <Tu<b,i, YueQ,. (3.4)

If f: (a,+e) — R, then there exist ks € (0, 2|1T cl ‘) and k¢ > 0 such that | f(r)| < ks|t| + kg, for
all r > a. Hence, for u € Q,,

/t T Al ) (s))ds| <

—T

ka"“ 171 — 2| + k| Tt — T2f,c €]0,1),
—ks‘fl TZl(bn+1 ‘C‘bn) +k6‘f1 - T2|7C E (_170)'

1—c2
Choosing
] rba, bla-nl o, c1-Knnl e,
(1 —k5|T1 —‘L'2| —83)bn+1, O<ea<l— |C| —2k5|1'1 —‘L'2|7 cc (—1,0),
we have

by <Tu<b,i, YueQ,. 3.5)
Next, we show that T(Q,,) C &, is compact. For any u € Q,, A~ 'u € Eg, f(A~'u) € Eg,
H+0—1
M+o) = [ A ws)ds+pi(e+ )+

t+o—1

= [ ATl i)+ = (1)),

71-2
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T(Q,) CQ,, (see (3.3)—(3.5))
and
(Tw)' (1) = fIA™ u)(t = 70)] = fI(A™ w) (= 22)] + .
For any D € Q,, one sees that there exist M > 0 such that |(Tu)'| <M and |(Tu)(t;) — (Tu)(t2)| <

M|ty —tp|. Hence, T(L,) C €, is compact. By using Schauder’s fixed point theorem, one ob-
tains that there exists y, € Q, such that Ty, = y,. Let x, = A" ly,. Then

n

Xy > — 400, c€10,1),

—C

1
Xp = 1_—02(1911— c|bpy1) = 40, c€(—1,0)

and x, is positive periodic solution of (1.1). If |¢| > 1, we rewrite (1.1) as

(x(t) —%x(t—kf))/ =Fx(t+t—m))—Fx(t+t—11))— p(t;l—’b’)7

where F (1) = f(t)/c. We use the conclusion of the case |c| < 1 to derive the result. O

Example 3.1. Consider the equation

x(t—1) x(t—2)
t)—cx(t—1)) = —

() =ext =) = G T 1~ 22 +1

+ sint, (3.6)

where 7 € R and ¢ # +1.

In fact, f(t) =t/(1+1¢?). It follows from Theorem 3.1 that (3.6) has infinitely many 27-
positive periodic solutions since f(¢) — 0 as t — +co.

4. POSITIVE PERIODIC SOLUTIONS FOR (1.2)

In this section, we assume that the following condition is satisfied:
(H) feC(A,]0,40)) or f € C(A,(—e,0]), where A C [0, o).
If y=Ax = x(t) — cx(t — 7), then

Y1) = ( f<x<s>>ds) ), @1

—7

and
—T1

(1) = (x(s))ds+pi(t) +C,
—T
where p| = p with [;° p1(s)ds = 0 and C € R. Clearly, the periodic solution v of the following
equation
—T1
V() = f(A~W)ds + py —d, sgnA 4.2)
—T
is the periodic solution of (4.1), where d,, > 0 is to be determined and A = (7, — 71) f(k) # 0,k €
A. If u = e7", then it follows from (4.2) and Lemma 2.1 that
t—T

u'(t) = u(d,sgnA — py) — u/ FIAT (= 1nu)(s)]ds

—7
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and
+o s—T
u(t) = / G(t,5)u(s) / FIA (= Inu)(r)]drds,
t Na(%)
where
Glros) = o isgnd —pidr 1 [ el e nirggnp 0,
9 efow(d,,sgnl—pl)dr _ 1 edna) _ 1 _eff(dnerl(r))dr’ Sgnl < 0
It is clear that
d,®
edn® _ | <|G(1,5)] < odn® _ 1’ t<s<t+m. (see [6])

Define the operator B and the cone K in E by

(Bu)(t) = /tt+w|G(u,s)|u(s) /_; FIA (= Inu)(r))dr| ds,

K ={x€Eg, x(t) > k|jx||}, k=e @®.

Lemma 4.1. [18] (1) Letc € [0,1),u € K, ||u|| =r < 1. Then

—Inkr
<A N —Inu) < .
I—c ™ (=Inu) < l—c

—1
0< nr

le]
(2) Let c € (—1,0),u € K, ||u|]| = r < kT+. Then

Inr—Hlelglel
2

Ink =11t

l—c 1—c?
Theorem 4.1. Let ¢ # +1,a > 0 and A = [a,+o0). Let f(a) # 0 and limy_, ;o f(x) = 0. Then
(1.1) has infinitely many positive periodic solutions.

0< <A N (—Inu) <

Proof. Note that there exist 6 € (0,1) and M, > a+ 1 such that

1
UUHZEV@N a<t<a+$

and

dn
£ < 2

<7 t>M,>a
e|T — |

Casel.c€[0,1). Let
o= e*(“*g)(l%)7 B= e~ Max{Myt2No+ 1} (1-)  apg Q= {ueK,|u|l <r},

where e U= < ¢ and r > 0. Clearly, 0 < B < o < 1. First, we demonstrate that B : Qg \
Qp — K. Foru € Qa\Qﬁ, B <|ul| <oa,—Ino < —Inu < —1Inkf, and

which implies that B is well-defined and

s—T
sgni / lf[A_l(—lnu)(r)]a’r >0,Vs e R.
s—Tp
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Hence, for u € Q \Qﬁ,

1+ S—T1
Bu) = [ G(t.s)uls) /Hz FIA™ (= Inu)(r)]drds > 0,
e ® t s—T1
But) < g [ )| [ A ma o as,
But) = g [ )| [ A ma ol as,

Bu(t) > e “®|Bul.

In addition, for u € Qq \ Qg, [/ 7! f[A~!(—Inu)(r)]dr is continuous @-periodic function. It
follow from Lemma 2.1 that (Bu) (1 4+ @) = Bu(r) for u € Qq \ Qg. Let D € Q4 \ Qg be bounded
set and for u € D,

|(Bu)'(1)| < [u(dnsgnd — p1)| + <M

u /t T A nw) ()]dr

712

for some M > 0, which implies that, for any #;,7, € R, |Bu(t;) — Bu(t;)| < M|t; —t2|, u € D.
Hence, B : Qq \ Qg — K is compact. Moveover, B : Qg \ Qg — K is continuous. Let

f(d=c)s 1 [fla)(n1—n)
O dl’l 9 9 . 4.3
< <mm{ 4o 20 4ew *+3)
If u € 0Q, using Lemma 4.1, we have
—Ino o
-1 > = hl
A (—Inu) > - a+2>a

and

—Inka _ cdyo+(a+2)(1—¢)  dyo 5
T at3)( >§ " La+— <a+é,
1—c 1—c 1—c 2

which implies that, for u € dQ, ||u|| = @ and

A7 (=Inu) <

T A () ()

—T

Bult) = /[ " G, 5)uls) / AT (= nw) () drds

—T

> ‘71_72’7

|f(a)
2

_ ofule |f(a)

=] > ul,

edn® 1 2
where we used the fact
M@ (eM? _ 1) < 2d,me < ’f(2a> |7 — »]o.
For u € dQg, ||u| = B and
A (—Inu) > —=>M,+2, f(A'(~1 e —
(In) > G0 > My 2, (A () <

d,® en® d,o
1B < ] 4 < .

[ Cmalar <

) e
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By Lemma 2.2, for each d, satisfying (4.3), there exists u € Qo \ Qﬁ such that Bu = u with

B <|lul| < aand A~ (—1Inu) > _llfco‘ > a. Letd, = L. For n sufficiently large, we can obtain

a sequence {u,} C Ep : 0 < u, < 1 such that Bu,, = u,,, that is, u,, satisfies

t—T1

1, (t) = un(t) (dnsgnd — p1) —un(t)/ FIATH (= 1nuy)(s)]ds,

—T

which implies that u, # u,, for n # m. Hence, A~!(—Inu,) is the positive periodic solution of

(1.2).
Case2 c € (—1,0). Let
r= e (1mOMtN+2) R pifep—(at8)(1-0)

and

(1= 1 (1+¢)6 |f(a)|lT1 — m|
0<d, < _ —, , , 4.4
" mm{ olc| ' 20" 4o dew @4
|l =
where e < R. Hence, 0 < r < R < kT+ and B : Qg \ Q, — K is completely continuous. For
u € JdQ,, we have

_ Inr—Hlelge bho|c]|
A 1(—lnu)21_—022Mn—|—N0+2— 1”_c2 > M,
=0 d,®
/ f[A_l(—lnu)(s)]ds <=
—7 e
and .
en? d o
Bul < "0 < Jul
For u € dQpg, we have
Ink 1Rl p.w
1 n
— — <
A (—1Inu) - 1+c+ +2_a—|—5,
InR—1Flelglel )
—1/_ e TR o
A" (—1Inu) 2 a-+ X
1—T _
If[A_l(—lnu)(s)]ds > M,
—7 2
n F@ln -7l _ [l [f(@)lln ~ 7l
0] T — 7] T —
> >
Bul 2 g Kl R > SO Jul

By Lemma 2.2, for each d,, satlsfymg (4.4), there exists u € Qg \ Q, such that Bu = u with
r <||u|]| <R and Al (—Inu) >a. Letd, = % For n sufficiently large, we can obtain a sequence
{u,} C Eg such that Bu, = u, with 0 < u, < 1, where A~!(—Inu,) is the positive periodic
solution of (1.2). If |c| > 1, then we rewrite (1.2) as

@m—w%a+wv:Fuu—ﬂ»—FuO—#»—Bﬁgﬂ,

where ¢* = ¢!, 7! 1’ — 1,12 =1 -1, and F(t) = f(t)/c. Clearly, F € C(A,[0,+c)) or
FeC(A, (= ])

(4.5)

]c*|<1, ' £1%, F(a)#0, lim F(x)=0.

X—>+oo



824 W. WANG, P. XIE
We use the conclusion of the case |c| < 1 to derive the result. UJ

Theorem 4.2. Assume that ¢ # £1 and A = [a,b],0 < a < b < +oo. Further, suppose
t 11—
@] 1= o

b—t "L']—T2|CO

fla) #0, lirﬁsup
or
SO _ 1= ]ell

b) £0, 1 .
fb) # tircgsupt—a T —»|o

Then (1.2) has infinitely many positive periodic solutions in A.

Proof. Here we only show the case (4.6) is satisfied. There exist 6; > 0,0, >0: 8+ 8 <b—a,

and0 < n < % such that

70 > 1f(@)] a<i<a+d,

fOI<nb—1),0<b—1<6. 4.7)
Caselce|0,1). Let

and

(b—a—3)(1-c) &(1—c) & (1—c)
20 20 7 2w

Y

0<d, < min{

(4.8)

Y Y

In(l—c)—Innjt—n|lo 1 |f(a)(t—n)]
® 20 de ’

then0<R<r<1landB:Q, \ Qr — K is completely continuous. If u € dQg, we obtain from
Lemma 4.1 and (4.7) that

—InR d,o —InkR

(=Inu) = l—c b 1—¢’ (=Inu) < l—c b
0<b—A"(—Inu) < I < &,
—c
and
t—T1 d
FIA (= Inw)())ds| < 2Zple — ).
-1 1—c¢
Hence,

Bl = [ 1605 us)

a)ed”w
— ed,,a) _

/S T AT (“tnu)()dr| ds

—T

d,w
T — Tl <
= nln = 2l < ul,

where we used d,® < ¢*® — 1 and @wd, < In(1 —¢) —Inn|7] — ©|@. If u € IQ,, we have
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and
=0 T — T
/ f[A_](—lnu)(s)]ds Z ’f(a)H 1 2‘,
—7 2
O 4o lf@T -1
Bul > —a— e~ u R >
since

[f(@)|[t1 — »|o

> .
By Lemma 2.2, for each d, satisfying (4.8), there exists u € Q, \ Qg such that Bu = u with
R <||u|| <rand

(e™® — 1)e™® < 2d, 0 <

—Inr §A71(—lnu) < —InkR _
—c 1—c

b.

a<

Letd, = % For n sufficiently large, we can obtain a sequence {u,} C E, such that Bu, = u,,.
Hence, A~!(—Inu,) € [a,b] is the positive periodic solution of (1.2).
Case2 c € (—1,0). Let

R — kl‘%_‘ce—(a—i-%l)(l—c) - e—b(l—c)-i-lT_c

9

_g_ 0
0<dn<min{(b e 2>(1+C>7 (1+C)5]7 (1+C)825 Lv
w 20 20 20
|f(a)(’51—’52)|7 1, 1te } 4.9)
de o Ntu—nlo

] —
Then 0 < r < R < kT+ and B : Qg \ Q, — K is completely continuous. For u € dQg, we have
Ink~'R—1—¢ Ink—¢R~1=¢ 8

~1 ~1 _
A™ (= Inu) < - <a+6;, A (—Ilnu)> a2 —4to
1—T) _
/ FIA ) (s)]ds| > L@ =R
I—T 2
ok|lull [f(a)(t1 — )|
Bu| > > .
‘ u‘—ednw_l 2 _HMH
For u € 0Q,, we have
InF'=¢k—¢ d,® Ink—p—1-c
AN —nu) > ————F— =b— " ANy < 28 7
(—Inu) > - b s (—Inu) < - b,
d,o
0<b—A"1(—Inu) < 1” < &,
C

=0 d,®
[T maelds| < P20l - ),
t +

-1 C

and
o|ul|e®® d,@
ehn® —1 1+c

11—
Bul < 71—l < e BB ) <y
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By Lemma 2.2, for each d,, satisfying (4.9), one sees that there exists u € Qr \ Q, such that
Bu = u with r < ||u|]| <R and

Ink—*R-'=¢ | Ink—tp—1-c

oz SA (Chus——a—=b

Letd, = L Forn sufficiently large, we can obtain a sequence {u, } C E such that Bu, = u,.
Hence, A~'(—Inu,) € [a,b] is the positive periodic solution of (1.2). If |c| > 1, we consider
(4.5). In view of F € C(A,[0,4e0)) or F € C(A,(—e,0]), and

- [F@)] _ 11—l
F 0, 1
(a) 79, v Tl — 72|’

a<

S

we use the conclusion of the case |c| < 1 to derive the result. U

Example 4.1. Consider the equation
(x(t) —ex(t— 7)) = (1 —x(t —7))* — (1 —x(t = 12)) + p(1), (4.10)

where 7,7],7 € R, 7] # T, ¢ # £1, and p # 0 is a continuous w-periodic function with
& ple)dt =.

In fact, f(¢) = (1 —1)3. Note that £(0.5) = f(1.5) # 0 and lim,_,,- AU lim;_,;+ @1) =0.

1—t t
It follows from Theorem 4.2 that (4.10) has infinitely many w-positive periodic solutions in

0.5,1] and [1,0.5].

5. CONCLUSION

In this paper, we investigated the nonlinear NFDEs of first order and second order. We pre-
sented three new theorems, which are based on the Schauder’s fixed point theorem, Krasnosel-
skii’s fixed point theorem in a cone and the Green’s functions, on the infinitely many positive
periodic solutions of the considered NFDEs. Finally, we also presented examples to demon-
strate and verify an application of our results. The results presented in this paper provide new
views to the qualitative theory of NFDEs.
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