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CONSERVATIVE WEAK SOLUTIONS TO A RADIALLY SYMMETRIC
VARIATIONAL WAVE SYSTEM OUTSIDE A BALL

SHUANGRONG LI, YANBO HU∗

Department of Mathematics, Zhejiang University of Science and Technology, Hangzhou 310023, China

Abstract. We study the initial-boundary value problem for a radially symmetric variational wave sys-
tem arising from the theory of nematic liquid crystals. Based on the characteristic reflection method,
we introduce the energy-dependent coordinates into the semi-infinite interval to transform the original
problem into a new boundary value problem. By regularizing the governing system and deriving the
a priori estimates of solutions, we apply the Young measure theory to show the strong convergence of
the approximate solution sequence and then establish the global existence of weak solutions for the new
boundary value problem. The global conservative weak solution of the original initial-boundary value
problem is constructed by returning the solution in terms of energy-dependent coordinate variables to the
physical plane.

Keywords. Conservative solution; Initial-boundary value problem; Radial symmetry; Variational wave
system.

1. INTRODUCTION

Nematic liquid crystals are one of the most important members of liquid crystals and have
been extensively studied theoretically, numerically, and experimentally. In theory, the mean
orientation of the long molecules of nematic liquid crystals can be described by the so-called
director field n(x, t) at a spatial location x and time t. In the regime in which inertia effects
dominate viscosity, that is, ignoring the kinetic energy of the director field, Hunter and Saxton
[27] modeled the propagation of the orientation waves in the director field by the least action
principle

δ

∫ (1
2

∂tn ·∂tn−W (n,∇n)
)

dxdt = 0, n ·n = 1, (1.1)

where W (n,∇n) is the well-known Oseen-Franck potential energy density which takes the fol-
lowing form

W (n,∇n) =
1
2

k1(∇ ·n)2 +
1
2

k2(n ·∇×n)2 +
1
2

k3|n× (∇×n)|2.

Here k1,k2 and k3 are the splay, twist and bend elastic positive constants of the liquid crystal,
respectively. They [27] considered plane deformations depending on a single space variable x
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and then took the director field n as the special form n = (cosu(x, t),sinu(x, t),0) to obtain the
Lagrangian density of (1.1)

1
2

∂tn ·∂tn−W (n,∇n) =
1
2

u2
t −

1
2

c2(u)u2
x ,

with c2(u) = k1 sin2 u+ k3 cos2 u. The corresponding Euler-Lagrange equation is

utt− c(u)(c(u)ux)x = 0, (1.2)

which is also called the one-dimensional variational wave equation. The multi-dimensional
generalization of variational wave equation (1.2) reads that [8, 21, 33]

utt− c(u)∇ · (c(u)∇u) = 0. (1.3)

To characterize the propagation of twist waves, Ali and Hunter [2] considered three-dimensional
deformations depending on a single space variable x. By taking the director field n as the form

n = (cosu(x, t),sinu(x, t)cosv(x, t),sinu(x, t)sinv(x, t)),

they acquired the corresponding Lagrangian density
1
2

∂tn ·∂tn−W (n,∇n) =
1
2
[u2

t − c2
1(u)u

2
x ]+

1
2

a2(u)[v2
t − c2

2(u)v
2
x ],

with
c2

1(u) = k1 sin2 u+ k3 cos2 u, c2
2(u) = k2 sin2 u+ k3 cos2 u,a2(u) = sin2 u,

and then derived the Euler-Lagrange equations{
utt− c1(u)(c1(u)ux)x = a(u)a′(u)[v2

t − c2
2(u)v

2
x ]−a2(u)c2(u)c′2(u)v

2
x ,

(a2(u)vt)t− [a2(u)c2
2(u)vx]x = 0.

(1.4)

The multi-dimensional generalization of variational wave system (1.4) reads that{
utt− c1(u)∇ · (c1(u)∇u) = a(u)a′(u)[v2

t − c2
2(u)|∇v|2]−a2(u)c2(u)c′2(u)|∇v|2,

(a2(u)vt)t−∇ · [a2(u)c2
2(u)∇v] = 0,

(1.5)

which can be obtained from the general variational principle whose action is a quadratic func-
tion of the derivatives of the field with coefficients depending only on the field

δ

∫
Ai j

µν(u)
∂uµ

∂xi

∂uν

∂x j
dx = 0, (1.6)

where the summation convention is employed, see [1, 27, 28] for more background informa-
tion. In (1.6), x ∈ Rd+1 are the space-time independent variables and u : Rd+1 → Rn are the
dependent variables. The coefficients Ai j

µν : Rd+1×Rn→ R are smooth functions and satisfy
Ai j

µν =Ai j
νµ =A ji

µν . One can choose the coefficients Ai j
µν in (1.6) such that the Lagrangian density

takes the classical form

Ai j
µν(u)

∂uµ

∂xi

∂uν

∂x j
=

1
2
[u2

t − c2
1(u)|∇u|2]+ 1

2
a2(u)[v2

t − c2
2(u)|∇v|2].

Then the corresponding Euler-Lagrange equations are system (1.5).
The study on the multi-dimensional variational wave systems (1.3) and (1.5) are still very

limited now. As a bridge for exploring the behavior of multi-dimensional systems and with their
own physical significance, the radially symmetric variational wave systems have also deserved
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to be broadly regarded and explored. By setting (u,v) = (u(t,r),v(t,r)),r = |x| where x =
(x1, · · · ,xd) (d > 1), system (1.5) can be reduced to

utt− c1(u)(c1(u)ur)r =
2κc2

1(u)ur

r
+a(u)a′(u)[v2

t − c2
2(u)v

2
r ]−a2(u)c2(u)c′2(u)v

2
r ,

(a2(u)vt)t− [a2(u)c2
2(u)vr]r =

2κa2(u)c2
2(u)vr

r
,

(1.7)

where κ = (d− 1)/2. In the present paper, we consider system (1.7) outside the unit ball and
supplement (1.7) with the initial data

(u(0,r),v(0,r)) = (u0(r),v0(r)), (ut(0,r),vt(0,r)) = (u1(r),v1(r)),
rκu′0(r),r

κu1(r) ∈ L2([1,∞)), rκv′0(r),r
κv1(r) ∈ L∞([1,∞)),

(1.8)

and the homogeneous Dirichlet boundary conditions

u(t,1) = v(t,1) = 0. (1.9)

We here assume that the compatibility conditions u0(0) = u1(0) = v0(0) = v1(0) = 0 are sat-
isfied. The homogeneous boundary conditions in (1.9) result in the disappearance of boundary
energies on r = 1, which leads to the conservation of energy within the interval [1,∞). In the
present paper, we shall study the global existence of conservative weak solutions to the initial-
boundary value problem (1.7)-(1.9).

The Cauchy problem for the one-dimensional variational wave equation (1.2) and its related
single models have been widely investigated. We refer the reader to the works on the singu-
larity formation [18, 21, 30], on the existence of dissipative weak solutions [7, 33, 34, 35],
on the existence of conservative weak solutions [8, 22, 25], on the uniqueness, stability and
generic regularity of conservative weak solutions [3, 4, 5, 6, 10, 11]. In [19], the authors in-
vestigated the singularity formation of smooth solutions for the spherically symmetric varia-
tional wave equation. For the one-dimensional variational wave system (1.4) with c1(·) = c2(·)
and a(·) ≥ Const > 0, Zhang and Zheng [36] applied the method of energy-dependent coor-
dinates introduced by Bressan and Zheng [8] to establish the global existence of conservative
solutions to its Cauchy problem for initial data of finite energy. Subsequently, they [37] in-
vestigated the global existence of conservative solutions to system (1.4) with c1(·) 6= c2(·) and
a(·)≥Const > 0. To remove the restriction of a(·)≥Const > 0, Chen, Zhang, and Zheng [17]
derived a one-dimensional nonlinear wave system from (1.1) by considering the director field
n in its natural three-component form and established its global existence of conservative solu-
tions under the assumption c1(·) = c2(·), also see [9] for its uniqueness and generic regularity
of conservative solutions and [12] for the Lipschitz continuous dependence. In [23, 24, 26],
the author considered the Cauchy problem to some one-dimensional nonlinear wave systems
arising from the general variational principle (1.6).

It is meaningful that the energy-dependent coordinate method can be used to study the
Poiseuille flow of one-dimensional hyperbolic-parabolic Ericksen-Leslie model of nematic liq-
uid crystals, see the recent works by Chen etc. [14, 15, 16]. In [13], Chen, Hu, and Zhang uti-
lized the energy-dependent coordinate method to the initial-boundary value problem by adopt-
ing the characteristic method with reflections on the boundaries. They established the global
existence of Hölder continuous solution of the initial-boundary value problems with differ-
ent types of boundary conditions for the one-dimensional hyperbolic-parabolic Ericksen-Leslie
model.
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In the current paper, we apply the characteristic reflection method to construct the corre-
sponding energy-dependent coordinates for the initial-boundary value problem (1.7)-(1.9) to
overcome the difficulty arising from the possible concentration of energy. The appropriate
weighted variables are introduced to handle non-homogeneous terms in the governing system
(1.7) caused by radial symmetry. Similar to the case of the one-dimensional system (1.4), the
new hyperbolic system in terms of the energy-dependent coordinate variables may degenerate at
some points. Following the previous work by Zhang and Zheng [37], we regularize the system
by adding some suitable positive perturbation terms and then adopt the Young measure theory
[31, 32] to establish the precompactness of a sequence of solutions for the regularization sys-
tem. A global conservative weak solution to the initial-boundary value problem (1.7)-(1.9) is
then constructed by transforming the solution in the energy-dependent coordinates back to the
original independent variables.

We assume that the smooth functions c1,c2 and a fulfill

0 < c0 ≤ c1(z),c2(z),a(z)≤C0,

|c′1(z)|, |c′2(z)|, |a′(z)| ≤C0, ∀ z ∈ R,
(1.10)

for some positive constants c0 and C0, and further require that c1 and c2 satisfy

b(z) :=
c2(z)
c1(z)

≤ b0 < 1, ∀ z ∈ R, (1.11)

for some positive number b0. We comment that in fact the assumptions on a(u) and b(u) are
not very satisfactory since the extreme case sinu = 0 in nematic liquid crystals is excluded. Our
main result of this paper can be stated below.

Theorem 1.1. Let conditions (1.10) and (1.11) be satisfied. Then the initial-boundary value
problem (1.7)-(1.9) admits a global weak solution (u,v)(t,r) defined for all (t,r) ∈ [0,∞)×
[1,∞), as follows:
(i) The functions (u,v) are locally Hölder continuous with exponent 1/2 in [0,∞)× [1,∞). The
vector function t 7→ (u,v)(t, ·) is continuously differentiable as a map with values in Lθ

loc for all
1 ≤ θ < 2. Moreover, it is Lipschitz continuous with respect to the L2 distance, that is, there
exists a constant L such that

‖u(t, ·)−u(s, ·)‖L2([1,∞))+‖v(t, ·)− v(s, ·)‖L2([1,∞)) ≤ L|t− s| (1.12)

for all t,s ∈ [0,∞).
(ii) The functions (u,v) take on the initial condition in (1.8) pointwise, while its temporal deriv-
ative holds in Lθ for θ ∈ [1,2).
(iii) The boundary conditions in (1.9) are satisfied pointwise.
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(iv) System (1.7) is satisfied in the distributional sense, that is,∫
∞

0

∫
∞

1

{
φtut− (φc1)rc1ur +φ

(
2κc2

1(u)ur

r
+a(u)a′(u)[v2

t

− c2
2(u)v

2
r ]−a2(u)c2(u)c′2(u)v

2
r

)}
drdt−

∫
∞

0
φc2

1ur(t,1) dt = 0,∫
∞

0

∫
∞

1

{
φta2(u)vt−φra2(u)c2

2(u)vr +φ
2κa2(u)c2

2(u)vr

r

}
drdt

−
∫

∞

0
φa2c2

2vr(t,1) dt = 0,

(1.13)

for all test functions φ ∈F , where

F :=
{

f ∈C∞(R+× (1,∞)) : ∂
i
t ∂

j
r f
∣∣∣∣
t=0,∞

= 0, ∂
i
t ∂

j
r f
∣∣∣∣
r=∞

= 0
}
.

Moreover, there holds

E (t)≤ E (0) =: E0, (1.14)

where

E (t) :=
1
2

∫
∞

1

(
r2κ [u2

t (t,r)+ c2
1u2

r (t,r)]+ r2κa2[v2
t (t,r)+ c2

2v2
r (t,r)]

)
dr,

is the total energy. In addition, the solution (u,v)(t,r) constructed above is conservative in the
sense that the total energy represented by a Radon measure is conserved in time.

The paper is organized as follows. Section 2 is devoted to formulating the original initial-
boundary value problem in the new energy-dependent coordinates. In Subsection 2.1, we use the
characteristic reflection method to introduce the energy-dependent coordinates into the semi-
infinite interval [1,∞). In Subsection 2.2, we present the governing system in terms of energy-
dependent coordinate variables. In Subsection 2.3, we analyze the boundary conditions of the
governing system in energy-dependent coordinates. Section 3 is devoted to solving the new
boundary value problem in energy-dependent coordinate plane. In Subsection 3.1, we regular-
ize the governing system and establish the global existence of bounded solutions for the regu-
larization system. In Subsection 3.2, we establish the strong convergence of the approximate
solution subsequence by the Young measure theory. In Section 4, the last section, we construct
a global weak solution of the initial-boundary value problem by returning the solution in the
energy-dependent coordinate variables to the original physical variables, and then complete the
proof of Theorem 1.1.

2. NEW FORMULATION IN ENERGY-DEPENDENT COORDINATES

This section is devoted to transforming the original initial-boundary value problem into a new
boundary problem by introducing the energy-dependent coordinates into the semi-finite interval
[1,∞).
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2.1. The energy-dependent coordinates. Denote{
R1 := rκ(ut + c1(u)ur),
S1 := rκ(ut− c1(u)ur),

{
R2 := rκa(u)(vt + c2(u)vr),
S2 := rκa(u)(vt− c2(u)vr),

(2.1)

so that

ut =
R1 +S1

2rκ
, ur =

R1−S1

2rκc1(u)
, vt =

R2 +S2

2rκa(u)
, vr =

R2−S2

2rκac2(u)
. (2.2)

By direct calculations, system (1.7) can be transformed to

R1t− c1(u)R1r =
c′1(u)
4c1rκ (R2

1−S2
1)−

κc1
r S1− Q

rκ ,

S1t + c1(u)S1r =
c′1(u)
4c1rκ (S2

1−R2
1)+

κc1
r R1− Q

rκ ,

R2t− c2(u)R2r =
1
rκ [(1+b)R1 +(1−b)S1]F− κc2

r S2,

S2t + c2(u)S2r =
1
rκ [(1−b)R1 +(1+b)S1]G+ κc2

r R2,

ut− c1(u)ur =
S1
rκ , vt− c2(u)vr =

S2
rκ a ,

(2.3)

where

Q =
c′2(u)
4c2

(R2−S2)
2− a′(u)

a
R2S2,

F =
c′2(u)
4c2

R2−
(

a′(u)
2a

+
c′2(u)
4c2

)
S2, G =

c′2(u)
4c2

S2−
(

a′(u)
2a

+
c′2(u)
4c2

)
R2.

(2.4)

Let (t,r) be any point in D := [0,∞)× [1,∞). We define the forward and backward characteris-
tics r = r±(s; t,r)(s≤ t) passing through the point (t,r) as follows

dr±(s; t,r)
ds

=±c1(u(r±(s; t,r),s)),

r±(t; t,r) = r.

Let us now define the coordinate transformation (t,r)→ (X ,Y ) on D. We first specify this
transformation to transform the line r = 1 with t ≥ 0 into the line Γb : Y = X with X ≥ 0. For
the line t = 0 with r ∈ [1,∞), we specify that it is transformed to a curve Γ0 : Y = ϕ(X)(X ≥ 0)
defined through a parametric r ∈ [1,∞)

X =
∫ r

1
(1+R2

10(z)) dz, Y =
∫ 1

r
(1+S2

10(z)) dz,

where

R10(r) = rκ [u1(r)+ c1(u0(r))u′0(r)], S10(r) = rκ [u1(r)− c1(u0(r))u′0(r)]. (2.5)

Due to assumption (1.8), we know that the two functions X = X(r) and Y =Y (r) with r ∈ [1,∞)
are well-defined and absolutely continuous satisfying that X(r) is strictly increasing while Y (r)
is strictly decreasing. Thus Y = ϕ(X) is continuous and strictly decreasing. See Figure 1 for
the illustration.

For any point (t,r) ∈ (0,∞)× (1,∞), we now draw the backward characteristic r−(s; t,r) up
to a point (0,r−(0; t,r)) on t = 0 and then define

X =
∫ r−(0;t,r)

1
(1+R2

10(z)) dz. (2.6)
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FIGURE 1. The region D and its image in the coordinate plane (X ,Y ).

To define the quantity Y , we apply the forward characteristic r = r+(t;0,1)(t ≥ 0) to divide the
domain D into two sub-domains D1 and D2, where

D1 = {(t,r)| t ≥ 0,r ≥ r+(t;0,1)}, D2 = {(t,r)| t ≥ 0,1≤ r < r+(t;0,1)}.

If (t,r) ∈ D1, we can draw the forward characteristic r+(s; t,r) up to a point (0,r+(0; t,r)) with
r+(0; t,r)≥ 1 on t = 0 and then define

Y =
∫ 1

r+(0;t,r)
(1+S2

10(z)) dz. (2.7)

If (t,r) ∈ D2, we draw the forward characteristic r+(s; t,r) up to a point (t̃,1) with t̃ > 0 on
r = 1. From the point (t̃,1), we further draw the backward characteristic r−(s; t̃,1) up to a
point (0,r−(0; t̃,1)) with r−(0; t̃,1) > 1 on t = 0. Thus we recall the fact that the line r = 1 is
transformed into the line Y = X to define the quantity Y (t,r) as follows

Y = Y (t̃,1) = X(t̃,1) =
∫ r−(0;t̃,1)

1
(1+R2

10(z)) dz. (2.8)

Combining (2.6), (2.7) and (2.8), we have defined the coordinate transformation (t,r)→ (X ,Y )
on D. Moreover, according to the construction process, we know that X and Y are constants
along backward and forward characteristics, respectively, that is,

Xt− c1(u)Xr = 0, Yt + c1(u)Yr = 0,

which imply that, for any smooth function f , there hold

ft + c1(u) fr = 2c1Xr fX , ft− c1(u) fr =−2c1Yr fY . (2.9)

It suggests by (2.9) that

ft = c1(Xr fX −Yr fY ), fr = Xr fX +Yr fY . (2.10)
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2.2. The governing system in energy-dependent coordinates. In order to deal with the blowup
of (R1,S1), it is convenient to introduce a new set of dependent variables

g =
1

1+R2
1
, h =

1
1+S2

1
, `=

R1

1+R2
1
, m =

S1

1+S2
1
, (2.11)

from which one has

`2 +g2 = g, m2 +h2 = h. (2.12)

Furthermore, we introduce

p =
1+R2

1
Xr

, q =
1+S2

1
−Yr

, (2.13)

so that
1
Xr

= pg,
1
−Yr

= qh. (2.14)

By using (2.3) and (2.10)-(2.14), we can perform tedious calculations to obtain a governing
system for the variables (g,h, `,m, p,q,R2,S2,u,v,r) in terms of (X ,Y )

gY = q`
c1

{
c′1

4c1rκ (g−h)+ κc1
r mg+ Q

rκ gh
}
,

hX = pm
c1

{
c′1

4c1rκ (h−g)− κc1
r `h+ Q

rκ gh
}
,

(2.15)


`Y = q(1−2g)

2c1

{
c′1

4c1rκ (g−h)+ κc1
r mg+ Q

rκ gh
}
,

mX = p(1−2h)
2c1

{
c′1

4c1rκ (h−g)− κc1
r `h+ Q

rκ gh
}
,

(2.16)


pY = pq

c1

{
c′1

4c1rκ (m− `)− κc1
r m`− Q

rκ `h
}
,

qX = pq
c1

{
c′1

4c1rκ (`−m)+ κc1
r m`− Q

rκ mg
}
,

(2.17)


(1−b)qh∂X R2 +(1+b)pg∂Y R2 =

pq
c1

{
1
rκ [(1+b)`h+(1−b)mg]F− κc2

r S2gh
}
,

(1+b)qh∂X S2 +(1−b)pg∂Y S2 =
pq
c1

{
1
rκ [(1−b)`h+(1+b)mg]G+ κc2

r R2gh
}
,

(2.18)

and

uY = qm
2c1rκ

(
or uX = p`

2c1rκ

)
,

vY = qh
4ac2rκ [(1+b)S2− (1−b)R2]

(
or vX = pg

4ac2rκ [(1+b)R2− (1−b)S2]

)
,

rY =−qh
2

(
or rX = pg

2

)
.

(2.19)
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In addition, there hold

tX = pg
2c1

, tY = qh
2c1

,

(
qh
c1

)
X
=

(
pg
c1

)
Y
,

(qh)x +(pg)y = 0,
(

qm
c1rκ

)
X
=

(
p`

c1rκ

)
Y
,(

qh
ac2rκ [(1+b)S2− (1−b)R2]

)
X
=

(
pg

ac2rκ [(1+b)R2− (1−b)S2]

)
Y
,

(2.20)

and

∂Y (g2 + `2−g) = 0, ∂X(h2 +m2−h) = 0,(
q+ 1

2qh[(1−b)R2
2 +(1+b)S2

2]

)
X
+

(
p+ 1

2 pg[(1+b)R2
2 +(1−b)S2

2]

)
Y
= 0.

(2.21)

The detailed derivations of (2.15)-(2.21) can be acquired through direct calculations, and a
similar process can be referred to the works of Zhang and Zheng [37] and Hu [26].

2.3. The boundary conditions in energy-dependent coordinates. Let us consider the bound-
ary conditions of system (2.15)-(2.19) in terms of (X ,Y ), corresponding to (1.8)-(1.9) in the
original coordinates (t,r).

According to the construction of the coordinate transformation (t,r)→ (X ,Y ) in Subsection
2.1, we see that the curve Γ0 is parameterized by the parameter r. Thus we can assign the
boundary data (ĝ, ĥ, ˆ̀, m̂, p̂, q̂, R̂2, Ŝ2, û, v̂, r̂) on Γ0 defined by ĝ = 1

1+R2
10(r)

,

ĥ = 1
1+S2

10(r)
,

{ ˆ̀= R10(r)ĥ,
m̂ = S10(r)ĝ,

{
p̂ = 1,
q̂ = 1,

{
R̂2 = R20(r),
Ŝ2 = S20(r),


û = u0(r),
v̂ = v0(r),
r̂ = r,

(2.22)

for r ≥ 1, where R10(r) and S10(r) are given in (2.5) and

R20(r) = rκa(u0(r))[v1(r)+ c2(u0(r))v′0(r)],
S20(r) = rκa(u0(r))[v1(r)− c2(u0(r))v′0(r)].

The boundary data of (p,q) come from the definition of (p,q) in (2.13). It is easy to see by
(1.8) that (ĝ, ĥ, ˆ̀, m̂, p̂, q̂, R̂2, Ŝ2, û, v̂) ∈ L∞.

Furthermore, we recall the fact that the line r = 1(t ≥ 0) is transformed into the line Γb : Y =
X(X ≥ 0) and apply (1.9) and (2.2) to obtain

`h+mg = 0, R2 +S2 = 0 on Γb. (2.23)

In view of the relations in (2.12), one has

g = h on Γb. (2.24)

It follows by the fact dr = 0 along Γb that

0 = dr = rX dX + rY dY =
pg
2

dX− qh
2

dY,

which together with (2.24) gives

p = q on Γb. (2.25)
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Combining (2.23)-(2.25) yields the boundary conditions on Γb

g = h, `+m = 0, R2 +S2 = 0, p = q, u = v = 0, r = 1 on Γb. (2.26)

For convenience, we use Ω1 and Ω2 to represent the images of D1 and D2 in the (X ,Y ) plane,
respectively, and denote Ω = Ω1∪Ω2, see Figure 1 (b).

3. SOLUTIONS IN THE ENERGY COORDINATES

In this section, we establish the global existence of solutions for system (2.15)-(2.19) with
boundary conditions (2.22) and (2.26) in the energy coordinates (X ,Y ).

3.1. Solutions of a regularization system. In order to handle the degeneracy of the equation
(2.18) when g = 0 and h = 0 simultaneously, we first regularize the system by adding some
terms in the equations of (R2,S2). Let 0 < ε < 1 be a small number. We consider the following
system of the variables (gε ,hε , `ε ,mε , pε ,qε ,Rε

2,S
ε
2,u

ε ,vε ,rε):


∂Y gε = qε`ε

cε
1

{
(cε

1)
′

4cε
1(r

ε )κ (gε −hε)+
κcε

1
rε mεgε + Qε

(rε )κ gεhε

}
,

∂X hε = pε mε

cε
1

{
(cε

1)
′

4cε
1(r

ε )κ (hε −gε)− κcε
1

rε `εhε + Qε

(rε )κ gεhε

}
,

(3.1)


∂Y `

ε = qε (1−2gε )
2cε

1

{
(cε

1)
′

4cε
1(r

ε )κ (gε −hε)+
κcε

1
rε mεgε + Qε

(rε )κ gεhε

}
,

∂X mε = pε (1−2hε )
2cε

1

{
(cε

1)
′

4cε
1(r

ε )κ (hε −gε)− κcε
1

rε `εhε + Qε

(rε )κ gεhε

}
,

(3.2)


∂Y pε = pε qε

cε
1

{
(cε

1)
′

4cε
1(r

ε )κ (mε − `ε)− κcε
1

rε mε`ε − Qε

(rε )κ `
εhε

}
,

∂X qε = pε qε

cε
1

{
(cε

1)
′

4cε
1(r

ε )κ (`
ε −mε)+

κcε
1

rε mε`ε − Qε

(rε )κ mεgε

}
,

(3.3)



[(1−bε)qεhε + ε]∂X Rε
2 +[(1+bε)pεgε + ε]∂Y Rε

2

= pε qε

cε
1

{
1

(rε )κ [(1+bε)`εhε +(1−bε)mεgε ]Fε − κcε
2

rε Sε
2gεhε

}
,

[(1+bε)qεhε + ε]∂X Sε
2 +[(1−bε)pεgε + ε]∂Y Sε

2

= pε qε

cε
1

{
1

(rε )κ [(1−bε)`εhε +(1+bε)mεgε ]Gε +
κcε

2
rε Rε

2gεhε

}
,

(3.4)

and

∂Y uε =
qεmε

2cε
1(r

ε)κ
, ∂Y vε =

qεhε

4aεcε
2(r

ε)κ
[(1+bε)Sε

2− (1−bε)Rε
2], ∂Y rε =−qεhε

2
. (3.5)

In the system, (cε
1,c

ε
2,a

ε ,bε) = (c1,c2,a,b)(uε) and (Qε ,Fε ,Gε) = (Q,F,G)(uε ,Rε
2,S

ε
2). More-

over, there hold

∂Y [(gε)2 +(`ε)2−gε ] = 0, ∂X [(hε)2 +(mε)2−hε ] = 0, (3.6)
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and (
qε +

1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
X

+

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
Y
= 0. (3.7)

The local existence of solutions to system (3.1)-(3.5) with the boundary value conditions
(2.22), (2.26) can be established by the fixed point theorem, see a similar process in Bressan
and Zheng [8]. We next mainly derive the a priori estimates of solutions to system (3.1)-(3.5) in
Ω2, and the estimates of solutions in Ω1 are analogous. For any (X ,Y ) ∈ Ω2, we utilize (2.22)
and (3.6) to achieve

[(gε)2 +(`ε)2−gε ](X ,Y )

=[(gε)2 +(`ε)2−gε ](X ,ϕ(X)) = ĝ2 + ˆ̀2− ĝ = 0. (3.8)

Moreover, it follows by (3.6), (2.26), and (3.8) and that

[(hε)2 +(mε)2−hε ](X ,Y ) = [(hε)2 +(mε)2−hε ](Y,Y )

=[(gε)2 +(`ε)2−gε ](Y,Y ) = [(gε)2 +(`ε)2−gε ](Y,ϕ(Y )) = 0.

This together with (3.8) yield

(gε)2 +(`ε)2 = gε , (hε)2 +(mε)2 = hε , ∀ (X ,Y ) ∈Ω2,

which leads to

0≤ gε ≤ 1, 0≤ hε ≤ 1, |`ε | ≤ 1
2
, |mε | ≤ 1

2
. (3.9)

In order to estimate pε and qε on the domain Ω2, we consider the domain Ωb which is
enclosed by a horizontal segment between (Y,Y ) and (X ,Y ), a vertical segment between (X ,Y )
and (X ,ϕ(X)), Γ0 and Γb. Thanks to Green’s theorem, we obtain by (3.7)∫

∂Ωb

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dX ′

−
(

qε +
1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dY ′

=−
∫∫

Ωb

(
qε +

1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
X

+

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
Y

dX ′dY ′

=0, (3.10)

where ∂Ωb is the boundary of Ωb. It concludes by (3.10) that∫ X

Y

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dX ′

+
∫ Y

ϕ(X)

(
qε +

1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dY ′

=I1 +I2, (3.11)
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where

I1 =
∫

Γ0

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dX ′

−
(

qε +
1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dY ′,

and

I2 =−
∫

Γb

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dX ′

−
(

qε +
1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]+
ε

2
[(Rε

2)
2 +(Sε

2)
2]

)
dY ′.

By means of boundary conditions (2.26), we find that

I2 = 0. (3.12)

For I1, we apply conditions (2.22) to achieve

I1 =
∫ X

0

{(
1+

1
2

ĝ[(1+ b̄)R̂2
2 +(1− b̂)Ŝ2

2]+
ε

2
[R̂2

2 + Ŝ2
2]

)
−
(

1+
1
2

ĥ[(1− b̂)R̂2
2 +(1+ b̂)Ŝ2

2]+
ε

2
[R̂2

2 + Ŝ2
2]

)
ϕ
′(X ′)

}
dX ′

≤[1+2(‖R̂2‖2
L2([1,∞))+‖Ŝ2‖2

L2([1,∞)))](X−ϕ(X)), (3.13)

where b̂ = b(û). Combining (3.11), (3.12), and (3.13) yields∫ X

Y

(
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]

)
dX ′

+
∫ Y

ϕ(X)

(
qε +

1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]

)
dY ′

≤[1+2(‖R̂2‖2
L2([1,∞))+‖Ŝ2‖2

L2([1,∞)))](X−ϕ(X)). (3.14)

It is easy to see by (3.3) and the boundary conditions (2.22), (2.26) that pε > 0 and qε > 0. Now
we denote the equations of pε and qε as

∂Y pε

pε
= I3,

∂X qε

qε
= I4, (3.15)

where

I3 =
qε

cε
1

{
(cε

1)
′

4cε
1(r

ε)κ
(mε − `ε)−

κcε
1

rε
mε`ε − Qε

(rε)κ
`εh
}
,

I4 =
pε

cε
1

{
(cε

1)
′

4cε
1(r

ε)κ
(`ε −mε)+

κcε
1

rε
mε`ε − Qε

(rε)κ
mεgε

}
.
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Recalling (1.10), (1.11) and (2.4), one utilizes (3.9) to obtain

|I3| ≤
qε

c0

{
C0

4c0
+

κC0

4
+

1
2
|Qε |hε

}
≤(1+κc0)C0

4c2
0

qε +
C0

c0
[(Rε

2)
2 +(Sε

2)
2]qεhε

≤(1+κc0)C0

4c2
0

qε +
C0

c0(1−b0)
qεhε [(1−bε)(Rε

2)
2 +(1+bε)(Sε

2)
2]

≤(1+8c0 +κc0)C0

4c2
0(1−b0)

{
qε +

1
2

qεhε [(1−bε)(Rε
2)

2 +(1+bε)(Sε
2)

2]

}
, (3.16)

and

|I4| ≤
pε

c0

{
C0

4c0
+

κC0

4
+

1
2
|Qε |gε

}
≤(1+κc0)C0

4c2
0

pε +
C0

c0(1−b0)
pεgε [(1+bε)(Rε

2)
2 +(1−bε)(Sε

2)
2]

≤(1+8c0 +κc0)C0

4c2
0(1−b0)

{
pε +

1
2

pεgε [(1+bε)(Rε
2)

2 +(1−bε)(Sε
2)

2]

}
. (3.17)

We integrate the equation of pε from ϕ(X) to Y and apply (3.14), (3.16) to acquire

exp
(
−
∫ Y

ϕ(X)
|I3| dX ′

)
≤ pε(X ,Y )≤ exp

(∫ Y

ϕ(X)
|I3| dX ′

)
, (3.18)

which means that

e−M(X) ≤ pε(X ,Y )≤ eM(X), (3.19)

where

M(X) =
(1+8c0 +κc0)C0

4c2
0(1−b0)

[1+2(‖R̂2‖2
L2([1,∞))+‖Ŝ2‖2

L2([1,∞)))](X−ϕ(X)). (3.20)

Integrating the equation of qε from Y to X and using the boundary condition p = q on Γb, we
find that

qε(X ,Y ) =qε(Y,Y )exp
(∫ X

Y
I4 dY ′

)
= pε(Y,Y )exp

(∫ X

Y
I4 dY ′

)
, (3.21)

from which and (3.19) one obtains

e−M(Y )−M(X) ≤ qε(X ,Y )≤ eM(Y )+M(X). (3.22)

Hence we combine (3.19) and (3.22) to conclude

0 < e−M(Y )−M(X) ≤ pε(X ,Y ),qε(X ,Y )≤ eM(Y )+M(X), ∀ (X ,Y ) ∈Ω2. (3.23)

Finally, we estimate (Rε
2,S

ε
2). Denote νε = ((1− bε)qεhε + ε,(1+ bε)pεgε + ε). Then we

can rewrite the equation for Rε
2 as

ν
ε · (∂X ,∂Y )Rε

2

=
1

cε
1(r

ε)κ
[(1+bε)pεqε`εhε +(1−bε)pεqεmgε ]Fε −

κcε
2

cε
1rε

Sε
2 pεqεgεhε . (3.24)
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It is easily seen by (1.10), (1.11), (3.9), and (3.23) that

|(1+bε)pεqε`εhε +(1−b)pεqεmεgε |
|νε |

≤(1+b)pε

1−bε
+

(1−bε)qε

1+bε
≤ 3−b0

1−b0
eM(Y )+M(X), (3.25)

and

pεqεhεgε

|νε |
≤ qε pεgε

|νε |
≤ qε ≤ eM(Y )+M(X). (3.26)

It follows by (3.24)-(3.26) and the expression of Fε that the value of Rε
2 can grow exponentially

to infinity at most, and the rate of growth is independent of ε . The analysis is also valid for
Sε

2. Therefore, the variables (Rε
2,S

ε
2) are bounded on bounded domains and their bounds are

independent of ε . According to the boundedness of (pε ,qε) and (Rε
2,S

ε
2), one can directly

derive the bounds of uε ,vε and rε on bounded domains.
Based on the above a priori estimates, we can extend the local solution to the entire domain

Ω. Thus we have the global existence theorem.

Theorem 3.1. Let conditions (1.8) and (1.9) hold. Then the problem (3.1)-(3.5) with boundary
conditions (2.22), (2.26) admits a unique global solution (gε ,hε , `ε ,mε , pε ,qε ,R2

ε ,S2
ε ,uε ,vε ,rε)

such that

0≤ gε(X ,Y ), hε(X ,Y )≤ 1, |`ε(X ,Y )|, |mε(X ,Y )| ≤ 1
2 ,

c̃0 ≤ pε(X ,Y ), qε(X ,Y )≤ C̃0, |Rε
2(X ,Y )|, |Sε

2(X ,Y )| ≤ C̃0,
∀ (X ,Y ) ∈ Ω̂, (3.27)

for some positive constants c̃0,C̃0 depending only on c0,C0,b0,κ and (X̂ ,Ŷ ), where (X̂ ,Ŷ ) is
any point in Ω and Ω̂ is the domain bounded by Γ0,Γb, X = X̂ and Y = Ŷ .

3.2. Weak solutions in the energy coordinates. In this subsection, we mollify the boundary
data on Γ0 and then pass the limit ε → 0+ in regularization system (3.1)-(3.5) to establish the
global existence of weak solutions of boundary value problem (2.15)-(2.19) with (2.22), (2.26).

The main result is as follows.

Theorem 3.2. Let conditions (1.8) and (1.9) be fulfilled. Then problem (2.15)-(2.19) with
boundary conditions (2.22) and (2.26) admits a global weak solution (g,h, p,q, `,m,R2,S2,u,v,r)
such that there hold

g2 + `2 = g, h2 +m2 = h, (3.28)

(qh)X +(pg)Y = 0,
(

qh
c1

)
X
−
(

pg
c1

)
Y
= 0,

(
qm

c1rκ

)
X
=

(
p`

c1rκ

)
Y
, (3.29)

and(
q+

1
2

qh[(1−b)R2
2 +(1+b)S2

2]

)
X
+

(
p+

1
2

pg[(1+b)R2
2 +(1−b)S2

2]

)
Y
= 0, (3.30)

in the sense of distribution.
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To show Theorem 3.2, the main tool used here is the propagation of precompactness for
appropriate approximate solution sequence, see [29, 34, 37] for details. We denote the weak
∗ limit to a subsequence of { f ε}ε>0 by f . Then according to Theorem 3.1, we can find
(g,h, p,q, `,m) ∈ L∞

loc(Ω) and (u,v,r) ∈ Liploc(Ω), and a suitable subsequence of

{gε ,hε , pε ,qε , `ε ,mε ,uε ,vε ,rε},

still denoted by {gε ,hε , pε ,qε , `ε ,mε ,uε ,vε ,rε}, such that

{gε ,hε , pε ,qε , `ε ,mε}⇀ (g,h, p,q, `,m) weak∗ in L∞
loc(Ω),

{uε ,vε ,rε}→ {u,v,r} locally uniformly on Ω.
(3.31)

We next establish the strong convergence of {gε ,hε , pε ,qε , `ε ,mε} and of {Rε
2,S

ε
2}with some

weights. By (3.1) and (3.3), one directly calculates
∂Y (pεgε) =

(cε
1)
′

4(cε
1)

2(rε )κ (pεqεmεgε − pεqεhε`ε),

∂X(qεhε) =
(cε

1)
′

4(cε
1)

2(rε )κ (pεqεhε`ε − pεqεmεgε),
(3.32)

which together with (3.1), (3.3) and the div-curl lemma [20, 29] leads to
∂Y (pg) = c′1

4c2
1rκ

(pg ·qm− p` ·qh),

∂X(qh) = c′1
4c2

1rκ
(p` ·qh− pg ·qm).

(3.33)

Moreover, we utilize (3.4) to gain

∂X [(cε
1− cε

2)q
εhεRε

2 + εcε
1Rε

2]+∂Y [(cε
1 + cε

2)pεgεRε
2 + εcε

1Rε
2]

=

(
(cε

1)
′

2cε
1(r

ε)κ
+

(cε
2)
′

4cε
2(r

ε)κ

)
[(1−bε)hε`ε +(1+bε)mεgε ]pεqεRε

2

−
(

(aε)′

2aε(rε)κ
+

(cε
2)
′

4cε
2(r

ε)κ

)
[(1+bε)hε`ε +(1−bε)mεgε ]pεqεSε

2

−
κcε

2
rε

pεqεgεhεSε
2 + ε

(cε
1)
′

2cε
1(r

ε)κ
(pε`ε +qεmε)Rε

2, (3.34)

and

∂X [(cε
1 + cε

2)q
εhεSε

2 + εcε
1Sε

2]+∂Y [(cε
1− cε

2)pεgεSε
2 + εcε

1Sε
2]

=

(
(cε

1)
′

2cε
1(r

ε)κ
+

(cε
2)
′

4cε
2(r

ε)κ

)
[(1+bε)hε`ε +(1−bε)mεgε ]pεqεSε

2

−
(

(aε)′

2aε(rε)κ
+

(cε
2)
′

4cε
2(r

ε)κ

)
[(1−bε)hε`ε +(1+bε)mεgε ]pεqεRε

2

+
κcε

2
rε

pεqεgεhRε
2 + ε

(cε
1)
′

2cε
1(r

ε)κ
(pε`ε +qεmε)Sε

2. (3.35)
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Combining (3.32)-(3.35) and making use of the div-curl lemma again, we have

(c1− c2)qhR2 pg = (c1− c2)qhR2 · pg, (c1 + c2)pgR2qh = (c1 + c2)pgR2 ·qh,

(c1 + c2)qhS2 pg = (c1 + c2)qhS2 · pg, (c1− c2)pgS2qh = (c1− c2)pgS2 ·qh,

which indicates that

qhR2 · pg = pgR2 ·qh and qhS2 · pg = pgS2 ·qh.

Thus one can define (R2,S2) as follows:

R2 :=
qhR2

qh
=

pgR2

pg
and S2 :=

qhS2

qh
=

pgS2

pg
.

It is obvious by the estimates established in previous subsection that (R2,S2) ∈ L∞
loc(Ω).

Lemma 3.1. For a.e. (X ,Y ) ∈Ω, there hold

(pgR2
2− pg ·R2

2
)(X ,Y ) = 0, (qhR2

2−qh ·R2
2
)(X ,Y ) = 0,

(pgS2
2− pg ·S2

2
)(X ,Y ) = 0, (qhS2

2−qh ·S2
2
)(X ,Y ) = 0,

(3.36)

and

(g2−g2)(X ,Y ) = 0, (h2−h
2
)(X ,Y ) = 0,

(p2− p2)(X ,Y ) = 0, (q2−q2)(X ,Y ) = 0,
(`2− `

2
)(X ,Y ) = 0, (m2−m2)(X ,Y ) = 0,

(3.37)

Proof. We only consider the point (X ,Y )∈Ω2. To show the terms of R2 in (3.36), it is necessary
to derive the equations for T1 := (pgR2

2− pg ·R2
2
) and T2 := (qhR2

2−qh ·R2
2
). We take ε→ 0+

in (3.34) and apply the div-curl lemma to obtain

∂X [(c1− c2)qh ·R2]+∂Y [(c1 + c2)pg ·R2]

=

(
c′1

2c1rκ
+

c′2
4c2rκ

)
[(1−b)p` ·qh+(1+b)qm · pg]R2

−
(

a′

2arκ
+

c′2
4c2rκ

)
[(1+b)p` ·qh+(1−b)qm · pg]S2−

κc2

r
pg ·qh ·S2. (3.38)

By convolving (3.38) with the standard Friedrichs’ mollifier jσ and multiplying the resulting
by jσ ∗R2 and then taking σ → 0, we deduce

∂X [(c1− c2)qh ·R2
2
]+∂Y [(c1 + c2)pg ·R2

2
]

=

(
c′1

2c1rκ
(1−b)+

c′2
2c2rκ

)
p` ·qh ·R2

2
+

(
c′1

2c1rκ
(1+b)+

c′2
2c2rκ

)
qm · pg ·R2

2

−
(

a′

arκ
+

c′2
2c2rκ

)
[(1+b)p` ·qh+(1−b)qm · pg]S2 ·S2−

2κc2

r
pg ·qh ·S2 ·R2. (3.39)
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On the other hand, one multiplies (3.34) by 2Rε
2 and then taking ε → 0+ in the resulting to

gain by the div-curl lemma

∂X [(c1− c2)qhR2
2]+∂Y [(c1 + c2)pgR2

2]

=

(
c′1

2c1rκ
(1−b)+

c′2
2c2rκ

)
p` ·qhR2

2 +

(
c′1

2c1rκ
(1+b)+

c′2
2c2rκ

)
qm · pgR2

2

−
(

a′

arκ
+

c′2
2c2rκ

)
[(1+b)p`qhR2S2 +(1−b)qgqmR2S2]−

2κc2

r
pg ·qh ·S2 ·R2. (3.40)

We subtract (3.39) from (3.40) to achieve

∂X [(c1− c2)T2]+∂Y [(c1 + c2)T1]

=

(
c′1

2c1rκ
(1−b)+

c′2
2c2rκ

)
p`T2 +

(
c′1

2c1rκ
(1+b)+

c′2
2c2rκ

)
qmT1

−
(

a′

arκ
+

c′2
2c2rκ

)
(1+b)(pq`hR2S2− p` ·qh ·R2 ·S2)

−
(

a′

arκ
+

c′2
2c2rκ

)
(1−b)(pqmgR2S2−qm · pg ·R2 ·S2). (3.41)

Putting

T3 = (pgS2
2− pg ·S2

2
), T4 = (qhS2

2−qh ·S2
2
),

we also have

∂X [(c1 + c2)T4]+∂Y [(c1− c2)T3]

=

(
c′1

2c1rκ
(1+b)+

c′2
2c2rκ

)
p`T4 +

(
c′1

2c1rκ
(1−b)+

c′2
2c2rκ

)
qmT3

−
(

a′

arκ
+

c′2
2c2rκ

)
(1−b)(pq`hR2S2− p` ·qh ·R2 ·S2)

−
(

a′

arκ
+

c′2
2c2rκ

)
(1+b)(pqmgR2S2−qm · pg ·R2 ·S2). (3.42)

Summing up (3.41) and (3.42) obtains

∂X [(c1− c2)T2 +(c1 + c2)T4]+∂Y [(c1 + c2)T1 +(c1− c2)T3]

=

(
c′1

2c1rκ
+

c′2
2c2rκ

)
p`(T2 +T4)+

(
c′1

2c1rκ
+

c′2
2c2rκ

)
qm(T1 +T3)

+
c′1b

2c1rκ
[p`(T4−T2)+qm(T1−T3)]−

(
2a′

arκ
+

c′2
c2rκ

)
(pq`hR2S2− p` ·qh ·R2 ·S2)

−
(

2a′

arκ
+

c′2
c2rκ

)
(pqmgR2S2−qm · pg ·R2 ·S2). (3.43)
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Thanks to the definition of weak ∗ limit, one can derive∫
Ω

pg(R2−R2)2χ dXdY = lim
ε→0

∫
Ω

pεgε(Rε
2−R2)

2
χ dXdY

= lim
ε→0

∫
Ω

[pεgεR2ε
2 −2pεgεRε

2R2 + pεgεR2
2
]χ dXdY

=
∫

Ω

[pgR2
2−2pgR2 ·R2 + pg ·R2

2
]χ dXdY

=
∫

Ω

[pgR2
2− pg ·R2

2
]χ dXdY =

∫
Ω

T1χ dXdY, (3.44)

for any test function χ ∈C∞
0 (Ω), which means that T1 = pg(R2−R2)2 ≥ 0. Performing similar

arguments can yield

T1 = pg(R2−R2)2 ≥ 0, T3 = pg(S2−S2)2 ≥ 0,

T3 = qh(R2−R2)2 ≥ 0, T4 = qh(S2−S2)2 ≥ 0,

pqh`R2S2− p` ·qh ·R2 ·S2 = pqh`(R2−R2)(S2−S2),

pqgmR2S2− pg ·qm ·R2 ·S2 = pqgm(R2−R2)(S2−S2).

(3.45)

Moreover, we see that

|pqgm(R2−R2)(S2−S2)| ≤ K̂[pg(R2−R2)2]
1
2 · [pg(S2−S2)2]

1
2 ≤ K̂(T1 +T3),

|pqh`(R2−R2)(S2−S2)| ≤ K̂[qh(R2−R2)2]
1
2 · [qh(S2−S2)2]

1
2 ≤ K̂(T2 +T4),

(3.46)

hold in the domain Ω̂ for some positive constant K̂ depending only on (X̂ ,Ŷ ), where (X̂ ,Ŷ ) is
any point in Ω2 and Ω̂ is the domain bounded by Γ0,Γb, X = X̂ and Y = Ŷ . Let (X ,Y ) be any
point in Ω̂∩Ω2. We now integrate (3.43) over the domain {(X ′,Y ′)| Y ′ ≤ X ′ ≤ X ,ϕ(X)≤Y ′ ≤
Y} and utilize (3.45) and (3.46) to conclude that∫ Y

ϕ(X)
(T2 +T4)(X ,Y ′) dY ′+

∫ X

Y
(T1 +T3)(X ′,Y ) dX ′

≤ K̂
{∫ X

Y

∫ Y

ϕ(X ′)
+
∫ Y

0

∫ X ′

ϕ(X ′)

}
(T2 +T4)(X ′,Y ′) dY ′dX ′

+ K̂
{∫ 0

ϕ(X)

∫ X

ϕ−1(Y ′)
+
∫ Y

0

∫ X

Y ′

}
(T1 +T3)(X ′,Y ′) dX ′dY ′, (3.47)

for some positive constant K̂ depending only on (X̂ ,Ŷ ), where ϕ−1 represents the inverse of ϕ .
Here we used the facts that Ti = 0(i = 1, · · · ,4) a.e. on Γ0 by (2.22) and T2 =T3, T1 =T4 a.e.
on Γ0 by (2.26). Based on Lemma 3.3 in Zhang and Zheng [37], we obtain by (3.47)∫ Y

ϕ(X)
(T2 +T4)(X ,Y ′) dY ′ =

∫ X

Y
(T1 +T3)(X ′,Y ) dX ′ = 0, ∀ (X ,Y ) ∈ Ω̂∩Ω2, (3.48)

which implies that

T1(X ,Y ) = T2(X ,Y ) = T3(X ,Y ) = T4(X ,Y ) = 0, a.e. (X ,Y ) ∈ Ω̂∩Ω2. (3.49)
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Thus it follows by (3.49) and the arbitrariness of (X̂ ,Ŷ ) ∈Ω2 that

(pgR2
2− pg ·R2

2
)(X ,Y ) = 0, (pgS2

2− pg ·S2
2
)(X ,Y ) = 0,

(qhR2
2−qh ·R2

2
)(X ,Y ) = 0, (qhS2

2−qh ·S2
2
)(X ,Y ) = 0,

a.e. (X ,Y ) ∈Ω2. (3.50)

To show the equalities in (3.37), we perform the same process as above to derive their equa-
tions. Let’s take the term (`2− `

2
) as an example. Taking ε→ 0+ in the equation of `ε in (3.2),

we apply the div-curl lemma and (3.50) to arrive at

∂Y `=
c′1

8c2
1rκ

[q ·g(1−2g)−qh(1−2g)]+
c′2

8c1c2rκ
qh ·g(1−2g)(R2

2
+S2

2
)

−
(

c′2
4c1c2rκ

+
a′

2ac1rκ

)
qh ·g(1−2g) ·R2 ·S2 +

κ

2r
qm ·g(1−2g),

from which one has

∂Y `
2
=

c′1
4c2

1rκ
[q ·g(1−2g)−qh(1−2g)]`+

c′2
4c1c2rκ

(R2
2
+S2

2
)qh ·g(1−2g) · `

−
(

c′2
2c1c2rκ

+
a′

ac1rκ

)
R2 ·S2 ·qh ·g(1−2g) · `+ κ

r
qm ·g(1−2g) · `. (3.51)

On the other hand, we multiply the equation of `ε in (3.2) by 2`ε and take ε → 0 to obtain by
the div-curl lemma

∂Y `2 =
c′1

4c2
1rκ

[q ·g(1−2g)`−qh · (1−2g)`]+
c′2

4c1c2rκ
(R2

2
+S2

2
)qh ·g(1−2g)`

−
(

c′2
2c1c2rκ

+
a′

ac1rκ

)
R2 ·S2 ·qh ·g(1−2g)`+

κ

r
qm ·g(1−2g)`. (3.52)

Combining (3.51) and (3.52) gives

∂Y (`− `)2 =
c′1

2c2
1rκ

qh(g−g)(`− `)−
{

c′1
4c2

1rκ
q+

c′2
4c1c2rκ

(R2
2
+S2

2
)qh+

κ

r
qm

−
(

c′2
2c1c2rκ

+
a′

ac1rκ

)
qh ·R2 ·S2

}[
2(g+g)(g−g)(`− `)− (g−g)(`− `)

]
. (3.53)

Here we used the following relations

`2− `
2
= (`− `)2, g`−g · `= (g−g)(`− `),

g(2g−1)`−g(2g−1) · `= 2(g+g)(g−g)(`− `)− (g−g)(`− `),

g`2−g` · `= (`+ `)(`− `)(g−g)− ` · (g−g)(`− `)+g · (`− `)2,

which can be verified similar to (3.44).
By the same arguments, the corresponding equations for other terms in (3.37) can be de-

rived analogously. We add up the obtained equations, integrate the resulting and then use the
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boundary conditions to conclude that

(g2−g2)(X ,Y ) = 0, (h2−h
2
)(X ,Y ) = 0,

(p2− p2)(X ,Y ) = 0, (q2−q2)(X ,Y ) = 0,
(`2− `

2
)(X ,Y ) = 0, (m2−m2)(X ,Y ) = 0,

a.e. (X ,Y ) ∈ Ω̂∩Ω2. (3.54)

The proofs of the above equalities are similar to those in Zhang and Zheng [37] and Hu [26], so
we omit them here. Due to the arbitrariness of (X̂ ,Ŷ ), (3.54) is valid for a.e. (X ,Y ) ∈ Ω2. The
proof of the lemma is complete. �

Proof Theorem 3.2. Based on Lemma 3.1, we know that there exists a subsequence of
{gε ,hε , pε ,qε , `ε ,mε}, still denoted by {gε ,hε , pε ,qε , `ε ,mε}, such that

{gε ,hε , pε ,qε , `ε ,mε}→ (g,h, p,q, `,m) strongly in Lθ
loc(Ω), ∀ θ < ∞. (3.55)

Thus there hold by (3.50) and (3.55)

(pgR2
2− p ·g ·R2

2
)(X ,Y ) = 0, (pgS2

2− p ·g ·S2
2
)(X ,Y ) = 0,

(qhR2
2−q ·h ·R2

2
)(X ,Y ) = 0, (qhS2

2−q ·h ·S2
2
)(X ,Y ) = 0,

a.e. (X ,Y ) ∈Ω. (3.56)

Moreover, in view of (3.45), (3.46) and (3.55) that

pqh`R2S2 = p ·q ·h · ` ·R2 ·S2, pqmgR2S2 = p ·q ·m ·g ·R2 ·S2, (3.57)

for almost every (X ,Y )∈Ω. Now we take ε→ 0+ in system (3.1)-(3.5) and apply (3.55)-(3.57)
to see that (g, h, p, q, `, m, R2, S2, u, v, r) thus obtained is indeed a global weak solution of
system (2.15)-(2.19) with boundary conditions (2.22), (2.26). Furthermore, taking ε → 0+ in
(3.6)-(3.7) obtains (3.28)-(3.30), which complete the proof of Theorem 3.2. In addition, the
continuous dependence of solutions on the initial data follows directly from the compactness
and convergence.

4. SOLUTIONS IN THE RRIGINAL VARIABLES

By returning the functions (u,v)(X ,Y ) constructed in Section 3 to the original (t,r) plane, we
show in this section the global existence of conservative weak solutions to the initial-boundary
value problem (1.7)-(1.9) on the domain D.

4.1. Inverse transformation. We first observe that there hold on bounded domain of the X-Y
plane

– The functions p,g and ` are Lipschitz continuous w.r.t. Y , measurable w.r.t. X .
– The functions q,h and m are Lipschitz continuous w.r.t. X , measurable w.r.t. Y .
– The functions R2 and S2 are bounded and measurable in both X and Y .
– The functions u,v and r are Lipschitz continuous w.r.t. both X and Y .
Along with the solving process in Section 3, we obtained the function r = r(X ,Y ). Thus

we need to acquire the function t = t(X ,Y ) to construct the inverse functions X = X(t,r), Y =
Y (t,r). Owing to (3.29), it suggests that

tXY = tY X ,

which indicates that we can integrate one of the equations tX and tY to gain the function t =
t(X ,Y ). Hence we have the functions (t,r) = (t(X ,Y ),r(X ,Y )). It is pointed out that the map
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(X ,Y ) 7→ (t,r) may not be one-to-one mapping. However, we assert that if t(X1,Y1) = t(X2,Y2)
and r(X1,Y1) = r(X2,Y2) for two points (X1,Y1) and (X2,Y2) in Ω, there hold

u(t(X1,Y1),r(X1,Y1)) = u(t(X2,Y2),r(X2,Y2)),

v(t(X1,Y1),r(X1,Y1)) = v(t(X2,Y2),r(X2,Y2)),
(4.1)

which mean that the values of u and v do not depend on the choice of (X ,Y ). Thus one can
choose an arbitrary point (X ,Y ) satisfying t(X ,Y ) = t, r(X ,Y ) = r and then define u(t,r) :=
u(X ,Y ) and v(t,r) := v(X ,Y ). To show the above assertion, we divide the analysis into two
cases: Case I. X1 ≤ X2,Y1 ≤ Y2 and Case II. X1 ≤ X2,Y1 ≥ Y2. We just only discuss Case I,
and the Case II can be checked similarly. For Case I, if r(X1,Y1) = r(X2,Y2) = r∗ > 1, we
consider the set Dr∗ := {(X ,Y ) : r(X ,Y ) ≤ r∗} and denote its boundary by ∂DX∗ which is a
Lipschitz continuous curve in Ω. We then construct a Lipschitz continuous curve γ1 connecting
points (X1,Y1) and (X2,Y2), which consists a horizontal segment Y ≡ Y1, ∂Dr∗ and a vertical
segment X ≡ X2. Due to the monotonicity of r and t by (2.19)-(2.20), one knows that there hold
x(X ,Y ) ≡ x(X1,Y1) and t(X ,Y ) ≡ t(X1,Y1) on γ1. Thus it suggests that pgdX = qhdY = 0 and
then p`dX = qmdY = 0 along Γ1. Then we calculate

u(t(X2,Y2),r(X2,Y2))−u(t(X1,Y1),r(X1,Y1)) =
∫

γ1

p`
2c1rκ

dX +
qm

2c1rκ
dY = 0,

and

v(t(X2,Y2),r(X2,Y2))− v(t(X1,Y1),r(X1,Y1))

=
∫

γ1

pg
4ac2rκ

[(1+b)R2− (1−b)S2] dX +
qh

4ac2rκ
[(1+b)S2− (1−b)R2] dY = 0,

by the boundedness of R2 and S2 on the bounded domain. If r(X1,Y1) = r(X2,Y2) = 1, we
acquire pgdX = 0 and then p`dX = 0 on Y = Y1 (Y1 ≤ X ≤ X1), qhdY = 0 and then qmdY = 0
on X = X2 (Y2 ≤ Y ≤ X). By a direct calculation, one applies the boundary conditions on Γb to
obtain

u(t(X1,Y1),r(X1,Y1)) =u(t(X1,Y1),r(X1,Y1))−u(t(Y1,Y1),r(Y1,Y1))

=
∫ X1

Y1

p`
2c1rκ

(X ,Y1) dX = 0,

and

u(t(X2,Y2),r(X2,Y2)) =u(t(X2,Y2),r(X2,Y2))−u(t(X2,X2),r(X2,X2))

=
∫ Y2

X2

qm
2c1rκ

(X2,Y ) dY = 0.

Hence we still have u(t(X1,Y1),r(X1,Y1)) = u(t(X2,Y2),r(X2,Y2)). The equality of v can be
arrived similarly.

Finally, we point out that the functions (u(t,r),v(t,r)) constructed above are Hölder con-
tinuous with exponent 1/2 on bounded sets and all characteristic curves are C1 with Hölder
continuous derivative. These conclusions can be directly gained by the boundedness of the
following terms∫

τ

0
[rκ(ut± c1(u)ur)]

2 dt ≤Cτ ,
∫

τ

0
[rκa(u)(vt± c2(u)vr)]

2 dt ≤Cτ , (4.2)
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for some constant Cτ depending only on τ . Moreover, it suggests by (4.2) that the functions
R1,R2,S1 and S2 at (2.1) are square integrable on bounded subsets of the t-r plane. In addition,
we also have

rκ [ut + c1(u)ur] = rκ ·2c1XruX = rκ ·2c1 ·
1
pg
· p`

2c1rκ
=

`

g
= R1,

rκ [ut− c1(u)ur] = rκ · (−2c1YruY ) = rκ ·2c1 ·
1

qh
· qm

2c1rκ
=

m
h
= S1,

which mean that the functions R1 and S1 at (2.1) are indeed the same as recovered from (2.11).

M

Y

Ω

Ω

b

Γ

1

X

2Ω

.(X,Y)

Γ

Ω

Γ

0

t

FIGURE 2. The region ΩM .

4.2. The energy estimate. In this subsection, we shall derive the energy estimate (1.14), that
is

E (t) =
1
2

∫
∞

1

(
r2κ [u2

t (t,r)+ c2
1u2

r (t,r)]+ r2κa2[v2
t (t,r)+ c2

2v2
r (t,r)]

)
dr ≤ E0. (4.3)

Let t > 0 be any fixed time and M� 1 be a constant. We use Γt ⊂Ω to express the transfor-
mation of the horizontal segment of t with r ∈ [1,∞) in the t-r plane. Denote (Xb,Xb) (XM,YM)
are the corresponding points of the points (t,1) and (t,M), respectively. Let ΩM be the domain
bounded by Γ0,Γb,Γt and X = XM. See Figure 2 for the illustration. We integrate the energy
equation (3.30) on ΩM and employ Green’s theorem to acquire∫

Γt∩{X≤XM}
e1dX− e2dY +

∫ YM

ϕ(XM)
e2dY +

∫
Γb∩{X≤XM}

e1dX− e2dY

=
∫

Γ0∩{X≤XM}
e1dX− e2dY, (4.4)

where

e1 = p+
1
2

pg[(1+b)R2
2 +(1−b)S2

2], e2 = q+
1
2

qh[(1−b)R2
2 +(1+b)S2

2].
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According to the boundary conditions in (2.26), we see that e1 = e2 and dX = dY on Γb, from
which and (4.4) we obtain∫

Γt∩{X≤XM}
e1dX− e2dY ≤

∫
Γ0∩{X≤XM}

e1dX− e2dY

=
1
2

∫ rM

1

(
r2κ [u2

1(r)+ c2
1(u0(r))u2

0r]+ r2κa2(u0(r))[v2
1(r)+ c2

2(u0(r))v2
0r(r)]

)
dr

≤E0, (4.5)

where rM = r(XM,ϕ(XM)). On the other hand, we apply the following formulas

dt =
pg
2c1

dX +
qh
2c1

dY, dr =
pg
2

dX− qh
2

dY,

to compute

1
2

∫ M

1

(
r2κ [u2

t (t,r)+ c2
1u2

r (t,r)]+ r2κa2[v2
t (t,r)+ c2

2v2
r (t,r)]

)
dr

=
∫

Γt∩{g6=0,X≤XM}
e1dX−

∫
Γt∩{h6=0,X≤XM}

e2dY

≤
∫

Γt∩{X≤XM}
e1dX− e2dY, (4.6)

which together with (4.5) to obtain

1
2

∫ M

1

(
r2κ [u2

t (t,r)+ c2
1u2

r (t,r)]+ r2κa2[v2
t (t,r)+ c2

2v2
r (t,r)]

)
dr ≤ E0. (4.7)

One lets M→ ∞ in (4.7) to arrive at (4.3).
Based on the energy estimate (4.3), we can verify the Lipschitz continuity with respect to the

L2 distance for (u,v)(t,r), that is (1.12) holds. For any t,s ∈ [0,∞), one first has

u(t,r)−u(s,r) = (t− s)
∫ 1

0
ut(s+ξ (t− s),r)dξ ,

for some number ξ , from which and (4.3) we acquire for any M > 1

‖u(t,r)−u(s,r)‖L2([1,∞)) ≤ |t− s|
∫ 1

0
‖ut(s+ξ (t− s), ·)‖L2([1,∞))dξ

≤
√

2E0|t− s|. (4.8)

The check for the function v is similar.

4.3. The proof of (1.13). This subsection is devoted to showing that the functions (u,v)(t,r)
constructed in Subsection 4.1 satisfies system (1.7) in the distributional sense, that is (1.13)
holds.
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Let φ be an any function in F . For the equation u, we first have by (2.2), (2.10), (2.11) and
(2.14)

φtut− (φc1)rc1ur = (c1φX Xr− c1φYYr)
R1 +R2

2rκ

− (c1φX Xr + c1φYYr +φc′1uX Xr +φc′1uYYr)
R1−S1

2rκ

=
c1S1

rκ
XrφX −

c1R1

rκ
YrφY −φc′1(uX Xr +uYYr)

R1−S1

2rκ

=
c1m

rκ pgh
φX +

c1`

rκqgh
φY −φ

c′1
4c1r2κ

g+h−2(gh+ `m)

gh
, (4.9)

and

2κc2
1(u)ur

r
+a(u)a′(u)[v2

t − c2
2(u)v

2
r ]−a2(u)c2(u)c′2(u)v

2
r

=
κc1

rκ+1
`h−gm

gh
− Q

r2κ
. (4.10)

Combining (4.9)-(4.10) and applying the Jacobian

∂ (r, t)
∂ (X ,Y )

=
pqgh
2c1

, (4.11)

one obtains∫
∞

0

∫
∞

1

{
φtut− (φc1)rc1ur

+φ

(
2κc2

1(u)ur

r
+a(u)a′(u)[v2

t − c2
2(u)v

2
r ]−a2(u)c2(u)c′2(u)v

2
r

)}
drdt

=
∫∫

Ω

{
qm
2rκ

φX +
p`

2rκ
φY

+φ pq
(

κ

2rκ+1 (`h−gm)− Q
2c1r2κ

gh−
c′1

8c2
1r2κ

[g+h−2(gh+ `m)]

)}
dXdY. (4.12)

Note by (2.16)-(2.17) that

qm
2rκ

φX +
p`

2rκ
φY =

(
qm
2rκ

φ

)
X
+

(
p`

2rκ
φ

)
Y
−φ

{(
qm
2rκ

)
X
+

(
p`

2rκ

)
Y

}
=

(
qm
2rκ

φ

)
X
+

(
p`

2rκ
φ

)
Y
−φ

{
κ pq(h`−gm)

4rκ+1 +
(qm)X +(p`)Y

2rκ

}
, (4.13)

and

(qm)X +(p`)Y =
pq
c1

{
c′1

8c1rκ
[−h−g+2(gh+m`)]+

κc1

2r
h`− Q

2rκ
gh
}

+
pq
c1

{
c′1

8c1rκ
[−h−g+2(gh+m`)]− κc1

2r
gm− Q

2rκ
gh
}

=
pq
c1

{
c′1

4c1rκ
[−h−g+2(gh+m`)]+

κc1

2r
(h`−gm)− Q

rκ
gh
}
. (4.14)
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Putting (4.13) and (4.14) into (4.12) and utilizing Green’s theorem and the boundary conditions
in (2.26) yields

∫
∞

0

∫
∞

1

{
φtut− (φc1)rc1ur

+φ

(
2κc2

1(u)ur

r
+a(u)a′(u)[v2

t − c2
2(u)v

2
r ]−a2(u)c2(u)c′2(u)v

2
r

)}
drdt

=
∫∫

Ω

(
qm
2rκ

φ

)
X
+

(
p`

2rκ
φ

)
Y

dXdY =
∫

Γb

φ
p`

2rκ
dX−φ

qm
2rκ

dY

=
∫

Γb

φ
`h−mg
4rκgh

pgdX +φ
`h−mg
2rκgh

qhdY =
∫

∞

0
φc2

1ur(t,1) dt. (4.15)

Thus the equation of u in (1.13) is proved.
For the equation of v, we deduce

φta2vt−φra2c2
2vr

=(c1XrφX − c1YrφY )a2 R2 +S2

2rκa
− (XrφX +YrφY )a2c2

2
R2−S2

2rκac2

=
a

2rκ pg
[(c1− c2)R2 +(c1 + c2)S2]φX +

a
2rκqh

[(c1 + c2)R2 +(c1− c2)S2]φY ,

from which and (4.11) one has

∫
∞

0

∫
∞

1

{
φta2(u)vt−φra2(u)c2

2(u)vr +φ
2κa2(u)c2

2(u)vr

r

}
drdt

=
∫∫

Ω

{
a

4c1rκ
[(c1− c2)R2 +(c1 + c2)S2]qhφX

+
a

4c1rκ
[(c1 + c2)R2 +(c1− c2)S2]pgφY +φ

κac2

4c1rκ+1 pqgh(R2−S2)

}
dXdY. (4.16)

Moreover, it follows by (2.18) that

(
[(c1− c2)R2 +(c1 + c2)S2]qh

)
X
+

(
[(c1 + c2)R2 +(c1− c2)S2]pg

)
Y

=

(
c′1

2c1rκ
− a′

2arκ

)
pq{[(1−b)h`+(1+b)mg]R2 +[(1+b)h`+(1−b)mg]S2}

+
κc2

r
pqgh(R2−S2), (4.17)
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from which we gain(
a

4c1rκ
[(c1− c2)R2 +(c1 + c2)S2]qh

)
X
+

(
a

4c1rκ
[(c1 + c2)R2 +(c1− c2)S2]pg

)
Y

=
a

4c1rκ

(
c′1

2c1rκ
− a′

2arκ

)
pq{[(1−b)h`+(1+b)mg]R2 +[(1+b)h`+(1−b)mg]S2}

+
a

4c1rκ

κc2

r
pqgh(R2−S2)

+ [(c1− c2)R2 +(c1 + c2)S2]qh
(

a′

4c1rκ

p`
2c1rκ

−
ac′1

4c2
1rκ

p`
2c1rκ

− κa
4c1rκ+1

pg
2

)
+[(c1 + c2)R2 +(c1− c2)S2]pg

(
a′

4c1rκ

qm
2c1rκ

−
ac′1

4c2
1rκ

qm
2c1rκ

+
κa

4c1rκ+1
qh
2

)
=

κac2

4c1rκ+1 pqgh(R2−S2). (4.18)

Thus there holds by (4.18)

a
4c1rκ

[(c1− c2)R2 +(c1 + c2)S2]qhφX +
a

4c1rκ
[(c1 + c2)R2 +(c1− c2)S2]pgφY

=

(
a

4c1rκ
[(c1− c2)R2 +(c1 + c2)S2]qhφ

)
X

+

(
a

4c1rκ
[(c1 + c2)R2 +(c1− c2)S2]pgφ

)
Y
−φ

κac2

4c1rκ+1 pqgh(R2−S2). (4.19)

Inserting (4.19) into (4.16), we find by Green’s theorem and the boundary conditions in (2.26)
that ∫

∞

0

∫
∞

1

{
φta2(u)vt−φra2(u)c2

2(u)vr +φ
2κa2(u)c2

2(u)vr

r

}
drdt

=
∫∫

Ω

{(
a

4c1rκ
[(c1− c2)R2 +(c1 + c2)S2]qhφ

)
X

+

(
a

4c1rκ
[(c1 + c2)R2 +(c1− c2)S2]pgφ

)
Y

}
dXdY

=
∫

Γb

a
4c1rκ

[(c1 + c2)R2 +(c1− c2)S2]pgφ dX

− a
4c1rκ

[(c1− c2)R2 +(c1 + c2)S2]qhφ dY

=
∫

Γb

φac2

2rκ
(R2−S2)

(
pg
2c1

dX +
qh
2c1

dY
)
=
∫

∞

0
φa2c2

2vr(t,1) dt, (4.20)

which is the equation of v in (1.13).
Finally, we can verify that the functions t 7→ (u,v)(t, ·) are continuously differentiable as

maps with values in Lθ , for all 1≤ θ < 2. Moreover, for any fixed time t, we define

µt([1,∞)) = µ
−
t ([1,∞))+µ

+
t ([1,∞)),
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where

µ
−
t ([1,∞)) =

∫
Γt

p+
1
2

pg[(1+b)R2
2 +(1−b)S2

2] dX ,

µ
+
t ([1,∞)) =−

∫
Γt

q+
1
2

qh[(1−b)R2
2 +(1+b)S2

2] dY.

One can show by the energy equation in (2.21) that µt([1,∞)) = E0 at every time t. Moreover,
for each t, the absolutely continuous part of µt has density

1
2

r2κ [u2
t (t,r)+ c2

1u2
r (t,r)]+

1
2

r2κa2[v2
t (t,r)+ c2

2v2
r (t,r)]

with respect to the Lebesgue measure, while for almost every t, the singular part of µt is con-
centrated on the set where c′1 = 0. This means that the total energy characterized by the measure
µ is conserved in time and the energy may concentrate on a set of times of zero measure or at
points where c′1 = 0. The proofs of the above properties of the solution are identical to that in
Bressan and Zheng [8], Zhang and Zheng [36, 37] and Hu [23, 25], so we omit them here.
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