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CONSERVATIVE WEAK SOLUTIONS TO A RADIALLY SYMMETRIC
VARIATIONAL WAVE SYSTEM OUTSIDE A BALL

SHUANGRONG LI, YANBO HU*

Department of Mathematics, Zhejiang University of Science and Technology, Hangzhou 310023, China

Abstract. We study the initial-boundary value problem for a radially symmetric variational wave sys-
tem arising from the theory of nematic liquid crystals. Based on the characteristic reflection method,
we introduce the energy-dependent coordinates into the semi-infinite interval to transform the original
problem into a new boundary value problem. By regularizing the governing system and deriving the
a priori estimates of solutions, we apply the Young measure theory to show the strong convergence of
the approximate solution sequence and then establish the global existence of weak solutions for the new
boundary value problem. The global conservative weak solution of the original initial-boundary value
problem is constructed by returning the solution in terms of energy-dependent coordinate variables to the
physical plane.

Keywords. Conservative solution; Initial-boundary value problem; Radial symmetry; Variational wave
system.

1. INTRODUCTION

Nematic liquid crystals are one of the most important members of liquid crystals and have
been extensively studied theoretically, numerically, and experimentally. In theory, the mean
orientation of the long molecules of nematic liquid crystals can be described by the so-called
director field n(x,7) at a spatial location x and time 7. In the regime in which inertia effects
dominate viscosity, that is, ignoring the kinetic energy of the director field, Hunter and Saxton
[27] modeled the propagation of the orientation waves in the director field by the least action
principle

5/<%8tn-8tn—W(n,Vn))dxdt:O, n-n=1, (1.1)

where W (n, Vn) is the well-known Oseen-Franck potential energy density which takes the fol-
lowing form

1 1 1
W(n,Vn) = 5kl(V-n)2~|— Ekz(n-V xn)? + §k3\n x (V xn)|.

Here k1,k> and k3 are the splay, twist and bend elastic positive constants of the liquid crystal,
respectively. They [27] considered plane deformations depending on a single space variable x
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and then took the director field n as the special form n = (cosu(x,),sinu(x,z),0) to obtain the

Lagrangian density of (1.1)
1 1 1
Ed,n-d,n—W(n,Vn) Eutz— Ecz(u)ui,

with ¢2(u) = k sin® u 4 k3 cos? u. The corresponding Euler-Lagrange equation is
uy — c(u)(c(u)uy)y =0, (1.2)

which is also called the one-dimensional variational wave equation. The multi-dimensional
generalization of variational wave equation (1.2) reads that [8, 21, 33]

uyy —c(u)V - (c(u)Vu) = 0. (1.3)
To characterize the propagation of twist waves, Ali and Hunter [2] considered three-dimensional
deformations depending on a single space variable x. By taking the director field n as the form
n = (cosu(x,t),sinu(x,t)cosv(x,t),sinu(x,t)sinv(x,1)),
they acquired the corresponding Lagrangian density

1 1 1
Sam-am—W(n,Vm) = S — ] + 3a () — a2,
with
cH(u) = kysin®u+ ks cos?u, c3(u) = kysin®u + ks cos® u,a*(u) = sin’u,

and then derived the Euler-Lagrange equations

{ uy — c1 () (1 (wr)x = a(u)a () [vf — c3(u)vy] — a® (u)ea (u)cy (u)vy, (1.4)
(@®(u)ve) = [a*(u)e3 (u)vele = 0. '
The multi-dimensional generalization of variational wave system (1.4) reads that
{ t — 1)V - (e1(u) Vi) = a(u)a’ (u) [v; — 5 (u)[VV]*] — a® (u)ea (u)cy () Vv]?, (15)
(@®(u)vy); — V- [a®(u) 3 (u)Vv] =0, '

which can be obtained from the general variational principle whose action is a quadratic func-
tion of the derivatives of the field with coefficients depending only on the field

0 / Ay d =0, 1.6

dx, 8x | X= (1.6)
where the summation convention is employed, see [1, 27, 28] for more background informa-
tion. In (1.6), x € R?*! are the space-time independent variables and u : R4t — R” are the

dependent variables. The coefficients Ai{v : R4 x R" — R are smooth functions and satisfy

A v = A” = A] . One can choose the coefficients Ai{v in (1.6) such that the Lagrangian density
takes the class1cal form

dut du¥ 1 1 )

o) G T = 31~ @IV 5 D7 — ) W

Then the corresponding Euler-Lagrange equations are system (1.5).

The study on the multi-dimensional variational wave systems (1.3) and (1.5) are still very
limited now. As a bridge for exploring the behavior of multi-dimensional systems and with their
own physical significance, the radially symmetric variational wave systems have also deserved

A
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to be broadly regarded and explored. By setting (u,v) = (u(t,r),v(t,r)),r = |x| where x =
(x1,--+,xg) (d > 1), system (1.5) can be reduced to

et (u
wn = er(w(er )y = TN 4 (1) ()7 — 3(092) — a2 e )
2ka?(u)c3(u)v,

(a*(u)ve)r — [@® ()3 (u)vi]r = :

r

(1.7)

where k¥ = (d — 1) /2. In the present paper, we consider system (1.7) outside the unit ball and
supplement (1.7) with the initial data

((0,7),v(0,r)) = (uo(r),vo(r)), (u:(0,r),v¢(0,r)) = (u1(r),v1(r)),
r¥ug(r), r¥un (r) € L([1,00)), r*vg(r),rvi(r) € L7([1,e0)),
and the homogeneous Dirichlet boundary conditions
u(t,1)=v(t,1)=0. (1.9)

We here assume that the compatibility conditions u(0) = u;(0) = vo(0) = v;(0) = 0 are sat-
isfied. The homogeneous boundary conditions in (1.9) result in the disappearance of boundary
energies on r = 1, which leads to the conservation of energy within the interval [1,o). In the
present paper, we shall study the global existence of conservative weak solutions to the initial-
boundary value problem (1.7)-(1.9).

The Cauchy problem for the one-dimensional variational wave equation (1.2) and its related
single models have been widely investigated. We refer the reader to the works on the singu-
larity formation [18, 21, 30], on the existence of dissipative weak solutions [7, 33, 34, 35],
on the existence of conservative weak solutions [8, 22, 25], on the uniqueness, stability and
generic regularity of conservative weak solutions [3, 4, 5, 6, 10, 11]. In [19], the authors in-
vestigated the singularity formation of smooth solutions for the spherically symmetric varia-
tional wave equation. For the one-dimensional variational wave system (1.4) with ¢ () = ¢2(+)
and a(-) > Const > 0, Zhang and Zheng [36] applied the method of energy-dependent coor-
dinates introduced by Bressan and Zheng [8] to establish the global existence of conservative
solutions to its Cauchy problem for initial data of finite energy. Subsequently, they [37] in-
vestigated the global existence of conservative solutions to system (1.4) with ¢ () # ¢»(+) and
a(+) > Const > 0. To remove the restriction of a(-) > Const > 0, Chen, Zhang, and Zheng [17]
derived a one-dimensional nonlinear wave system from (1.1) by considering the director field
n in its natural three-component form and established its global existence of conservative solu-
tions under the assumption c;(-) = c2(-), also see [9] for its uniqueness and generic regularity
of conservative solutions and [12] for the Lipschitz continuous dependence. In [23, 24, 26],
the author considered the Cauchy problem to some one-dimensional nonlinear wave systems
arising from the general variational principle (1.6).

It is meaningful that the energy-dependent coordinate method can be used to study the
Poiseuille flow of one-dimensional hyperbolic-parabolic Ericksen-Leslie model of nematic lig-
uid crystals, see the recent works by Chen etc. [14, 15, 16]. In [13], Chen, Hu, and Zhang uti-
lized the energy-dependent coordinate method to the initial-boundary value problem by adopt-
ing the characteristic method with reflections on the boundaries. They established the global
existence of Holder continuous solution of the initial-boundary value problems with differ-
ent types of boundary conditions for the one-dimensional hyperbolic-parabolic Ericksen-Leslie
model.

(1.8)
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In the current paper, we apply the characteristic reflection method to construct the corre-
sponding energy-dependent coordinates for the initial-boundary value problem (1.7)-(1.9) to
overcome the difficulty arising from the possible concentration of energy. The appropriate
weighted variables are introduced to handle non-homogeneous terms in the governing system
(1.7) caused by radial symmetry. Similar to the case of the one-dimensional system (1.4), the
new hyperbolic system in terms of the energy-dependent coordinate variables may degenerate at
some points. Following the previous work by Zhang and Zheng [37], we regularize the system
by adding some suitable positive perturbation terms and then adopt the Young measure theory
[31, 32] to establish the precompactness of a sequence of solutions for the regularization sys-
tem. A global conservative weak solution to the initial-boundary value problem (1.7)-(1.9) is
then constructed by transforming the solution in the energy-dependent coordinates back to the
original independent variables.

We assume that the smooth functions ¢y, c; and a fulfill

0 < ¢ < ci1(z2),¢2(2),a(z) < Co,

(1.10)
G@LIELI @I <G, VzeR,
for some positive constants cg and Cyp, and further require that ¢; and ¢; satisfy
b(z) = c2(2) <by<1, VzeER, (1.11)

for some positive number by. We comment that in fact the assumptions on a(u) and b(u) are
not very satisfactory since the extreme case sinu = 0 in nematic liquid crystals is excluded. Our
main result of this paper can be stated below.

Theorem 1.1. Let conditions (1.10) and (1.11) be satisfied. Then the initial-boundary value
problem (1.7)-(1.9) admits a global weak solution (u,v)(t,r) defined for all (t,r) € [0,c0) X
[1,00), as follows:

(i) The functions (u,v) are locally Hélder continuous with exponent 1/2 in [0,00) X [1,00). The
vector function t — (u,v)(t,-) is continuously differentiable as a map with values in Lﬂ)c for all
1 < 0 < 2. Moreover, it is Lipschitz continuous with respect to the [? distance, that is, there

exists a constant L such that
[t ) = u(s ) 2100y + V() = V(85 ) 221 00)) < Ll — 5] (1.12)

forallt,s € [0,00).

(ii) The functions (u,v) take on the initial condition in (1.8) pointwise, while its temporal deriv-
ative holds in L® for 6 € [1,2).

(ii1) The boundary conditions in (1.9) are satisfied pointwise.
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@iv) System (1.7) is satisfied in the distributional sense, that is,

/0°° /100{%!, —(pc1)rcrur+ ¢ (M Faatols

7

— A (u)?] - az(u)cz(u)clz(u)v%) }drdl - /Ooo(l)c%ur(t, 1)dr =0,

(1.13)
/Ooo /loo { dra® (u)v; — 0pa® (u)c3(u)v, + ¢ ZKGZ(MiC%(u)v, }drdt
— /Om dpac3v,(1,1) dr =0,
for all test functions ¢ € F, where
F = {fec""(wxu,oo)): 9/d/f =0, 9'd/f :0}.
1=0,00 r=oo
Moreover, there holds
E(t) < &(0) =: &, (1.14)

where
1 o0
s0y= g [ (P + G+ 20,0 + ] s
1

is the total energy. In addition, the solution (u,v)(t,r) constructed above is conservative in the
sense that the total energy represented by a Radon measure is conserved in time.

The paper is organized as follows. Section 2 is devoted to formulating the original initial-
boundary value problem in the new energy-dependent coordinates. In Subsection 2.1, we use the
characteristic reflection method to introduce the energy-dependent coordinates into the semi-
infinite interval [1,e0). In Subsection 2.2, we present the governing system in terms of energy-
dependent coordinate variables. In Subsection 2.3, we analyze the boundary conditions of the
governing system in energy-dependent coordinates. Section 3 is devoted to solving the new
boundary value problem in energy-dependent coordinate plane. In Subsection 3.1, we regular-
ize the governing system and establish the global existence of bounded solutions for the regu-
larization system. In Subsection 3.2, we establish the strong convergence of the approximate
solution subsequence by the Young measure theory. In Section 4, the last section, we construct
a global weak solution of the initial-boundary value problem by returning the solution in the
energy-dependent coordinate variables to the original physical variables, and then complete the
proof of Theorem 1.1.

2. NEW FORMULATION IN ENERGY-DEPENDENT COORDINATES

This section is devoted to transforming the original initial-boundary value problem into a new

boundary problem by introducing the energy-dependent coordinates into the semi-finite interval
[1,%).
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2.1. The energy-dependent coordinates. Denote

{ Ry := 7 (u +c1(u)uy), { Ry :=r"a(u)(vi +e2(w)vr), (2.1)

S1:=ru —c1(u)u,), Sy :=ra(u)(vi — ca(u)vy),

so that
y _Ri+S5 - R — 81 _— R+ 85> b — R, —$; 2.2)
T2 T T T ke (w) T 2rka(u)) T 2r%acy (u)” ’
By direct calculations, system (1.7) can be transformed to
(
Ri;—ci(u)Ry, = 4c1(r')< (R} —S7) — X8y — QK,
Siet+c1(u)Sir = 4c(r:)<(52 RY)+XAR - &,
Ry, — C‘z(u)Rzr— [( —l—b)Rl—l—(l—b)Sl] —%52, (2.3)
S2[+C2(M)S2r:r_K[(l—b)Rl—i—(l—'—b)Sl]G—i—%Rz,
| w—cr(wu, =3, v —co(u)ve = 3%,
where
ch(u a (u
0= Z( )(Rz—S )? ( )stz,
c a 2.4)
cy(u) a'(u)  ch(u) ch(u) d(u)  chH(u) '
F=2Wp (LW QW g =20 (W, QW
4cy ( 2a + 4¢y ) = 4cy 2a + 4¢y 2

Let (¢,r) be any point in D := [0,00) X [1,00). We define the forward and backward characteris-
tics r = ro(s;¢,r)(s <t) passing through the point (z,r) as follows
d i1,
)]
s
re(tst,r) =r.

Let us now define the coordinate transformation (z,r) — (X,Y) on D. We first specify this
transformation to transform the line » = 1 with # > O into the line I', : Y = X with X > 0. For
the line r = 0 with r € [1,0), we specify that it is transformed to a curve I'y : ¥ = ¢(X)(X > 0)
defined through a parametric r € [1,)

r 1
x= [[(1+R@) e ¥ = [ (1+5%() &
where

Rio(r) = r[ur (r) + c1(uo(r))up(r)]; Sio(r) = r*ur(r) —ci(uo(r)up(r)].  (2.5)
Due to assumption (1.8), we know that the two functions X = X (r) and Y =Y (r) with r € [1,00)
are well-defined and absolutely continuous satisfying that X (r) is strictly increasing while Y (r)
is strictly decreasing. Thus ¥ = ¢(X) is continuous and strictly decreasing. See Figure 1 for
the illustration.
For any point (¢,7) € (0,00) x (1,00), we now draw the backward characteristic r_(s;¢,r) up
to a point (0,7_(0;¢,7)) on r = 0 and then define

r—(0st,r) )
X— /1 (1+R2(2)) dz. (2.6)
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FIGURE 1. The region D and its image in the coordinate plane (X,Y).

To define the quantity Y, we apply the forward characteristic r = r,(¢;0,1)(¢t > 0) to divide the
domain D into two sub-domains D and D,, where

Dy ={(t,r)|t>0,r >ri(;0,1)}, Dy ={(t,r)|t>0,1<r<ry(t;0,1)}.

If (t,r) € D}, we can draw the forward characteristic r(s;z,r) up to a point (0,r(0;¢,r)) with
r+(0;z,7) > 1 on t = 0 and then define

1
Y = / (1+8%)(2)) dz. 2.7)
r+(0st,r)

If (¢,r) € D,, we draw the forward characteristic r(s;¢,r) up to a point (7,1) with 7 > 0 on
r = 1. From the point (7,1), we further draw the backward characteristic r_(s;7,1) up to a
point (0,7_(0;7,1)) with r_(0;7,1) > 1 on r = 0. Thus we recall the fact that the line r = 1 is
transformed into the line Y = X to define the quantity Y (¢,r) as follows

i ) r_(07,1) )
Y=Y 1) :x(m):/1 (1+R2(2)) dz. 2.8)

Combining (2.6), (2.7) and (2.8), we have defined the coordinate transformation (z,r) — (X,Y)
on D. Moreover, according to the construction process, we know that X and Y are constants
along backward and forward characteristics, respectively, that is,

X, —ci(u)X, =0, Y, +c(n)Y, =0,
which imply that, for any smooth function f, there hold
fi+ca(u)fr =2aXfx, fi —c1(u)fr=—2c1Y,fy. (2.9)
It suggests by (2.9) that

ft:CI(erX_erY)a fr=Xfx+Y fr. (2.10)
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2.2. The governing system in energy-dependent coordinates. In order to deal with the blowup
of (Ry,S1), it is convenient to introduce a new set of dependent variables

1 1 R S
g: ok h: 35 :—27 m:—z’ (2.11)
1 +Ry 1+87 1+Ry 1+87
from which one has
Prg?=g, m+h*=h (2.12)
Furthermore, we introduce
1+R; 1+8%
—_ 1 =1 2.13
x o 97—y (2.13)
so that
1 1
— = = ah. 2.14
x P& Ty =4 (2.14)

By using (2.3) and (2.10)-(2.14), we can perform tedious calculations to obtain a governing
system for the variables (g, h,¢,m, p,q,R2,S2,u,v,r) in terms of (X,Y)

g /
& =& {4ccllr'< (8 —h)+5tmg+ r"gh}

(2.15)
= pm{4c1rK(h g) KClgh—f—%gh}’
(2.16)
py=ff’{4£"rx<m—é> g — sz},
/ (2.17)
(1—D)ghdxRy+ (1+b)pgdyR, = p,q{ri,c (1+Db)lh+ (1—b)mg|F — %Szgh},
(2.18)

(1+D)ghdxS>+ (1 —b)pgdy S, = M{i,c[(l —b)lh+ (1+b)mg|G+ %Rzgh},

p
_ _gm _
uy = 2cyr¥ (OI' ux = ZCIVK)’

Vy = 4ac2r" [(1 + b)SQ — (1 — b)Rz] <OI‘ vy = 4ac2rK [(1 + b)Rz — (1 — b)Sz]) , (2.19)

and
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_ pg — ah ah} _ [ ps
tX_2C]7 tY_ZC]’ C|>X_ <C])Y’
14

In addition, there hold

(gh)x+ (pg)y =0, (fj}i)x = (Cfr,c)y7 (2.20)
(sl+0)5:-(1-0)R)) = (40— (1-0)52)

and
dy(g24+0>—g)=0, (W +m>—h)=0,

2.21)

(q+ Lgh[(1 - B)R2 + (1 +b)s§])x + (p+ Lpel(1+B)R3+(1 —b)S%])Y =0.

The detailed derivations of (2.15)-(2.21) can be acquired through direct calculations, and a
similar process can be referred to the works of Zhang and Zheng [37] and Hu [26].

2.3. The boundary conditions in energy-dependent coordinates. Let us consider the bound-
ary conditions of system (2.15)-(2.19) in terms of (X,Y), corresponding to (1.8)-(1.9) in the
original coordinates (z,r).

According to the construction of the coordinate transformation (¢,7) — (X,Y) in Subsection
2.1, we see that the curve Iy is parameterized by the parameter r. Thus we can assign the
boundary data (g, 5,7, p,§,Ry,S,,i,9,7) on T'g defined by

=
I

]”\l I 4 — SA =9 r),
il =101l

5_ 1 R n R A ﬁ:M r),
8= Ty {ngm(r)’“’ { ) {RFRZO(F)’ ey e
1, 5 '
:

for r > 1, where Ry (r) and Syo(r) are given in (2.5) and

Roo(r) = r¥a(u(r)) [vi (r) + c2(uo(r))vo(r)],
Sa0(r) = r*a(uo(r)) [vi(r) — c2(uo(r))vo(r)]-
The boundary data of (p,q) come from the definition of (p,q) in (2.13). It is easy to see by
(1.8) that (g,h,0,m, p,4,Ry,S5,1,0) € L.
Furthermore, we recall the fact that the line r = 1(r > 0) is transformed into the line [, : ¥ =
X (X > 0) and apply (1.9) and (2.2) to obtain

th+mg=0, Ro+S,=0 onI}. (2.23)
In view of the relations in (2.12), one has
g=h onl}. (2.24)
It follows by the fact dr = 0 along I';, that
h
0 =dr = rydX +rydY = %dx - %dY,

which together with (2.24) gives
p=q only. (2.25)
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Combining (2.23)-(2.25) yields the boundary conditions on I,
g=h l4+m=0, R,+85 =0, p=¢q, u=v=0, r=1 onl}. (2.26)
For convenience, we use Q1 and Q; to represent the images of D and D; in the (X,Y) plane,

respectively, and denote Q = Q| UQ», see Figure 1 (b).

3. SOLUTIONS IN THE ENERGY COORDINATES

In this section, we establish the global existence of solutions for system (2.15)-(2.19) with
boundary conditions (2.22) and (2.26) in the energy coordinates (X,Y).

3.1. Solutions of a regularization system. In order to handle the degeneracy of the equation
(2.18) when g = 0 and # = O simultaneously, we first regularize the system by adding some
terms in the equations of (R,,S>). Let 0 < € < 1 be a small number. We consider the following
system of the variables (g%,h%,0%,m®, p®,q%, RS, S5, u® V¢, rf):

€ pe £/ € £
Ig" =1z {4C%i;)g)x (85— h°) + T m®g® + Sy gh },

) (3.1)
Eme 534 Kct
I h® = - {4cf(lr£)x(h£—g ) — e LEhE + (S)xg £h* }
oylf =1 (126125’){4%: )) (85 —h®)+ elmgge‘i‘%gehs},
(3.2)
aXmg _ 12Cth ) K‘Cl Zghg ( )Kg EpE }
- (Ce)/ Kct 0F
dyp® = pc? {4C§(l,s)1<(m8_£8)_r_£1m8££_ )% hg}a
) (3.3)
_pESE c?) Kc 0¢
e =" {4C?<lr€)'<(€8_me)+_lm r W"’g}
([(1=5)gFhe + )RS + [(1+5°)pFg® + ]y R
= %{ﬁ[a D) ERE + (1 — b)mPgf|FE — ’j—iﬁsggehS},
34
(14 0%)g®h® + €]0ox S5+ [(1 — b®) p®g® + €]y S5 54
= 2 Gl =m0 57 G+ RS
\
and
€ ,E E1,E 8h8
vl — qm e__ 4 1+ bE)SE — (1 —BbEREL. & e__4 35
e = e Y = qag eyl HESE - (1R, o G

In the system, (c{,c5,a®,b%) = (c1,¢2,a,b)(u®) and (Q%, F¢,G®) = (Q,F,G)(u®,R5,S5). More-
over, there hold

I[(8°)° +(¢5)° g1 =0, IK[(h*)*+ (m®)* —h*] =0, (3.6)
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and
(0 304010~ RE )+ (16552 + SRS+ (597
X

+ (pf + %psgs[u ) (RS + (1= b°)(85)%] + S [(RS)* + (SE)Z]) =0. (37
Y
The local existence of solutions to system (3.1)-(3.5) with the boundary value conditions
(2.22), (2.26) can be established by the fixed point theorem, see a similar process in Bressan
and Zheng [8]. We next mainly derive the a priori estimates of solutions to system (3.1)-(3.5) in
), and the estimates of solutions in Q; are analogous. For any (X,Y) € Q,, we utilize (2.22)
and (3.6) to achieve

[(85)> +(£5)* = &°](X,Y)
=[(¢°)*+ () —¢*I(X, (X)) =&+~ g = 0. (3.8)
Moreover, it follows by (3.6), (2.26), and (3.8) and that
[(h)? +(m®)? = hE)(X,Y ) = [(h®)* + (m®)* — h¥)(1,Y)
=[(8°)* + (£°)* = g°)(v,Y) = [(°)* + (¢)* = &°] (Y, 0(Y)) = O
This together with (3.8) yield
(8°)2+(£5)? = g%, (h*)*+(m)* =h®, V¥ (X¥)EQ,

which leads to

1 1
0<g<l, 0<A* <1, |FF|<5, |mf[<3. (3.9)

In order to estimate p® and ¢ on the domain Q,, we consider the domain €, which is
enclosed by a horizontal segment between (Y,Y) and (X,Y), a vertical segment between (X,Y)
and (X, (X)), ['p and T',. Thanks to Green’s theorem, we obtain by (3.7)

Lo (p8 2%+ B) R+ (1 —HF)(S5)7] + SRS+ <S§>21) ax’
= (0 =DV 14097+ [R5+ (551 ) ar

1L, (qg gL b (RS (1) (552 + SRS+ <S§>21)

X

+ (P +; [(1+b€)(R8) -|-(1_b8)<S§>2]+g[(R§)2+(S§)2]> dx'dy’
Y
=0 (3.10)

where dQ, is the boundary of €. It concludes by (3.10) that

X 1 £
L (54 52T+ 0005 41— 0) S5+ SRS+ (557 ) o

(a4 e 6B+ (14005571 + [R5+ (55 ) o
=4 —l—fz, (3.11)



878 S. LI, Y. HU

where
A= [ (0 eI bR+ (1052 4 )+ (5571 ax
= (a4 L = DV (16597 + SRS+ (5577 )
and
A= (4 L bR+ (1) SIORE 4 (597]) ax

1
= (4 T )RS+ (160552 + SRS+ (55771
By means of boundary conditions (2.26), we find that

S =0 (3.12)

For .71, we apply conditions (2.22) to achieve
X 1 7\ p2 a2 Erp2 @
7 :/O 1+ 81+ D)+ (1= 5)S3] + 15 + 3]
1. AL A A A € A A
- (1 +5hl(1 - b)R3 + (1+b)S3]+ E[R% +S§]> go’(X’)} dx’

S[l +2(||Ié2||1%2([17m)) + HSZHiZ([Lw)))](X - (P(X)), (3.13)

where b = b(i). Combining (3.11), (3.12), and (3.13) yields
X 1
[ (v 5o+ 00 @8+ (1= 0)(597 ) ax
w0 (o 3t =0 (10557 ) v

<1+ 2([[R2 1721 sy + 1182117211 00y (X — @ (X)) (3.14)

It is easy to see by (3.3) and the boundary conditions (2.22), (2.26) that p* > 0 and ¢* > 0. Now
we denote the equations of p® and ¢ as

D" _ g KL g (3.15)
P q

where
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Recalling (1.10), (1.11) and (2.4), one utilizes (3.9) to obtain
Co KC()
B e
o

14+ xco)Coy Co
<—( 056 1 Orr + (550

o 40(2) Co
(14+Kco)Co Co €€ €\ (pE)2 £\ gE\2
< h*[(1—-b")(R 1+56%)(S
<R g s W B RS+ (1485
148 C 1
< 2CO+KCO) 00 qF + 5a (1= bF)(R)* + (1+b°)(85)7) ¢, (3.16)
4cg(1 —bo) 2
and
Co
<
o <2 {0 0 el
(1‘|’KC0)C0 € 0 £ € £\ pE)2 €1/ cE\2
14+b%)(R 1-b%)(S
S g B (RS 4 (1))
(1+8co+kco)Co [ o 1 ¢ ¢ £\ [ pEN2 £\ CE\2
- 1+b%)(R 1-0%)(S . 3.17
(s P P B R (=) 5D 3.17)
We integrate the equation of p® from ¢@(X) to Y and apply (3.14), (3.16) to acquire
Y Y
eXP<—/ |f3|dX’)§p8(X,Y)§eXp(/ |f3|dX’), (3.18)
¢(X) ¢(X)
which means that
e M) < pf(x,Y) < M), (3.19)
where
1+ 8¢+ Kcp)C N A
mx) = LSOOI gz, ISl B X - 0. (B:20)

4c3(1 — by)

Integrating the equation of ¢® from Y to X and using the boundary condition p = g on I';, we
find that

X X
gc(X,Y) =¢(Y,Y)exp (/ Iy dY’) = p¥(Y,Y)exp (/ Iy dY/), (3.21)
Y Y
from which and (3.19) one obtains
e*M(Y)*M(X) ng(X7Y) SeM(Y)+M(X). (322)

Hence we combine (3.19) and (3.22) to conclude
0 < e MIV)=MX) < p&(x Y),¢5(X,Y) < MITMI) v (X ¥) e Q. (3.23)

Finally, we estimate (R5,S55). Denote v& = ((1 —b%)q®h® + €, (1 +b®)p®g® + €). Then we
can rewrite the equation for RS as

v8 . (8X7 aY)R§
t

1 c
= ey (LTI G LN + (1= 0°) P mg | — e 2 S5p°7g I (3:24)
1 1
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It is easily seen by (1.10), (1.11), (3.9), and (3.23) that
|(1+0°)p q“L°h® + (1 — b) p*q“m*g*|

|ve|
(1+bp*  (1-b%)g° _3—by M(Y)+M(X)
< < 3.25
ST T e S 1-m¢ ) (3.25)
and
PEgtheg® . p%8% o mram(x
vi - S Safse W)+Mx) (3.26)

It follows by (3.24)-(3.26) and the expression of F'¢ that the value of R§ can grow exponentially
to infinity at most, and the rate of growth is independent of €. The analysis is also valid for
S5. Therefore, the variables (R5,S5) are bounded on bounded domains and their bounds are
independent of €. According to the boundedness of (p®,4®) and (R5,S5), one can directly
derive the bounds of uf,v¢ and r¢ on bounded domains.

Based on the above a priori estimates, we can extend the local solution to the entire domain
Q. Thus we have the global existence theorem.

Theorem 3.1. Let conditions (1.8) and (1.9) hold. Then the problem (3.1)-(3.5) with boundary
conditions (2.22), (2.26) admits a unique global solution (g€, h® (¢, m®, p& ¢% Ro&,So% uf v rf)
such that

0<gf(X,Y), ¥(X,Y) <1, |[E(X,Y ¢x,y) <!t PN

=8 E ol E <l | (6’ )l Im (8’ <2 V(X,Y)eQ, (327

(&) S )4 (XaY)v q (X7Y) S C07 |R2(X7Y)|7 |S2(X7Y)| S C07

for some positive constants &, Co depending only on co,Co, by, k and (X ,Y), where (X,Y) is
any point in Q and  is the domain bounded by Tg,.T, X =X andY =Y.

3.2. Weak solutions in the energy coordinates. In this subsection, we mollify the boundary

data on Iy and then pass the limit € — 0™ in regularization system (3.1)-(3.5) to establish the

global existence of weak solutions of boundary value problem (2.15)-(2.19) with (2.22), (2.26).
The main result is as follows.

Theorem 3.2. Let conditions (1.8) and (1.9) be fulfilled. Then problem (2.15)-(2.19) with
boundary conditions (2.22) and (2.26) admits a global weak solution (g,h, p,q,¢,m,Ry,S>,u,v,r)
such that there hold

P+l =g W+m’=h, (3.28)

(ah)x + (pg)y =0, (@> —(’ﬁ) —0, (qu) :(pi) , (3.29)
C1/)x 1)y c1r X cr Yy

(q+ %qh[(l —b)R3+ (1 +b)S§])X + (p—l— %pg[(l +b)R3+ (1 — b)S%])Y =0, (3.30)

and

in the sense of distribution.
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To show Theorem 3.2, the main tool used here is the propagation of precompactness for
appropriate approximate solution sequence, see [29, 34, 37] for details. We denote the weak
* limit to a subsequence of {f€}e~o by f. Then according to Theorem 3.1, we can find
(8,h,p,q,0,m) € L2.(Q) and (u,v,r) € Lip;.(Q), and a suitable subsequence of

{ge’h83p87q8768?m87u87v87re}?
still denoted by {g%, h%, p®, ¢, (¢, m® u®,v¢, rf}, such that

{g% ht, pt,qf 08, mt} — (g,ﬁ,ﬁ,q,z,m) weak * in Ly (),

{uf Ve, r¢} — {u,v,r} locally uniformly on Q. (3.31)

We next establish the strong convergence of {g®, h®, p®,¢%, %, m®} and of {R5,S5} with some
weights. By (3.1) and (3.3), one directly calculates

il

O (p°8°) = qathieaye (P°a°m g — pPqth(e),
Ox (4°h®) = gt Hoage (PP a°hE L — pPgimege),
which together with (3.1), (3.3) and the div-curl lemma [20, 29] leads to

(3.32)

dy (pg) = 4c2 5 (pg-qm — pl - qh),
(3.33)
Ix(qh) = : K(pﬁ qh—pg -qm).

Moreover, we utilize (3.4) to gain
Ox[(c] = c5)q°h°R; + €cTR3] + Iy [(c] + ¢5) p°g°R; + &ciRy)]

_ (cf)’ (c5) _ 1ENLEpE V€ 0€1 p g€ RE
_(ZCf(re)K+4c§(r8)’<)[(1 bEYRELE + (1 +b°)m g% p*q° RS

_ (ag)’ (CS)/ PP — bE\mE oE] pEgESE
(zaS(re)K+4C§<rs)K)[(l+b )h 14 —|—(] b ) g ]P q SZ

(c)'
2§ (rf)*

K

C2p q°ghtSs +¢ —(p E08 + q*m®)RS, (3.34)

and

Ix[(c] +¢5)q°h* S5+ €ciS5] + dy[(c] — c3)p°g° S5 + &ciS3]
(s

2c5(re)x  4c5(re)x

_ (a®) (c5)’ L EVREPE € P
(Zas(rg)K+4c§(rs)K>[(l DERELE + (1+0°)m"g°|p*q° RS

)W+wmwwwrwﬂwfww%§

Kcs
+ r—engq ghR5 + 82%7)8)( €08 +q*m®)S5. (3.35)
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Combining (3.32)-(3.35) and making use of the div-curl lemma again, we have

(c1 —c2)ghRopg = (c1 — c2)ghRy - Pg, (c1+ c2)pgRagh = (c1 +c2) pgRa - gh,

(c1+¢2)qhSapg = (c1+ ¢2)qhS> - Pg, (c1 — c2)pgSaqh = (c1 — ¢2)pgSz - gh,
which indicates that
qhR, -pg = pgR> - qh and qhS,-pg = pgSs - gh.

Thus one can define (R3,S5) as follows:

_ hR R — hS S
Rz::u:pg_2 and 52::%:@.
gh D8 gh P8

It is obvious by the estimates established in previous subsection that (R3,S2) € LS. (Q).

Lemma 3.1. Fora.e. (X,Y) € Q, there hold

T ) — 552 S e
(PR3 —Pg- R )(X,Y) =0, (ghR5—qh-Ry")(X,Y)=0,

5 2 —% — <2 (3.36)
(pgS5—pg-$27)(X,Y)=0, (qhS5—qh-S;")(X,Y)=0,
and
— —- =2
(p? - ﬁz (X,Y) 0, (#-7)X,Y)=0, (3.37)
(B-T)(X,¥)=0, (m?—m>)(X,Y)=0,
Proof. We only consider the point (X,Y) € Q,. To show the terms of R; in (3.36), it is necessary

to derive the equations for 7} := (pgR3 —pg -1722) and 75 := (qhR3 —q_h~R_22). We take € — 0
in (3.34) and apply the div-curl lemma to obtain

Ix[(c1 —c2)gh-Ry] + dy[(c1 +c2)pg - Ry

/ /
Cl C2 -
= 1-b)pl-gh+(1+b -D2|R

(201FK+4CZI’K)[( )P q +< + )qm pg] 2

(2 N b)pt g (1 bgm ]S_—KC gh-$> (3.38)
2ar®  4cork pea e peie2 pg-d ' .

By convolving (3.38) with the standard Friedrichs’ mollifier j,; and multiplying the resulting
by jo * R> and then taking ¢ — 0, we deduce

x((c1 —c2)gh -17221 +dy[(c1+c2)pg- R

c| | ¢\ =2
= (1—5) 2 ) plgh R+ ZCHK(1+b)+ - |am-pg-Ra

2c1r¥ 2cor

— — 2kc _
—< . K> [(14+b)pl-qh+ (1—b)gm-pglS,-S2— —=pg-qh-S2-Ra.  (3.39)
ar 2cor r
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On the other hand, one multiplies (3.34) by 2RS and then taking € — 07 in the resulting to
gain by the div-curl lemma

x|[(c1 — c2)ghR3] + dy [(c1 + c2) pgR2?]

Uy +=2 Ve qhR2 + U (1 1b)+ =2 g peR2
= —_— m-
2c1rk 2¢corK ptrd 2c1r¥ 2co1rK am petty

a ) - —__ 2kc -
— <a7 + e r") [(14+D)plghR,S> + (1 — b)gggmR,S>] — sz_g-qh -S2-Ry. (3.40)

We subtract (3.39) from (3.40) to achieve
dx[(c1 —€2) 2] + o [(c1 4+ ¢2) A

(1 —p)+ =2 Vgt (=1 4y =2 gma
2c1r¥ 2corK p 2ci1r¥ 2 21

Cer

/ /
_ <“_+ “ )(1+b)(pq£hR252—p£ qh-Ry-S2)

ar® = 2cpr¥

d ch - _
- — 1-b Ry)S, —qm-pg-R>-$2). 341
(arK+2c2rK)( )(PamgR2S> — qifi- g Ro - $>) (3.41)

Putting
—@3 — 2 —w — 2
T3 =(pgS5-18-S2), Ta=(qhS5—qh-5;),
we also have

Ix[(c1+c2) Ta] + oy [(c1 — c2) F3]

/ / / /
=( U (14b) + 52 )p&% (Ccl (1-b)+ 52 )q—m%
1

2c1r¥ 2cor¥

/ /
(gt ) (1 0) pafhRSS: ~ - RS

ar® = 2cpr¥

a ch I o
<ar1€+2c2rk~)( +b)(pgmgR2S2 —qm -pg - Rz - S2) (3.42)

Summing up (3.41) and (3.42) obtains
8X[(c1 — 6‘2)% + (Cl —l—Cz):%] + 3;/[(61 —|—C2)=% + (C1 — 02)%]

U % Vot )+ (= -2 \am(Ti+ 7)
= m
2c1r®  2cpr¥ p 2 4 2c1r¥ 202r’< 4 ! 3
b
2c1r¥

i 2+ qn( = ) - 2+ 2. ) (pathRsSs i )

cor¥

2d LN —
| = (pgmgRyS» —qm-pg-Ry - S7). (3.43)

ark = cork
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Thanks to the definition of weak * limit, one can derive
| pe(Re—Raz axay — lim [ pfgf(RS ~ Ry dxay
Q e—=0J0Q

. — —2
= lim [ [p® ggR%S —2p°g*R5R, + p®g®Ry "y dXdY

e—=0J0Q

S —
= Q[pgR%—Zpng~Rz +Pg- Ry dXdY

~ [ IpeR3-pe R x axdy = [ Figaxdr, (.44
Q Q

for any test function x € CJ'(Q), which means that 7} = pg(R, — R2)? > 0. Performing similar
arguments can yield
Ti = pg(Ry—Ry)? >0, T5=pg(S2—5,)>
T3 =qgh(Ry —R2)>* >0, Ti=qh(S,—$,)? (3.45)
PGhlRySy — pl-qh-Ry - Sa = pghl(Ry — R2)(S2 — Sz)

PqgmRLSy —Pg-qm- Ry - So = pggm(Ry — R2) (S2 — S2).

>0
>0

Moreover, we see that

|pagm(Ry — R2)(S2 — 52)| < K[pg(Ry — R2)?)2 - [pg($2 — 52)2)2 < K(Fh + ),

|pght(Ry —R2)(S2 — 52)| < Klgh(R — Ro)2]2 - [qh(S2 — $2)2]2 < K(Fh+ 7h),

hold in the domain € for some positive constant K depending only on (X,¥), where (X,
any pomt in Q, and Q is the domain bounded by g, X =Xand Y =7. Let (X,Y) be any
point in QN Q. We now integrate (3.43) over the domain {(X’,Y")| Y/ <X' < X,p(X) <Y’ <
Y} and utilize (3.45) and (3.46) to conclude that

) is
e an

/Y (% +T)(X,Y) dY’+/ (71 + 7)(X',Y) dX’

<K{/ /X/ +/ / } (% + 7)) (X', Y") dY'dX’
+1?{ /(P(X)/(p_](wﬁ/o /Y }(%+%)(X’,Y’) dx’dy’, (3.47)

for some positive constant K depending only on (X,Y), where ¢! represents the inverse of ¢.
Here we used the facts that .7, =0(i = 1,--- ,4) a.e. on g by (2.22) and % = F, T = T a.e.
on [y by (2.26). Based on Lemma 3.3 in Zhang and Zheng [37], we obtain by (3.47)

Y X R
/( (74 7)Y ar'= [(A+F)X ¥ X =0, ¥ (X,¥) BN, (343)
oX Y

which implies that
FX,Y)=SH(X,Y)=RBX,Y)=T(X,Y)=0, ae. (X,¥Y) €QNQy. (3.49)
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Thus it follows by (3.49) and the arbitrariness of (X,¥) € Q, that

(psRy =g Ry JX.¥) =0, (pg5; =P8 55 JXV)=0. . (x y)eQ,  (350)
(ghRE —qh-R")(X,¥) =0, (qhS2—qh-5.")(X,¥) =0,

To show the equalities in (3.37), we perform the same process as above to derive their equa-

tions. Let’s take the term (K_Z — ZZ) as an example. Taking € — 0™ in the equation of £¢ in (3.2),
we apply the div-curl lemma and (3.50) to arrive at

C/ —_— Clz

Ol =25 [a-8(1-2¢) —qh(1-28)] +
1

— s =) o2
80102quh-g(1—2g)(R2 +527)

/ /
) a - —— K__
- h‘ 1—2 'R .S _ . 1_2

<4C1C2rk+261611"x>q g( g> 2 2+2rqm g( 8)7

from which one has
/

7 - o(1—20)—qgh 7 ¢ S S
oyl =—1—[g-g(1—2g) —qh(1 —28)]¢ 2 (R T 3.7
y 4c%r,([q g(1-2¢) —qh(1-2g)] +4c1czr'<( 2 +5)qh-g(1—2g)
/ /
© ad \eo . — — ok
_ R-S>-gh-9(1 —20)- s e1-2a).7. 51
(201C2FK+acHK) 2-82-qh-g(1=2¢g)- £+ g g(1—2g)-¢ (3.51)

On the other hand, we multiply the equation of ¢ in (3.2) by 2¢¢ and take € — O to obtain by
the div-curl lemma

— —_— ¢ = e
oyl2=—L_[g.-o(1 =20 —qh-(1—2g)¢ 2 (R +8 )qgh-2(1—22)¢
Y 4C%r,<[q g(1=28)t —qh-(1=28)] + "2 (Ry + 527 )gh- (1 = 2¢)
C/2 a/ - — K. ——
— Ry-S,-qh-2(1 —20)0+ —gimi- g(1 — 22)0. 52
(2clc2r’<+ac1r’<> 2-S2-qh-g(1—2g) +—qm g(1—-2g) (3.52)

Combining (3.51) and (3.52) gives

/ / /
Iy VS Wi NP VR A B - 2 R®2isAane Ko
T = =) ()~ { G+ g e 0+ 55T+
— Z + a gh-Ry-S5 ¢ |2(g+8)(g—8)({—0)—(g—8)(£—1) (3.53)
derear® | acir® qn- o -3 §T8NE—8 8§—8 . .

Here we used the following relations

C-P=(-10? gl-gl=(g—g) (D),

g2g—1)l—g2g—1)-l=2(g+8)(g—8)({—0)—(g—8)(t—10),

gl —gl U=(l+0)(t—0)(g—3) —L-(g—3)(l—0)+g-(£—10)2,

which can be verified similar to (3.44).
By the same arguments, the corresponding equations for other terms in (3.37) can be de-
rived analogously. We add up the obtained equations, integrate the resulting and then use the
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boundary conditions to conclude that
(@ -P)XY)=0, (B-7)X,Y)=0,
(PP-P)(X,Y)=0, (¢-¢*)(X,Y)=0, ae (X,Y)ecQNQ,. (3.54)
(P=T)(X,¥)=0, (m>—m?)(X,¥) =0,

The proofs of the above equalities are similar to those in Zhang and Zheng [37] and Hu [26], so
we omit them here. Due to the arbitrariness of (X,¥), (3.54) is valid for a.e. (X,Y) € Q,. The
proof of the lemma is complete. UJ

Proof Theorem 3.2. Based on Lemma 3.1, we know that there exists a subsequence of
{g®,h%, pf,q%, (¢ ,mt}, still denoted by {g%,h%, p%,q®,¢¢,m*}, such that

{85, p°.q°, 05, m®} — (3,h,p,q,0,m) strongly in L) (Q), V 6 < eo. (3.55)
Thus there hold by (3.50) and (3.55)
—s  _ _ =2 — _ _ =2
(pgR%—p-g-Rzz)(X,Y) =0, (pgS3 “PES )(X,Y) =0,
(ghR3—q-h-Ry")(X,Y) =0, (¢hS5—q-h-$,7)(X,Y) =0,
Moreover, in view of (3.45), (3.46) and (3.55) that
pqhtRyS; =p-G-h-L-Ry-Sy, pgmgRyS» =p-q-m-g-Ry- 5, (3.57)

ae. (X,Y)eQ.  (3.56)

for almost every (X,Y) € Q. Now we take € — 0T in system (3.1)-(3.5) and apply (3.55)-(3.57)
to see that (g, h, P g, (, m, R,, S», u, v, r) thus obtained is indeed a global weak solution of
system (2.15)-(2.19) with boundary conditions (2.22), (2.26). Furthermore, taking € — 0™ in
(3.6)-(3.7) obtains (3.28)-(3.30), which complete the proof of Theorem 3.2. In addition, the
continuous dependence of solutions on the initial data follows directly from the compactness
and convergence.

4. SOLUTIONS IN THE RRIGINAL VARIABLES

By returning the functions (u,v)(X,Y) constructed in Section 3 to the original (¢,r) plane, we
show in this section the global existence of conservative weak solutions to the initial-boundary
value problem (1.7)-(1.9) on the domain D.

4.1. Inverse transformation. We first observe that there hold on bounded domain of the X-Y
plane

— The functions p, g and ¢ are Lipschitz continuous w.r.t. Y, measurable w.r.t. X.

— The functions ¢, and m are Lipschitz continuous w.r.t. X, measurable w.r.t. Y.

— The functions R, and S, are bounded and measurable in both X and Y.

— The functions u,v and r are Lipschitz continuous w.r.t. both X and Y.

Along with the solving process in Section 3, we obtained the function r = r(X,Y). Thus
we need to acquire the function t =#(X,Y) to construct the inverse functions X = X (¢,r), Y =
Y (¢,r). Owing to (3.29), it suggests that

Ixy = tyx,

which indicates that we can integrate one of the equations tx and ty to gain the function ¢t =
t(X,Y). Hence we have the functions (¢,r) = (¢(X,Y),r(X,Y)). It is pointed out that the map
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(X,Y) — (t,r) may not be one-to-one mapping. However, we assert that if #(X;,Y;) =1(X3,Y»)
and r(X1,Y)) = r(X3,Y») for two points (X1,Y;) and (X3,Y>) in Q, there hold

u(t(X1,11),r(X1,11)) = u(t(X2,12),r(X2, 2)),
V(I(X],Yl),r(Xl,Yl)) = V(Z(Xz,Yz),r(Xz,Yz)),

which mean that the values of u and v do not depend on the choice of (X,Y). Thus one can
choose an arbitrary point (X,Y) satisfying ¢(X,Y) =1, r(X,Y) = r and then define u(z,r) :=
u(X,Y) and v(r,r) := v(X,Y). To show the above assertion, we divide the analysis into two
cases: Case I. X; < Xp,Y] <Y, and Case 1. X; < Xp,Y] > Y>. We just only discuss Case I,
and the Case II can be checked similarly. For Case I, if r(X,Y]) = r(Xz,Y2) =r* > 1, we
consider the set D« := {(X,Y) : r(X,Y) < r*} and denote its boundary by dDx+ which is a
Lipschitz continuous curve in . We then construct a Lipschitz continuous curve y; connecting
points (X;,Y;) and (X»,Y>), which consists a horizontal segment Y =Y}, dD,+ and a vertical
segment X = X,. Due to the monotonicity of r and ¢ by (2.19)-(2.20), one knows that there hold
x(X,Y)=x(X,71) and t(X,Y) = ¢(X;,Y1) on ;. Thus it suggests that pgdX = ghdY = 0 and
then pldX = gmdY = 0 along I';. Then we calculate

4.1)

pt gm
dXx
y 2c1r¥ +201r’<

u(t(X2,Y2),r(X2,Y2)) —u(t(X1,11),7(X1, 1)) = dy =0,

and
V(t(X2,12),7(X2, Y2)) — v(t(X1,11),7(X1,71))

rg gh
= 1+b)Ry— (1 —0)Sy] dX
" 4aC2”K[( bR = ( )S2] * dacyr¥
by the boundedness of R, and S, on the bounded domain. If r(X;,Y)) = r(X2,Y2) = 1, we
acquire pgdX =0 and then p/dX =0onY =Y (Y] <X <Xj), ghdY = 0 and then gmdY =0
on X =X, (Y <Y < X). By adirect calculation, one applies the boundary conditions on I}, to
obtain

[(1+b)S2 — (1 —=b)Rs] dY =0,

u(t(Xl,Yl),r(Xl,Yl)) :u(t(Xl,Yl),r(Xl,Yl)) —u(t(Yl,Yl),r(Yl,Yl))

X1 g

P
= X,Y1)dX =0
Yl zcHK< Y 1) Y

and
u(t(X2,Y2),r(X2,Y2)) =u(t(Xa,Y2),r(X2,Y2)) — u(t(X2,X2),r(X2,X2))

Y am
= 2c1r’<(X2’Y) dy =0.
Hence we still have u(t(X1,11),r(X1,Y1)) = u(t(X2,Y2),r(X2,Y2)). The equality of v can be
arrived similarly.

Finally, we point out that the functions (u(z,r),v(t,r)) constructed above are Holder con-
tinuous with exponent 1/2 on bounded sets and all characteristic curves are C! with Holder
continuous derivative. These conclusions can be directly gained by the boundedness of the
following terms

/ " (g ey ()] de < C, / [ a(u) (v, 4 c2 ()v,)2 dt < Co, 4.2)
0 0




888 S. LI, Y. HU

for some constant C; depending only on 7. Moreover, it suggests by (4.2) that the functions
R{,R>,S1 and S at (2.1) are square integrable on bounded subsets of the ¢-r plane. In addition,
we also have

1 14 12
w41 (W] = r* 21 Xux =r*-2¢ - —- b =— =Ry,
pg 2cr® g
1
rK[u, —cl(u)ur] =rK. (—2C1YrMY) — rK-2c1 . q_h . ZZ:ZK = % =9,

which mean that the functions R; and S| at (2.1) are indeed the same as recovered from (2.11).

Y

FIGURE 2. The region Q.

4.2. The energy estimate. In this subsection, we shall derive the energy estimate (1.14), that
is

E(r) = % /1 ) (r“[u?(m) + i (t,0)] + a1, 7) +c%v%(t,r>J)dr <& @43

Letz > 0 be any fixed time and M > 1 be a constant. We use I'; C € to express the transfor-
mation of the horizontal segment of ¢ with r € [1,00) in the ¢-r plane. Denote (Xp,Xp) (Xar, Yar)
are the corresponding points of the points (z,1) and (¢, M), respectively. Let Qs be the domain
bounded by I'y,I',,I; and X = Xjs. See Figure 2 for the illustration. We integrate the energy
equation (3.30) on ;7 and employ Green’s theorem to acquire

Yy
e1dX —erdY —l—/ erdY + e1dX —epdY
o (Xu)

/Ftﬂ{XSXM} Fbﬂ{XSXM}

= e1dX —epdyY, 4.4)
Ton{X <Xy}

where

1 1
er=p+5pgl(1+b)R3+(1-0)S3],  e2=q+3qh[(1 = b)R3+ (1 +5)S3].
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According to the boundary conditions in (2.26), we see that e; = e> and dX = dY on I'}, from
which and (4.4) we obtain

/ e1dX —epdY < / e1dX —epdY
Ln{X<Xum} Con{X <X}
5 [ (P + ]+ P )0 + o) 0] ar
<éo, (4.5)

where ry; = r(Xuyr, ©(Xpr)). On the other hand, we apply the following formulas

dr=Pax Py, d—png i

dY
201 201

to compute
2/ ( u, (t,r) +c%u2( )]+r2'<a2[vt (t, r)—l—c2v (t, r)])dr
= e1dX — erdY
F,ﬂ{g;éO,XSXM} LN {h£0,X <Xy}

S/ eldX - €2dY, (46)

which together with (4.5) to obtain

2/ ( [u?(t,7) + A2 (t,r)] 4+ r*¥a® [V (t,r) + 32 (e, r)])drg 8. 4.7)
One lets M — oo in (4.7) to arrive at (4.3).

Based on the energy estimate (4.3), we can verify the Lipschitz continuity with respect to the
L? distance for (u,v)(t,r), that is (1.12) holds. For any 7,s € [0,0), one first has

u(t,r)—u(s,r)=(r—s) /Olut(s—i—‘g'(t—s),r)d5,

for some number &, from which and (4.3) we acquire for any M > 1

1
[t r) —uls, r)l 2 q1ey) S N =1 [ (s + 8 =5), ) 21,0098
0
< V26| —s|. (4.8)

The check for the function v is similar.

4.3. The proof of (1.13). This subsection is devoted to showing that the functions (u,v)(z,r)

constructed in Subsection 4.1 satisfies system (1.7) in the distributional sense, that is (1.13)
holds.
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Let ¢ be an any function in .%. For the equation u, we first have by (2.2), (2.10), (2.11) and

(2.14)
R +R
Oruy — ((PCl)rClur = (C1¢XXr - CI‘PYYr)%
/ / R —§;
- (Cl ¢XXF +C] ¢YYF + ¢)C1MXX;« + ¢Cluer) ZI"K
_c S c1R -8
i X, 0x — ! qu)y—q)cl(uXX +uyY)%
cim clf i g+h—2(gh+{Im)
=yt —— Oy —— ,
r&pgh r&qgh 4err gh
and
2Kkc? (u)u
2R | o) ()2~ 30v7] — 2 ()er(w)es )
_ Kcy th—gm Q
Tkl e 26
Combining (4.9)-(4.10) and applying the Jacobian
d(rt) _ pqgh
2(X,Y) 2’

one obtains

/0oo /100 {(P,u, —(@cr)rcruy

e (u)u, , /
o (2 4 ofu)a ()2 - )~ alules @ ) bara

S {—q; 2o

/

K 0 i
—I—(qu(zrkﬂ(ﬁh—gm) 2c1r2’<gh_8 5 2K[g—l—h 2(gh+¢tm) )

Note by (2.16)-(2.17) that

qm pt _ (gm pt
ot gpeer = (550), + (50), oL (5%, (

—

_(qm pt [ kpg(hl—gm) (gm)x + (pl)y
_(21”’<¢)X+ (2rK¢)Y ¢{ 4K+l + 2rK

and

(gm)x + (pl)y ”q{

8cir¥

/
pqf < 0
h—g+2(gh — ——gm———gh
+—= {8c1r,<[ g+2(gh+ml)] 2 Lom 58 }

pq{4c —[—h— g+2(gh—|—m£)]—|——(h£ gm)—ggh}
cir

KcCq
2 e
[—h—g+2(gh+ml)|+ > Y4 5 %

(4.9)

(4.10)

.11

(4.12)

(4.13)

4.14)
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Putting (4.13) and (4.14) into (4.12) and utilizing Green’s theorem and the boundary conditions
in (2.26) yields

/ooo /1oo {‘Pf”f —(¢cr1)rcruy

c2(u)u, , /
+¢ <w +a(u)d (u) [vtz — c%(u)v%] — az(u)cz(u)cz(u)v%) }drdt

pt / pl gm
= Pro) axdr= [ oL ax— 9 gy
// (er ) (er(P) Fb(pzrk ¢2r’<
lh— mg —mg _ © 2
o (P 4.rK h X+ (P 2K h qhdY - /0 ¢C1ur<t7 1) dr. (4.15)

Thus the equation of u in (1.13) is proved.
For the equation of v, we deduce

q),azv, ¢)ra2c%v,

Ry +S§ R,— S
— 282 2 9 oI — 12
=(1Xr9x —c1Yrdy)a kg (Xr0x + Y, 9y )a"c3 2 acy
a a
~ 2 pg [(c1 —c2)Ry+(c1 +¢2)S2]¢x + 3r%gh [(c1 +c2)Ra + (c1 — ¢2)87] oy,

from which and (4.11) one has

/Ow /loo {@az(u)vt — ¢a” ()3 (u)v, + ¢ ZKGZ(uzC%(u)v, }drdt

— //Q { 4;1HK [(c1 —c2)Ra + (c1 +¢2)S2]qh¢x

Z[(c1+c2)Ry+ (e —Cz)Sz]pg¢Y+¢ iilpqgh(Rz—Sz)}dXdY- (4.16)

n a
dcrk

Moreover, it follows by (2.18) that

([(01 — )Ry + (1 + Cz)Sz]qh> + ([(01 +c2)Ry+ (1 — Cz)Sz]Pg)
X Y
c| a

- (m/r,( — 2a;,c)pq{[(l —b)hl+ (1+b)mg|Ry + [(1+b)hl + (1 —b)mg|S, }

Kc
+= 2 pagh(Ry — $2). (4.17)
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from which we gain

(el e eepsian) + (il sk i),

a ( g, d )pq{[(l_b)hg+(1+b)mg]R2+[(1+b)h£+(1—b)mg]Sz}

:461 r¥\ 2cir€  2ar¥
46(;,( %pqgh(Rz —52)
+[(c1 —c2)R2+ (c1 +¢2)S2)gh (4;:;,( 25}61( - 4263,( for’f _ 4c1Kr6’l<+1 %)
+[(c1 +c2)Ra + (1 — €2)Sa]pg (4;/% 231”;( - 4‘6’?;,( ZZ’;K 465‘11(“ %)
:4:16;—%1}7%}1(132 —52). (4.18)

Thus there holds by (4.18)

- [(c1 —2)R2+ (c1 + €2)S2|ghox + -

[(c1 +c2)Ra + (€1 — ¢2)S2] pg gy

dcyrk deyr¥
a
— — )R
<4c1r’<[(cl c2) 2+(61+cz)Sz]qh¢)X
a Kac,
R —)S —¢0———pqgh(R> — S,). 4.19
+(4cHK[(cl+cz) 2+ (c1—e2) 2]Pg¢>y ¢’4C1r,(+1pqg (R —82) (4.19)

Inserting (4.19) into (4.16), we find by Green’s theorem and the boundary conditions in (2.26)
that

/Ow /loo {‘P;az(u)v; — ¢a” ()3 (u)v, + ¢ 2Kaz(uicg(u)vr }drdt

y (ERT——

+ (40(11}"( [(Cl +62)R2 + (C1 — Cz)Sz]pg(P) }dXdY

Y

= - [(c1+c2)Ry+ (c1 — 2)S2]pg¢p dX

N Fb 4C11’K
a
" deyrk [(c1 = c2)Ra + (€1 +¢2)S2]gh¢ dY
(PaCZ pg qh /oo 5 5
= Ry—8)| —dX+—dY | = t,1) dt 4.20
T, 2r’<< »—5) 2 +201 A pa“cyve(t,1) dr, ( )

which is the equation of v in (1.13).
Finally, we can verify that the functions # — (u,v)(¢,-) are continuously differentiable as
maps with values in LY, forall 1 < 6 < 2. Moreover, for any fixed time ¢, we define

te([1,00)) = gty ([1,00)) + 4" ([1,0)),
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where
e ((1,) = [ e 3pel(1+ )R+ (1-5)3) ax,

1
B ([129) == [ g+ 5ahl(1 =B)R3+(14b)S3] a.
One can show by the energy equation in (2.21) that 1, ([1,0)) = &) at every time ¢. Moreover,
for each 7, the absolutely continuous part of u; has density

3PN )+ )]+ PR 1) + B )

with respect to the Lebesgue measure, while for almost every ¢, the singular part of ; is con-
centrated on the set where ¢| = 0. This means that the total energy characterized by the measure
U is conserved in time and the energy may concentrate on a set of times of zero measure or at
points where ¢} = 0. The proofs of the above properties of the solution are identical to that in
Bressan and Zheng [8], Zhang and Zheng [36, 37] and Hu [23, 25], so we omit them here.
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