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MATHEMATICAL AND NUMERICAL SIMULATION USING A DEEP NEURAL
NETWORK FOR A FRICTIONLESS CONTACT PROBLEM WITH UNILATERAL
CONSTRAINTS IN VISCOELASTICITY

GUANGWANG SU', MUSTAPHA BOUALLALA?, VAN THIEN NGUYEN?, BOLING CHEN**

1 College of Artificial Intelligence, Nanning University, Nanning, China
2Modeling and Combinatorics Laboratory, Department of Mathematics and Computer Science,
Polydisciplinary Faculty, Cadi Ayyad University, Safi, Morocco
3Department of Mathematics, FPT University, Hanoi, Vietnam
4Guangxi Colleges and Universities Key Laboratory of Complex System Optimization and Big Data Processing,
School of Mathematics and Statistics, Yulin Normal University, Yulin, China

Abstract. In this paper, we address a frictionless contact problem involving a viscoelastic body and an
obstacle. The process is assumed to be quasi-static. The contact is modeled with normal compliance and
unilateral stress, incorporating the Signorini contact condition. We derive a variational formulation of the
model and demonstrate the existence and uniqueness of a weak solution using the theory of variational
inequalities and fixed point arguments. By converting the initial contact problem into a minimization
framework, we utilize a deep neural network to approximate the solution and address the minimization
challenge. Finally, we provide numerical results that showcase the method’s efficiency and precision.
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1. INTRODUCTION

A contact problem arises when two or more bodies, not mechanically connected, come into
contact without becoming rigidly attached to each other. This phenomenon is common in vari-
ous industrial and everyday contexts, such as the contact between brake pads and wheels, tires
and road surfaces, pistons and their skirts and so on. When one of the bodies involved con-
sists of a vector with viscoelastic behavior, the contact processes become particularly complex
due to the interplay between viscous and elastic effects. The increasing importance of these
phenomena in structural and mechanical systems has led to a heightened interest in the study
of contact problems. On the other side, quasistatic frictionless contact problems involving Sig-
norini’s condition were analyzed for rate-dependent viscoelastic materials in [14, 15], as well as
for rate-dependent viscoplastic materials, as detailed in [21] and more recently in [36]. More-
over, the concept of normal compliance in contact conditions was initially presented in [13],
focusing on dynamic analyses of elastic and viscoelastic materials. This condition accounts
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for the penetration of the body into the obstacle while addressing both the penetration depth
and the deformation of surface asperities. Subsequent developments and applications of this
condition were discussed in many literature; see, e.g., [2, 10, 27]. Recently, Bouallala et al.
[3] investigated the solvability of an innovative mathematical model for contact problems with
and without friction, in the context of viscoelasticity with normal compliance. Unlike classical
results, their work applied the Kelvin-Voigt constitutive law, enhanced with a fractional time
derivative, and extended their analysis to thermoviscoelasticity as detailed in [4]. Results on
variational-hemivariational inequalities, particularly regarding their applications to frictional
contact problems in viscoelasticity, were provided in [16, 17]. The works [33, 34, 35] make
an excellent contribution to the class of variational-hemivariational differential inequalities and
quasi-hemivariational inequalities, as well as to their applications. From a numerical standpoint,
the normal compliance condition has occasionally been used as a mathematical regularization of
Signorini’s non-penetration condition and incorporated into numerical solution algorithms. The
prevalent techniques for handling contact and friction conditions include the augmented quasi-
Lagrangian method [1, 17] and the penalty method [31]. Additionally, the generalized Newton
method [22] and a method combining Uzawa’s algorithm [25] are frequently used. Nitsche’s
method [5, 6, 7] and the successive relaxation method with projection [20] are also noteworthy
in which we will use such method to establish our numerical results. Furthermore, recent ad-
vances in deep learning have spurred rapid growth in data-driven approaches for solving PDEs
using deep neural networks (DNN5s); see, e.g., [8, 11, 18, 26, 30]. In these approaches, DNNs
serve as universal approximators to parameterize the solutions of partial differential equations
(PDEs), with the optimal parameters determined by minimizing an optimization problem for-
mulated from the PDE and the associated boundary conditions. The resolution of PDEs us-
ing physics-informed neural networks (PINNs) was discussed in [12, 19]. However, the Ritz
method was employed for the numerical solution of variational problems [30]. Also, resid-
ual neural networks were utilized to approximate evolution operators, facilitating the solution
and reconstruction of time-dependent PDEs as detailed in [32]. In [24], Shen et al. proposed
a numerical technique by using deep neural networks to address a class of contact problems.
They specifically tackled a static frictionless unilateral contact problem by transforming it into
a minimization problem. Utilizing a deep neural network to approximate the solution, they suc-
cessfully resolve this minimization task. The numerical results provided validate the method’s
effectiveness and accuracy.

In this study, we propose a new approach by using a deep neural network to study a quasi-
static unilateral contact problem without friction, for which we establish the existence and
uniqueness of a reliable solution. Then, we reformulate the time-discretized problem as an
equivalent minimization problem by relaxing the boundary constraints with the addition of two
Lagrange terms to the energy function. This transformation enables the reformulation of the
original contact problem into a minimization problem, which we address by using a deep neu-
ral network. This approach offers the benefits of being unsupervised, not relying on a mesh,
and being straightforward to implement. Additionally, we include two numerical experiments
that illustrate the effectiveness and precision of our method.

The organization of this paper is as follows. Section 2 presents the model for the quasistatic
contact problem involving a viscoelastic body. We start by outlining the foundational material
and specifying the assumptions related to the problem data. Next, we derive the variational
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formulation of the problem and examine the results concerning the unique solvability of a weak
solution. In Section 3, we prove the existence of a weak solution using variational inequalities
and fixed-point arguments. Section 4 introduces the deep neural network framework developed
for solving discrete minimization problems, including two Lagrange terms in the formulation.
Finally, Section 5 showcases two numerical examples to illustrate the effectiveness of the pro-
posed method.

2. FORMULATION OF THE MECHANICAL PROBLEM

Consider a viscoelastic body initially confined within a bounded domain Q C R? and possess-
ing a smooth boundary denoted as I' = dQ. We partition set I into three distinct, measurable
parts: I'p, ['y, and I'¢, with the condition that meas(I'p) > 0. Consider a time interval of inter-
est denoted as [0,T], where T is a positive constant. Let S? denote the space of second-order
symmetric tensors on R%. The inner product and corresponding norm on S? are given by:

9-c=vg, lsl=(c-¢)" foralld=(t),¢=(g)eR’
@-0=0w,6;, [6]=(0-6)"* forallm=/(m;), 6=/6;)cS>.

For a vector field ¢, the normal and tangential components on the boundary I" are defined as ¢, =
¢-vand ¢; = ¢ — GyV, respectively, where Vv is the outward unit normal vector on I'. Likewise,
for a tensor field 0, the normal and tangential components are given by 6, = (6v)-v and
0; = 0v — 6, Vv, respectively. In this paper, the body is assumed to be fixed on I'p x (0;7) and
exposed to a volume force @y within Q x (0;7), and a traction force density ¢y on I'y x (0;T).
The normalized gap between I'c and a rigid foundation is denoted by 7. Let ¥ : Q x (0,T) — R?
represent the displacement field, and @ : Q x (0,7 — R? the stress tensor. The linearized strain
tensor £(9) = (&;(1)) is defined as &;() = 4 (¥;,;+ ;) , where ¥ ; = 3—3’] We use “Div”
to denote the divergence operator for tensors, i.e., Div(®) = (a7,~ j, j).

The standard formulation of the contact problem can be stated as follows:

Problem (P) : Find a displacement field © : Q x (0,T) — R? and a stress field @ : Q x
(0,7) — S? such that

o(r)="7e(d(1)) + (V1)) in Qx (0,7), 2.1)
Div(@(t)) + ¢o(t) =0 in Qx(0,7), (2.2)
8()=0 on I'p x (0,7), (2.3)
@(1)v = ¢y (1) on Iy x (0,7), (2.4)
3(0,x) = % in Qx(0,T), (2.5)
() =0, on I'c % (0,T), (2.6)

Sy(t) <7, @y(r (1)) <0,

o) o) vt om0 } onfex (@), @D

The following figure presents a concrete illustration of the physical model under study.
Now, we describe each relation of the physical model. Equation (2.1) defines the Kelvin—Voigt
viscoelastic constitutive law, where & = (e; ;) and 7" = (v;jx;) denote the fourth-order elasticity
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Rigid Foundation

FIGURE 1. Initial configuration of the body at r = 0.

and viscosity tensors, respectively. The stress equilibrium is given in equation (2.2). The me-
chanical boundary conditions are prescribed in equations (2.3)—(2.4), while the initial condition
is stated in equation (2.5). Equation (2.6) indicates that the tangential stress vanishes (i.e., no
friction force) on the contact boundary I'c for all times ¢ € (0,7 ), which corresponds to a fric-
tionless contact condition. Finally, equation (2.7) describes the contact with normal compliance
and unilateral constraints, combining the Signorini contact condition with a gap and a normal
compliance law. For more details, we refer to [9]. To develop the variational formulation of our
problem, we first introduce the following functional spaces:

M={ceH (Q)*:¢=00nTp},
0=1{0=(6;) : 6;=0;cL*(Q)}, 01 ={0€Q : Div(8) € L*(Q)}.

These are real Hilbert spaces equipped with the following inner products:

(&g)M:/Qs(ﬁ)-e(v) dx.
(@.6)0= [ @-0dx. (@.0)0, = (@.0)0+ (Div(@). Div(6)) (e

The norms corresponding to the spaces M, Q, and Q; are represented by || - ||u, || - [|o, and
| - |lg, respectively. We also define the set of admissible displacements as

U={ceM: ¢ <mae onlc},

which is a nonempty and closed subset of M. Given that meas(I'p) > 0, Korn’s inequality is
applicable in M. Therefore, there exists a constant cx > 0, depending solely on Q and I'p
such that, for all g €V, [[&(¢)lo > ckl[S|| 1 (q)2- By applying the Sobolev trace theorem, there
exists a constant cg, dependent only on Q, I'p, and I'¢, such that, for all & € M, ||9|| 2(re) <
col|€(¥)||@, which indicates that |||/ := [|€(D¥)]|o is an equivalent norm of M. So, in what
follow, we adapt || - || as the norm of M.

Finally, we use Green’s formula in elasticity

/w-e(g) dx+/Div(w)~gdx:/a7v~gda, Ve e HY(Q)2.
Q Q r
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Alternatively, we apply the Riesz representation theorem to define the function f : [0,7] — V
through the following expression

(‘P(t)vg)M:AN¢N(I)'§da+/§Z¢0<t)-gdx, Ve eM.

We also introduce the functional j. : M x M — R defined by

Je((),6) = /F X)) v da Ve M.

To simplify, we define the following bilinear forms
a:MxM—=R, a(d,¢):=(E€(),e(¢))o,
b:MxM—R,b(0,6):=(Ve(D),&(5))o,

for all ¥,¢ € M.
We start by outlining the necessary assumptions required for the mathematical analysis of the
problem.

(H1) The elasticity tensor & = (e;j;) : Q x S* — S? satisfies:

eijkl = €jiki = ekij € L7 (Q),
Fme >0 ejju(x, §) 5l > mel|C)?, VE € S%, Vx e Q.

(H2) The viscosity tensor ¥ = (”//, jkl) :Q x §? — S satisfies:
Viikl = Vjiki = Viij € L™ (Q),
Elm”f/ >0: Vijkl(x7 C)CkCl > my ||C”27 VC € 827 Vx € Q.
(H3) The body forces ¢, surface traction ¢, gap function and initial data enjoy the regularity
1,00 12002 1,00 .72 2
G0 € W' (0,T:12(Q)), gy e W' (0,712 (Tw)’),
>0, wel*T¢), vyeM.
(H4) The normal compliance function y : I'c x R — R, satisfies:

(a) There exists L, > 0 such that |y (x, %) — x (x, %) < Ly [0 — ¥,
Vi, % e Rixely,

(b) (X(xvﬁl —X<x7192)<191 _192) > 07 VXGFC7 Vﬁla% eR.

(¢) x(x,8) =0V <0andx € I'c.

By (H2), there exists a constant 3M,s > 0 such that |a(3,6)| < Mg| O ml|g||s for all ¥, g € M.
(h4)(b) points out that ¥ is monotone with respect to the second variable.

We can now formulate our weak problem. To do so, let ¥ and @ be sufficiently regular
functions satisfying (2.1)-(2.7). Let ¢ € U. We multiply equation (2.2) by (¢ — ©¥(¢)) and
integrate the resulting over Q to get:

/Dzv (o=t dx+/¢0 ¢ — (1)) dx = 0.
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Using Green’s formula, we obtain

[ @)yv-(c=0) da+ [ w0 (5= () d

(2.8)
:/Q (e(S) — (8(1)))dx.
Since I'p, I'y, and I'¢ form a partition of I', considering (2.3)—(2.4) and (2.6), we have
/ o(t )da
= . o(t)v-(c—3(t)) da+ - o(t)v-(c—1(t)) da
N ~- _
+ . ot)v-(g—0(t)) da
‘ (2.9)
=) 01()- (6 =) da+t | (@:(t) +@y(1)v)- (¢~ (1)) da
= [ 00 (s =0 da+ [ @e(r)- (50~ V:(1) da
I'n JIc _
-0
+ L @y (t)(gv — Ov(1)) da.
Considering the contact condition (2.7), we have
@ (1) (6= B (1)) = (@(0)+ 1 (9 (1)) (v =)
>0
+ (@v(1) + x (Vv (1)) (= By (1)) —x (Dv (1)) (v — By (1)) ae. onl.
=0
Thus @y (1) (gy — Vv (t)) > —x (Vv (1)) (6y — By (t)), which yields
L Oy () (v — Ov(t))da > — FCX (B (1)) (v — D (2)) da. (2.10)

Combining (2.8) and (2.9) with (2.10), we deduce that
J,@0)-(e(6) e @) dxt [ 2 (20(0)) (50— 0v(0)) da

> [ owto)- (6= da+/¢0 (c— D)) dx.

Finally, we obtain the variational formulation of Problem (P) as follows.
Problem (PV) : Find a displacement field © : Q x (0,7) — R? and a stress field @ : Q x
(0,T) — S? such that, for a.e. t € (0,T) and for all ¢ € M,

a(B(1),¢ = 0(1)) +b(D(1),6 = B(t)) + je((1), 6 = V(1)) = (9(1), 6 — (1)),

o(t)="7e(d()) +Ee(V()),
B (x,0) = .
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3. AN EXISTENCE AND UNIQUENESS RESULT

Indeed, the existence and uniqueness of Problem (PV) was established in [33, 34, 35] by
using a surjectivity theorem and monotonicity arguments. However, in this paper, we recall the
unique solvability result for Problem (PV) and give an alternative proof of the existence and
uniqueness of Problem (PV). More precisely, we apply Banach fixed point theorem together
with Lax-Milgram theorem to obtain the desired conclusion.

Theorem 3.1. Under the assumptions (HI)-(H4), Problem (PV) admits a unique solution,
which adheres to the following regularity conditions: ¥ € W>*(0,T;M) and @ € W>>(0,T; Q).

The proof of Theorem 3.1 is structured in several steps, utilizing variational inequalities and
the Banach fixed-point theorem. Given A € W17°°(O, T; M), we consider the following auxiliary
variational problem.

Problem (PVOX) : Find a displacement field 9, : Q x (0,T) — R?, for all t € [0, 7] and
¢ € M such that

a(B(1),6 = 02.(1)) + (D2 (1), = 92.(1)) + (A (1), 6 = B2, (1) I
> (9(1),6 = 04 (1))m,
191 (x,O) = 190.

Lemma 3.1. A unique solution ¥ for Problem (PVOX) can be found, and it is such that
¥y, € W2=(0,T;M).

(3.1)

Proof. We proceed by introducing an auxiliary function and the Riesz representation theorem.
For almost every ¢ € [0,T], we define ¢, () € M such that

(92.(2),6 = O (1))yy = (9(2), 6 = O 1))y — (A1), 6 = On(1))py, VG EM.
This definition ensures that the right-hand side of the variational formulation can be written in
a compact form. Consequently, inequality (3.1) can be rewritten as

a(Bp(1),6 = 02(1) +b(D(t),6 = 02.(¢)) = ($2.(8),6 — Bp (1))
Under assumption (H1), one sees that a(-,-) is continuous. Moreover, by assumption (H2),
b(-,-) is continuous and coercive. Since A € W*(0,7;M) and ¢ € W!=(0,T;M), it follows
that ¢, € W'=(0,T;M). Finally, by applying [28, Corollary 4.4], we deduce that Problem

(PVOX) admits a unique solution. O
In the second step, we define the @ : W17°°(0, T:M) — W1*°°(0, T;M) by
(PA(2),6)p := Je (Va(1),6), V6 €M, 1 €[0,T]. (3.2)

We proceed with the following fixed-point result.
Lemma 3.2. The operator ® has a unique fixed point A* € W1=(0,T;M).
Proof. Let A1, 2, € W'>(0,T;M). From hypothses (H4) and (3.2), we can see that
[DAL (1) — @A (1) ||y < Lycd || O, (1) — B, (1)), - (3.3)
Employing (3.1) and performing algebraic manipulations, we obtain
a (O, () = 07, (1), 0, (1) — Dy, (1))
< b (D, (1) = Dy, (1), 09, (1) = D, (1) + (A (1) = Aa(t), By, (1) — By, (1)), V2 E[0,T].
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Based on assumptions (H1), it follows that

s 830(0) — 92, ()13 < 2 (b (83,(0) 03, (1), B, 6) — 83, (0)))

(3.4)
+1121(8) = 22(0) lay [| 92, (1) = B, (1) -
Starting from inequality (3.4), we integrate both sides over the interval [0,7]. Thus
t t d 1
me | 192,(9) = 02, 0 Frds < [0 (b(03,(9) = 92, 5). 83,(9) — 0, (5))) ds
+ [ 1) = 2206) g [92205) = 3,5 0
Using the fundamental theorem of calculus, it follows that
! 1
mg/o 192, (5) = B, ()l s < Sb(03,(1) = 03, (1), B, (1) = B, (1)
1
—55(92,(0) = 9, (0), 92, (0) = 9, (0))
+ [ 1) = 2206) g [92205) = 2,5 s
Since ¥, (0) = ¥, (0) = B, we have ¥,,(0) — 9, (0) = 0. Therefore,
b(D2,(0) — 97, (0),9,(0) — 9, (0)) =0.
Hence,
1
Eb(l%(f)—ﬁzl(f)ﬂ%( — B, (1) / 121(s) = 22(8) 1157 || B2, (5) — D, (5)]] 45

Using the continuity and coercivity of the operator b, there exists a positive constant ¢ > 0 such
that

t
19, (1) = 02, (1) 34 < C/o 121.(s) = A2(5)lag [| 92, (5) = B, ()|, ds
Finally, by applying the Cauchy—Schwarz inequality, we deduce
t 2 t
19300 00, Ol < ¢ [ 10,060 0,6yt [ 1 6) ~ o) .
Applying Gronwall’s lemma, it turns out
t
1920 = 02, () < [ 12a(5) = Aol . (5
By integrating (3.3) and (3.5), we infer that
t
|PAL (1) — DPA(2)][,, < C/O |1A2(s) — A1 (s)||mds, Vre€[0,T].

Reiterating this inequality n times leads to

|41 () — D" A2(2)][,, < o1 /f |A2(s) — A1 (s)||pds.

This indicates that, for sufficiently large n with < T < 1, operator @”" acts as a contraction map

on W!=(0,T;M). Consequently, there exists a umque A* € Wh=(0,T; M) such that ®"A* = 1%,
making A* the unique fixed point of &. U
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We are now prepared to prove the theorem.

Proof of Theorem 3.1. Existence. Let A* € W1’°°(O, T;M) be the unique fixed point of ®, and
let ¥+ be the unique solution to Problem (PVOX) with A = A*. It can observe that ¥, is
a solution to Problem (PV). In fact, defining @*(t) = ¥'& (4*(t)) + &€ (9*(¢)) and useing
(3.2) as well as ®(A*) = A%, it follows that (3*,®@*) € W>>(0,T;M) x W>*(0,T; Q) satisfies
Problem (PV).

Uniqueness. The uniqueness aspect of Theorem 3.1 is established through reasoning akin to

that found in [29]. It directly results from the uniqueness of the fixed point of the operator P,
as described in (3.2). ]

4. DEEP NEURAL NETWORK FOR DISCRETE OPTIMIZATION PROBLEM

In this section, we introduce a deep learning framework designed to address the contact
problem discussed earlier. Our method features two key components:

1) A neural network architecture for defining the objective function;
ii) A loss function derived from the contact problem.

The objective is to train a deep neural network ¥y (x) to approximate the displacement field
¥ (x) across all x in Q, where ¢ denotes the trainable parameters of the network, including
weights and biases. The architecture of the model consists of a neural network with ten fully
connected layers, each followed by a LeakyReLLU activation function, specified as:

x ifx >0,
ﬁ(X)={

ax ifx<O0.

In this function, a is a small positive constant, with @ = 0.1 being used by default.

Input: The model handles two-dimensional data, typically represented as a 3-dimensional vec-
tor (x1 ,)Cz,t).

Hidden Layers: Each fully connected hidden layer comprises 64 neurons and is followed by a
LeakyReLU activation function with a slope coefficient of 0.1.

Output Layer: The final dense layer contains 2 output neurons, which generate the model’s
final outputs 19(}, and 19(%.

We consider the time interval [0, T] partitioned into points 0 < 7y < 1} < --- <ty = T, with
step sizes denoted by 8t,, =t, —t,_; forn=1,2,...,N. For the sequence {ﬁn}flvzo, we define
50, = 2t

The semi-discrete approximation method via using the backward Euler scheme is given by:
Problem (PVD) : Find a a sequence {0,} such that, forall ¢ € V,

a(ﬁn: Q - ﬁn) +b(519n7 Q - ﬁn) +jc(19n; Q - ﬁn) Z (¢m Q - ﬁn)Ma
Oy (x) = Dy,
where ¢, = ¢ (¢,).

According to the research in [23, 24], we reformulate the problem as a minimization problem
by incorporating two Lagrange multipliers. Specifically, the problem is expressed as

. 1 , -
min E(5) = 5a(5.6) + je(6:) ~ (B O+ [ IsPdx+an [ max(0,6—m)dx,
ceH'(Q) 2 Tp Tc
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with | |
a(g:) = al§,6) + 5-b(6,6). (@,6)m=(9,6)+ 5, 0(n1,).

Additionally, a; and o, represent the weights associated with the Lagrange multipliers. To
address the problem described, we employ deep neural networks as follows:

1 ~
minL(g) = 5a(0%,9%)+ (8%, 9) (3.0 +on | [8°dx
I'p

+op | max(0,8) — ) dx.
I'c

We then present the discrete version of L as ming L(¢) = Lnain(¢) + f,lagrange(q)), where

No No
(éag(ﬁiq))) (19(’)) ZSNQZ("Vg(ﬁ;”))-g(ﬁ;P)

1 My

1 Ng
o3R8 000 B 0v-07) 3 ov-0),
and ) — X "
Llagrange((P) = alN_D Z ||19i(pH + aZN_C Z max (0, 0\?,1’ —7),
i=1 i=1

where 19;’) denotes the value at the i-th sampled point, and Ng, Np, Ny, Nc¢ represent the num-
ber of sampled points in the domain €2, and on the boundaries I'p, I'y, and I'¢, respectively.
Furthermore, 193) indicates the outward normal component.

5. NUMERICAL SIMULATIONS AND EXPERIMENTS

In this section, we illustrate the effectiveness and precision of the proposed method using a
numerical example. We examine a two-dimensional rectangular domain Q = (0,2) x (0, 1) with
the boundaries

Ip={0}x[0,1], Tc=[0,2]>x{0}, Iy=[0,2]>x{1}u{2}x][0,1].
The function y/(-) is defined as x(r) = cy[r]", where ¢, = 10 GPa is the stiffness coefficient of
the foundation. The elasticity tensor operator & is given by
E x«x
1—«x2 1+ K
where the Young’s modulus E = 1000 N /m? and the Poisson’s ratio of the material k = 0.4.
The viscosity tensor operator ¥ is given by

(’7/1'),']' = .ul(Tll +T22)5,~j+u2*c,-j, 1<i,j<2, Vre Sz.

(&71)ij = (T11 4+ 12)8; + —— ZTijs 1<i,j<2, vVre$?

The material constants ; = 0.25 and pp = 0.5 are parameters that characterize the viscoelastic
behavior of the material. The volumetric and surface forces are

(0,—10t)N/m?> on [0,2] x {1},
(0,0) N/m? on {2} x [0,1].

The following figure shows the body at time r = 0 without any applied forces. Figures 3(a)
and 3(b) show the deformed configuration and the distribution of the Von Mises effective stress

¢o = (0,0)N/m*, ¢y = {
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att = 0.1 and w = 0.05, respectively. The deformed configuration reflects the global displace-
ment predicted by the Kelvin—Voigt model, where both elastic and viscous effects contribute to
the deformation. The Von Mises stress distribution highlights localized stress concentrations,
especially near the boundary and contact regions. These results are consistent with the unilat-
eral contact formulation, showing how the model captures the interaction between deformation
and stress transmission in the body. Figures 4(a) and 4(b) depict the distribution of normal
displacements and normal stresses in the contact region at t = 0.1 and 7 = 0.05, respectively.
Figures 4(a) and 4(b) illustrate the evolution along the contact boundary I'c.

The normal displacements decrease monotonically, indicating progressive compression of the
body against the foundation. The normal stresses are predominantly negative, showing that the
contact is mainly compressive, consistent with unilateral contact conditions. Some oscillations
in the stress distribution reflect local variations in the contact response and numerical effects.
Overall, the results are physically consistent with a frictionless contact model under increasing
loading.

We will conduct a second simulation at t = 0.5 and 7 = 0.1. Figures 5(a) and 5(b) illustrate
the deformed configuration and the distribution of the Von Mises effective stress. In comparison,
Figures 6(a) and 6(b) highlight the distribution of normal displacements and normal stresses on
I'c.
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FIGURE 5. (a) Deformed configuration. (b) Deformed configuration with Von
Mises effective stress distribution.
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Figures 5(a) and 5(b) show a deformed configuration with predominantly negative displace-
ments (ranging from —56 to 8) and localized von Mises stress concentrations, indicating locally
nonlinear mechanical behavior. Figures 6(a) and 6(b) specify, on the interface I'c, normal
displacements ranging from —60 to —10 and essentially negative normal stresses, signifying
dominant compression with a few local tensile points. Together, these results reveal a strong



MATHEMATICAL AND NUMERICAL SIMULATION 939

interaction between deformation and stress at the interface, typical of contact problems or initial
gap loading.

6. CONCLUSION

In this research, we examined a quasi-static unilateral contact problem without friction. We
started by formulating its weak formulation and demonstrating its unique solvability. Subse-
quently, we established that this weak formulation can be represented as a minimization prob-
lem. Utilizing this minimization problem, we constructed a deep learning framework to solve
the contact issue. Numerical tests confirm the efficacy and precision of our method.

Our approach is advantageous as it is unsupervised, does not require a mesh, and is easy
to implement. It shows potential for addressing more complex contact scenarios, and we aim
to explore additional contact problems in future studies. A limitation of our approach is the
need to retrain the deep neural networks for different elastic and viscoelastic layer thicknesses.
Although transfer learning can speed up training, it remains time-consuming and requires sub-
stantial fine-tuning.

In future research, we plan to compare our method with other well-established techniques,
such as finite element methods, and evaluate algorithms like augmented Lagrangian, penaliza-
tion, and ADMM.
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