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Abstract. By developing a method of Lieb’s compactness Theorem with refined ernergy estimation,
we overcome the lack of translation invariance and establish existence of ground states. Our unified
approach handles both subcritical and doubly critical cases under nonsymmetric perturbations.
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1. INTRODUCTION

In this paper, we investigate the following problem

—Apu+ (—A)u= F(x)|u)%u, xe R, (2)
where N >p>1,0<s <1, pf <r<p* with p} = N’il\;”, pr= Af’TNp denoting the fractional

Sobolev critical exponent and the classical Sobolev critical exponent, respectively. The pertur-
bation function is nonsymmetric and satisfies

(F)) 1£F € C(RY)NL>(RY) and
l= lim F(x)= inf F(x).

x| =0 xCRN
To analyze equation (%), we introduce some standard notation: the p-Laplacian is defined as
—Apu = —div(|Vu|P~2Vu), and the fractional p-Laplacian (—A)3,, up to a normalization factor,
is given for u € C3(RY) by

(—A)pu(x) =2 lim Ju(x) —u(y) [P~ (u(x) —u(y))

dy, xeRY,
p =0T JRN\ B, (x) |x — y|N+ps 4

where B¢ (x) denotes the open ball of radius € centered at x.
In recent years, there has been growing interest in nonlinear problems involving the mixed
type operators —A, + (—A);,, particularly in relation to optimal animal foraging patterns (see
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[13]). It is worth emphasizing that significant progress has been made in several key areas, in-
cluding the local behavior of mixed local and nonlocal problems [11], global gradient estimates
[4], the Brezis—Oswald approach for mixed operators [5], and regularity properties of mixed
local and nonlocal elliptic equations [29]. In [27], the authors dealt with the following equation
involving local and nonlocal operators

—Apu+ (—A)pu=Aul +u", inQ,
u(x) >0, in Q,
u(x) =0, inRV\ Q,

where Q C R" is a bounded smooth domain, s € (0,1),2 < p<,0<g(p) <p—1<r(p) <o
and 0 < A, < . They obtained existence and global uniform explicit boundedness results for
weak solutions. Silva, Fiscella, and Viloria [28] extended the results of [27] to the critical case.
Specifically, they considered the problem

—Apu+ (—A)pu= Aud2u+u” 2u, inQ,
u(x) =0, inRV\ Q,

where Q C R is a bounded open set with smooth boundary, N > 2,5 € (0,1),1 < p<N,q €
(1,p*),A >0, and p* = NN—_’;. By combining variational methods with topological techniques
such as Krasnoselskii genus and Lusternik—Schnirelman category theory, they analyzed three
different scenarios depending on the exponent g. From a mathematical perspective, this operator
poses a particularly striking challenge because of the interplay between its nonlocal nature and

the lack of scaling invariance. When s = 0, p = 2, equation () reduces to
—Au+u=F(x)|u|u, xeR", ()

where N >2and2 <r<2* = ]% Prior research on this equation includes contributions from
Berestycki-Lions [6], Bahri-Lions [3], and Mederski [19]. A significant challenge in this prob-
lem arises from the unboundedness of RY, which prevents the compact embedding of H'(R")
into LP(R"). Weinstein [30] explored the existence of a positive ground state solution for equa-
tion () with F(x) = 1. When F(x) is radially symmetric, the problem can be restricted to
the radial Sobolev space, where the compact embedding H! ,(RY) < LP(R") holds. In this
setting, Nehari [21], Strauss [26], and Berestycki-Lions [7] proved that equation (.%’) possesses
infinitely many solutions. When F(x) is G-invariant under some group action, Mederski [19]
introduced a refined version of Lions’ lemma and established the existence of solutions. How-
ever, these methods do not directly apply when F(x) is neither radial nor symmetry-invariant.
To address such cases, Lions [18] developed the celebrated concentration-compactness princi-
ple, which was subsequently used to prove the existence of a positive solution for equation (.*)
under the following condition:
(F2) 1= lim F(x)=inf g~ F(x).
|x|—-o0

Ding and Ni [12] and Willem [31, Section 1.8] explored the existence of solutions for equation
(-¢) under condition (Fj). Zhu [32] further established the existence of sign-changing solutions
for N > 5, assuming that F satisfies (F») together with an additional condition. For further
related results, we refer to [1, 9, 10, 14, 20, 23, 24, 25].
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Despite significant advances in the study of mixed-operator equations [27, 28], several key
challenges remain unresolved. The seminal works of [27] and [28] established existence results
for mixed operators, but their methods rely heavily on bounded domains or subcritical nonlin-
earities, leaving the case of double critical exponents—where fractional Sobolev and classical
Sobolev criticalities coexist—untouched. Although Ding-Ni [12] and Zhu [32] made progress
in dealing with nonsymmetric perturbations of local operators, their techniques have not yet
been extended to the mixed-operators framework, owing to the inherent tension between local
and nonlocal scaling behaviors.

Prior works leave three fundamental questions unresolved: (i) Can existence results be ex-
tended to the doubly critical case? (ii) What techniques can handle the fractioanl Sobolev and
classical Sobolev critical exponents? (iii) How does a nonsymmetric perturbation affect the
solution structure?

The present work provides positive answers to all three questions. We highlight the main
challenges of our problem as follows. Although r lies in the subcritical range, the energy func-
tional fails to satisfy the (PS). condition due to the nonsymmetric perturbation F. Moreover,
the simultaneous presence of local and nonlocal operators further complicates the compactness
analysis. Having identified the key challenges posed by nonsymmetric perturbations, we now
present the first existence result in the subcritical regime.

Theorem 1.1. Under the assumptions N > p > 1,0 < s < 1, pi <r < p*, and (F}), equation
(Z?) admits a ground state solution.

Remark 1.1. The nonlocal nature of the fractional p-Laplacian brings considerable complexity
to our analysis. Unlike its classical counterpart, this operator requires sophisticated techni-
cal treatment due to the interplay between nonlinearity and nonlocality, which presents both
challenges and opportunities in our investigation. Moreover, under condition (F}), translation
invariance is lost. To overcome this difficulty, we combine Lieb’s compactness theorem with
Lemma 3.6 to recover (PS), condition.

Based on the existence result established in Theorem 1.1 for the single-nonlinearity case, we
now turn to the more complex scenario involving combined nonlinearities.

—Apu+ (=A)pu = F () ul " u+F (x)[ul*u, x € RY, (DP)
where N >p>1,0<s<1,and p; <r<g<p*.

Our second main result is as follows.

Theorem 1.2. Under the assumptions N > p > 1,0<s< 1, pi <r<gq< p*, and (F}), equation
(DZ?) admits a ground state solution.

We extend our method to the more challenging critical case and focus on the following prob-
lem involving both fractional Sobolev and classical Sobolev critical exponents:

—Apu+ (—A)Su = F(x)|ulP* “2u+F (x)|ul” ~2u+ AF (x)|u]""%u, x € RV, (%)

where A > 0 is a parameter.

This leads to our final existence result, which extends the previous theorems to the critical
case while addressing the structural challenges posed by the double critical terms and the lack
of symmetry.
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Theorem 1.3. Under the assumptions N > p > 1,0 <s <1, p; <r < p*, and (F1), there exists
e (0,+o0) such that, for every A > A, equation (€') admits a ground state solution.

Remark 1.2. To the best of our knowledge, ground state solutions for mixed p-Laplacian and
fractional p-Laplacian equations involving double critical Sobolev exponents remain largely
unexplored. The presence of double critical exponents renders this problem particularly chal-
lenging. We introduce an innovative strategy for verifying the (PS). condition. This method
combines the generalized Lieb compactness theorem (Lemma 5.1) with analytical techniques
(Lemma 5.4).

Remark 1.3. In response to the three questions posed in Section 1, our work provides: (i) We
establish the existence of ground state solutions for problems involving both the fractional
Sobolev critical exponent p; and the classical Sobolev critical exponent p*, thereby extending
previous results that were limited to subcritical or single-critial nonlinearities. (ii) To handle the
coexistence of two critical exponents and the doubly nonlocal nature of the operator, we intro-
duce a generalized Lieb compactness theorem (Lemma 5.1) and new scaling functions adapted
to the fractional setting. These tools allow us to recover compactness and verify the (PS). con-
dition below a sharp threshold. (iii) The perturbation F affects the solution structure mainly
through the energy threshold, but the mountain pass geometry and Nehari manifold method
remain effective.

This paper is organized as follows: In Section 2, we give some preliminaries and key in-
equalities. Section 3 proves Lieb’s compactness Theorem via two different approaches and
establishes Theorem 1.1 concerning the existence of a ground state solution to (7). Section 4
is devoted to Theorem 1.2, and Section 5 completes the proof of Theorem 1.3. The Appendix
contains supplementary proofs.

2. PRELIMINARIES

The homogeneous fractional Sobolev space D*?(RY) is defined as the completion of C>(RV)
with respect to the seminorm

|P

The homogeneous Sobolev space D'? (RN ) is defined with the seminorm

gy = [, IVl

The mixed Sobolev space X is defined as the completion of C7° (]RN ) under the seminorm

p
p . p |
lull2 = /RN’V“’ a’x+/ /sz o y‘Nﬂ” dxdy.

The weak solutions of (#?) corresponds to critical points of the associated energy functional
I : X — R defined by

1 |P 1
. Vyul?P r
I(u) == (/N\ ul dx+/ /N | y|N s dx dy) r/NF(x)\u\ dx.
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The Fréchet derivative I’ (u) is given by

Ju(x) —u(y) P> (u(x) —u() (9(x) — 0(»))
/RN/RN dxdy

e —y|Vees

—i—/ |Vu|p_2Vu-V(pdx—/ F(x)|u]" 2u@dx,
RN RN
where ¢ € X.
We also consider the minimization problem (see [17, 18])
_ oI 5
Sp:= inf ———=2——. 2.1)
ueX\{0} ([ \u|rdx)
Next, we present the inequalities that are crucial in the proof.

Lemma 2.1. (see [16, Refined Sobolev inequality with the Morrey norm]) For N > p > 1, there
exists C > 0 such that for any 1, ¥ satisfying

—*<l<1, 1<19<p*,
p
the following inequality holds for every u € DVP(RN):

1
* [7*
p < l 1—1
(ol ) < Clulao bl e,

Lemma 2.2. (see [22]) Let s € (0,1] and N > ps. Then there exists a constant Ss > 0 such that,
for any u € DSP(RY),

u”ipf(RN) < SS_IHMHDAP RN)
3. SUBCRITICAL CASE

In this section, we prove the existence of a ground state solution for equation (Z?) under the
assumptions of Theorem 1.1. The proof is divided into several steps.

3.1. Lieb’s compactness theorem.

Lemma 3.1. (Lieb’s compactness Theorem) Let T € (p},p*) and let {u,} be a bounded se-
quence in X. If lim 0 [ [un|"dx > O, then there exists {z,} C RY such that ity = u,(x+z,) —

i#0,in Lf (RN) Moreover; if {z,} is bounded, then u, — u %0, in LY _(RV).
Our proof is based on the following refined Sobolev type inequality.
Lemma 3.2. Let T € (p},p*). Then, forallu € X,

i—p

ultdx <C su/ ultdx ul|%,
[ <n§ [ ) Jul

where C is a positive constant independent of u.

Proof. While related to [31, Lemma 1.21], our method introduces key modifications. For u € X
and 7 € (p}, p*), the Sobolev embedding theorem yields

P »
Tdx < / VulPd +/ / Ju() —ut)I” ;- d) .
/B(Z71)|u| x < ( |Vul? dx R . ‘x y|N+ps y
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Using the above inequality, we obtain
i—p

/ |u|* dx
B(z,1)
G =
= (/ ]u\fdx) (/ |u|de>
B(z,1) B(z,1)
I—p
<C (/ |Vu| pdx+/ / dedy) (/ ]u!fdx) '
B(z,1) B(z,1) JB(z1) | —y|N P B(z,1)

Using a covering of RY with unit balls such that each point of R" is contained in at most N + 1
balls, we derive

—p
T

far<Cswp [ juld 4
[ ufdx <n§ nz ) Jut

Proof of Lemma 3.1. The boundedness of {u,} in X allows us to select a subsequence such that

O

Uy = uin X, u, » uae. inRY u, — uin LT (RV),
forany 7 € (pi, p*). Because ligll Sz [un|*dx >0, Lemma 3.2 implies that for sufficiently large
n—o0

n, there exists C > 0 such that sup cgn [g, 1 [1n|"dx = C > 0. Since {u,} is bounded in X and
X < L7(RY), we observe that

sup |u,,]fdx</ lup|*dx < C.
Zz€RN JB(z,1) RN

Therefore, there exists Cy such that Cy < sup,cpn fB ) lup|*dx < Cy I, According to above
inequality, there exists {z,} C R" such that
C
/ |un|*dx > sup lup|*dx— — > C; > 0.
B(zn.1) 2eRV /B(z.1) 2n
Set ity := un(x +2zn). Then ||y |[x = ||un[lx and [gg 1 || dx > C1 > 0. Up to a subsequence,

there exists it such that iz, — it in X, i1, — @7 a.e. in RN Using the embedding X — L[ (RM) is
compact, we derive that i # 0. If {zn} is bounded, there exists C > 0 such that B(z,, 1) C B(0,C)

and
/ \unyfdx>/ up|Fdx > Cy > 0.
B(0,C) B(z4,1)
This implies that u # 0. O

3.2. (PS) condition. We set

;gft:}épl]l(ﬂ )) >0 and T':= {y € C([0,1],X)|¥(0) = 0,I(¥(1)) < 0}.

The Nehari manifold for (%) is defined as A4 := {u € X\{0}|(/'(u),u) = 0}, and we denote

¢:= inf I(u), ¢:= inf supl(z
ueN ( ) ueX\{0} [>g ( )

Lemma 3.3. Under the hypotheses of Theorem 1.1, the following statements hold.

(1) The energy functional I satisfies the mountain pass geometry.
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(2) For every u € X\ {0}, there exists a unique t, > 0 such that t,u € A and I(t,u) =

max[(tu).
>0

(3) ¢>0.

(4) c=c=c.

(5) Ifu € A and I(u) = c, then u is a ground state solution.

Proof. The proof follows standard arguments. Full details are provided in the Appendix for
completeness. 0

It follows from the Mountain Pass Theorem [2] and Lemma 3.3 that there exists a (PS).
sequence with
I(u,) — ¢, and (I'(u,), @) — 0, as n — oo,

for every ¢ € X.
Lemma 3.4. Let {u,} be a (PS). sequence at level ¢ € (0,c*). Then, {uy} is bounded in X.

Proof. Let {u,} be a (PS). sequence at level ¢ € (0,c*). Then,
1 I 1
e+ 1ko(1) 1)~ L0 un)n) = (1) Julf,

which shows that {u,} is bounded in X. O

Lemma 3.5. Under the hypotheses of Theorem 1.1, it holds that ¢ < ¢* := (% — %) =P,

Proof. Let v be a minimizer of S, defined in (2.1). From condition (F}), we deduce that

/ F(x)]v]rdx>/ lv|"dx.
RN RN

LT ,
hr(t)—;HvHX——/RNF(x)\v\ dx, 130

r

Define the function

Direct calculation shows
Bty =P ]| — ! /RNF(X)WX.
Hence there exists a unique positive critical point
1
Ivll% ] T
)

= |—"v3—r
' {IRNF(X)IVI’dx
and 4, attains its maximum at ¢ = ¢, with

_r_

11 V1%
he(ty)=|——— < ,,) .
(p r> (frn F (x) V] dx) "

According to (2.1), we conclude that

_r_

¢ <max/(tv) <maxh,(t) = h.(t,) < (l _ l) [( Iv[I% ] —p

1>0 >0 p T S V|7 dx)

=S



948 J. YANG, H. CHEN
Therefore ¢ < ¢*. O
Lemma 3.6. The functional I satisfies the (PS). condition if ¢ € (0,c*).

Proof. Let {u,} C X be a (PS). sequence, i.e., I(u,) — ¢, I'(uy) — 0 in X*. By Lemma 3.4,
one sees that {u, } is bounded in X. Moreover, from

1 I 1

e+ ol1) = 1) = 1 ) = (3= 1)

we have |Ju,||% — 75 > 0. Hence 1i_r>n Jgn F(x)|un|"dx > 0. By F € L™(RY), we deduce that
n—roco
0<lim [ F(lu"dr< ||F||Lm(RN)lirgi£f/RN |7,
which yields liminf [y [u,|"dx > 0. It follows from Lemma 3.1 that there exists {z,} C RY and
n—yoo
a function # € X such that, after passing to a subsequence,
iy = up(x+2,) = @ Z0, in L (RY).

and

/ \ﬁn]rdx:/ \up|"dx = C >0, for all n.

B(0,1) Zn,1)

o/8)

Define the functional
_ 1 1
Han) = |l [ Ptz dx

Then, as n — +oo, I(it,) = I(u,) — c. For all ¢ € X, set @, = @(x —z,). Then, | @,||x = ||®]x.
and

T (n), @)| = [(I' (ttn), @u) | < NI () |51 | @l x = 0 (1) ][ @]l
This yields
I'(it,) — 0. (3.1)

This indicates that {i,} is a (PS). sequence of /. In order to show that {z,} is bounded in RY,
we suppose on the contrary that |z,| — +o0 as n — +oo. Obviously, for any ¢ € X,

/F(x+zn)|ﬁn|r_2ﬂn(pdx:/ |ﬁn|’_2ﬁn(pdx—|—0n(1), as n — oo, (3.2)
RN RN

since

PGz = .t gldx

< (/RN[F(erzn) - 1]\ﬂn|’dx> v (/RN[F(ijzn) — 1]|(p|’dx)l

7

<C (/N[F(x+zn)—1]\(p\rdx> — 0, as n — H-oo.
R

It follows from iz, — i weakly in X, (3.1)-(3.2) that (I’ (i1,), @) = (I.,(i1), 9) = 0, which implies
that i is a nontrivial weak solution of the limit equation

—Apu+ (—A)u= u|"2u, xe R, (Seo)
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and the functional is

1 1
=t [ e
W)lﬂﬂx - Jy 171

In particular, i € A% (the Nehari manifold for I.) and /(i) > 0.

Now, we compute the energy level. From I(it,) — ¢ and (I’ (i1,), i1,) — 0, we have

c:nm(n%y—hfm@ﬂ@):(l—l)hm F(x+2z,)|it,| dx.

n—oo r p ] n—oo JRN

Since F' > 1, it follows that

1 1
c> (———>liminf |itn|"dx.
RN

p r) noe

Because it, — i in L], (R"), by Fatou’s lemma,

liminf |ﬁn|rdx2/ |i|"dx.
RN RN

n—yoo

1 1
> (———)/ ) dx = Lo(i) > co,
p r/)JrRN

where c., denotes the mountain pass level (or the least energy) for I.. A standard computation
(similar to Lemma 3.5 with F = 1) gives

1 1\ =
Coo = (———> i =c".
p o r

But Lemma 3.5 tells us that ¢ < ¢*. Hence we obtain ¢ > ¢*, a contradiction. Therefore {z,}
must be bounded. By using Lemma 3.1 again, up to a subsequence, we have u,(x) — u Z 0, in
L .(RN). We prove u, — u in X by demostrating /(«) = ¢. From u, — u # 0 in X, we know

(I'(un), @) = (I'(w), @) +o(1)

Then u € 4. From Brezis-Lieb Lemma [8], we infer that

11 11
= === ) llull% < (=== ) lim [[u,] /%
pr p r)noe

= lim I(u,) — ! Lim (I’ (uy,), uy, )

n—yoo r n—o

Thus

:C’

This shows /() = ¢ and lim ||u,||§ = |Ju]|%. Consequently, we obtain the required conclusion.
n—oo
U

Proof of Theorem 1.1. By Lemmas 3.3-3.6, we obtain the desired result. The proof is complete.
0
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4. COMBINED NONLINEARITIES

This section establishes Theorem 1.2 regarding the existence of a ground state to (D 7). The
corresponding energy functional £ : X — R is defined by

1
o p
E(u) = (/RN’W dx+/ /RN o y|N+pg L i dy)

L[ a1 [ Felas

The Fréchet derivative E’(u ) is given by
p—2 _ _
o= [ [ MO ) 09 =00 5,
RN JRN

|x y|N+ps

—|—/ IVulP~2Vu- V(pdx—/ F(x)|u|’_2u(pdx—/ F(x)|u)?*uqdx,
RN RN RN
for any @ € X.
Define the mountain pass level cp := infyersup,cjo 1) E(¥(7)), where
= {ye([0,1],X) | 7(0) =0, E(¥(1)) < 0}.
The Nehari manifold for (D.2?) is defined as
A = {u € X\ {0} | (E'(u).) =0},

and we set

cr = inf E cr:= inf supE(t
o= L EW, o= Jal ey SupEm).

Lemma 4.1. Let the assumptions in Theorem 1.2 hold. Then

(1) The functional E satisfies mountain pass geometry.
(2) For any u € X\ {0}, there exists a unique t, > 0 such that t,u € Np and E(t,u) =

max E (tu).
>0
(3) cr > 0.

(4) cr =CF = CF.
(5) If u € N and E(u) = cF, then u is a ground state solution.

Proof. The proof follows analogous arguments to those in Lemma 3.3. 0
Lemma 4.2. Let {u,} C X be a (PS)., sequence at level cp > 0. Then, {u,} is bounded in X.
Proof. Let {u,} be a (PS)., sequence at level cp > 0. It is easy to see that

cr+140(1) SE(uy) — %(E’(un),un)

:(%_%) (/RNW”’de/ /]RN - yINﬂ” i dy>
+(5-1) [ F@lmfas

which shows that {u,} is bounded in X. O
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Lemma 4.3. The functional E satisfies (PS)., condition under cr > 0.

Proof. Step 1. We claim that if lim,,_,e. [pn F (X)|un|?dx = 0, then limy,—seo [pn F (x)|uy|"dx = 0.
From Holder’s inequality and p; < r < g < p*, it follows that

4= ,
/ F(x)lun’rdx § (/ F(x)’un‘p§ d.X) q—Drs (/ F(x)’un‘qu) q—Ds
RN RN oy

*
'—Ps

<C (/RNF(x)|un|qu> T (1),

Similarly, if limy, e [pnv F (x)|un|"dx = 0, we obtain

q—r P —q

/RNF(X>|un|qu< (/RNF(X)Iunl’dx)'m (/RNF(X)Iun!”*dx) s

<C (/RNF(x)\unrdx) = on(1).

Step 2. We prove lim,,_;e. [pn F (X)|un|"dx > 0.

If 1imy—seo [ F (x)|uy|"dx = 0, one sees that cp +o(1) = %||un||§, and o(1) = ||u,||%, which
gives cp = 0. This is contradictory to ¢y > 0. Hence, lim,,_c. [pn F (X)|u,|"dx > 0. Similarly,
we derive that lim, e [gv F (x)|un|9dx > 0. Due to F € L™(RY), we infer that

0<tim [ F)|ul dx< ||Fy|Lm(RN)nlg§o/RN|un|rdx

n—oo JRN
and
1 q 1 q
0<lim [ FQlusf7dr < \yFy\Lw(RN)JgAN\uny dx.
Therefore,

lim |un|"dx >0, lim/ |un|?dx > 0.
n—oo JRN n—oo JRN

Step 3. From Lemma 3.1, there exists {z,} C R" such that i, := u,(x+2z,) — @ #£0, in L] (RV)

and
/ |ﬁn|rdx:/ lun|"dx > C > 0.
B(0,1) B(zn,1)

Note that the functional E lacks translation invariance. We verify that, as n — +oo, E(i,) =
E(uy) — cr and E'(ii,) — 0, where

_ | . 1 - 1 _
E(un):E\|un||§—;/RNF(x+zn)lun| dX—Z]/RNF(x—i—Zn)|un|qu. @.1)
For all ¢ € X, we derive that

[(E" (@tn), @)1 = [(E" (ttn), @) | < [1E" (un) |51 | @]l x = 0 (D) @],

where @, = @(x —z,,) and ||@,||x = ||@||x, which leads to E’(i,) — 0, and {i,} is a (PS).,
sequence of E.
Step 4. We claim that {z,,} is bounded in R

Suppose on the contrary that |z,| — o0 as n — +o0. Consequently,

/ F(x+20) ] 2p dx = / | 2@ dx, as n — oo, 4.2)
RN RN
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and
/ F(x+zn)|ﬂn|q_2b_tn(de - / |ﬂn|q_2ﬁn¢dx7 asn— +°°7 (43)
RN RN
Note that

PGz = it gldx

<( [ Irea)- manrdx)r’l (flrez) - lolrar)

<C (/N[F(x+zn) - 1]|(p|rdx) ' — 0, as n — H-oo.
R

It follows from i1, — i weakly in X, (4.2) and (4.3) that (E’(i1,), @) = (EL(i1), ) = 0, which
implies that i is a weak solution to the following equation

—Apit+ (=A)yi = |a" i+ |al*a, x e RY, (8)

and the corresponding energy functional is

1 1 1
Ew(ﬁ):—\|ﬁ|]§——/ \ﬁ|’dx——/ 4 dx.
p RN q JRN

r

Let ¢ be the ground state energy of E... It follows from (4.1), F(x) > 1, Brezis-Lieb Lemma
[8] and (EL,(i1), @) = O that

11
lim/NF(x+zn)|ﬁn|’dx+ (———> lim | F(x+2,)|itn|9dx
R p

q ) n—e JRN

1
P
11 11
><———) lim/ |t |" dx + (-—-) lim/ |2, |7 dx
p v ) n—o JRN p q ) n—re RN
I 1
)/ i) dx + (———)/ || dx
RN p q RN
1
p
é

which yields a contradiction. Hence {z,} is bounded in R". By using Lemma 3.1 again, up to
a subsequence, we conclude that u,(x) — u % 0, in LT (RV).
Step 5. We show that u,, — u in X.
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From u, — u # 0 in X, it follows that (E'(u,), @) = (E'(u), ®) + o(1), which yields u € A%.
According to Brezis-Lieb Lemma [8], we infer that

cr < E(u) =E(u) — —(E'(u),u)
r
1 1 1 1
(=D wig (2-1) [ Feuas
1 1Y\ .. 1
< (———) lim [uy |5 + (———) lim F(x)|un|? dx
p 7 ) n—oo r gq)n—eJRN
anl_{{)loE(un) - ;}EQKE (4n ), tn)
=Cr,
which leads to E(u) = cp and limy,— ||, ||% = ||u||%. Then, the proof is complete. O

Proof of Theorem 1.2. We can obtain the desired result by Lemmas 4.1-4.3. The proof is com-
plete. 0

5. CRITICAL CASE

Theorem 1.3 is proved in this section by combining the generalized Lieb compactness theo-
rem (Lemma 5.1) with an analytical method (Lemma 5.4).

5.1. Generalization of Lieb’s compactness Theorem. A measurable function u : RY — R
belongs to the Morrey space .#7®(R") with norm [ull_zp.0 @), Where p € [1,00) and @ €
(0,N], if and only if

Il oy = sup BTV [ ju(y)|Pdy <o,
AP (RY) R>0,xcRN B(x,R)

as introduced in [15].
The choice T = p* or T = pj is not admissible in Lemma 2.1. This motivates the following
generalized version of Lieb’s compactness theorem.

Lemma 5.1. Let t € (p},p*), and let {u,} be a bounded sequence in X. Suppose that

lim [ |uy|P dx>0and lim/ | |P” dx > 0.
n—eo JRN n—eo JRN

Then there exists a sequence {z,} C RN such that it,(x) := un(x+z,) — @@ 2 0 in LL_(RN).
Furthermore, if {z,} is bounded, then u, — u # 0 in LT, _(RV).

loc

Proof. We divide this proof into three steps.
Step 1. Since {u,} C X is a bounded sequence, up to a subsequence, we assume

Uy = uinX, u, - uae. inRY, u, — uin LL (RY),

for any T € (p!, p*). It follows from Lemma 2.1 and lim, e [gv |#,|?” dx > O that there exists
C > 0 such that ||us||_pn-p@n) = C > 0. We have the continuous embeddings

X < D'"P(RY) — L7 (RN) — PN -P(RV).
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Consequently, |[un || z»x-pwv) < C. Thus there exists a constant Co > 0, independent of 7, such

that Cy < ||un||_ypn- P(RN) S C . Due to this inequality, we infer that there exist ¢, > 0 and
zn € RY such that

_ 1 Gy

P P >0

L B O G0

where the last inequality holds for sufficiently large n.
Step 2. We first show that {0, } is bounded. Suppose, for contradiction, that o, — oo (up

to a subsequence). By the boundedness of {u,}, one has 0 < lim, e [gv |un|?* dy < C. Since
N>p>lands e (0,1), we derive that

—p+N(l—p£) <0. (5.2)

N

Using (5.1), Holder’s inequality, and (5.2), we get

C
0<F<0,” [ jmIrdy
2 B(chn)

(f, mowriar)’
B(zn,0n)

— 0, as n — oo,

Pi—p

N _ ¥
go-,;f’( N lG,?’) s
N

<co, " (1-%)

L
*
s

This yields a contradiction. By the Bolzano—Weierstrass theorem, up to a subsequence, still
denoted by {0, }, there exists 6 € [0,e0) such that lim, . 0, = G.

We next show that & > 0. Suppose on the contrary that lim,, . 0, = 6 = 0. We will use a
covering argument to derive a contradiction with the hypothesis lim,, s [pw |Un |p: dx > 0. Using
the boundedness of {u,}, we have

P

C lim (/ e dy) < Jim [y} < C.

n—yeo

For any z € RY, from Holder’s and Sobolev’s inequalities,

* _ %

*
Ds
*

P —DPs
/ \unv’?dm(/ dy)” (/ runvf‘dy)”
B(z,0,) B(z,0,) B(z,0,)

. P*—ps 23
—Ls Pr p
<8 7 (/ dy) (/ \Vun\pdy>
B(z,00) B(z,0n)
. J
s rE o
<SS, 7 / d u / Vu
! ( B(z,0) y) | nHD]pRN) B(Z7Gn)‘ oy

* *
S

P_—D;

,ﬁ p*
<CS, ( / dy) ' / Vit |Pdly.
B(z,04) B(z,0,)
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Covering RY by balls of radius o, in such a way that each point of R" is contained in at most
N + 1 balls, one gets

*_ ok
% P _—Ps
s

s i
/ lua? dy <C(N+1)S, 7 ( / a’y) / Vit Pdy
B(0,0,) RN
p )
p*
(oo ®)
B(0,0,)

i NGt

<C(N+1)S, ” o,

'3‘:‘:*

<C(N+1)S,

Q

%

Using lim,,_,. 0;, = 0, one leads to

. : o ()
lim up|Ps dy <C(N+1)S, ? limo, 7 =0,

n—soo JRN n—soo

which contradicts lim,, e, [~ | |Ps dx > 0. Therefore, & > 0.
Step 3. Since lim,,_,.. 0, = 6 > 0, for sufficiently large n, we have {o,} C (6/2,26). From
(5.1),

CoG?
Pdy > :
/B(zn,za)|un(y)| 4y 2 5 >0 (5-3)

Define i, := u,(x+z,). Then {i,} C X is a bounded sequence satisfying

lim [ |in]” dx> 0and lim/ ] dx > 0.
N n—oo JRN

n—o JR
Thanks to (5.3), we derive that

Cle
dy> ——>0. 54
Jney E OO > 575 54

Applying the embedding X < DVP(RVN) — LP (RN) and (5.4), we obtain i, — i1 # 0.

Step 4. If {z, } is bounded, there exists C > 0 such that B(z,,26) C B(0,C) and

/B(O c

)

|u,,|de>/ |uy|P dx > Cy > 0.
) B(z,,26)
This implies that u # 0. O

5.2. (PS). condition. We introduce the associated energy functional J : X — R corresponding
to (%) as

1 1 .
J(u) :=— / Vupdx+/ / dd) / F(x)|ulPs dx
( ) p( RN| | RN |x y|N+ps P? RN ( )| ‘

1 r
[ a2 [ Flulax

P JRN



956 J. YANG, H. CHEN

The Fréchet derivative of J'(u) is given by

Ju(x) —u(@)[P > (u(x) —u()) (@(x) — @)
/RN /RN dxdy

’X y|N+ps

+/ |vu\P2VuV<pdx—/NF(x)|u\Pi‘2u<pdx
R

- [ PO Pupdi=2 [ F@lulupds,

for any ¢ € X. Define the mountain pass level

c;, :=inf sup J(y(t))
Yelieo,1)

where
I':={ye C([0,1],X)[y(0) =0,J(y(1)) < 0}.

Under the assumptions of Theorem 1.3, one has ¢, > 0. The Nehari manifold for (') is defined
as follows

My, = {u € X\{0}|(J'(u),u) = 0},
and we set

Cy = Inf J = f J(t
= Ik T, &= oy sup o).

Lemma 5.2. Under the assumptions of Theorem 1.3, the following statements hold.

(1) The functional J satisfies the mountain pass geometry.
(2) For any u € X\ {0}, there exists a unique t, > 0 such that t,u € N5 and J(t,u) =

max.J (tu).
>0

(3) ¢) > 0.
(4) ¢) =) =cCy.
(5) Ifu € N, and J(u) = c,, then u is a ground state solution.

Proof. The proof follows by the same arguments as in Lemma 3.3. 0
Lemma 5.3. Let {u,} C X be a (PS)., sequence for the functional J at level c; € (0,c}), i.e.,
J(un) — ¢y, and (J'(u,), @) — 0, forall p € X, asn — +oo.

Then {uy} is bounded in X.

Proof. Let {uy,} be a (PS),, sequence at level c; € (0,c} ). Therefore,
1
cp, = J(un) =J (un) — _*<J/(un)a”n>

N

11 11
> (———*) et || + 2 (—*——)/ F(x)|uy|"dx
p P pi r)Jry

11 .
+(—*——*>/ F(x)|un|” dx,
PP

which implies that {u,} is bounded in X. O
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Lemma 5.4. Under the assumptions of Theorem 1.3, there exists Ae (0,+o0) such that, for any
A >4, ¢y €(0,cy), where

% . 1 1 Spspép F e 1 ! S% F o
¢y = min ;—E | ||L°°]RN ;_E 1 I ||L°°(RN) ’

and Sy, S| are the constants from Lemma 2.2.

Proof. Choose a function u € X such that |ju||x = 1 and [gnv F(x)|u|"dx > 0. From Lemma
5.2, one has lim;_, ;. J(tu) = —oo, and there exists a unique 7, ; > 0 such that#, yu € .#) and
sup,oJ(tu) = J(t, pu). The parameter z, ; satisfies the following Euler—Lagrange equation:

ziluuug:IZA/RNF()C)yu|P*dx+m;J/ F () ul”dx+ 17" /NF(x)yu\Pé‘dx. (5.5)
Furthermore,

Nl =17 /RNF(X)W dx.

This gives that {#, ; }, is bounded.
We now claim that 7, ; — 0 as A — +oco. Suppose, for contradiction, that there exists a
sequence {4, } — oo such thatz, ; — #; > 0 (up to a subsequence). One has

Pl / F ()] dx — oo, as n — +oo.
S JRN
Putting this into (5.5), we see that ¢! ||u||% = +ec. This is a contradiction to ||u||x = 1. Hence

tya — 0as A — +oo. Consequently,

lim supJ(tu) = lim J(t, qu)=0.
A——+oo >0 A—+oo

Therefore, there exists 4 € (0,-+o0) such that, for every 1 > A, sup, o/ (tu) < c; . For any

A > A, construct a mountain pass path as follows. Choose T > 0 sufficiently large so that
J(Tu) < 0. Define y(r) =t(Tu) forz € [0,1]. Then y € I" and

c) < max J(y(t)) <supJ(tu) <cj.
t6[071] >0

Since c¢; > 0 by the mountain pass geometry, we conclude that c; € (0,c3) forall 4 > A. O
Let us consider the following limit equation

(—A)pu+ (—A)u = [P 2u+Alu) " 2u+|ul” "2u, xRV (S7,.00)

Lemma 5.5. Let N > p > 1,0 <s <1, and p; < r < p*. Then there exists Ae (0,4-o00) such
that for every A > A, equation (S 2 o) admits a ground state solution.

Proof. We first recall the limit functional Jj, ., : X — R defined by

1 * A 1 *
Joou:—up——/ uPde——/ urdx——/ ulP dx.
o) = e Ny

ps
The mountain pass level and Nehari manifold for J, ., are defined analogously to those in
Lemma 5.2. Specifically, set

Cheo := inf sup Jy (y(2)) >0
Yelielo 1]
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where
[:={yeC([0,1],X)]7(0) = 0,J3 »(¥(1)) < 0}.
The Nehari manifold for (S} ) is ) o = {u € X\{0}|(/; .. (u),u) = 0}, and we denote

C) o= iInf Jy (u Cy o= iInf supJ, . (tu).
how = J0E o, (), heoi= dnf t}g 200 (111)

From Lemma 5.4, there exists 2e (0,+4o0) such that, for all A > /;L, Cre0 € (0,c3 ..), Where

11 5o r
ciw::min (———*) Ssps—p,(___*) Si” 7 s
: p D p P

and Ss,S; are given in Lemma 2.2. From Lemmas 5.2-5.3, there exists a bounded (PS)%M

sequence {u,} C Jﬁﬁ,m atlevel ¢, .. In particular,
S oo(Un) = €2 oo, and (S} (un),ttn) — 0, a8 1 — 0.

We now show that both 1im,, e, [ |u,|?" dx > 0 and lim,, e [ |1, P> dx > 0 must hold.

Case 1. Suppose lim, e [ [|P” dx = 0. Then,
1 1 "
—/ |un|Ps dx+op(1),
RN

Choo = .0 (Utn) = I—)Hunl\é’g ~ o
N

and
0= (I} o () tt) = ||unH§§—/RN|un]pS dx, (5.6)
which gives
1 1
€)oot op(l :<———*> % (5.7)
ot on(1) > oI5

It follows from (5.6) and Lemma 2.2 that
lanlly = [Tl i <SP 1 gy < 2755

psi—p

Thus [[u,||y © > SPIP e, e P/ Ps=p) Consequently,

Py

1 1 7
C),7oo Z <_ - _) SSpS7p7

p s
which contradicts the fact that ¢; ., < ¢} _,. Hence limy . [ |tn|P” dx > 0.
Case 2. Similarly, if lim, e [gn [#,|” dx = 0, then by analogous reasoning we obtain

*

I 1 £
Cﬂ,7oo>(___*)sf 7p7
p p

again contradicting ¢y ., < ¢} .. Therefore lim, o [pv |t |5 dx > 0. From Lemma 5.1, there
exist a sequence {z,} C R and i # 0 such that, after passing to a subsequence,

iy = Uy(x+2z,) — i, in Lﬁ)c(RN),

26)

and
/ |an|de:/ lun|P dx > C > 0.
B(0,26) B(20,26

Moreover, i, — i in X.
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We now prove that i is a ground state solution. Using Brezis-Lieb Lemma [8], one deduces
C) o0 <Jl,w(ﬁ)
1

= (@) = I;USL,W(LY),L?)

N

1 " A 1
=—HMHX——/ \a|Psdx——/ jal’ dx——/ al?” dx
Ds r p*

1 * *
2 (Haug—/ |aypsdx—/ P dx—?t/ |ﬁ|rdx>
pE RN RN RN

N

1 1 1 1 1 1 ¥
:<———> a2 + (—*—->A/ al" dx+ (_*__*)/ al”
P Di Py r RN pPs P RN
1 1 1 1 1 1 %
< lim K———*) Jun || + (—*——>/l/ |1, |" dx + (—*——*)/ ity |P dx}
n=ee |\ P Dy pPs T RN ps P RN

1
= lim Jy (@)~ lim (7} (@), )

pn%

= lim J, . (it,)

n—oo

=C 005
which gives lim, . |[it,||% = ||i7]|% and J;, .. (1) = ¢; ... Hence i is a nontrivial critical point of
J), - at the mountain pass level, i.e., a ground state solution. 0J

Lemma 5.6. Let N > p > 1,0 <s < 1and let {u,} C N} be a bounded (PS)., sequence for
the functional J. Then u, — u % 0 strongly in X. Moreover, J(u) = c},.

Proof. From Lemmas 5.2- 5.4, there exists a bounded (PS)., sequence {u,} C .4, at level
Cc) € (O,Ci).
Step 1. Non-vanishing of the critical terms. We first show that

liminf NF(x)|un\p* dx >0, hmmf/ X) |un|Ps dx > 0.
R

n—soo

Case 1. Suppose lim,,_,e [pn F(x) |un|1’* dx = 0, then

ca = 9() = Sl = [ Pl

and
0= (J (up),u) = ||un||§ —/RNF(X)Wn‘Ps dx, (5.8)
which gives
1 1
= (5= o )l 5.9
P DS
It follows from (5.8) and Lemma 2.2 that
_n . _n
a1 =/RNF(X)|MI”S dx < S " {|F ||y letnll v p vy < S5 7 IF Nl (e lun 7

which shows
/’A P

o .
S IF I gy < a7 = Nunlly > S7 7 P70k (5.10)
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Combining (5.9) and (5.10), we can derive that

1 1 Spfﬁp F _p?’%p
;_p_? s H ||L°°(RN)'

WV

€

contradicting ¢; < ¢ . Therefore, we get lim,, 0 [ F(x) || dx > 0.

Case 2. The proof that liminf, se [ F(x)|u,|” dx > 0 is completely analogous. Using
Lemma 2.2 leads to a contradiction with the definition of c} .
Step 2. Translation to recover compactness. From Lemma 5.1, there exists {z,} C R" such
that i@, := u,(x+z,) — @£ 0, in L (RY), and

/ ]ﬁn\pdx:/ unlPdx > C > 0.
B(0,26) B(2,,26)

Since J is not translation invariant, we define the functional

- 1 1 .
J(i,) =— ﬁnp——/ F(x+z,)|i,|"s dx
(@) =y~ [ Fl+z)a

*
N

: . (5.11)
S2 [ Pzl dv-— [ PGzl dx
r JRN p RN

Then, J(i,) = J(u,) — c;. For any ¢ € X, set @,(x) = @(x—z,). Then ||@,|x = ||¢||x and

(T (1), @) = (T (un), @n) = on (1) | @nllx = on (1) | @]]x-

Thus J'(it,) — 0 in X*, i.e. {i1,} is a (PS)., sequence for J,.

Step 3. Boundedness of the translation sequence. We claim that {z,} is bounded in RY. If
not; then |z,| — oo (up to a subsequence). For any ¢ € C(RY), using Holder’s inequality and
the fact that F(x+z,) — 1 in L. .(RY), we obtain

PGtz = Ul gl dx

Pl 1

<([rera-tmiriar) ([ PGz - Dol ar)”

<C </N[F(x+zn)—1]|(p\”jdx> — 0, as n — H-oo.
R

;E*‘_‘

Therefore,

/IRNF(X+ZH)’ﬁn‘p§_ZZZn(de: /RN ]ﬁn|p§_2ﬁn(pdx—|—on(l), as n — oo, (5.12)
and similarly for the p* and r terms. Consequently,

/RNF(x—kz,,)|L‘tn|p*_2ﬁn(pdx = /RN litp|” "2, @ dx+ 0,(1), as n — +oo. (5.13)

It follows from iz, — i weakly in X, (4.2), (5.12) and (5.13) that (J'(it,), @) = (J5 (1), @) =
which implies that i is a weak solution to equation (S, ..). It follows from (5.11), F (x) >
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Brezis-Lieb Lemma [8] and (/; _(i7), ) = O that

¢ > ¢1 = lim (f(an) _ i*<f<an),an>>

h—oo Ps
1

2 e0) = -0 ().

N

_Jl ( ) C o0

which yields a contradiction. Hence {z,} is bounded in R". By using Lemma 3.1 again, up to
a subsequence, we conclude that u,(x) — u % 0, in LT (RV).
Step 4. Strong convergence. Now we prove that u,, — u strongly in X and J(u) = ¢;.. Using
Brezis-Lieb Lemma [8], one deduces
), <J (u)
1
=J(0) ~ (' (u).)

Ds

=—Huux—i/ Pl ax = [ Ferav- [ PG dx

P Py r

<||u||p / F (o) u]? dx— / F o) ul”" dx— A/ Flx |u|’dx)
I 1o
= (‘ - _> [Juell + (—_—> / F(x)|u|"dx+ (— — ) |u|p dx
P D py T Py P*
11 1o o1 *
< lim {(———*) et |5 + (—*——> l/ X)|un|"dx + (———> F(x)|un|? dx}
n—soo p D D r RN P p

—lim () — = Tim (7 (10,), )

n—soo i n—oo
=)
=Ca,
which gives limy, e |[u,||% = [|u]|% and J(u) = c;. O

Proof of Theorem 1.3. Setting A = max{A, i}, we get the desired result via Lemmas 5.2 - 5.6.
The proof is complete. O

A. PROOF OF LEMMA 3.3
Lemma A.1. The functional I satisfies the mountain pass geometry.

Proof. It is easy to see that
1
I(u) 2;”””%_CHFHL""(RN)||”H§§>

where C > 0. From p < r < p*, we know that there exists a sufficiently small positive number
b such that ¢ := inf|,,,—;, (1) > I(0) > 0. For u € X\ {0}, we have

tr
I(tu) = — P——/ F " dx.
(tu) pHuH - (x)|u|" dx

7
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From p§ < r < p*, it follows that I(ru) < O for ¢ large enough. We can choose #, > 0 corre-
sponding to u such that /(z,u) < 0 for r > t, and ||t,u||x > b. O

Lemma A.2. For any u € X\ {0}, there exists a unique t,, > 0 such that tyu € AN and 1(t,u) =

max /(tu).
>0

Proof. For any u € X\ {0} and ¢ € (0,00), we define
tr
t)=1(tu :—up—— F(x)|u|"dx.
Ji(e) = 1(tu) p|| Ix L F
Then,
/ p—1 e 1 r
1O =l = [ F)lul d
We know that f{(-) = 0 iff
Jully =77 [ F)lulax
RN

Therefore, there must exist a unique value 0 < 7, < oo such that r,u € 4. O

Lemma A.3. It holds that ¢ = inf I(u) > 0.

ue N

Proof. By applying (I'(u),u) = 0, we know
0= (I'(u),u) > lulll — CIIF[| =gy el
which gives C||F |- gw)l|ullx " = 1 and [|u||% > C. For u € 4", we have

1) =10~ 0w > (5= 1) ulf > C

r 4
We know that the functional 7 is bounded from below on .4". And ¢ > 0. O

Lemma A.4. It holds ¢ = ¢ = ¢, where ¢ := inf,cx\ {0} Sup;> ().

Proof. By using Lemma 3.2, we can directly obtain ¢ = ¢. For any u € X\ {0}, there exists
some 7 > 0 that is sufficiently large such that /(fu) < 0. We can construct a path y: [0,1] — X
by setting y(¢) = tfu. It is clear that y € T" and that ¢ < ¢. For every path y € T, we define
g(t) = (I'(y(r)),y(t)). It is evident that g(z) > O for small values of 7. We have
1 1
1) = L)) > (= 1) I o

which shows (I'(y(1)),¥(1)) < pI(y(1)) = pI(iu) < 0. Thus, there exists 7 € (0,1) such that
g(f) =0, ie. y(f) € 4 and ¢ > & This deduces ¢ = ¢ = . O

Lemma A.5. Foru e &, ® (u) # 0, where ®(u) = (I'(u),u) and

(@) ) =Pl )+ Py =7 [ POl (A

Moreover, ifu € A and I(u) = c, then u is a ground state solution.
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Proof. Foru € ./, it follows from (A.1) that
(D' (u),u) =(P' (1) ,u) — pP(u)
—plelly —r [ F@laldx—plulf+p [ F)luldx
=(p—r)|ulk <o0.

Thus, ®'(u) # 0 for u € 4. Suppose u € .4 and I(u) = ¢, where ¢ is the minimum of / on
/. By using the Lagrange multiplier theorem, we can conclude that there exists a scalar A € R
such that I'(u) = A®'(u). Thus A(D'(u),u) = (I'(u),u) = ®(u) = 0. This implies A = 0 and
I'(u) =0. O
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