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Abstract. The primary objective of this paper is to achieve strong convergence toward a zero of a
maximally monotone operator in a Hilbert space. To this end, we first propose a continuous dynamic
system that builds upon the framework presented by Bot and Nguyen (2025), while remaining distinct
from it. Specifically, we apply a positive linear operator to the velocity term x(¢). This modification
enables the adaptation of a suitable proximal algorithm when applying the proposed system to the context
of the composite minimization problem f(x)+ g(Ax), where f and g are convex functions and A is a linear
operator, and then to convex minimization problems under linear constraints, via a primal-dual algorithm
by Chambolle and Pock (2011) for saddle points of the associated Lagrangian. The continuous model is
analyzed for a single-valued operator M, allowing us to illustrate -through an appropriate discretization-
the corresponding proximal point algorithm for a set-valued operator and to provide a consistent proof
for the suitable convergence rates. The algorithmic contribution of this work is particularly significant,
as it establishes strong convergence to the minimum norm of zeros of M without requiring additional
conditions on its maximal monotonicity, a result that remains absent from more recent literature. We
then provide strong convergence to the minimum norm solution, and also the same rate of convergence
for values and constraints for the composite minimization problem and convex minimization under linear
constraints.

Keywords. Composite convex minimization; First-order dynamical system; Strong convergence; Rate
of convergence; Vanishing Tikhonov regularization.

1. INTRODUCTION

In this paper, our primary objective was to quickly achieve a solution to the following convex
minimization problem:

min £ (x) +g(Ax), ()
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where

x4 and % are real Hilbert spaces,
x f: 2 —RU{+e}and g: % — RU{+eo} are proper, closed and convex functions ,
x A: 2 — % is alinear continuous operator .
(Ho)
So, we assume that the (closed and convex) set of the optimal solutions S of (.%?) is non-empty.
Using the first-order optimality conditions and a qualification condition on the maximality of
the sum (see [1, 2]), we first ensure that

xeS <= 0€d(f+goA)(x)=0df(x)+A"dg(AxX)
< 31 c%*suchthat —A*A € df (%) and A% € dg*(A), (1.1)
where g* : % — RU {00} is the Fenchel conjugate of g defined as
8"(z) = sup ((z,y) —g(¥))-
N4
Without any qualification condition, the above inverse implication remains true, since we still
have the sum of the subdifferentials is included in the subdifferential of the sum. The primal-

dual conditions in (1.1) are equivalent to finding a saddle point of the associated Lagrangian
L X x% — R defined by

ZL(x,A) = f(x)+(A,Ax)—g*(A). (1.2)

This means (see [3]) that x € 2~ is an optimal solution of () if and only if there exists a
corresponding Lagrange multiplier A € % such that (¥, 1) is a saddle point of ., that is,

LEA) < LFEBAL) < LA VA e X xd.

This justifies that the set . of saddle points for . is nonempty.
Let us further assume that the Lagrangian .# is %’!. The necessary and sufficient primal-dual
optimality conditions to attain a saddle point of . are read as follows:

V. .Z(%A1) =0 @{Vf(f)-i—A*}L =0

o / ) (1.3)
V, Z(x,A)=0 Ax—Vg*(A) =0.

Moreover, by setting M : 5 := 2 x % — A, defined by M(x,A) = (VL (x, 1), -V, ZL(x,1))
for all (x,A) € S, the saddle points of the Lagrangian .Z are characterized by finding the zeros
of the operator M. Therefore, to deal with problem (£7), we now turn to the following problem:

Find u € 2 such that Mu =0 (A)

where, due to Rockafellar [4, 5], the conditions in (Hy) ensure that M : 77 — ¢ is maximally
monotone. Much more, this problem includes, as special cases, variational inequalities and
non-smooth convex optimization problems. Noticing also that the zeros of M, which are the
saddle points of L, are characterized by . = Sy x Ly, where Sy is the set of optimal solutions
of () and Ly is the set of associated Lagrange multipliers.

Thus, we start from dealing with the problem of finding a zero of a maximally monotone
operator M defined on a real Hilbert space .7, and then we apply our results to the saddle
points of the associate Lagrangian .’ in order to reach a minimum of a convex function under
linear constraints. In order to tackle these problems in a more finely tuned and less demanding
way, we use the links between the algorithms and dissipative continuous dynamical systems

(X,Z)ey@{
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with Tikhonov regularization, as well as their asymptotic analysis by Lyapunov methods. As
we can see, our algorithms can be derived from the time discretization of the associated dynamic
systems. To express this discretization relationship for saddle points, we try to come up with a
less costly and more efficient proximal algorithm via the related monotone operators. To resolve
(), in the case where f and g* are not necessarily differentiable, we start in reverse with the
following discrete algorithm:

X1 — X+ O f (p1) FA A+ Ep 1 Xk 41 >0, (SP)
—2Ax1 41 A+ Mgt — M+ 098" (A1) +Err1hirr 20,
which, by setting oy = H_;—]M, can be written as
Xk+1 = [I% + Gkaf]il (Gk(Xk _A*Ak>)’ (l 4)
M1 = (Iy + 6,9g") ' (or (M +2Ax0 11 — Axy)).

This algorithm is more suitable for solving problem (.7), because in the first part of this iteration
it uses the proximal of the objective function f in a direct way to calculate x; |, then in the
second part, the calculation of A, is deduced directly from x;, A; and x; 1.

First, we note that algorithm (SF7) is related to the well-known Chambolle-Pock method [6]
by exchanging the updates for A;; and x;, . In fact, we extend the study to general Hilbert
spaces, then add a Tikhonov regularization term &1/ «% which allows us to achieve strong
convergence of the iterates to a selected solution of (7). Return to (SP;) and rewrite it as

X1 — X+ 6L (Kpp 1, A1) — A" (A1 — M) + Ex1X%41 2 0,
—AXr1 — %) + A1 — M — 0L (Xq 15 Ay 1) + &1 A 120.

By setting u = (x,A) and for u = (x,A),Mu = (,.Z(x,A),—0d, L (x,1)), in view of (1.5),
(SPy) 1s equivalent to

(1.5)

Cupi1 — ) +Muyiy + i1 0, (Sk)
where C = (I_‘i _12*) is the symmetric preconditioner operator. This last reformulation can
be seen as a backward discretization associated to the continuous dynamics

Cu(t) +Mu(r) +€(t)u(t) 3 0. (So)
We recall that, for the study of (.#'), Bot and Nguyen [7] considered the dynamics
u(t) +Mu(t)+e(t)u(t) = 0,u(ty) =uy € I, (1.6)

which, by implicit discretization, gives
(ury1 — ug) +Mugy 1 + & 141 =0. (1.7)
Since M (x,A) = (VL (x,1),—V; L (x,A)), we deduce the continuous dynamics

(1) + Va (x(1), A (1)) + €(1)x(1), (SPy)
A1) =V Z(x(t), A(2)) + €(t)A (1),
and the associate implicit discretization
i1 = Ly + 0V f] ™ (Ok(—A"Dar1)) (18)
K1 = Iy +0Ve" ] (0(Ak +Axiy1))
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As we notice, this algorithm requires at each iteration a resolution of a system in (xgo 1, Axv1),
which is more expensive to evaluate. So, to avoid this difficulty, the introduction of the operator
C in the system (Sp), allows us to evaluate in (SP;) directly x;, as a function of (x;,Ax) (see
(1.4)), and then, Ay, is deduced from (xy, A;) and x; 1.

We now turn to a brief history of convergence study of backward discretization and con-
tinuous aspect of the first-order system O € u(¢) + Mu(t). The backward methods for reach-
ing a zero of a maximally monotone operator were pioneered by Martinet [8] who proposed
the proximal algorithm for minimizing a convex function, then Rockafellar in [9] extended
this proximal method to maximally monotone operators and proved the weak convergence of
this algorithm. As explained by Giiler, this proximal algorithm doesn’t converge strongly in
an infinite-dimensional Hilbert space for a general maximally monotone operator. In order
to justify the interest of the proximal point method in accelerating its convergence rate, there
were many interesting contributions to both theoretical and practical interest (see, for example,
[4,5,7,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]).

The continuous aspect began with Bruck’s result [21], who showed that in a real Hilbert
space 2, the trajectories of the system O € x(¢) +d f(x(¢)) converge weakly to a minimum of f.
Baillon and Brézis [22] generalized this result to maximal monotone operators, and immediately
afterward Baillon [23] provided an example in which the solutions of the first system converge
weakly, but not strongly. We refer to [24, 25], for more details on the convergence for discrete
and continuous dynamical systems governed by maximal monotone operators. In [26], Attouch
and Cominetti coupled the dynamic steepest descent method and a Tikhonov regularization term

x(t)+df(x(r))+€(t)x(t) 0. (1.9)

The striking point of their analysis is the strong convergence of the trajectory x(#) when the
regularization parameter €(¢) tends to zero with a sufficiently slow rate of convergence € ¢
L! (R4,R). Then the strong limit is the minimum norm element of agrmin f. However, if
€(t) = 0 we can only expect a weak convergence of the induced trajectory x(¢). Cominetti et al.
[27] considered, for a maximally monotone operator on a Hilbert space, the dynamics

u(t) +Mu(t) +e(t)u(t) = 0,u(ty) =up € . (1.10)

They established a strong convergence of u(t) to the minimum norm element in M ~'0 when-
* £(t

ever €(t) \ 0 ast oo, /0 €(t)dt = oo and either tgrfwﬁ = 0 ([27, Proposition 5]), or

&(t)dt < oo ([27, Theorem 9]). More recently, Bot and Nguyen [7] have established the

same result for the dynamic (1.10) by omitting the last two conditions involving the derivative
of (1).
In order to solve (%), the authors in [28] considered the following preconditioned dynamic
system:
D(t)u(t) +Mu(t) +€(t)u(t) 0, (1.11)
where
a(t)ly B()A*
u=(x,A), Mu= (VoL (x,A),-V, Z(x,1)), D(t) = ( Y()A 5(t)lg)
and a, 3,7, 0 are scalar functions. This system generalizes the Luo’s [29] preconditioned tri-
angular one, where the author assume () = 0,7¥(¢) = 1 and f is L-smooth and p-convex with
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w>0. In (1.11), system (1.10) requires a time-varying preconditioner that acts on the time
derivatives. In the case of a linear constrained optimization problem, i.e., g = 1, they proved in
the asymptotically antisymmetric case, i.e.,

or) = %50) = % (#) exp (— /Ol %) , 00, Bo, & > and ¥(t) = =B (1),

that the constraint ||Ax — b|| and the values | f(x(7)) — f(¥)| decrease exponentially. Furthermore,
they concluded that each weak limit point of the subsequence of trajectories is a primal-dual so-
lution. If the objective function is strongly convex, they obtained strong convergence of the
primal trajectory to a solution of the linear constrained optimization problem. Nevertheless,
referring to Example 5.2, when comparing the convergence rates for a quadratic minimization
problem under linear constraints similar to that in [28, Example 8.2], we observe that the con-
vergence rate of the values and the runtime are more efficient for (3.14) than for (1.11). This can
be explained by the time-dependent factors included in the operator D(¢), which may require
more time and effort to solve the system (1.11).

Inspired by recent works in [7, 28, 30], the first contribution of this paper is devoted to the
asymptotic analysis as t — oo for solutions of the continuous dynamical system with van-
ishing Tikhonov regularization (Sp). Under the suitable proposed conditions lim;_; . €(t) = 0
and lim;_; 4o fti) €(s)ds = +oo on the Tikhonov terms £(t), we show (see Theorem 3.2) that the
solutions of the regularized differential system (Sp) strongly converges toward the element of
least norm within the solution set .. Moreover, we provide fast asymptotic decay rate es-
timates for convergence of Mu(r) and u(r) to the origine. We therefore, slightly extend [7,
Corollaries 2.10, 2.11] by adding the linear operator C in the system (Sy). For situations where
M(x,A) = (V2L (x,1),—V;, Z(x,A)), we present, as application of Theorem 3.2, for solutions
of the system (SF) the same convergence rates for the operator (V.2 (x,A1),—V;.Z(x,A4)) and
(x(r),A(t)) (see Theorem 3.3). This theorem also provides the same rate of convergence for
values and constraints. Section 4, the main contribution of this paper, is devoted to an implicit
discretization of the continuous systems (Sp) for monotone inclusions and (SF) for linear con-
strained convex minimization problems. We propose the appropriate proximal algorithms (1.7)
and (1.8) for solving (.7) and (), respectively. We then give strong convergence results and
suitable convergence rates for values and constraints.

2. NOTATIONS AND PRELIMINARIES

Let .77 be areal Hilbert space with inner product (-, -) and corresponding norm || -||>. Suppose
that C is a continuous, self-adjoint, and positive-definite linear operator on .77, i.e., there exist
o > 0 and 8 > 0 such that

Bllul® < (Cu,u) < aflul?, Yue . 2.1)
This ensures that the norm associated with C defined by ||u||c = \/(Cu,u) is equivalent to the
norm || - ||. On the other hand, the fact that C is self-adjoint allows us to define the inner product

associated with C by
(u,y)c = (u,Cy) = (Cu,y) = (y,u)c.

Note also that (2.1) is equivalent to

1

ﬁ||u||2, Yu e . (2.2)

1 2 2
Sl < lulle-r <
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For a set-valued operator M : 7 — 277, we denote by dom(M) = {u € 7 : Mu # 0}, M—'0 =
{u € 7 :0 € Mu}. We identify the following forms

() eM —= EcMu —= ueM ¢ —= (Eu)eM .

M is called monotone if (& — ¢, u—v) >0 for all (u,&),(v,{) € M, and it is maximally
monotone provided that it is monotone and there is no other monotone operator containing M
in 77 x 7, i.e., M is maximal in the family of monotone subsets of .7# x ., ordered by
inclusion. As examples of maximally monotone operators, we cite [31] for the subdifferential
of proper lower semicontinuous convex functions and [4, Corollary 1] for closed proper convex-
concave saddle functions. The resolvent of the operator M is defined as Jyy = (I + M)~ If M
is maximally monotone, then the resolvent Jj; is an every where defined, nonexpansive operator
(and thus single-valued). For more details on monotone operators, we refer the reader to [32].

3. CONTINUOUS ASYMPTOTIC ASPECTS

In this section, for a single valued monotone operator M : ¢ — ¢, we consider a continuous
aspect which is the system (Sp) to solve the equation Mu = 0, and saddle points problem (1.3).
Subsequently, by temporal discretization of the dynamics, we adapt a class of proximal inertial
algorithms with fast convergence properties.

3.1. Reaching a zero of the monotone operator M. The following theorem is similar to [7,
Theorem 2.9]; however, its proof requires an adaptation to the form of system (Sy). In order to
justify the majorizations associated with the operator C, we next detail its proof. For ¢ € [fy, 4|,

define y(1) = exp <$ fzf) e(s)ds) , and the energy function

1
E(t) := §||Mu(t)+e(t)u(t)||é,1. (3.1)
We first remark that

E(1) = 3 Cu(e) s = 5 {Cale) Calt)) 1 = 5 (Cule) () = g a2 (B2)

Theorem 3.1. Let u : [ty; +oo[ — S be a solution of (So) and assume that /Jrooe(t)dt = oo,
Then N
(1) the trajectory u(t) is bounded;
(2) it holds the estimation: for eacht > t,
Ewlro) | R @0
¥(t) 2y(t) Ju €(s)
1

Proof. (1) Let x* be an element of M~'0 and consider w(t) := 5 ||u(¢) —x*||%. Then (So) ensures

W(t) = (Cit(e), u(r) = x*) = — (Mue),u(t) =) — (0) u(t),u(t) — x°)..

Since Mx* = 0 and M is monotone, we have

E(t) < Y(s)ds.

(Mu(t),u(t) —x*) = (Mu(t) — Mx*,u(t) —x*) >0,
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which gives

wi(t) < —e(t) (u(t), u(t) —x*)
= —&(t)|Ju(r) —x*||* — e(r) (x*, u(t) — x*).
< =W ute) -+ S
<~y >—x*r|c+%|x 5
e(t) E(t) |\«
—7w(t)+7||x ||2
We deduce for almost all r > £,
w(t)+%W(t) < ?HX*H;

Multiplying by ¥(z), we obtain

d ]2 ol ?

= (ywin) < eyt = 20

Integrating on [fo,?[, we obtain

X 2
(o)~ vispw(s) < 5 [y(e) Y0~ 7(5).
115 > lo, 70) (w(t) — 0) < 705)(w(s) — @) < Vo) Owli) — ). Thus, for > i 70) (w(r)
@) < 1(o) (wlio) - @)

w X2
wr) < <toy)(ty)(t°>+!y(g) QL0

Since ay(t) = &(t)y(t), we have f,f] v(s)e(s)ds = o (y(t) — v(to)) . Then
* “2

/f /f
W(I) < W( 0)Y< 0) aHx
¥() 2
which gives that w(t) := 3|ju(t) — x*||2 is bounded since lim,_, ;o ¥(t) = +oo. Thus u(t) is
bounded.
(2) Differentiating the energy function E(¢) defined by (3.1), we have

E(r) = <%(Mu(t) +e(t)ult)) , Mu(t) +6(t)u(t)>c_l

:<%(Mu(t))+é‘(t)u(l‘)+3(t)b"() Mu( )+8(> (Z>

fCu( ) c-1
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Since — (4 (Mu(t)),u(z)) < 0 (this is due to the monotonicity of M), then
E(t) < —&(1) (u(t),u(r)) — ()|l
£(t) 2 ()
< O\ ——=
o)

2 a(e) 2

20
(o) >~ 5

8]

~
N

&)
S 20

o ()2
— el - =2 E ),

where the last inequality is obtained from (3.2). We then obtain

2 (1))2
B0+ £ Ew) < G o)

Using the boundedness of (u(t)), there exists R > 0 such that

Re()
_28()

Multiplying by y(¢) and integrating on [ty,?[, we obtain

t&(s)?
E(t) < E<t‘;/)(3’)(t°) + 272) / i((s)) ¥(s)ds (3.3)

(o) I

O

To illustrate the convergence results, let us consider the specific case of €(¢) = O‘T‘S, where the
parameters @, 0 are positive.

Theorem 3.2. Let x : [ty; +oo[— F be the unique solution of the following system:
od
Cu(t) +Mu(t)+ Tu(t) =0,

Then, u(t) converges strongly to the minimum norm solution ¥ € M~—'(0) and lim;_, , o Mu(t) =
limy_, 4 i(t) = 0, with the following estimations:

(D
) = 0 (55 +1 ) 18 22 (3.4)
Mutr)]| = 0 ( >lf5=2- 335)
(2
o0 =0 (5547 ) 7522 36)

()] = ﬁ(

t>> ifs=2. 3.7)
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Proof. (1) Since €(t) := 0‘78, we have, for t > 1y,

L £\° £\°
t) = — [ &(s)ds ) = In| — =|—-),
0 =ewp (5 [[e)as) =exp (m (1) ) = (1)
and y(tg) = 1. Also &(t) = —Ot‘—f. Then (3.3) becomes

s

t0E (to)y(to) R [ ad

E(t) < L —/ —
() ta 2t6 to S3_6 S

o If § # 2, then

ds = —

/’ os ad52  adid?
to S3_5 6—2 6—2 '

Thus we obtain
t0E (to) N aSR

E(t) < 5 Aa—2)" (3.8)
Moreover, according to (2.2), we have
1Mu(e) +e(t)u(@)||* < ot Mu(t) + e(t)u(r) ||+ = 20E (). (3.9)

According to (3.8), we get

2
IMu(e) + ()| < Y2EEW) 2 5’;;. (3.10)
12 -

On the other hand, we have

[Mu(r)|| < [[Mu(r) +e(t)u(t)[| + € ()][u(t)]]. 3.11)
Combining the above inequality with (3.10), we easily arrive at (3.4).
o If § =2, then
2E (ty) Rt [ 2« 2E (t9) aRe31n(t)
<2 -2 / ds <2 0 3.12
) 12 212 Jyy s * 2 T2 ©-12)

Combining the above inequality with (3.9), we have

[Mu(e) +e(Oyu(r)]| <2 (V2aE(w) + oy/2R1n(r))

and then (3.11) ensures (3.5).

(2) From (2.1) and (3.2), we have [[i(t)||* < glli(1)[|¢ = FE(r). Then (3.8) ensures (3.6) if
0 # 2, and (3.12) ensures (3.7) if 6 = 2.

(3) The strong convergence of {u(t)} towards the minimal norm solution ¥ € M~'0 was
justified by [27, Proposition 6] since our settings do not affect the validity. So, we only need to
justify that every weak cluster point of {u(¢)}, for t — oo, belongs to M~10. Let us consider a
weak cluster point x* of {u(¢)}. Then there exists #; — oo such that {u(f;)} converges weakly to
x*. Since {u(t)} is bounded and the sequences {&(#)}, {||(t)||*} converge to zero, as k — oo,
then {—Cui(t;) — €(t)u(tx)} strongly converges to the origine of J#. Let us tend k towards
infinity in —Cu(ty) — €(t)u(tx) = Mu(t;). We deduce from weak-strong sequential closedness
of the graph of each maximally monotone operator, that is, 0 = Mu*. Thus u* € M~'0. UJ
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Remark that £(¢) = 0‘7‘3 does not satisfy the condition limt_hqx,% =0 imposed in [27, Propo-

sition 5] to deduce strong convergence.

3.2. Application to a composite convex minimization. As we already explained that in the
introduction composite minimization problem (”) is equivalent to a zero of the maximally
monotone operator (x,A) — (V. Z(x,A),—V,.Z(x,A)). To use Theorem 3.2, we slightly mod-
ify the form of operator C. This ensures that regularity condition (2.1) is verified on C by only
assuming A to be positive.

Lemma 3.1. Let A be positive. Then, for t € (0,1/]|A

'y —TA*
), the linear operator C = ( z )

—TA Loy

>

(T=em) ) <[ A)E < A+ )l AP VA) e 2 x 7.

is positive-definite and satisfies, for n = ||A

Proof. Note that

et (e(3)(5)) = (( £ ) (7))
~ e~ 22 (Ax, 1) + A2
> e — 2 4] + A2 (for 1 = A1)
> e — en(lel+ A1) + ]2
= (-l )P

Since 1 — 1N > 0, we deduce that C is positive-definite and (1 —tn)||(x,A)[|> < ||(x,A)][2.
Similarly, we have the right-hand inequality

lei={c( 3 ).(5))=a+mlun

In order to use Theorem 3.2 to study the asymptotic behavior of the trajectories of the asso-
ciated differential equation, we consider M (x,A) = 7(V,.Z(x,1), =V, Z(x,A)). Thus system
(S) takes the form C. Now, we use Theorem 3.2 to study the asymptotic behavior of the trajec-
tories of the associate differential equation. M (x,A) = t(V,Z(x,4),—V,;, Z(x,1))

O

C(u(t)) +Mu(t) 4+ €(t)u(t) = 0, where u(t) := (x(¢),A (1)),
which means

{X(f) — TAA(0) + (Y (x(1)) + A4 (1)) +€(0)x(1) = 0, (SPy)

A(t) — TA(1) — (Ax(t) — Va* (A (1)) +e()A(1) = 0.

According to Theorem 3.2, we confirm the following convergence results.

Theorem 3.3. Let (x(t),A(t)) be a trajectory solution of (SPy). Let ¢(6) = min <%, 1). Then,

the following statements are true:
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(1) The trajectory solution (x(t),A()) converges strongly to the saddle point (%,1.) of the
Lagrangian £ ; moreover, X (resp. A ) is the projection of the origin in 2" (resp. %) on
S the set of optimal solutions of () (resp. Ly the set of associate Lagrange multipli-
ers).

(2) For 6 #2 andt large enough

) Ve, A0)| =0 t(,, i) |[ViL (). A0))]| =0 ( G

il ||(x(t),' 15 (x(t),z)_g(x,w)):ﬁ ﬂ,%)
9 ) - ||—@° ﬂb%)

vi) S0 +gm A - (fE+g A) + (Ax(1),A) — (ARAW) = € (m% )

(3) For 6 =2 and t large enough,

i) || VeZ(x( )||=eo < 1(”); i) HV;LX(x(t),),(I))H:ﬁ< ln(’));
In

i A0 =0 ( 0
In(z)

V) ||Ax(t)—Vg*(?t<r))||=ﬁ< >;

Vi) FR0) 4t A0)) - (FE+eR)  + <Ax(f>’i>‘<”’“”>:ﬁ<—z;?a(f))'

Proof. Since the monotone operator M(x,A) satisfies all the conditions of Theorem 3.2, . =
S¢ x Ly and the saddle points of the Lagrangian .#" are nothing other than the zeros of the
operator M, we automatically obtain assertion (1) and the first two assertion. Also, we have

IM(x(2),A(2))|| = O <lfn(t)> if6=2and |M(x(t),A(2))||=0C (ﬁ) if 6 #2. (3.13)
To prove assertions (2) and (3), we primarily go back to the convex-concavity of .# to have
M(x(2),A(1)), (x(2),A(t)) = (VL (x(t),A(t)), =V, L (x(2), 7L( ))), which ensures

2(3(0).20)) - < (1) < (V.2 (1), 20)) . 3(0) —5)
=2 (x(0), (1)) + £ (x(1), A1) < (=V22Z( ()M)),/W)Z%
A

Summing these two inequalities and using (X,A) € ., we obtain

0< L (x(1),A) = Z(FA (1)) < (M(x(r), A1), (x(), A(1)) = (£ 1))
< M@ (), AO)]] 1| (x(0), A (1)) = (%, 4)]].

Since (x(z),A(¢)) is bounded, by using (3.13), we get the convergence rate of values for the
Lagrangian .Z. Using (3.13), we conclude

1Ax(2) = Vg" (A (D)l = Va2 (x(2), A (D) | < [[M (x(2), A (1))
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Also, we have

fO(0) = f(®) = L (x(1), 1) = L (%, A(r)) — (Ax(r), ) + (AT, A) —g"(A) +8"(A).

Then, the convergence rate of values for the Lagrangian, ensures the desired estimations. So,
according to (3.13) and Theorem 3.2, we obtain the remaining assertion. UJ

3.3. Application to a linearly-constrained minimization problem. When supposing g =
1;;), where b € 27, problem () reduces to the linearly-constrained minimization problem:

min f(x) subjectto Ax—b=0. (Z,)
xed

Note that the conjugate function g* is always convex and lower semicontinuous, and its differ-
entiability specifically requires the strict convexity of g, which is not satisfied for g = 1. This
requires us to return to Theorem 3.2 to derive the related convergence assertions. The associate
Lagrangian for (%,) is defined by .2 (x,A) = f(x) + (A, Ax—b). Let M : S := X x ¥ — H
be defined by

M(x,A) = (ViZ(x, 1), —V;,.2(x,A)) = (VF(x) +A*A | b— Ax)

for all (x,A) € . Then the saddle points of the Lagrangian .# are characterized by finding
the zeros of the operator M, and system (Sp) becomes

{)’c(t) —TAA(1) + (VA1) +A*A (1)) + €(t)x(t) = 047,

; (3.14)
A(f) — tAi(r) — (Ax(r) —b) + e(t)A(r) =0y

Theorem 3.4. Let (x(t),A(t)) be a trajectory solution of (3.14). Then, in addition to the as-
sertions in Theorem 3.3, we have the following convergence rates for the values and the con-
straints:

(1) For 6 #2, fort large enough, we have
1 1
) 1430 -8l =0 (i )i ) 60 - 101 =0 ()

(2) For 6 =2, fort large enough, we have

i) llAx(t)=bl =€ (M) s i) () = f®)| =0 <—1“<f)> .

t t

Proof. Since the monotone operator M (x,A) satisfies all the conditions of Theorem 3.2, we get
all the assertions in Theorem 3.3 similarly.
For the convergence rates of the constraints, we only use (3.13) and

[Ax(2) = b|| = [V2L(x(1), A (1)) || < [|M(x(2),A(2))]]-
Also, for the convergence rates of the values, we use
fx(@0)=f(®) = ZL(x(1),A) =L (A1) - (A, Ax(1) - b)
< L(x(),A) = L% A1) + | 21| Ax(t) — b]
< - Z(x A t

bl|
L (x(1),A) = L (ZA(0)) + 1A ][[|M(x(2), A (1)
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4. THE ASSOCIATE IMPLICIT ALGORITHMS

4.1. Proximal algorithms to attain zeros of monotone operators. Here, we suppose M :
A — 27 a set-valued maximally monotone operator whose domaine is nonempty. As a back-
ward discrete version of (Sp), consider the proximal algorithm:

{ Clugs1 — ug) + &gt + Eg 1tk =0,

S
&1 € Muy 1 and ug € . (Sk)

Set it := projy;-1(9)(0). As the first result, we show that the iterations {u}, generated by (S),
converge strongly to i, provides that each weak cluster point of {u;} belongs to S.

Proposition 4.1. Suppose that {u;} is bounded. Then the following assertions are equivalent:

(a) Each weak cluster point of {uy} belongs to S = M~1(0).
(o) timinf | > .

(¢) up — it strongly as k — +oo.

Proof. The implication (¢) = (a) is immediate, while (a) = (b) follows from the weak lower-
semicontinuity of the norm. For the last implication (b) = (c), we consider sy := % ||uy — it||2.
Since || - ||¢ defines a norm in .77, then

s —llg = e —alle = —llu —weqr |16 = 2 — g1, ux 1 — @),

< 2(utgeyt — g, Uy 1 — ﬁ>c-

Thus
Sk — Sk < (C (g1 — ug)  Ugy1 — ). (4.1)
Using iteration (S;), we have
<C(”k+1 —Up)  Upy1 — ﬁ> = —<5k+1 T+ Epp 1 Uk 15 Uk 1 — L7>

= _<§k+1a”k+1 - b't> — &1 <”k+1a“k+1 — b't>~

By monotonicity of M, & € Muy; and 0 € Mii ensure ( — &1, upqq —ii) < 0. Thus

(C (g1 — ug) eyt — i) < — &yt (Up1, g1 — i)
Coming back to (4.1) and (2.1), we see that

Skt — Sk < — &1 (U1, Up1 — i)

Ek+1 =112 2 _2
< Ll = o1 = N — ]

Ek+1

_ 2 _ _
< FEL 1l = g1 | = 0 g 2]

which gives
_ _ ar, .
(k41 = 58) + 0 s <o Men S [l = ]

Setting Ay := ¢ [||i]|* — ||ux|?] and & := o~ '€ry in Lemma A.3, we obtain that {s;} is
bounded, so is {u;} and

limsup ||uy — i1||& = 2limsups; < 2limsuphy = otlimsup [||@||* — |jug||?] -

k—r4-o0 k—4-o0 k—r4-o0 k—r4-o0

By (b), we have limsup [||it]|> — |Jux||*] <0, so ||uy —ii[|c — 0. This ends the proof. O
k—>+oo
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Consider now the energy sequence:
1 1 1
Ey = EHuk — Up—1 H% = §||C(Mk - ”k—l)H%—l = §||§k + €kuk||?:—l~
We then have the following iterative sequential control.

Theorem 4.1. Let {uy} be the sequence generated by (Sy), and suppose that {&} satisfies

= Be g1 — &)°
Bee 1o upa tim (B8 2") =0. (4.2)
k=Ko 1+ Be k=400 By
Then the following statements hold:
(1) the generated sequence {uy} is bounded;
(2) it holds the following estimation:
1 g1 — &)°
Epy1 < e —a)” g, (4.3)

1+ Ba ¢ e (1+ Bersr)

(3) the sequence {M°uy;}, generated for each k by the minimum norm element of Muy,
converges strongly to the origin in € ;

(4) {ug} converges strongly to the minimum norm solution i in M —10.

Proof. (1) Fix u € . and define the nonnegative sequence {wy} whose general term is wy :=
3|l — ul|%. Then, we have

1
(Cluteyr = ui) ey = u) = 5 (s = welle + Nty = ulle = e = ul]2)-

Thus,
1
Wit = Wi = (Clutgert — ug) et — ) = 5 fJuger — gl (4.4)
Since C(uyy1 — ug) = —Muj | — €y 1Upy1, then (4.4) becomes
1
Wil = Wi = — (Gt 15 U1 — U) — 1 (Un1, U1 — U) — D) et 11 _”kH%u

which by monotonicity of M and u € . implies (&1 1,ux11 —u) > 0. Thus

1
Wil — Wi < — &1 (Ui 1, Uny 1 — ) — > g1 — || (4.5)
Note that —&g 1 (U1, Upr1 —u) = —8k||uk+1 —ul]® + & (u, uk+1 — u). Using the fact that
Ex (U Upy 1 — u) <& Huk+1 —ul]? 4+ H &
we obtain
— &1 (U1, Upy 1 —u) < —— ||Mk+1 —ul)? 4+ H I°.
Combining the last inequality with (4.5), we have
€k €k
Wil — Wi < Y gt — ul|* + > ]|

According to (2.1), we have

& 2
Wil — Wi < By gy 1 —ulle + H H = ——Wk+1 + 5 H”H
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Then, setting oy, =

€]0, 1], this leads to

OH-€

o[uf
2

Basing on the above relation and reasoning by induction, we prove that

Wil < (1= Qg 1) Wi + Oy 1

o
Wi < max (kaEHu”z) s Vk > ko.

This leads to the existence of a nonnegative real constant R such that ||uy||c < R. According to
(2.1), we conclude that {u;} is bounded.

(2) Let us remind that, for all a,b € 7, 1 (HbHé,l - HaHg,l) < (b—a,C~'b), which obtains

Eri1— Ex < (&t — &+ i1 — & C M (&1 + Ekt1ll41))-
Using the iteration &, | + &4 1ux 1 = —C(ups1 — uy), we have
Exi1 — Er < — (&1 — &yt — ug) — (Er1 Ui 1 — Exlh, Ug1 — Uy ).

Since M is monotone, we deduce

Erp1 —Er < — (Ek1Upr1 — Exlt, U1 — Uk)

= —&it [lursr — wel]” — (i1 — &) (g g1 — Mk>
2

E+1— &
< e o~ I S
Ert+1 2
(g —&) 8k+1
= 2o, g || tgert — ug ]|
Using (2.1), (2.2), and the boundedness of {uk}, we arrive at
(&1 — &)* Béeii 2
Eyi 1 —Ex < 260, Ro —\ 2 ||uk+1—ukHc_1j,
Berr1Eii1

where Ry is a positive constant. Rearranging the previous inequality, we achieve (4.3).
(3) Setting

1 (&ks1 —&)*
qr = ————and f; := Ry,
1+ B& 41 E+1(1+ B&t1)
we have )
! P& B (&1 —&)
— gk =

I+Be1 1—qx Ber1?

According to (4.2), sequences {gy} and { B} satisfy all the conditions in Lemma A.1. Then, we
conclude that E; — 0 as k — 0. Using again (2.1), we have || + &,ux|| — 0 as k — 0. Then,
the boundedness of {u;} and g, — 0 ensure k1_i>r£m |Ek|| = 0. Therefore, limy_, \ o || M u;|| = 0.

(4) To prove strong convergence of {u;} to the minimum norm solution iz € M~ 10, we appeal
Proposition 4.1. So, we only need to justify that every weak cluster point of {u;}, for k — oo,
belongs to M~10. Let us consider v;  +oo such that {uy, } converges weakly to u*. Using (3),
we see that sequence {yy, := M°uy, € Muy, } strongly converges to the origin in .7#. Knowing
that the graph of a maximally monotone operator is weak x strong sequentially closed in 7 x
JC (see [32, Proposition 20.38]), we ensure that 0 = Mu*. This ends the proof. ]
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4.2. The case : g, d>0.

— d
- Blk—d-1)p

Theorem 4.2. Let {uy} be the sequence generated by (SFy), where & = Bld=T) d 1 for some
d > 0. Then,

(1) limy poo Mg ]| = 0;

(2) there exist p € (1,2) and Ry > 0 such that
i) if d>2, then |M°u| = O (\/Ex)
i) if d =2, then |M°uy|| = O (\/Ex)

i) if 0<d <2, then |M°u| = O (VE)

(k1)

o
ﬁ( (1nk)1/2)
o

(-7)

7 a simple calculation ensures that

Proof. (1) Since g = Bl—d=T)

k— d I
1 g g and (8k+1 —Ek)z _ d
1+ﬁgk+1 k 8k+1(1+ﬁ8k+1) ﬁk3(1—(d+1)k72)2
Using d,:gl %, for k > kg large enough, and (4.3) in Theorem 4.1, we obtain the existence

of k1 > kg such that
d 4dR
Epiy < (1 —%> Er+ Bko Vk > k.

Using Lemma A.2 with p = 2, we conclude that

o ifd>2, then Ex =0 (k™2);

o ifd =2, then Ex = & (k ?In(k)) ;

o ifd <2, then Ex = O (k™).
Also, we have

1M u]| < (|Sll < [|Mug + || + &l [u |

1
< 2118+ &l + ||

V2 d
= F\/Fk'f’ m””kw

Since {u;} is bounded and the above rates of convergence for { E; }, we deduce all the assertions
in this theorem. O

4.3. Adequate proximal algorithm for composite convex minimization. In this section, we
apply the setting of the next subsection to composite convex optimization problems. Moreover,
we attain convergence rates for different concepts of values for Lagrangian saddle functions and
the constraints. For f: 2" — RU{+oo}, g: % — RU{+e} and A : 2~ — ¥, consider the
composite convex minimization problem

min f(x) + g(Ax), (2)
xeZ

Using the conditions (Hj), composite minimization problem (.%’) can be equivalently reformu-
lated as the Lagrangian function .2 (x,A) = f(x) + (1,Ax) — g*(A) as the saddle point problem
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ZL(x, 1) < ZL(xA) <.Z(x,A), which is equivalent to the corresponding optimality conditions

{axg(x,i) 50, {af(i) +A*A 50,

9L (%,1)30, Ax—9dg*(1)20.

We associate to () the continuous dynamic system (Sp), where, for u(r) = (x(t),A(t)), Mu :=
T(0x L (x,A),—0, L (x,1)) for every u = (x,A) € # =2 x¥, and C = (I'fA _ITA ),

- 4
where 7 satisfying 0 < 7 < 1/||A|| (see Lemma 3.1). We note that

M (x,A) = 1(9?L(x,1),—0, Z°(x,1)),
where d7.%(x,4) and d7 % (x, A ) are the minmum norm elements of 0.Z(-,4)(x) and 9.2 (x,-)(4),

respectively.
The corresponding optimization algorithm associated to (S) satisfies the following scheme

{ X1 — X — TA (Mgt — M) + T L (Xit1, A1) + Exg1 X1 2 0,

(SP)
M1 — A — TA (X1 — X)) — TIQ L (Xg1, Mkg1) + €1 Ak 41 20.

This last reformulation can be seen as a discretization associated to continuous dynamic system
(SHy).
According to Theorem 4.1, we derive the following first convergence result.

Theorem 4.3. Let {(x;,Ax)} be the sequence generated by (SP,) and suppose that the regular-
ization sequence & satisfies (4.2). Then,
(1) {(xx, A)} converges strongly to (%,2.), where % is the projection of the origin on Sy and
A is the projection of the origin on the set of associated Lagrange multipliers;
2) {(8}60.,? Xk, M), —97Z (xk,ﬂ,k))} converges strongly to the originin & x %

Proof. These follow immediately from the assertions (3) and (4) of Theorem 4.1. We only
point out that the projection of the origin onto M~10 = § % Ly is nothing else than the pair
(x, Z), where % and A are respectively the projections of the origin onto § rand Ly, the set of all
Lagrange multipliers associated to (). 0

Now, we choose &, = W, where d > 0. Then, based on Theorem 4.2, we obtain,

in addition to the strong convergences predicted in the previous theorem, the following rates of
convergence.

Theorem 4.4. Let {(x, A)} be the sequence generated by (SP;) and suppose that { &} satisfies
(4.2). Then, the following rates of convergence hold:
o [fd > 2, then, fort large enough,
) [ (902 (x Aa). 052 (s A) || = € (k7).
(i) L(x,A)—LxEN) =0 (K1),
(iii) [|Axe —9°¢* (M) = € (k1)
(V) f(a) +&*(4) = (f(%) + (1)) + (Ax, A) — (A%, ) = O (K1),
o Ifd =72, then, fort large enough,
) [ (992 (s 1), 952 (s 1) | = & (K~ (1nk) ),

(i) (5, 1) — £ (540 = 0 (k-2 (k) 14),
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(i) [|Ax, — 9°g* ()| = & (k_l(lnk)l/z) ,

() f(5) + 8" () = (F(0) +¢" (1)) + (Axe &) — (A% A) = € (k! (Ink)'/2)
o If 0 <d <2, then, fort large enough,
) [ (992 (s ) =952 (s 2a) || = & (K412,

Gi) L, A) — LG M) = O (k—d/2> :
(i) [|Ax, — 9°g*(W)| = & <k‘d/2> ,
(i) f0) +8" () = (/) +8"(A) + (Axi, 1) — (A% 2y = 0 (k~412)

Proof. Observe that M°(xy, Ax) € (0x.L (xx, Ax), —03 L (xx, A)). Then, for every k > ko, we
derive from inequalities in the proof of Theorem 3.3 that

1 -
0< L, A) = Z2(F M) < 1M Co, A |- [ (i, Ae) = (5, A),

1
1A% — %8 (A) | < —[1M° (e, A

and

f) = f(X) = L (xi, A) = L (%, M) — (Ax, &) + (A%, M) — g (M) +87(4).
Since the generated sequence { (xx,Ax)} by (SF;) is bounded, we derive from Theorem 4.2 the
desired rates of convergence immeately. U

4.4. Case of linearly-constrained minimization problem. We return to problem (.), with
f not necessarily differentiable, and rewrite it for some 7 > 0 as

min 7f(x) subjectto TAx = Tbh.
xe&

If we take 7 € (0,1/||A]|) (see Lemma 3.1), then (SP;) becomes

Xkl — Xk + TA A+ 10 f(Xiq1) + Eg1Xkq1 20,
lk—i—l — A — 2TAX 1 + TAX, + Tb+£k+1lk+1 =0.

which is equivalent, for oy := ﬁ to the following Forward-Backward algorithm

+

{ Xk+1 = ProXeg, f (Gk(xk — ‘L'A*ﬂ,k)) ; (4.6)

lk+1 = Oy ()Lk 4+ 2TAX 1 — ’L'(Axk + b)) .

Theorem 4.5. Let {(x;,Ay)} be the sequence generated by (4.6) and suppose that { &} satisfies
(4.2). Then, in addition to the Lagrangian estimates of Theorem 4.4, we have the following
convergence rates for values and constraints:
o [fd > 2, then
(i) Axe—b] = & (k).
(i) |f(xe) = f(®)| = 0 (k7).
o [fd =2, then
() v~ bl = & (k' (1nk)'/2),

i) 1 ()~ £(®)] = & (k! (Ink)"/2)
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o If 0<d<?2,then
() A —b]| = & (k4/2),

(i) |f(v) = ()] = 0 (k- 92).

Proof. Recall that M° (x, &) € (x-Z (xk, M), —9),-ZL (xk, Ax) ). Then, for every k > ko, we derive
from inequalities in the proof of Theorem 3.3 that

0< L5 A) — ZL(%M4) < 1M (e, A | - 11 ) — (B A
T||Axg — || < || M (e, M) I,
fl) = f(®) < L, A) — L& M) + | A 1M (e ) |

< (112 = ® AN+ A1) 1M Cxs A

Since the generated sequence {(xg, )} by (4.6) is bounded, the desired rates of convergence
follow from Theorem 4.2 immediately. 0J

5. EXAMPLES FOR COMPARISON

In this section, we consider numerical examples for the trajectories generated by dynamical
system (3.14). Here, the comparison examples are solved numerically with the Runge-Kutta
adaptive method in Scilab 6.1.0, and all the numerical tests are run on a Mac Book Pro 2.8 GHz
Intel Core i7.

Example 5.1 (Nonstrictly convex function). Consider the differentiable and nonstrictly convex
function f defined on R? by f(x) = (x| +x2)? +x and the constraint-set:

1 X1 +x2+x3
C:= R’ :Ax—b=— .
{xe X 10 (—xl—x2+X3

We have minc f = 0 and argmin,f = R(1,—1,0). For selected cases for the parameter 6,
in Figure 1 we plot the time-dependent evolution of the convergence rate to zero for the values
f(x(2)) —min f, the velocity ||%(z)|| and the constraints ||Ax(z) — b|| , as well as, for the pathways
towards the minimum norm solution x*. First, we obtain an approximate optimal solution x =
[-3,9%x107® 4x107% 6 x 1077] and the associated multiplier A = [7,2 x 107 4,9 107°]
when o = 1.2 and § = 2. Then, for & = 1,2 and § = 50, the solution x = [3,28 x 10~115 3 28 x
107115 9,67 x 107116 and A = [4,67 x 10~ 11* 3,48 x 10~!"%] is much more accurate.
The corresponding results in Figure | justify a much faster convergence when the parameter &
increases significantly.

Example 5.2 (Quadratic minimization problem subject to linear constraints). In this example,
we consider the problem min f(x) under constraint Ax = 0, where f(x) = %(Bx,x) and A €
R10%20 js a random matrix and B € R?°*?Y is a random positive semidefinite matrix with non-
empty kernel (10% of the eigenvalues equal to 0). This example is adapted from [28, Example
8.2] in order to compare the convergence rate of values for a similar constrained minimization
problem. To solve the linearly-constrained quadratic minimization problem (#.), Apidopoulos
et al. propose the differential system

<Be_(;v/i}‘20 [560_7’1/12;10> (z((tt))> " (Vf();a(t—))f;g;“t)) =0, (5.1)
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Convergence rate for values Convergence rate for velocities

[EGIH

fla(t) = flz")

T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
time — iterations time — iterations

Convergence rate for constraints Convergence of paths

| Az(t) — bl13

FIGURE 1. Here, for the convex minimization problem min,cc f(x) = (x] +
x)? +x§ where C = {x : x; +x3 +x3 = 0,x] +x, —x3 = 0}, we schematize
the convergence rate to zero for values, the velocity and the constrains, as well
as, for the pathways towards the minimum norm solution x* = (0,0,0). In this
numerical experiments we consider the starting points xo = (1/2,1,0) and A9 =

(1,1).

where I, represents identity operator on R"”. This system generalizes the following Luo’s [29]
preconditioned triangular one

(o L)

In Figure 2, we plot the time-dependent evolution of the convergence rate to zero for values.
We note that the convergence rate of the values and the runtime are better for (3.14), when com-
pared to those for (5.1). This may be due to the exponential factors in (5.1), which could require
more computation time at each iteration over time. Indeed, at each time iteration, solving (5.1)
requires solving the system of linear equations involving the exponential factors, which signif-
icantly increases the number of iterations. Whereas in (3.14) the square matrix C is constant,
and therefore its inverse only occurs once at the beginning of the resolution of this system.
Hereinafter, we specify the resolution times of the systems (3.14), (5.1) and (5.2) in Table 1 for
selected value of a, 7,3 and r.

Example 5.3 (Proximal algorithm for linear constrained convex minimization). Considering
the minimization of the nondifferentiable convex function f(x) = 3 (x1 +x2)* 4 |x3| under the



PRECONDITIONED TIKHONOV REGULARISED MONOTONE DYNAMICAL SYSTEMS 985

Convergence rate for values

S(t)) = fla*)

T T T T T T T T T T T T T T T T T T T
0 05 1 15 2 25 3 35 4 45 5 5.5 6 65 7 75 8 85 9 95 10
time — iterations

FIGURE 2. For the quadratic minimization problem f(x) = %(Bx,x) subject to
linear constraints Ax = 0, where A € R19%20 jg 4 random matrix and B € R20%20
is a random positive semidefinite matrix with non-empty kernel (10% of the
eigenvalues equal to 0), we compare values convergence rates for the systems
(3.14) and (5.1) by starting from (x(0),A(0)) = 55 1(30), where 1(n) denotes the
30-dimensional vector whose coordinates are all equal to one.

TABLE 1. InExemple 5.2, the choice of parameters «, 3, and r for the systems (3.14), (5.1)
and (5.2) are simulated in the following table.

] System \ Data \ Execution time
(5.2) a=y=0,005|1,03 s
(5.2) a=7y=0,001 0,99 s
(5.2) a=y=0,05 |[1,01 s
(5.1) B =0,05 808,86 s
(5.1) B=0,1 754,65 s
(5.1) B=0,2 665,70 s
(3.14) |r=2 1,80 s
(3.14) | r=10 2,30 s
(3.14) | r=50 331 s

linear constraints x; +x3 +x3 = 0 and x| + x> —x3 = 0, we adjust the algorithm (4.6) by setting:

X1 = 2 (O + 1Dxi g — 0ux2(n) — 5 (A — Aop)],
X241 = 2y (O + 1)x2(n) = opxi g — 5 (A — Ao,
X341 = O [max(|x3 e — 5 (Mg +Aap) | — 1)] sgnlxs e — 5 (A e+ Aax)), (5.3)
M jer1 = O A g+ 3 (X1t + X241 +X3041) — 5 (01 +22(n) +x3(n))],
(A2 441 = Ok Aok — %(xl,kH + X2 k41 — X3 441) T %(xl,k + X2k — X34)]
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where o), = % and sgn(x) =1ifx >0, sgn(x)=—1ifx<O0.

Figure 3 compares the convergence rates for the algorithm (5.3) when the initial point is

Convergence rate for values Convergence rate for velocities

= llzpsr — zll3

flax) — min f

fl®

n=4/5d=0.25=5
———t 1= 4/5d=25=5
10 n=4/5d=10;6="5
At = 4/5:d = 30:6 =5

K" iteration K" iteration

Convergence rate for constraints Path of iterations

= 4/5d=0.26-5
——t = 4/5d=25=5
A+ n=4/5d=10;6=5

n=1/5d=30;0=5

(| Ay~ blj3

——t = 4/5d =30;6=5

T T
0.05 0.1 0.15
k™" iteration o

FIGURE 3. Here, we implement the algorithm described in (5.3). Varying the
parameter d, we notice a variation in the rate of convergence for the values,
velocities and constraints. We observe that the associated proximal algorithm
achieved convergence rates similar to the ones obtained in Example 5.1 for the
continuous case.

(x0,40) = (0.2,0.3,—0.1,—2, 1), the data d varies from 0 to 30 and n = 4/5,0 = 5 remain
fixed. We note that the parameter d plays a crucial role in improving the convergence rates to
zero for values, velocities, and constraints. The parameter d thus contributes even more to the
improvement of these convergence rates than the suggested assertions in Theorem 4.5.

6. CONCLUSION AND COMMENTS

Our aim in this paper is to find a zero of a maximally monotone operator in a Hilbert space.
To this end, we first proposed a continuous aspect that differs little from that proposed by Bot
and Nguyen [7]. We apply a positive linear operator to the factor x(¢) in order to adapt an appro-
priate proximal algorithm when applying the proposed system to a composite convex minimiza-
tion problem and to minimization under linear constraints via a saddle point of an associated
Lagrangian. The continuous aspect is treated for a single-valued operator M, in order to be able
to illustrate via a suitable discretization the appropriate proximal algorithm and then to perform
a similar proof for any convergence rate. The proximal algorithm developed in this paper is
more interesting, since strong convergence to a Zero of M with no additional condition on the
maximal monotonicity of M does not appear in later works. As mentioned earlier, the study of
the case that M is the subdifferential of a convex Isc function has been carefully treated in [26].
We also note that it is the Tykhonov’s penalization term €& 11| that enables us to achieve this
strong convergence, to the minimum norm element in M~10, of u; generated by the algorithm
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0e C(I/lk_H - uk) + Muy i1 + € 1ugs1. In the algorithm 0 € C(uk+1 — Ltk) +Muj | + Ep Uk,
it is the Tykhonov perturbation &, u that enables us to achieve this strong convergence to
the minimum norm element in M~'0. Furthermore, in solving a minimization problem under
linear constraints, we observe that the associated algorithm (1.4) through the introduction of
the operator C proposes at each iteration to directly evaluate x| based on (xi, A;), and then to
deduce Ay from (xi, A;) and x; ;. This avoids, as can be seen when implicitly discretizing the
system proposed in [7], the need to directly evaluate (x;. 1, A1) as a fixed point of an appropri-
ate proximal operator, see (1.8). Also, notice that system (Sp) can be seen as a dynamic system
associated with the two-level hierarchical problem: min % ||u||%, under constrained u € M0,
which is equivalent by optimality condition to find & € 7 such that

1

= aeM—lo, and (v—i, @) >0,YwveM 10
— aecM 0, and ||ji]| < ||7] 0, Vv eM O

& jiis the minimal norm element of M~ 10.

So, to reach another solution on M0, it is possible to choose another differentiable objective
function ¢, for which the attained solution would be the minimum of ¢ in M 0.

In this article, when dealing with convex minimization under linear constraints and the com-
posite minimization problem, we restrict ourselves to the case where the operator C, in the
associate dynamic system, is symmetric. A detailed study of the different types of systems with
symmetric, antisymmetric, and triangular, as well as time-dependent and constant operators C,
could be the subject of a future article. We would compare these different types of systems from
both theoretical and numerical perspectives, as methods for achieving faster convergence rates.
Another more attractive direction is to pass from the first-order system (S5p), to a second-order
system in order to obtain an acceleration rate of order 2. This is the subject of a current work.

APPENDIX A. CONVERGENCE FOR NONNEGATIVE REAL SEQUENCES

Lemma A.1. [33, Lemma 2.2.3] Let (yi) be a real sequence satisfying

Vel < (1 —og)yr+ B, with B, >0, 0 < oy < 1, Z oy = o and ﬁk
k=ko k

Then, limsup;_, ., yk < 0. In particular, if y, > 0, then y; — 0.

Lemma A.2. [34, Lemma 1] Let (y;) be a nonnegative real sequence satisfying
d
yk+1§<1—;)yk+k with ¢ > 0,d > 0,p > 0.

() Ifd # p, then y, = O (k—min(md))
(ii) ifd = p, then yy = O (k"Plnk).
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Lemma A.3. Let {6}, {h} and {&} be three real sequences, such that {hy} is bounded and
& > —1,Yk > ko. Suppose that, for every k > ko,

~+oo
Ok — Ok + EOrr1 < Exhyrr and Y & = oo,
k=ko

Then {6} is bounded and we have limsup 6 < limsup /.

Proof. Setting ¢, := supy {hy : k > n}, we have, for every k > n, 61 — O+ & (61 — 9n) < 0.
By setting E; = 6 — ¢, for all k > n, the last inequality becomes (1 + & )E;; — E;x < 0.
Multiplying by ITj := HIJ‘.;}(O (1+¢&;), we have

(14 &)k Epy 1 — IiEy = i1 Egy —TIkER < 0.

Summation from # to k, we obtain

HI’ZEI’Z
Epy1 < o
k+1
~+oo
In view of Y &, = +o0, we have lim II; = +o0, which implies
k=ko k—>+o0
limsup(6; — ¢,) =limsupE; < lim LEx =0.
k— oo koo k—teo Iy
Letting once more n — +oo, we deduce that limsup 6y < lim ¢, = limsup Ay, which completes
k—>—+oo n—roo k——+oo
the proof. 0
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