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Abstract. Semivectorial bilevel optimization problems, particularly those where the lower-level problem
is solved up to efficiency, have attracted significant attention in optimization theory. While previous
research in this area has often focused on problems with continuously differentiable functions, many real-
world applications of bilevel optimization feature non-smooth functions. Motivated by this observation,
the current study aims to propose new necessary optimality conditions for semivectorial bilevel programs
under weaker regularity assumptions that allow for non-differentiability. Specifically, we revisit the
Charnes-Cooper scalarization technique and present tailored optimality results for problems where the
data satisfy only local Lipschitz continuity. Through this generalization, our results provide a more
flexible theoretical framework applicable to a broader class of non-smooth optimization models arising
in practical semivectorial bilevel programming contexts.

Keywords. Charnes-Cooper scalarization; Efficient solution; Optimality conditions; Optimal value func-
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1. INTRODUCTION

The fundamental structure of semivectorial bilevel programming, which was originally es-
tablished by Bonnel and Morgan [1], is expressed as

min
x,y

F(x,y) s.t. x ∈ X , y ∈Φ(x). (SVBOP)

The nonempty and closed set X ⊆ Rn denotes the upper-level feasible set, F : Rn×Rm → R
represents the objective function, and Φ : Rn ⇒ Rm is the solution set mapping of the vector
lower-level problem

min
y

( f1(x,y), . . . , fs(x,y)) s.t. y ∈ ϒ(x), (P[x])

where ϒ(x)⊆Rm and f : Rn×Rm→Rs denote the feasible set and the vector-valued objective
function of the lower-level problem, respectively.
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Semivectorial bilevel optimization problems arise naturally in hierarchical decision-making
processes involving multiple conflicting criteria at the lower level. These models have numerous
applications in areas such as transportation planning, engineering design, supply chain manage-
ment, economics, and energy systems; see, for example, [2, 3, 4] for further details. In these
situations, the lower-level decision-maker generally seeks Pareto efficient solutions rather than
weakly efficient ones, since efficient solutions exclude decisions that can be improved in one
criterion without deteriorating another. Thus the study of semivectorial bilevel programming
with efficient lower-level solutions is not only mathematically challenging but also highly rel-
evant from a practical viewpoint. Except for [5, 6], most of the existing literature has mainly
focused on the case where Φ is the weakly efficient solution map associated with (P[x]). Earlier
seminal contributions on this topic include [7, 8, 9, 10, 11], where various optimality condi-
tions, reformulation procedures, and numerical algorithms were established. The motivation of
the present work is threefold.

• Most of the available contributions deal with weakly efficient lower-level solutions,
whereas the efficient case remains significantly less investigated despite its practical
relevance. Indeed, weakly efficient solutions may correspond to decisions that are dom-
inated in some criteria and therefore may have limited applicability in real-world hier-
archical optimization problems. This motivates the study of semivectorial bilevel prob-
lems where the lower-level problem is solved up to efficiency.
• A common feature of the above references is the use of weighted-sum scalarization

techniques in order to transform the lower-level multiobjective problem into a scalar
optimization problem. Although this approach is applicable in several semivectorial
optimization settings, particularly in the weakly efficient case, it suffers from important
drawbacks. First, the weighting parameters are usually incorporated as additional upper-
level variables, which enlarges the dimension of the bilevel problem and complicates the
associated analysis. Second, in nonconvex multiobjective optimization, weighted-sum
scalarization generally fails to characterize properly the efficient solution set. Conse-
quently, this scalarization technique becomes inadequate when the lower-level problem
is solved up to efficiency rather than weak efficiency. These limitations motivate the
development of an alternative scalarization framework based on the Charnes–Cooper
approach.
• Existing works employing the Charnes–Cooper method in semivectorial bilevel opti-

mization, such as [6], rely essentially on differentiability assumptions. Nevertheless,
many practical bilevel optimization models involve non-smooth data, as emphasized
in [12]. This motivates the extension of the available theory to a non-smooth setting
by using tools from variational and generalized differentiation analysis under locally
Lipschitz assumptions.

Motivated by these points, we focus on the semivectorial bilevel program (SVBOP) where the
lower-level problem (P[x]) is solved up to efficiency. Specifically, we re-examine the Charnes–
Cooper method originally proposed in the seminal works [13, 14] and recently applied for
convex vector optimization problems in [15]. In Section 3, the Charnes–Cooper approach is
explored in more detail. Before exploring the non-smooth analysis of problem (SVBOP), it
is essential to establish that the efficiency map of a completely linear parametric multiobjec-
tive optimization problem possesses a closed graph. This provides an additional criterion for
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establishing the existence of solutions to (SVBOP). Subsequently, by employing an enhanced
Charnes–Cooper technique, we are able to transform the multiobjective bilevel programming
problem into a bilevel programming problem that incorporates a scalar lower-level problem.
This innovative scalarization approach proves to be effective in addressing significant classes of
vectorial bilevel problems, while simultaneously overcoming the limitations of previous scalar-
ization methods. Furthermore, we reformulate the bilevel optimization problem as a single-level
optimization problem, ensuring global and local equivalence to the original problem. Notably,
this reformulation is achieved without necessitating the scalar lower-level solution set derived
through the utilization of Charnes–Cooper to be either inner semicompact or inner semicontin-
uous. Building upon these foundations, we establish the necessary optimality conditions for the
problem under consideration.

In the next section, we introduce key concepts from multiobjective optimization and vari-
ational analysis. Section 3 first examines the graph-closedness of the associated efficiency
mapping, outlines our scalarization technique, and explains the transformation process yielding
a single-level optimization problem. Moving on to Section 4, we establish a value function es-
timation and provide sufficient conditions to ensure its local Lipschitz property. Subsequently,
in Section 5, we use an appropriate weak Mangasarian–Fromowitz constraint qualification to
establish the necessary optimality conditions. To enhance these conditions, we introduce a gen-
eral partial calmness concept specifically tailored to the optimal value function reformulation.
Moreover, we study the special case where the lower-level multiobjective problem is linear in
the lower decision variable. Finally, we draw our conclusions in Section 6.

2. PRELIMINARIES

In this section, we introduce some basic notations that are used throughout the remainder of
this paper. Let Rn be the n-dimensional Euclidean space, and let R+ be the set of non-negative
real numbers. Given a subset M ⊆ Rn, the notation conv M refers to the convex hull of M, and
the distance of a point x ∈ Rn to M is given by d (x,M) := inf{‖x− x‖ : x ∈M}.

Consider the following multi-objective optimization problem:

min
x

(ω1(x), . . . ,ωs(x)) s.t. x ∈M, (2.1)

where ωk : Rn→ R, k = 1, . . . ,s, and s is a positive integer.

Definition 2.1. Let x ∈M be a feasible point of problem (2.1).
(1) We say that x is an efficient solution to problem (2.1) if there exists no other feasible

point x ∈ M such that ωk(x) ≤ ωk (x) for all k = 1, . . . ,s and ωk(x) < ωk (x) for some
k = 1, . . . ,s.

(2) We say that x is a weakly efficient solution to problem (2.1) if there exists no x∈M such
that ωk(x)< ωk (x) for all k = 1, . . . ,s.

Given a set-valued mapping Π : Rn⇒ Rm, we define:
• The graph of Π is given by:

gphΠ := {(x,y) ∈ Rn×Rm | y ∈Π(x)} ;

• The Kuratowski-Painlevée upper limit of Π at a point x is given by

limsup
x→x

Π(x) := {y ∈ Rm : ∃xk→ x, yk→ y with yk ∈Π(xk) ∀k ∈ N} .
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Let Θ be a locally closed subset of Rn, and x ∈Θ. Then,
• The normal cone of Fréchet N̂ (x,Θ) is given by

N̂ (x,Θ) :=

{
x∗ ∈ Rn : limsup

x Θ→x

〈x∗,x− x〉
‖x− x‖

≤ 0

}
.

• The normal cone of Mordukhovich N (x,Θ) to Θ in x is defined as

N (x,Θ) := limsup
x Θ→x

N̂ (x,Θ) ,

where x Θ→ x stands for x→ x with x ∈Θ.
Unless otherwise stated, ϕ : Rn → R∪ {+∞} is assumed to be a lower semi-continuous

function. For x ∈ dom ϕ := {x ∈ Rn : ϕ(x)<+∞}, the Fréchet subdifferential of ϕ at x is

∂̂ϕ(x) :=
{

x∗ ∈ Rn : liminf
x→x

ϕ(x)−ϕ(x)−〈x∗,x− x〉
‖x− x‖

≥ 0
}
,

and the Mordukhovich (limiting) subdifferential of ϕ at x is given as follows:

∂ϕ (x) :=
{

x∗ ∈ Rn : ∃xk
ϕ→ x, and x∗k ∈ ∂̂ϕ (xk)∀k with x∗k → x∗

}
,

and its singular subdifferential at x is

∂
∞

ϕ (x) :=
{

x∗ ∈ Rn : ∃xk
ϕ→ x, tk↘ 0, and x∗k ∈ ∂̂ϕ (xk)∀k with tkx∗k → x∗

}
,

where x
ϕ→ x means that x→ x with ϕ (x)→ ϕ (x). When ϕ is a local Lipschitz continuous

function at x, ∂ϕ (x) is nonempty and compact. Moreover, its convex hull is the Clarke subdif-
ferential, i.e.,

∂Cϕ (x) := conv ∂ϕ (x) .
Given this connection between Mordukhovich and Clarke subdifferentials, we have the follow-
ing convex hull property

conv ∂ (−ϕ)(x) =−conv ∂ϕ (x) . (2.2)
The concept of semismoothness was applied to sets in [16] by means of the Euclidean dis-

tance function dE . A set Θ ⊆ Rn is called semismooth at x ∈ cl Θ if, for any sequence xk→ x
with xk ∈Θ and ‖xk−x‖−1(xk−x)→ α , 〈x∗k ,α〉→ 0 for all selections x∗k ∈ ∂CdE (xk,Θ). More-
over, we say that the set Θ is regular at x if N (x,Θ) = N̂ (x,Θ).

Now, we define the coderivative D∗Π(x,y) : Rm⇒ Rn for the set-valued mapping Π : Rn⇒
Rm at (x,y) ∈ gph Π by

D∗Π(x,y)(v) := {u ∈ Rn | (u,−v) ∈ N ((x,y),gphΠ)} for v ∈ Rm.

Moreover, if the function ω : Rn→ Rm is strictly differentiable at x, then

D∗ω (x)(y∗) =
{

∇ω (x)> y∗
}

for all y∗ ∈ Rm.

For (x,y) ∈ gph Π, the set-valued mapping Π is said to be
• inner semicontinuous at (x,y) if, for any sequence xk → x there exists a sequence yk ∈

Π(xk) which converges to y as k→ ∞.
• inner semicompact at x, Π(x) 6= /0 if, for every sequence xk → x with Π(xk) 6= /0 there

exists a sequence of yk ∈Π(xk) that contains a convergent subsequence as k→+∞.
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• calm at (x,y) if there exist neighborhoods U of x, V of y, and a constant λ > 0 such that

d (y,Π(x))≤ λ‖x− x‖ ∀x ∈U and ∀y ∈Π(x)∩V.

• has Aubin property at (x,y) ∈ gph Π if there exist neighborhoods U of x, V of y, and a
scalar τ > 0 such that for all x,x∗ ∈U and y ∈Π(x)∩V there is y∗ ∈Π(x∗) such that

‖y− y∗‖ ≤ τ ‖x− x∗‖ .
In general, the notion of inner semicontinuity is required to satisfy the Lipschitz property. For
a closed graph mapping Π, the coderivative criterion D∗Π(x,y)(0) = {0} provides a sufficient
condition for the inner semicontinuity of Π at (x,y).

3. CHARNES-COOPER SCALARIZATION TO SEMIVECTORIAL BILEVEL PROGRAMS

This paper primarily focuses on semivectorial optimistic bilevel optimization problem (SVBOP),
where the set-valued mapping Φ = Φeff represents the collection of efficient optimal solutions
for the parametric multiobjective optimization problem (P[x]). Furthermore, throughout the
paper, for clarity of exposition, the upper- and lower-level feasible sets are defined as:

X := {x ∈ Rn : Gi(x)≤ 0, i ∈ I} and ϒ(x) := {y ∈ Rm : g j(x,y)≤ 0, j ∈ J}
with I = {1, . . . ,q}, J = {1, . . . , p}, Gi : Rn → R and g j : Rn×Rm → R. We assume that all
involved functions at both levels are Lipschitz continuous.

We also assume that the graph of Φeff is closed. This closedness assumption on the graph of
the efficiency mapping is necessary to ensure the existence of solutions to (SVBOP). However,
it is worth noting that when solving the lower-level problem (P[x]) efficiently, the graph of
the corresponding efficiency map Φeff is generally not closed. To illustrate, we consider the
following lower-level problem:

min
y

(
byc;x2 + by+2c

)
s.t. y ∈ [2,3],

where b·c denotes the floor function. Here, the efficiency map is given by Φeff(x) = [2,3[ for all
x ∈ R. Hence, gph Φeff = R× [2,3[, which is not closed.

The non-closedness of gph Φeff poses challenges, for example in proving the existence of
solutions to (SVBOP). Considering the lower-level problem above, the upper-level problem

min
x,y
|x|− y+3 s.t. x≤ 0 s.t. (x,y) ∈ gph Φeff

clearly admits no solution.
In this section, we prove that, for a completely linear multiobjective parametric optimization

problem, the efficiency map has a closed graph. This closedness property ensures the existence
of solutions to (SVBOP), as will be shown subsequently.

Recall that a fully linear multiobjective parametric optimization problem takes the following
form:

min
y

Ay s.t. Bx+Cy≤ e, (L[x])

where A ∈ Rs×m, B ∈ Rp×n, C ∈ Rp×m, and e ∈ Rp. We represent every matrix in terms of its
row vectors as A = (ak)1≤k≤s, B =

(
b j
)

1≤ j≤p and C =
(
c j
)

1≤ j≤p. For this problem, the feasible
set ϒ(x), with x ∈ Rn, is given by

ϒ(x) = {y ∈ Rm : Bx+Cy≤ e} .
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The following proposition shows that the efficiency map of a fully linear multiobjective para-
metric optimization problem possesses a closed graph, proven here without any scalarization.

Proposition 3.1. The mapping Φeff associated with problem (L[x]) possesses a closed graph.

Proof. Suppose, on the contrary, that gph Φeff is not closed. Then, there exists a sequence
{(xt ,yt)} ⊆ gph Φeff converging to (x,y) ∈ gph ϒ\gph Φeff. Hence, there is y ∈ ϒ(x) such that
aky≤ aky for all k = 1, . . . ,s and aky < aky for some k = 1, . . . ,s. Hence y− y ∈ Γ, where

Γ := {y ∈ Rm : aky≤ 0 for all k = 1, . . . ,s, and aky < 0 for some k = 1, . . . ,s} .

Let J ⊆ J such that J = J (t) :=
{

j ∈ J : b jxt + c jyt = e j
}

. Then, b jx+ c jy = e j and
c jy≤ c jy for all j ∈J .

We claim there exists j ∈ J \J with c jy > c jy. Suppose to the contrary that c j(y− y) ≤ 0
for all j ∈ J \J . Henceforth, for a given z ∈ Φeff(x), we have (x,z+(y− y)) ∈ gphϒ since
(x,z) ∈ gphϒ. However, z + (y− y)− z = y− y ∈ Γ, so ak(z + (y− y)) ≤ akz for all k and
ak(z+(y− y)) < akz for some k, contradicting z being efficient for (L[x]). Hence there exists
the claimed j.

Let J1,J2 ⊆ J such that

J1 :=
{

j ∈ J : c j (y− y)≤ 0
}

and J2 :=
{

j ∈ J : c j (y− y)> 0
}
.

Observe that J ⊆J1, J2 6= /0 and J1∪J2 = J. Fix t ∈ N, and define

ρt := min
j∈J2

e j−
(
b jxt + c jyt

)
c j (y− y)

=
el− (blxt + clyt)

cl (y− y)
> 0,

with l ∈J2 and taking into account the fact that J * J2. Let

ỹt := yt +ρt (y− y) . (3.1)

Since ρt > 0 and y 6= y, then ỹt 6= yt . Two cases have to be considered.

• For j ∈J1, we obtain

b jxt + c jỹt = b jxt + c jyt +ρtc j (y− y)≤ b jxt + c jyt ≤ e j.

• For j ∈J2, we obtain

b jxt + c jỹt = b jxt + c jyt +ρtc j (y− y)

= b jxt + c jyt +

(
ρt×

c j (y− y)
e j−

(
b jxt + c jyt

) × (e j−
(
b jxt + c jyt

)))
≤ b jxt + c jyt +

(
1×
(
e j−

(
b jxt + c jyt

)))
≤ e j.

Consequently, (xt , ỹt)∈ gph ϒ. Moreover, we have from (3.1) that akỹt ≤ akyt for all k = 1, . . . ,s
and akỹt < akyt for some k = 1, . . . ,s, which contradicts the fact that yt ∈ Φeff (xt). Therefore,
gph Φeff is closed. �

Returning to the initial semivectorial bilevel problem (SVBOP), our goal is to transform it
into a single optimistic bilevel programming problem using the Charnes-Cooper scalarization
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method. To initiate this transformation, let’s define the set Ω of upper and lower-level con-
straints as follows:

Ω = {(x,y) ∈ Rn×Rm : x ∈ X and y ∈ ϒ(x)} .
For (x,y) ∈ Ω, the scalarization technique of the transformed problem (P[x]) is given by the

following program:

min
w

s

∑
k=1

fk(x,w) s.t. fk(x,w)≤ fk(x,y), k = 1, . . . ,s, w ∈ ϒ(x). (CCS[x,y])

We refer to (CCS[x,y]) as a Charnes-Cooper scalarization problem. Its solution set is denoted
as S(x,y) and its feasible set is given by Ξ(x,y) = {w ∈ ϒ(x) : fk(x,w)≤ fk(x,y), k = 1, . . . ,s} .
When considering efficient solutions with respect to Rs

+ for lower-level problem (P[x]), we
establish the relationship between (CCS[x,y]) and (P[x]). According to [6, Proposition 3.1], we
obtain the following result:

Proposition 3.2. For (x,y) ∈ Ω, y is an efficient solution of (P[x]); that is, y ∈ Φeff(x), if and
only if it is a solution of (CCS[x,y]).

Let us point out that Proposition 3.2 is no longer true when considering weak efficient so-
lutions for the lower-level problem (P[x]); see [6, Example 3.2]. Based on the aforementioned
arguments and the preceding proposition, we now replace semivectorial optimization problem
(SVBOP) with the following equivalent scalarized bilevel optimization problem:

min
x,y

F(x,y) s.t. x ∈ X , y ∈ S(x,y). (3.2)

One possible way to reformulate scalarized problem (3.2) as a single-level mathematical pro-
gram is through the application of the optimal value function reformulation. This process in-
volves replacing the lower-level solution set S(x,y) with its characterization using the optimal
value function.

Let υ : Rn×Rm→ R∪{±∞} denote the optimal value function associated with the lower-
level problem (CCS[x,y]), defined as:

υ(x,y) = inf
w∈Ξ(x,y)

s

∑
k=1

fk(x,w), for all (x,y) ∈ Rn×Rm. (3.3)

Then, the lower-level solution set S(x,y) can be expressed as:

S(x,y) = argmin
w

{
s

∑
k=1

fk(x,w),w ∈ Ξ(x,y)

}

=

{
w ∈ ϒ(x) :

s

∑
k=1

fk(x,w)≤ υ(x,y), fk(x,w)≤ fk(x,y), k = 1, . . . ,s

}
.

This optimal value reformulation allows casting problem (3.2) into a single-level form without
requiring additional assumptions. It transforms (3.2) into the equivalent single-level problem:

min
(x,y)∈Ω

F(x,y) s.t.
s

∑
k=1

fk(x,y)≤ υ(x,y). (3.4)

Remark 3.1. (i) The constraints fk(x,w) ≤ fk(x,y) for k = 1, . . . ,s are not explicitly in-
cluded in the single-level formulation (3.4) as they hold true for w = y.
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(ii) When solving multi-objective optimization problems numerically, efficient solutions
tend to be computed more easily than weakly efficient solutions using typical algo-
rithms. Additionally, our reformulation method offers two advantages over prior works
[1, 5, 7, 8, 10]. First, we do not require the scalarized problem solution set to be closed.
Second, we avoid introducing an extra variable at the upper optimization level - the
single-level program (3.4) only involves the original decision variables x and y, main-
taining a more compact formulation.

4. SUBDIFFERENTIAL ESTIMATE OF CHARNES-COOPER VALUE FUNCTION

This section investigates the local sensitivity and stability properties of the optimal value
function υ defined in (3.3). We derive an upper estimate of the Mordukhovich subdifferential
of υ at a reference point, providing insight into its point-based sensitivity. Additionally, various
conditions are established for the local Lipschitz continuity of υ around the reference point.

To facilitate the analysis, some key definitions and notation are introduced. Let (x,y,w) ∈
Rn×Rm×Rm, and set:

f0k (x,y,w) := fk (x,w) , for all k = 1, . . . ,s;

f0 (x,y,w) :=
s

∑
k=1

f0k (x,y,w) ;

g0 (x,y,w) := g(x,w) .
We impose the calmness property as a significant constraint qualification at the reference points
of the following set-valued mappings:

Ψϒ0 (µ) :=
{
(x,y,w) ∈ Rn×Rm×Rm : g0 (x,y,w) ∈ µ−Rp

+

}
, for all µ ∈ Rp

ΨΞ (κ) :=
{
(x,y,w) ∈ gph ϒ0 : m(x,y,w) ∈ κ−Rs

+

}
, for all κ ∈ Rs,

where ϒ0 : Rn×Rm⇒Rm is the set-valued mapping given by ϒ0 (x,y) = ϒ(x) and m(x,y,w) =(
f1 (x,w)− f1 (x,y) , . . . , fs (x,w)− fs (x,y)

)
.

Theorem 4.1. Let (x,y) be a feasible point of problem (SVBOP). Assume that Ξ possesses the
Aubin property at (x,y,w) for all w ∈ S (x,y). Moreover, suppose that the set-valued mapping S
is inner semicompact at (x,y) and that the set-valued mapping ΨΞ (respectively, Ψϒ0) is calm at
(0Rs,x,y,w) (respectively, at (0Rp,x,y,w)) for all w ∈ S (x,y). Then, the optimal value function
υ is Lipschitz continuous near (x,y), and

∂υ (x,y) ⊆
⋃

w∈S(x,y)

⋃
δ≥0

⋃
ϑ≥0

{
(x∗,y∗) : (x∗,y∗,0Rm) ∈

s

∑
k=1

∂ fk (x,w)

+
s

∑
k=1

δk (∂ fk (x,w)− conv ∂ fk (x,y))+
p

∑
j=1

ϑ j∂g j (x,w)
}
.

Proof. Due to the inner semicompactness of S at (x,y) and the fact that f0k, k = 1, . . . ,s, is
locally Lipschitz continuous around (x,y,w) for all w ∈ S (x,y), we apply [17, Theorem 7(ii)].
This result yields a variational representation of both the singular and limiting subdifferentials
of the optimal value function in terms of coderivatives of the multifunction Ξ. More precisely,
we obtain:
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• the singular subdifferential satisfies

∂
∞

υ (x,y)⊆
⋃

w∈S(x,y)

D∗Ξ(x,y,w)(0),

• and the limiting subdifferential satisfies

∂υ (x,y)⊆
⋃

w∈S(x,y)

{
(η ,0)>+D∗Ξ(x,y,w)(σ) : (η ,0,σ) ∈ ∂ f0 (x,y,w)

}
.

By the Aubin property of Ξ at (x,y,w) for all w ∈ S (x,y), the coderivative satisfies the stability
condition

D∗Ξ(x,y,w)(0)⊆ {0},

which implies that no nontrivial singular directions exist. Hence ∂ ∞υ (x,y)= {0}. This property
ensures that the value function υ is locally Lipschitz continuous near (x,y). Furthermore, for
any (x∗,y∗) ∈ ∂υ (x,y), there exists w ∈ S (x,y) such that, for some (η ,0,σ) ∈ ∂ f0 (x,y,w),(

x∗

y∗

)
∈

(
η

0

)
+D∗Ξ(x,y,w)(σ).

Exploiting the coderivative definition together with the subdifferential sum rule in the last in-
clusion, we obtain

(x∗−η ,y∗,−σ) ∈ N
(
(x,y,w) ,gph Ξ

)
.

Combining this with the calmness of ΨΞ while observing that ΨΞ (0) = gph Ξ, we conclude
from [18, Theorem 4.1] that there exists δ ∈ N

(
m(x,y,w) ,−Rs

+

)
such that

(x∗−η ,y∗,−σ) ∈ ∂ 〈δ ,m〉(x,y,w)+N
(
(x,y,w) ,gph ϒ0

)
.

Invoking the structure of the functions f0k and utilizing the fact that N
(
m(x,y,w) ,−Rs

+

)
⊆Rs

+,
it follows that there exists (ηk,0,σk) ∈ ∂ f0k (x,y,w), with k = 1, . . . ,s, such that (η ,0,σ) =

s

∑
k=1

(ηk,0,σk). Additionally, there exist positive scalars δk, with k = 1, . . . ,s, such that

(x∗−η ,y∗,−σ) ∈
s

∑
k=1

δk (∂ fk (x,w)− conv ∂ fk (x,y))+N
(
(x,y,w) ,gph ϒ0

)
. (4.1)

This follows by applying the calculus rules for generalized derivatives along with the convexity
property stated in (2.2).

Let us now compute the normal cone N
(
(x,y,w) ,gph ϒ0

)
. Taking into consideration that

gph ϒ0 = Ψϒ0(0) and that Ψϒ0 is calm at (0Rp ,x,y,w), we derive from [18, Theorem 4.1] that,
for any (a,b,c) in this normal cone ,there exists ϑ ∈ Rp

+ such that

(a,b,c) ∈
p

∑
j=1

ϑ j∂g j (x,w) . (4.2)
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The combination of (4.1) and (4.2) yields

(x∗−η ,y∗,−σ) ∈
s

∑
k=1

δk (∂ fk (x,w)− conv ∂ fk (x,y))+
p

∑
j=1

ϑ j∂g j (x,w) .

This proves the claimed estimate for ∂υ (x,y). �

Remark 4.1. (1) Let j ∈ J. One see that N
(
g0 j (x,y,w) ,−R+

)
= R+ when g0 j (x,y,w) =

0; and N
(
g0 j (x,y,w) ,−R+

)
= {0} when g0 j (x,y,w)< 0. Hence, we deduce from the

proof of Theorem 4.1 that ϑ j ≥ 0 and ϑ jg0 j (x,y,w) = 0 for all j ∈ J.
(2) It bears noting that the Aubin property imposed on the set-valued mapping Ξ is a suffi-

cient but not necessary condition. As an alternative, the following constraint qualifica-
tion could be imposed for each w ∈ S (x,y): (x∗,y∗,0) ∈ ∂

〈
δg,g0

〉
(x,y,w)+∂ 〈δm,m〉(x,y,w)

with δg ∈ N
(
g0 (x,y,w) ,−Rp

+

)
and δm ∈ Rs

+

 ⇒ (x∗,y∗) = (0,0).

This point-based constraint qualification establishes a weaker assumption that could still
ensure the conclusions of Theorem 4.1 are valid, namely the claimed subdifferential
estimate and Lipschitz continuity of υ .

(3) In fact, the Aubin property appears to be strong, making it difficult to satisfy; however,
many studies in the literature have a large number of properties and sufficient conditions
to ensure its validity; see, e.e.g, [18, 19, 20].

In Theorem 4.1, it is certainly important to simplify further the upper estimate of the subdif-
ferential for the value function υ . One way to achieve this is by applying the inner semiconti-
nuity property of the solution map S rather than its inner semicompactness.

Theorem 4.2. Let (x,y) be a feasible point of problem (SVBOP). Assume that Ξ possesses the
Aubin property at (x,y,w) while S is inner semicontinuous at this point. Suppose that the set-
valued mapping ΨΞ (respectively, Ψϒ0) is calm at (0Rs ,x,y,w) (respectively, at (0Rp,x,y,w)).
Then, the optimal value function υ is Lipschitz continuous near (x,y), and

∂υ (x,y) ⊆
⋃

δ≥0

⋃
ϑ≥0

{
(x∗,y∗) : (x∗,y∗,0Rm) ∈

s

∑
k=1

∂ fk (x,w)

+
s

∑
k=1

δk (∂ fk (x,w)− conv ∂ fk (x,y))+
p

∑
j=1

ϑ j∂g j (x,w)
}
.

Proof. We have that S is inner semicontinuous at (x,y,w). As stated previously, [17, Theorem
7(i)] ensures the optimal value function υ is Lipschitz near (x,y), owing to the validity of the
Aubin property of Ξ at (x,y,w). Again from [17, Theorem 7(i)], by the inner semicontinuity
of S at (x,y,w) and the local Lipschitz continuity of f0k, k = 1, . . . ,s, at this point, for any
(x,y) ∈ ∂υ(x,y) there exists (η ,0,σ) ∈ ∂ f0(x,y,w) such that(

x∗

y∗

)
∈

(
η

0

)
+D∗Ξ(x,y,w)(σ).
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As shown in the proof of Theorem 4.1, there exist (ηk,0,σk) ∈ ∂ f0k(x,y,w), k = 1, . . . ,s, such
that

(η ,0,σ) =
s

∑
k=1

(ηk,0,σk), δ ∈N
(
m(x,y,w) ,−Rs

+

)
⊆Rs

+ and ϑ ∈N
(
g0 (x,y,w) ,−Rp

+

)
⊆Rp

+

fulfill

(x∗−η ,y∗,−σ) ∈
s

∑
k=1

δk (∂ fk (x,w)− conv ∂ fk (x,y))+
p

∑
j=1

ϑ j∂g j (x,w) .

In conclusion, this establishes the upper estimate of ∂υ (x,y) that the theorem claims. �

Remark 4.2. It should be noted that the Aubin property of the set-valued mapping Ξ is not
required for the upper estimates of the fundamental subdifferential of υ given in Theorems 4.1
and 4.2. The Aubin property is exclusively needed to obtain the Lipschitz continuity of the
already defined lower-level value function.

Remark 4.3. Assume the functions involved in (SVBOP) are continuously differentiable around
the reference point.

(a) Under the inner semicontinuity of S, the upper estimate of the optimal value function in
Theorem 4.2 reduces to that achieved in [6, Theorem 4.2].

(b) Under the inner semicompactness of S, the optimal value function estimation in Theo-
rem 4.1 reduces to the following estimation:

∂υ (x,y) ⊆
⋃

w∈S(x,y)

⋃
δ≥0

⋃
ϑ≥0

{
(x∗,y∗) : (x∗,y∗,0Rm) ∈

s

∑
k=1

∇ fk (x,w)

+
s

∑
k=1

δk (∇ fk (x,w)−∇ fk (x,y))+
p

∑
j=1

ϑ j∇g j (x,w)
}
.

This estimation extends the one stated in [6, Theorem 4.2], and provides new necessary
optimality conditions in smooth settings.

5. NECESSARY OPTIMALITY CONDITIONS

In this section, we determine necessary optimality conditions for the auxiliary optimistic
bilevel programming problem (3.4) by using the lower-level value function (3.3) and sensitivity
results from Section 4.

First, we define

ψ (x,y) =
s

∑
k=1

fk(x,y)−υ(x,y),

Σ = {(x,y) ∈Ω : ψ (x,y)≤ 0}.
We also require additional constraint qualifications to establish necessary optimality conditions.
The following conditions are non-smooth counterparts of regularity assumptions at the lower
and upper levels:

•: We say that the weak Mangasarian-Fromowitz constraint qualification is satisfied at
(x,y) if

∂ψ (x,y)∩−bd N ((x,y) ,Ω) = /0. (WMFCQ)
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•: The upper-level regularity of (SVBOP) at x is given by

0 ∈
q

∑
i=1

ζi∂Gi (x)

ζi ≥ 0, ζiGi (x) = 0, i ∈ I

 =⇒ ζi = 0, i = 1, . . . ,q. (ULR)

•: The lower-level regularity of (P[x]) at (x,y) is given by

0 ∈
p

∑
j=1

γ j∂yg j (x,y)

γ j ≥ 0, γ jg j (x,y) = 0, j ∈ J,

 =⇒ γ j = 0, j = 1, . . . , p. (LLR)

The next result gives us the normal cone formula for Ω at each point (x,y) ∈Ω.

Lemma 5.1. Let (x,y) ∈ Ω. Assume the upper-level and lower-level regularities hold at x and
(x,y), respectively. Then

N ((x,y) ,Ω)⊆


q

∑
i=1

ζi∂Gi (x)+
p

∑
j=1

γ j∂xg j (x,y)

p

∑
j=1

γ j∂yg j (x,y)

 :
ζi ≥ 0, ζiGi (x) = 0, i ∈ I
γ j ≥ 0, γ jg j (x,y) = 0, j ∈ J.


Proof. Setting χ(x,y) = [Gi(x), i = 1, . . . ,q, g j(x,y), j = 1, . . . , p]>, the set Ω can be rewritten
as Ω = {(x,y) : χ(x,y)≤ 0}. Then, fulfillment of the upper-level and lower-level regularities at
x and (x,y) respectively implies

0 ∈
q

∑
i=1

ζi∂ χi (x,y)+
p

∑
j=1

γi∂ χq+ j (x,y)

ζi ≥ 0, ζiχi (x,y) = 0, i ∈ I
γ j ≥ 0, γ jχq+ j (x,y) = 0, j ∈ J

 =⇒ ζ1, . . . ,ζq,γq+1, . . . ,γq+p = 0.

Consequently, from [21, Theorem 6.14], we obtain the desired result. �

Subsequently, we are going to provide one of the primary results of this study, which gives the
necessary optimality conditions for auxiliary problem (3.4). We initially focus on the situation
where the weak Mangasarian-Fromowitz constraint qualification holds.

Theorem 5.1. Let (x,y) be a local optimal solution of problem (3.4). Assume Ω is regular and
semismooth at (x,y) and (WMFCQ) holds at this point. Moreover, suppose that the upper-
level and lower-level regularities are satisfied at x and (x,y), respectively. Then the following
statements are valid:

(a): Under the hypotheses of Theorem 4.1, there exist ν > 0, ξ ∈ Rn+m+1
+ , wr ∈ S (x,y),

δr ∈ Rs
+, ϑr ∈ Rp

+, vk
r ∈ Rn+m+1

+ , (ζ ,γ) ∈ Rq×Rp, and

(x∗F ,y
∗
F) ∈ ∂F (x,y) , x∗Gi

∈ ∂Gi (x) ,
(
x∗fk ,y

∗
fk

)
∈ ∂ fk (x,y) ,(

x∗g j
,y∗g j

)
∈ ∂g(x,y) ,

(
x∗rfk ,w

∗r
fk

)
∈ ∂ fk (x,wr) ,

(
x̃r

fk , w̃
r
fk

)
∈ ∂ fk (x,wr) ,(

x̂r,l
fk
, ŷr,l

fk

)
∈ ∂ fk (x,y) ,

(
xr

g j
,wr

g j

)
∈ ∂g j (x,wr) ,
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with i ∈ I, j ∈ J, k = 1, . . . ,s, r = 1, . . . ,n+m+1, l = 1, . . . ,n+m+1, ∑
n+m+1
r=1 ξr = 1

and ∑
n+m+1
l=1 vk

r,l = 1, r = 1, . . . ,n+m+1, k = 1, . . . ,s, such that

0 = x∗F +
q

∑
i=1

ζix∗Gi
+ν

s

∑
k=1

x∗fk +
p

∑
j=1

γ jx∗g j
−ν

n+m+1

∑
r=1

ξr

( s

∑
k=1

x∗rfk

+
s

∑
k=1

δr,k

(
x̃r

fk−
n+m+1

∑
l=1

vk
r,l x̂

r,l
fk

)
+

p

∑
j=1

ϑr, jxr
g j

)
,

0 = y∗F +ν

s

∑
k=1

y∗fk +
p

∑
j=1

γ jy∗g j
+ν

n+m+1

∑
r=1

ξr

s

∑
k=1

δr,k

n+m+1

∑
l=1

vk
r,l ŷ

r,l
fk
,

0 =
s

∑
k=1

w∗rfk +
s

∑
k=1

δr,kw̃r
fk +

p

∑
j=1

ϑr, jwr
g j
, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ jg j (x,y) = 0, ∀ j = 1, . . . , p

ϑr, j > 0, ϑr, jg j (x,wr) = 0, ∀ j = 1, . . . , p, ∀r = 1, . . . ,n+m+1.

(b): Under the hypotheses of Theorem 4.2, there exist ν > 0, ξ ∈ Rn+m+1
+ , δr ∈ Rs

+, ϑr ∈
Rp
+, vk

r ∈ Rn+m+1
+ , (ζ ,γ) ∈ Rq×Rp, and

(x∗F ,y
∗
F) ∈ ∂F (x,y) , x∗Gi

∈ ∂Gi (x) ,
(
x∗fk ,y

∗
fk

)
∈ ∂ fk (x,y) ,(

x∗g j
,y∗g j

)
∈ ∂g(x,y) ,

(
x∗rfk ,y

∗r
fk

)
∈ ∂ fk (x,y) ,

(
x̃r

fk , ỹ
r
fk

)
∈ ∂ fk (x,y) ,(

x̂r,l
fk
, ŷr,l

fk

)
∈ ∂ fk (x,y) ,

(
xr

g j
,yr

g j

)
∈ ∂g j (x,y) ,

with i ∈ I, j ∈ J, k = 1, . . . ,s, r = 1, . . . ,n+m+1, l = 1, . . . ,n+m+1, ∑
n+m+1
r=1 ξr = 1

and ∑
n+m+1
l=1 vk

r,l = 1, r = 1, . . . ,n+m+1, k = 1, . . . ,s, such that

0 = x∗F +
q

∑
i=1

ζix∗Gi
+ν

s

∑
k=1

x∗fk +
p

∑
j=1

γ jx∗g j
−ν

n+m+1

∑
r=1

ξr

( s

∑
k=1

x∗rfk

+
s

∑
k=1

δr,k

(
x̃r

fk−
n+m+1

∑
l=1

vk
r,l x̂

r,l
fk

)
+

p

∑
j=1

ϑr, jxr
g j

)
,

0 = y∗F +ν

s

∑
k=1

y∗fk +
p

∑
j=1

γ jy∗g j
+ν

n+m+1

∑
r=1

ξr

s

∑
k=1

δr,k

n+m+1

∑
l=1

vk
r,l ŷ

r,l
fk
,

0 =
s

∑
k=1

y∗rfk +
s

∑
k=1

δr,kỹr
fk +

p

∑
j=1

ϑr, jyr
g j
, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ jg j (x,y) = 0, ∀ j = 1, . . . , p,

ϑr, j > 0, ϑr, jg j (x,y) = 0, ∀ j = 1, . . . , p.

Proof. Let (x,y) be a local optimal solution of (3.4). Regarding the hypotheses of (a) or (b),
the lower-level value function υ is Lipschitz continuous near (x,y), as shown in Theorems 4.1
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and 4.2. Considering the closedness of the set Σ and Lipschitz property of all functions, we
obtain by applying the necessary optimality conditions from [20, Proposition 5.3] to problem
(3.4) that

0 ∈ ∂F (x,y)+N ((x,y) ,Σ) .
Then, applying [22, Lemma 3.3] together with (WMFCQ), there exists ν ≥ 0 such that

0 ∈ ∂F (x,y)+ν

s

∑
k=1

∂ fk (x,y)+ν∂ (−υ)(x,y)+N ((x,y) ,Ω)

while considering the regularity and semi-smoothness of Ω. Using the convex hull properties,
conv ∂ (−υ)(x,y) =−conv ∂υ (x,y), we get

0 ∈ ∂F (x,y)+ν

s

∑
k=1

∂ fk (x,y)−ν conv ∂υ (x,y)+N ((x,y) ,Ω) .

Observing this expression along with Lemma 5.1 and the upper estimate for υ from Theorems
4.1 and 4.2, and Remark 4.1, we can deduce assertions (a) and (b) of the theorem. Specifically,
we apply Carathéodory’s theorem to compute an element of conv ∂υ (x,y). �

Example 5.1. Consider the following semivectorial optimistic bilevel optimization problem

min
x,y

F(x,y) = |x|+ x+ y2 s.t. G(x) = x2−2x≤ 0, y ∈Φeff(x), (5.1)

where Φeff (x) represents the solution set of the lower-level multiobjective optimization problem

min
(x,y)

(
x2 + xy+ x , y2 + xy+ y

)
s.t. g(x,y) =−y+ x≤ 0. (5.2)

For this example, we have

X = [0,2], ϒ(x) = [x,+∞[, and Ω =
{
(x,y) ∈ R2 : (x,y) ∈ [0,2]× [x,+∞[

}
.

Using the Charnes-Cooper scalarization technique, we can conclude that the lower-level multi-
objective problem (5.2) is equivalent to the following single-objective program:

min
w

w2 +w+ x2 +2xw+ x

(w− y)(w+ y+ x+1)≤ 0,
xw− xy≤ 0,
x≤ w.

(5.3)

Letting (x,y)∈Ω, we have Ξ(x,y) = [x,y]. The optimal value function of problem (5.3) is given
by υ(x,y) = 4x2 +2x. Therefore, the optimal value reformulation of the original problem (5.1)
is given by 

min
x,y

F(x,y) = |x|+ x+ y2

y2−3x2 +2xy+ y− x≤ 0,
x≤ y,
0≤ x≤ 2.

(5.4)

Observe first that 0 ∈Φeff (0). Then (x,y) := (0,0) is an optimal solution to problem (5.4). The
normal cone to Ω at (x,y), and the partial of ψ at (x,y) are given by

N ((x,y) ,Ω) = R×R−, ∂ψ(x,y) = {(−1,1)} .
Then, ∂ψ (x,y)∩−bd N ((x,y) ,Ω) = /0.
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• The constraint qualification (WMFCQ) is satisfied at (x,y).
• The set-valued mapping S given by S(x,y)= {x}, for all (x,y)∈Ω, is inner semicompact

and inner semicontinuous at (x,y).
• For µ ∈ R, Ψϒ0 (µ) = {(x,y,w) ∈ R×R×R : −w+ x≤ µ} . Hence, the set-valued

mapping Ψϒ0 is calm at (0,x,y,w) for w ∈ S (x,y).
• For κ ∈ R, ΨΞ (κ) = {(x,y,w) ∈ R×R×R : −w+ x≤ 0, xw− xy≤ κ} . Hence, the

set-valued mapping ΨΞ is calm at (0,x,y,w) for w ∈ S (x,y).
• The upper-level and lower-level regularities are satisfied at x and (x,y), respectively.

Finally, for (x∗F ,y
∗
F) := (2,0), x∗G :=−2,

(
x∗f1,y

∗
f1

)
=
(

x∗rf1 ,w
∗r
f1

)
=
(

x̃r
f1, w̃

r
f1

)
=
(

x̂r,l
f1
, ŷr,l

f1

)
:=

(1,0),
(

x∗f2,y
∗
f2

)
=
(

x∗rf2 ,w
∗r
f2

)
=
(

x̃r
f2 , w̃

r
f2

)
=
(

x̂r,l
f2
, ŷr,l

f2

)
:=(0,1),

(
x∗g,y

∗
g
)
=
(
xr

g,w
r
g
)

:=(1,−1),

ν := 1, ξ =

(
1
6
,
1
3
,
1
2

)>
, wr := 0 ∈ S (x,y), δr,1 := 3, δr,2 := 1, ϑr := 2, vk

r :=
(

1
2
,
1
4
,
1
4

)>
,

ζ := 1, and γ := 2, r = 1,2,3, l = 1,2,3, k = 1,2, the optimality conditions (a) and (b) stated
in Theorem 5.1 are satisfied.

As stated in [22], the weak basic constraint qualification (WMFCQ) has been demonstrated
to work, particularly for simple bilevel programming problems. Following that, we look at
another constraint qualification, the partial calmness condition, which was presented in [23]
and has lately been extensively studied and used to deduce necessary optimality conditions for
a traditional optimistic bilevel program via its optimal value reformulation.

Definition 5.1. [23] Let (x,y) be a local solution of (3.4). The bilevel programming problem
(3.4) is said to be partially calm at (x,y) if there exist ν > 0 and a neighborhood U of (x,y,0) ∈
Rn×Rm×R such that F (x,y)−F (x,y)+ν |u| ≥ 0, for all (x,y,u) ∈U also satisfying x ∈ X ,
y ∈ ϒ(x), and ψ (x,y)+u = 0.

Proposition 5.1. [23] Let (x,y) be a local solution of (3.4). This problem is partially calm at
(x,y) if and only if there exists ν > 0 such that (x,y) is a local optimal solution of the following
penalized problem:

min
x,y

F (x,y)+νψ(x,y) s.t. x ∈ X , y ∈ ϒ(x). (5.5)

Building upon this proposition, we now derive necessary optimality conditions for prob-
lem (3.4) from the feasible set using partial penalization, which eliminates the value function
constraint responsible for the failure of well-known constraint qualifications.

Theorem 5.2. Let (x,y) be a local optimal solution of problem (3.4). Assume that the problem
(3.4) is partially calm at (x,y), and that the upper-level and lower-level regularities are satisfied
at x and (x,y), respectively. Then the following statements are valid

(a): Based on the assumptions of Theorem 4.1, there exist ν > 0, ξ ∈ Rn+m+1
+ , wr ∈

S (x,y), δr ∈ Rs
+, ϑr ∈ Rp

+, vk
r ∈ Rn+m+1

+ , (ζ ,γ) ∈ Rq×Rp, and

(x∗F ,y
∗
F) ∈ ∂F (x,y) , x∗Gi

∈ ∂Gi (x) ,
(
x∗fk ,y

∗
fk

)
∈ ∂ fk (x,y) ,(

x∗g j
,y∗g j

)
∈ ∂g(x,y) ,

(
x∗rfk ,w

∗r
fk

)
∈ ∂ fk (x,wr) ,

(
x̃r

fk , w̃
r
fk

)
∈ ∂ fk (x,wr) ,(

x̂r,l
fk
, ŷr,l

fk

)
∈ ∂ fk (x,y) ,

(
xr

g j
,wr

g j

)
∈ ∂g j (x,wr) ,
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with i ∈ I, j ∈ J, k = 1, . . . ,s, r = 1, . . . ,n+m+1, l = 1, . . . ,n+m+1, ∑
n+m+1
r=1 ξr = 1

and ∑
n+m+1
l=1 vk

r,l = 1, r = 1, . . . ,n+m+1, k = 1, . . . ,s, such that

0 = x∗F +
q

∑
i=1

ζix∗Gi
+ν

s

∑
k=1

x∗fk +
p

∑
j=1

γ jx∗g j
−ν

n+m+1

∑
r=1

ξr

( s

∑
k=1

x∗rfk

+
s

∑
k=1

δr,k

(
x̃r

fk−
n+m+1

∑
l=1

vk
r,l x̂

r,l
fk

)
+

p

∑
j=1

ϑr, jxr
g j

)
,

0 = y∗F +ν

s

∑
k=1

y∗fk +
p

∑
j=1

γ jy∗g j
+ν

n+m+1

∑
r=1

ξr

s

∑
k=1

δr,k

n+m+1

∑
l=1

vk
r,l ŷ

r,l
fk
,

0 =
s

∑
k=1

w∗rfk +
s

∑
k=1

δr,kw̃r
fk +

p

∑
j=1

ϑr, jwr
g j
, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ jg j (x,y) = 0, ∀ j = 1, . . . , p

ϑr, j > 0, ϑr, jg j (x,wr) = 0, ∀ j = 1, . . . , p, ∀r = 1, . . . ,n+m+1.

(b): Based on the assumptions of Theorem 4.2, there exist ν > 0, ξ ∈ Rn+m+1
+ , δr ∈ Rs

+,
ϑr ∈ Rp

+, vk
r ∈ Rn+m+1

+ , (ζ ,γ) ∈ Rq×Rp, and

(x∗F ,y
∗
F) ∈ ∂F (x,y) , x∗Gi

∈ ∂Gi (x) ,
(
x∗fk ,y

∗
fk

)
∈ ∂ fk (x,y) ,(

x∗g j
,y∗g j

)
∈ ∂g(x,y) ,

(
x∗rfk ,y

∗r
fk

)
∈ ∂ fk (x,y) ,

(
x̃r

fk , ỹ
r
fk

)
∈ ∂ fk (x,y) ,(

x̂r,l
fk
, ŷr,l

fk

)
∈ ∂ fk (x,y) ,

(
xr

g j
,yr

g j

)
∈ ∂g j (x,y) ,

with i ∈ I, j ∈ J, k = 1, . . . ,s, r = 1, . . . ,n+m+ 1, l = 1, . . . ,n+m+ 1,
n+m+1

∑
r=1

ξr = 1

and ∑
n+m+1
l=1 vk

r,l = 1, r = 1, . . . ,n+m+1, k = 1, . . . ,s, such that

0 = x∗F +
q

∑
i=1

ζix∗Gi
+ν

s

∑
k=1

x∗fk +
p

∑
j=1

γ jx∗g j
−ν

n+m+1

∑
r=1

ξr

( s

∑
k=1

x∗rfk

+
s

∑
k=1

δr,k

(
x̃r

fk−
n+m+1

∑
l=1

vk
r,l x̂

r,l
fk

)
+

p

∑
j=1

ϑr, jxr
g j

)
,

0 = y∗F +ν

s

∑
k=1

y∗fk +
p

∑
j=1

γ jy∗g j
+ν

n+m+1

∑
r=1

ξr

s

∑
k=1

δr,k

n+m+1

∑
l=1

vk
r,l ŷ

r,l
fk
,

0 =
s

∑
k=1

y∗rfk +
s

∑
k=1

δr,kỹr
fk +

p

∑
j=1

ϑr, jyr
g j
, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ jg j (x,y) = 0, ∀ j = 1, . . . , p,

ϑr, j > 0, ϑr, jg j (x,y) = 0, ∀ j = 1, . . . , p.
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Proof. Let (x,y) be a local optimal solution of (3.4). By either assumptions of Theorem 4.1 or
Theorem 4.2, the lower-level optimal value function υ is locally Lipscitz at this point. Since
problem (3.4) is partially calm at (x,y), we deduce from Proposition 5.1 that there exists a
constant ν > 0 such that (x,y) is a local optimal solution to penalized problem (5.5).

Now, taking into account the local Lipschitz continuity of F and ψ at (x,y), we have from
[20, Proposition 5.3] that

0 ∈ ∂F (x,y)+ν ∂ψ (x,y)+N ((x,y) ,Ω) . (5.6)

From the structure of ψ , the basic subdifferential is given by

∂ψ (x,y) = ∂

( s

∑
k=1

fk (x,y)−υ (x,y)
)
.

Thus ∂ψ (x,y) ⊆
s

∑
k=1

∂ fk (x,y) + ∂ (−υ)(x,y) . Since ∂ (−υ)(x,y) ⊆ −conv(∂υ (x,y)), one

sees that

∂ψ (x,y)⊆
s

∑
k=1

∂ fk (x,y)− conv(∂υ (x,y))) . (5.7)

By combining inclusions (5.6), (5.7) with Lemma 5.1, Theorems 4.1 and 4.2, and Remark 4.1,
we obtain results (a) and (b) by utilizing the Carathéodory theorem to compute an element of
conv ∂υ (x,y). �

Example 5.2. We apply the necessary optimality conditions derived in Theorem 5.2 to ver-
ify that they are satisfied at the given candidate optimal solution. Define the problem data
for (SVBOP). For (x,y) ∈ R×R, set

F(x,y) = |x|+(y+2)2, G(x) =−x,

f1(x,y) = x+(y+2)2, f2(x,y) = x2 + y+2, g(x,y) = |y|−2.

Then, Ω = R+× [−2,2], and Ξ(x,y) = [−2,y] for all (x,y) ∈Ω. Moreover, we have

S(x,y) = {y}, υ(x,y) = x+ x2.

The point (x,y) := (0,−2) is an optimal solution of the considered problem. It is then shown
that

• The functions F , g, f1, and f2 are locally Lipschitz continuous.
• The open Cartesian cube U :=(−1,1)×(−3,−1)×(−1,1) is a neighborhood of (x,y,0).

For (x,y,u) ∈U such that x ∈ X , y ∈ ϒ(x), and ψ(x,y)+u = 0, we have

F(x,y)−F (x,y)+ν |u|= F(x,y)+ν |u| ≥ 0.

Therefore, problem (3.4) is partially calm at (x,y).
• The set-valued map Ξ possesses the Aubin property at (x,y,w) with w ∈ S (x,y).
• By construction, the set-valued mapping S is inner semicompact and inner semicontin-

uous at (x,y).
• For µ ∈ R, we have Ψϒ0 (µ) = {(x,y,w) ∈ R×R×R : |w|−2≤ µ} . Hence, the set-

valued mapping Ψϒ0 is calm at (0,x,y,w) with w ∈ S (x,y).
• For κ ∈R, we have ΨΞ (κ)= {(x,y,w) ∈ R×R×R : |w|−2≤ 0, w− y≤ κ} . Hence,

the set-valued mapping ΨΞ is calm at (0,x,y,w) with w ∈ S (x,y).
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• The upper-level and lower-level regularities are satisfied at x and (x,y) respectively.

By explicitly constructing the multipliers and constants, the optimality conditions (a) and (b)
in Theorem 5.2 are shown to hold at the optimal solution (x,y) = (0,−2). The multipliers and
constants are constructed as follows: (x∗F ,y

∗
F) := (1,0), x∗G := −1,

(
x∗f1,y

∗
f1

)
=
(

x∗rf1 ,w
∗r
f1

)
=(

x̃r
f1, w̃

r
f1

)
=
(

x̂r,l
f1
, ŷr,l

f1

)
:= (1,0),

(
x∗f2,y

∗
f2

)
=
(

x∗rf2 ,w
∗r
f2

)
=
(

x̃r
f2 , w̃

r
f2

)
=
(

x̂r,l
f2
, ŷr,l

f2

)
:= (0,1),(

x∗g,y
∗
g
)
=
(
xr

g,w
r
g
)

:= (0,−1), ν := 1, ξ =

(
1
2
,
1
3
,
1
6

)>
, wr :=−2 ∈ S (x,y), δr,1 := 3, δr,2 := 1,

ϑr := 2, vk
r :=

(
1
4
,
1
2
,
1
4

)>
, ζ := 1, and γ := 2, r = 1,2,3, l = 1,2,3, k = 1,2.

Example 5.3. Consider the semivectorial bilevel optimization problem
min
x,y

F(x,y) = x− y

s.t. x ∈ X ,

y ∈Φeff(x),

where X = {x ∈ R : G1 (x) =−x≤ 0 and G2 (x) = x−1≤ 0}, and Φeff(x) denotes the effi-
cient solution set of the lower-level problem min

y

(
f1 (x,y) = |y|, f2 (x,y) = |y−1|+ 1

2
y
)

s.t. y ∈ ϒ(x) = {y ∈ R : g1 (x,y) = x− y≤ 0, g2 (x,y) = y−2≤ 0}= [x,2].

One can see that Φeff(x) = [x,1]. Therefore, the unique optimal solution of the considered
problem is (x,y) = (0,1). For (x,y) ∈ Ω =

{
(x,y) ∈ R2 : x ∈ X and y ∈ ϒ(x)

}
, the Charnes-

Cooper scalarized lower-level problem is

min
w
|w|+ |w−1|+ 1

2
w

s.t. x−w≤ 0,
w−2≤ 0,
|w| ≤ |y|,

|w−1|+ 1
2

w≤ |y−1|+ 1
2

y.

The feasible set of the above problem is given by:

Ξ(x,y) =

{
{y}, x≤ y≤ 1,

[max{x,4−3y},y], 1≤ y≤ 2.

One can see that the optimal solution set is

S(x,y) =

{
{y}, x≤ y≤ 1,

{max{x,4−3y}}, 1≤ y≤ 2,
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while the optimal value function associated with the Charnes-Cooper scalarized lower-level
problem is given by:

υ(x,y) =


1+

1
2

y, x≤ y≤ 1,

1+
1
2

max{x,4−3y}, 1≤ y≤ 2.

Thus

ψ(x,y) =


0, x≤ y≤ 1,

5
2

y−2− 1
2

max{x,4−3y}, 1≤ y≤ 2.

We now verify partial calmness at (x,y). Let (x,y,u) be sufficiently close to (0,1,0) such that
x ∈ X , y ∈ ϒ(x), and ψ(x,y)+u = 0. Moreover, we have

F(x,y)−F(x̄, ȳ)+ν |u|= x− y+1+νψ(x,y).

For x ≤ y ≤ 1, we have ψ(x,y) = 0 and x− y+ 1 ≥ 0. For 1 ≤ y ≤ 2 near (x,y), we have
max{x,4−3y}= 4−3y, so ψ(x,y) = 4(y−1), and thus

F(x,y)−F (x,y)+ν |u|= x+(4ν−1)(y−1)≥ 0

if and only if ν ≥ 1
4

. Thus, for any ν ≥ 1
4

, we have F(x,y)−F (x,y)+ ν |u| ≥ 0. Hence the

partial calmness condition holds at (x,y).
• The upper-level and lower-level regularities are satisfied at x and (x,y) respectively.
• The multifunction Ξ satisfies the Aubin property at (x̄, ȳ,w) for all w ∈ S(x̄, ȳ).
• The set-valued mapping S is inner semicompact and inner semicontinuous at (x,y).
• For µ ∈ R2, we have Ψϒ0(µ) =

{
(x,y,w) ∈ R3 : x−w≤ µ1, w−2≤ µ2

}
. Hence, Ψϒ0

is calm at (0, x̄, ȳ,w) w ∈ S (x,y).
• For κ ∈ R2,

ΨΞ(κ) =

{
(x,y,w) ∈ R3 : x≤ w≤ 2, |w|− |y| ≤ κ1, |w−1|− |y−1|+ 1

2
(w− y)≤ κ2

}
,

Hence, the set-valued mapping ΨΞ is calm at (0,x,y,w) with w ∈ S (x,y).
The multipliers and constants are constructed as follows: (x∗F ,y

∗
F) := (1,−1), x∗G1

:=−1, x∗G2
:=

1,
(

x∗f1,y
∗
f1

)
=
(

x∗rf1 ,w
∗r
f1

)
=
(

x̃r
f1, w̃

r
f1

)
=
(

x̂r,l
f1
, ŷr,l

f1

)
:= (0,1),

(
x∗f2,y

∗
f2

)
=

(
0,

3
2

)
,
(

x̂r,l
f2
, ŷr,l

f2

)
=(

0,
1
2

)
,
(

x∗rf2 ,w
∗r
f2

)
=
(

x̃r
f2, w̃

r
f2

)
:=
(

0,−1
2

)
,
(
x∗g1

,y∗g1

)
=
(
xr

g1
,wr

g1

)
:= (1,−1),

(
x∗g2

,y∗g2

)
=(

xr
g2
,wr

g2

)
:= (0,1), ν :=

1
3

, ξ = (1,0,0)>, wr := 1 ∈ S (x,y), δr,1 := 0, δr,2 := 1, ϑr := (0,0)>,

vk
r := (1,0,0)>, ζ := (1,0)>, and γ := (0,0)>, r = 1,2,3, l = 1,2,3, k = 1,2. This confirms

the validity of the theoretical results in a non-smooth and nonconvex bilevel framework with
coupled lower-level objectives.

Remark 5.1. Obviously, the necessary optimality conditions obtained in Theorems 5.1 and 5.2
are almost the same; the only difference between them is that the scalar ν is just a nonnegative
scalar in Theorem 5.1, and in Theorem 5.2 it is a positive scalar.
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To conclude this section, we demonstrate a case where the partial calmness property holds
for problem (3.4) at every local optimum. Specifically, consider the semi-vectorial optimization
problem (SVBOP) with the parametric linear multiobjective problem (L[x]). The scalarized
formulation is the linear program:

min
w

s

∑
k=1

akw s.t. akw−aky≤ 0, k = 1, . . . ,s, b jx+ c jy≤ e j, j = 1, . . . , p. (5.8)

The feasible set and the solution set of problem (5.8), respectively, are given by:

Ξ(x,y) =
{

w ∈ Rm : akw−aky≤ 0, k = 1, . . . ,s; b jx+ c jy≤ e j, j = 1, . . . , p
}
,

S(x,y) = argmin
w

{
s

∑
k=1

akw : w ∈ Ξ(x,y)

}
.

The optimal value function υ : Rn×Rm→ R∪{±∞} associated with (5.8) is given by:

υ(x,y) = inf
w∈Ξ(x,y)

s

∑
k=1

akw, for all (x,y) ∈ Rn×Rm.

Then, problem (SVBOP) is equivalent to the following single-level optimization problem:

min
x,y

F(x,y)

Gi(x)≤ 0, i = 1 . . . ,q
b jx+ c jy≤ e j, j = 1, . . . , p

s

∑
k=1

aky−υ(x,y)≤ 0.

(5.9)

Theorem 5.3. Let (x,y) be a local optimal solution of problem (5.9). Assume that the upper-
level and lower-level regularities are satisfied at x and (x,y), respectively. Then the following
statements are valid:

(a): Under the hypotheses of Theorem 4.1, there exist ν > 0, ξ ∈ Rn+m+1, wr ∈ S (x,y),
δr ∈ Rs

+, ϑr ∈ Rp, (ζ ,γ) ∈ Rq×Rp, and (x∗F ,y
∗
F) ∈ ∂F (x,y), x∗Gi

∈ ∂Gi (x), with i ∈ I,

r = 1, . . . ,n+m+1 and
n+m+1

∑
r=1

ξr = 1 such that:

0 = x∗F +
q

∑
i=1

ζix∗Gi
+

p

∑
j=1

γ jb j−ν

n+m+1

∑
r=1

ξr

p

∑
j=1

ϑr, jb j,

0 = y∗F +ν

s

∑
k=1

ak +
p

∑
j=1

γ jc j +
n+m+1

∑
r=1

ξr

s

∑
k=1

δr,kak,

0 =
s

∑
k=1

ak +
s

∑
k=1

δr,kak +
p

∑
j=1

ϑr, jc j, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ j
(
b jx+ c jy− e j

)
= 0, ∀ j = 1, . . . , p

ϑr, j > 0, ϑr, j
(
b jx+ c jwr− e j

)
= 0, ∀ j = 1, . . . , p, ∀r = 1, . . . ,n+m+1.
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(b): Based on the assumptions of Theorem 4.2, there exist ν > 0, ξ ∈ Rn+m+1, δr ∈ Rs
+,

ϑr ∈ Rp, (ζ ,γ) ∈ Rq×Rp, and (x∗F ,y
∗
F) ∈ ∂F (x,y), x∗Gi

∈ ∂Gi (x), i ∈ I, r = 1 . . . ,n+

m+1 and
n+m+1

∑
r=1

ξr = 1 such that:

0 = x∗F +
q

∑
i=1

ζix∗Gi
+

p

∑
j=1

γ jb j−ν

n+m+1

∑
r=1

ξr

p

∑
j=1

ϑr, jb j,

0 = y∗F +ν

s

∑
k=1

ak +
p

∑
j=1

γ jc j +ν

n+m+1

∑
r=1

ξr

s

∑
k=1

δr,kak,

0 =
s

∑
k=1

ak +
s

∑
k=1

δr,kak +
p

∑
j=1

ϑr, jc j, ∀r = 1, . . . ,n+m+1,

ζi > 0, ζiGi (x) = 0, ∀i = 1, . . . ,q,

γ j > 0, γ j
(
b jx+ c jy− e j

)
= 0, ∀ j = 1, . . . , p,

ϑr, j > 0, ϑr, j
(
b jx+ c jy− e j

)
= 0, ∀ j = 1, . . . , p, ∀r = 1, . . . ,n+m+1.

Proof. Let (x,y) be a local optimal solution to single-level linear program (5.9). According
to [23, Proposition 4.1], we see that parametric linear multiobjective problem (L[x]) satisfies
partial calmness at (x,y). By Proposition 5.1, there exists a scalar ν > 0 such that (x,y) is a
local solution to penalized problem (5.5). The remainder of the proof follows analogously to
the proof of Theorem 5.2, where necessary optimality conditions were derived under partial
calmness. �

6. CONCLUSION

This paper demonstrated how the Charnes-Cooper transformation could be applied to de-
rive necessary optimality conditions for semivectorial optimization problems with an efficiently
solvable lower-level program (SVBOP). By reformulating the problem as a classical bilevel
program, we were able to utilize tools from parametric analysis and sensitivity estimation of
the lower-level value function. Specifically, analyzing Lipschitz continuity and subdifferen-
tial properties allowed obtaining optimality conditions without differentiability assumptions on
the value function. A promising avenue for future work is algorithmic implementation of this
value function reformulation approach to solve semivectorial optimization problems numer-
ically. Prior literature had validated this methodology algorithmically when the lower-level
involves scalar optimization; see the survey in [24]. With the increasing relevance of multi-
objective decision making, extending these computational techniques to problems where the
lower-level involves vector optimization presents an opportunity for developing practical solu-
tion methods. Overall, the value function perspective adopted here laid theoretical groundwork
for addressing semivectorial programs while retaining their intrinsic multiobjective structure.
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