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FROM THE VICOUS TWO-FLUID-MHD-POISSON SYSTEM
TO ONE FLUID MHD

YOUNG-SAM KWON

Department of Mathematics, Dong-A University, Busan 604-714, Republic of Korea

Abstract. In this paper, we consider the compressible two fluid models of magnetohydrodynamic flows
giving rise to a variety of mathematical problems in many areas. We study the convergence of a dissi-
pative turbulent solution from the compressible two fluid models of magnetohydrodynamic flows to one
fluid MHD model in the three dimensional periodic domain T> with the well-prepared initial data.

Keywords. Dissipative turbulent solution; Poisson equation; Relative entropy; Two fluid MHD.

CONTENTS
1. Introduction 1033
2. The Main Result 1036
3. Proof of Theorem 2.1 1037
3.1. Uniform bounds 1037
3.2. Relative entropy 1038
3.3.  Computation of the relative entropy 1042
4. Existence of Dissipative Turbulent Solutions 1046
References 1050

1. INTRODUCTION

The two-fluid plasma equations for a single ion species, with full transport terms, including
magnetic field dependent ion and electron viscous stresses have been described in a variety of
practical applications such as in plasma confinement, liquid-metal cooling of nuclear reactors,
and electromagnetic casting. The fundamental concept behind MHD is that magnetic fields can
induce currents in a moving conductive fluid, which in turn polarizes the fluid and reciprocally
changes the magnetic field itself. The set of equations that describes MHD is a combination of
the Navier-Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism.
These differential equations must be solved simultaneously, either analytically or numerically.
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Here we consider the viscous compressible two fluid magnetohydrodynamic flows with “turbu-
lent” component 9 on the 3 dimensional torus Q := T3,

o;p +div(pu) = 0, (1.1)

dn + div(nu) = 0, (1.2)

3 ((p+n)u)+div((p +n)u@u) +VP(p,n) = pAu+ (1 + A)V(divu) (1.3)
%{BWUB—%V&F—dN%—(p—@V@,

9B+ (divu)B+ (u-V)B— (B-V)u = VAB, (1.4)

—2AD =p —n, (1.5)

where u is the vector field, p,n are the densities, B is the magnetic field, and y > 1, B > 1, and
the pressure P(p,n) is defined as

P(p,n) =p¥+n”.
The “turbulent” component fR is called Reynolds stress and it is a positively semi—definite ten-
SOr.

Formally, for a solution (pg,ne,ue, Be, Re, P¢) of system (1.1)—(1.5), if we further assume
that the initial density (pg ¢, 10.¢, 0,6, Bo ¢, ) converge to po, Po, uo, Bo, and viscosities g, A, Ve —
1,A, v, withu > 0,4 > 0,v > 0, then we can also expect that (pe,ne,Be,Re) — (p,p,B,0) as
€ — 0. Moreover, system (1.1)—(1.5) converges to the classical compressible MHD on (0, 7*]:

d,p +div(pu) =0, (1.6)

2 <8, (pu) +div(pu® u)> +VP(p) =puAu+ (u+A)V(diva)+ (B-V)B — %V|B|2, (1.7)
J;B+ (divu)B+ (u-V)B — (B-V)u = vAB, (1.8)
with P(p) = p¥+p?.

We will explain the mathematical background of this model, namely the existence of a dissi-
pative turbulent solution to system (1.1)—(1.5). The existence of dissipative turbulent solution to
system (1.1)—(1.5) was first studied by Abbatiello, Feireisl, and Novotny [1] for the isentropic
case. Jin, Kwon, and Novotny [12] derived a dissipative turbulent solution to the compress-
ible two fluid models. The proof of the existence of a dissipative turbulent solution to system
(1.1)—(1.5) is similar as the proof of [1].

The mathematical history of the quasi-neutral limit problem is as follows. For the results of
smooth solutions, it was studied for the one-dimensional case in [3] and for the multidimen-
sional case in [20]. In the same sprite of those results, Li, Peng, and Wang [18] studied the
quasi-neutral limit problem from two-fluid Euler—Poisson equations to one-fluid Euler equa-
tions in the framework of locally smooth solutions. For the ionic Euler-Poisson system, the
quasi-neutral limit was studied, for example, in [3, 10, 11, 19]. We also obtain the correspond-
ing model for electrons and a few results on the quasi-neutral limit to the compressible Navier
Stokes equation are available [2, 6, 13, 14, 17]. Ju, Li, and Li [13] studied the quasi-neutral limit
for local strong solutions to the Navier-Stokes-Fourier-Poisson system on T3. Chen, Donatelli,
and Marcati [2] studied the quasi-neutral limit of a hydrodynamic model for charge-carrier
transport in the framework of weak solutions. In [14], Ju and Li studied the combined quasi-
neutral and zero-electron-mass limit of the Navier-Stokes-Fourier-Poisson system in the torus
T3 and showed the limit is the the incompressible Navier-Stokes equations. In [6], Donatelli
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and Marcati gave some descriptions on the quasineutral limit for the full Navier-Stokes-Poisson
system in R3. Very recently, Li, Ju, and Xu [17] improved the result in [14] to allow the temper-
ature have a large variation. Also, there are many results on quasi-neutral limit to the electric
Euler-Poisson and Navier-Stokes-Poisson system; see, e.g., [5, 15, 16].

In this paper, we study the convergence of dissipative turbulent solutions of a compressible
two fluid model with the magnetic field to the strong solution of one fluid MHD, which is a first
result for a weak solution of dissipative turbulent solutions of compressible two fluid modeL
and it is related to the quasi-neutral limit of the above mentioned results.

The outline of this paper is as follows. In Section 2, we present the result of dissipative
turbulent solutions for the compressible two-fluid model (1.1)—(1.5) and state our main results.
Section 3 is devoted to proving the main Theorem 2.1. Finally, in Section 4, we give the proof
existence of dissipative turbulent solution to (1.1)—(1.5).

Motivated by [1, Section 2], we introduce the dissipative turbulent solutions to problem (1.1)—
(1.5) as follows.

Definition 1.1. We say that (p,n,u,B, R, ®), belonging to the class
p e Cweak([oa T];LY(Q))J@ € Cweak([ov T];LO‘(Q»’
P(p,n) €L'((0,T) x Q)),y,a>1,p >0,n>0,uc L*(0,T;W"*(Q:RY)),
. 2 20
(p+n)w € Cuear [0, T): L™ 7735} (@ RY)),
B € Cyea ([0, T]; L2 (4 RY)) N L2(0, T; W2 (Q; RY)), (1.9)

is a dissipative turbulent solution to problem (1.1)—(1.5) iff
(1) The integral formulation of the continuity equations

=7 T
[/ rQ dx} :/ / [r8,(p+ru-V(p dxdr (1.10)
Q =0 0 Jao

holds for any 0 < 7 < T, and any test function ¢ € C!(]0,T] x Q),
r(0,-) = ro, (1.11)

where r stands for p and n.
(2) There exists a tensor measure

R e L=(0,T;.4 " (Q:R3)),

sym

such that the integral identity
=7 T
{/(p+n)u-q)dx1 :/ / [(p+n)u-8,(p+(p+n)u®u:V(p
Q =0 0o JQ
+P(p,n)dive — (uVu+ (u+ A)divul) : Vo
T
+[(B-V)B— %V|B|2] 9~ (p—n)V- ) dxdt+/ / Ve dR()d  (1.12)
0 Jo
holds for any 0 < 7 < T and any test function ¢ € C' ([0,T] x Q;R3),

(p +n)u(0, ) =mg .= (po —|—l’l0)ll0. (1.13)

Here we assume that all quantities appearing in (1.12) are at least integrable in (0,7") X
Q.
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(3) There exists an energy defect measure
EcL”0,T;. 4" (Q))
such that

/ Lot Pt i oty L Evap) @l
— u — —_—
o\ 2P 2 Prra—1" T2 o

r=1 (1.14)

T
+/ / (WVu-+ (i + A)dival) : Va-+ v|VB[) dxdr +/ d €(7) < 0.
0 Jo Q
forae 0<7t<T.
(4) Compatibility condition between the energy defect € and the Reynolds defect ‘R are

verified,
de¢ < Tr[R] < d¢&, for certain constants 0 < d < d. (1.15)

(5) The Maxwell equation verifies

t=1 T
[/B-(pdx] ://B-at<pdxdz
Q =0 Jo Ja

_/OT/Q((divu)3+(u.v)3_(B.V)u)-(pdxdt+v/OT/QB-A<pdxdt,

/ /B-Vq) dx dr =0, (1.16)
0 JQ

forae. 0<t<T, all € [Z2([0,T)xQ)]?,and ¢ € 2([0,T) x Q).
(6) The Poisson equation (1.5) is satisfied in 2’(Q) with the initial data

2. THE MAIN RESULT

In this section, we introduce our main result of the convergence of viscous two fluid mod-
els (1.1)=(1.5) to one fluid model in the periodic domain T3. We first state the existence and
regularity of a local smooth for MHD.

Proposition 2.1. (See [7, 9].) Assume that the initial data (pg,ug,By) satisfies
0<p<po€H(Q), w€ H(QR’), By € H*(R%), divBy =0 2.1)
and the compatibility condition verifies
: 1
tAug+ (A + p)Vdivag + VP(po) + EV]VBO\Z —Bo-VBy = /pog (2.2)

with ||g||;3 < C. Then there exist a T* € (0,0) and a unique solution (p,u,B) to the compress-
ible MHD (1.6)—(1.8) on (0,T| satisfying the following estimates

p EH*(Q), dp € H'(Q), u € H*(:RY), duec HY(Q;R?),
B c H*(Q:R?), ;B € H'(Q;R?), (2.3)
with C(T) > 0 a constant for any 0 < T < T*.

The following main result is as follows.
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Theorem 2.1. Ler Q := T3 be the three dimensional torus and (Pe,ne,ug,Re, Be, D) be a
dissipative turbulent solution of system (1.1)—(1.5) in the sense of Definition 1.1 with the initial
data (poe,no.e,00,6,Bo.¢,Poe). Assume that (Po e, n0.¢,00.¢,Bo.e, Po.e) satisfies

/Q\Po,e—Polzder/Q!no,s—PofzdeCS, (2.4)

||\/ Po,e0,e — \/P_ol10||iz(9) + ||\/n0,8u0,8 - \/P_ollo||iz(g) + ”BO,e - BO“%Z(Q) <Ce, (25)

elV@o.ellf2iq) < C. (2.6)

where (po,ug,Bg) satisfies the conditions (2.1)~(2.2). Then, for 0 <T < T*,

1Pe = Pll=0.752+17) (@) + e = Pll=(0.7:0241)(2)) < CVE, 2.7)
Iv/Peue = vPull =0 r:12(0)) + [I[vVe8e = VPUl =0 7:12()) < CVE, (2.8)
Bz = B[ 10 7:12(0)) T 1Rell (0.1 (m3y2y) T ENIVPel12(0) < CVe, (2.9)

where (p,u,B) is the strong solution to the system (1.6)—(1.8) with the initial condition (py,ug,By).

Remark 2.1. The above result shows that when € tends to 0 and a dissipative turbulent solution
[Pe,ne, U, Be, Re, Pe| strongly converges to [p,u,B] on [0,77), then the Reynolds tensor R
to the target system (1.6)—(1.8) on [0,7*) vanishes and it means that the Reynolds tensor R
disappears whenever the densities and the velocity converge strongly.

Remark 2.2. A compressible two-fluid MHD model is used when a single-fluid approxima-
tion is not enough. That happens when the species have different velocities, temperatures, or
response times, so effects like charge separation, Hall currents, ion-neutral drift, and finite re-
laxation between components become important. You can see the model in [8].

3. PROOF OF THEOREM 2.1

In this section, we are going to give a rigorous proof of Theorem 2.1. We may assume the
viscosities Ug = W, Ae = A, Ve = V. To begin with, we derive some uniform estimates from the
energy inequality.

3.1. Uniform bounds. In this subsection, we are going to derive some estimates with the en-
ergy inequality (1.14). Energy inequality (1.14) provides that

a, ! 2 e’ 2
g+ B+ 5[V ) dy

1 , 1,1
[ (Gpetnediuel + —pl+ o

T
+/ /,u|Vu£|2—|—(,u—|—l)(divug)2dxdtSEO_‘ggC. (3.1)
0 JQ
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Thus we have the uniform estimates with the Korn’s inequality and list them here for later use

ess sup ||\/peue(r)l|2q) < C, ess sup |\/neue(t)|[12q) < C, (3.2)
t€(0,T) t€(0,T)

ess sup [eVPel|;2q) <C, (3.3)
t€(0,T)

ess sup ||pg|\L1(Q) < C, ess sup Hng‘||L1(Q) <C, (3.4)
te(0,T) te(0,T)

ess sup | Be|[;2q) <C. (3.5)
t€(0,T)

|‘u€HL2(O,T;W1:2(Q;R3) <C, (3.6)

Bellr20,7:w12(@ir3) < C. (3.7)

Let us denote by

[0 a—l(

1 _ 1
H(pe:ne) = o7 (pé = p7—1p"" (pe —p)) + g (ng = p = an®(ne —p)).

1
From the typical result of the convex function H, it follows that
Hpene) > C(K)(|pe —pI* +|ne—pI*), if pe,ne € K
7n — .
T T ) (1 +pE +n), if pe, e € (0,00) x (0,00) \ K

for any compact subset K C (0,c0) x (0,00) and some C(K) > 0. The following notations are
used later:

(3.8)

[H]ess = Hl{p/2<pg<2p.,n/2<n£<2n}7 H = [H]ess + [H]res~

3.2. Relative entropy. We now derive the relative entropy inequality, which is the core of the
proof. For some convenient notations, Let us define by

1 ~

Gi(pe) = E(pl—py—ypy Ype—p)),
1

oa—1

Ga(ng) =

and the relative entropy:

(ng —p®—ap®(ne—p)),

1 1 1
cg’g(*c):/Q<§(pg—|—ng)\ug—u|2+G1(pg)+G2(ng)—|-§]Bg—B\2+Eezlvfbg]z)dx (3.9)

for any 7 € [0,T] where (pg,ne,ue,Be, Re, Dg) is a dissipative turbulent solution of the system
(1.1)=(1.5) and (p,u,B) is the solution of the system (1.6)—(1.8). Take %|u|2 and p’j(r),j =1,2,
as a test function in (1.1) to obtain

1 1 T
/—r5|u|2dx:/—r0_g|u0|2dx+/ /(rgu-atu—i—rgug-Vu-u)dxdt (3.10)
2 Q2" 0o Jo

and

T
/rgp'j(r)dx:/ro,gp}(ro)dx+/ /(rg?,p}(r)—|—r£u€-Vp’j(r)>dxdt, (3.11)
Q Q 0 JQ

where r represents for p or n and

1 1

:—Y =
pi(p) Y_lpapz(’o o1




VICOUS TWO-FLUID-MHD-POISSON SYSTEM TO ONE FLUID MHD 1039

Next, we choose u as a test function to the moment equation (1.3) and it provides

- /Q (Pe + ne)ue - u(t)dr = — /Q (Po.e +1o.e)Uo.e - uod

T

—/ /<(pg+ng)ug-8,u—|—(pg+n8)u8®u£:Vu)dxdt
0 JQ
T

—|—/ //,LVug:Vu+(u+l)divugdivu—(pﬁ%—n“)divu)dxdt
0 JQ
T 82

+ / / (eZDu:(chg®v<1>g)+—|Vc1>£|2divu)dxdz,
0o Ja 2

—/T/Vu:di)%g(t)dt—/ [((BEV)Bg—1V|Bgyz)-u}dxdr, (3.12)
0o Jo Q 2

where Du = %(Vu + VTu) while the equation (1.5) together with using the integration by part
yields that

T T
—/ /(pg—ng)Vng-udxdt:/ /82A<I>€V<I>g-udxdt
0 JQ 0 JQ
4 1
— g2 / / <Du:(VCIDE®VCI>£)—|—E]VCDg]Zdivu)dxdt.
0 JQ
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Thus, we deduce, after adding (1.14), (3.10), (3.11), and (3.12), the following inequality:

1
| (3pe-tne)iue =P+ pi(pe) = pep (p)-+ palne) = ()
1 , € 5
+5[Be B+ |V, ) ax
T
+/ /(u\Vug—Vu|2+(u+l)]divug—divu|2+v|VBg—VB|2)dxdt
0 JQ
1
< /Q (5 (Po.e +10.)[w0.e —uo|* + p1(Po.e) — Po.e P (Po) + pa(no.e) — no.eps(po)

1 , € 5
‘I’E‘BO?S_BO‘ +7‘VCDO’£ )dx

T
—|—/ /((pg+n£)(8,u+u5-Vu)-(u—ug))dxdt
0o Jo
T T
+,u/ /Vu:V(u—ug)dde—(,LH—l)/ /divu(divu—divug)dxdt
0o Jo 0o Jo
T T
_/ /(psatpl(P)+P£“8'VP/1(P))dth_/ /PgdiVUdde
0o Jo 0o Jo
T T
—/ /(n88tp2(p)+ngu£-Vp’z(p))dxdt—/ /ng‘divudxdt
0o Jo 0o Jo
T 82
+ / / (82Du:(V(I>g®V<I>£)—|—?|Vcl>g|2divu>dxdt,
0o Jo
T
—v/ /(2VB£-VB+WB|2)dxdt,
0o Jo

1 1 1
—/ [((Bs-vme—§V|Bg|2>-u+Be-les—Bo,s-Bo—§|B|2+§|Bo|2 dr.  (3.13)
Q

Note that

T
/p”dx—/pgdx:/ /8tp7dxdt
Q Q 0 JQ

T
= / / (POP}(p)+ PV (p) -u-+ pTdivu ) dd, (3.14)
0 JQ

and

T
/p“dx—/pg‘dx:/ /8tp0‘dxdt
Q Q 0o Ja

T
:/ /<p8tp'2(p)+pr'2(p)~u—i—padivu>dxdt. (3.15)
0 JQ
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Using the identities (3.14) and (3.15), the relative entropy in (3.13) can be written as follows:

[@“’8 // 1| Vue — Vul? + (1 4 1)|divag — diva|*> + v|VB, — VB| )dxdt

< ZAé, (3.16)
j=1
where

T
:/ / pg+ng)(8tu+ug-Vu)-(u—u8)>dxdt
0
T
Agzu/ /Vu V(a—ug)dxdr + (u+2) / /lell (diva — divug )dxds
a2~ [ [ ((6=p02ri(p)+ 1) (p): (pu-— peu)  divu(p? — p") ) dra
- /0 | ((p=ne)arph(p) + V1h(p) - (pu—nete) — divu(a: —p) ) drds
T 82
_ / / <£2Du:(Vfl),g@VCIDg)—i—7]V<I>g|2divu>dxdt
QT
Agz—v/ /<2VB8-VB+|VB|Z>dxdt,
0 JQ

1 1
Al = /[<<B£ V)B __ng| ) u+BeB B Bo— 5 [B]’ + 2 [Bo[

//Vudiﬁ

To compute the part of magnetic field A6 ,AL, we first adapt B to the Maxwell equation (1.16)

T
/Bg-B(T,-)dx:/Bg-B(T,-)dx+/ /(Bg-&,B—vVBg-VB>dxdt
Q Q 0 JQ

T
+/ / <B * Vug * Bg - B * (VBS)ug - (Bg * B)lellg)d.Xdl‘ (3.17)
0 JQ

We can use %]B|2 to the Maxwell equation (1.8) and then we have

%/Q|B|2( /|B| Ndx— v/ /|VB|2dxdt

/ / (VB)u—u- (VB)B)dxdt. (3.18)
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Using (3.17), (3.18) and equation (1.8), we can do a simple calculation and obtain

1
Ab Al = / / B)! Vu(B, —B)—§|B£—B|2divu>dxdt
1
+/ / (B¢ —B)'V(u; —u)B) + EV(B(B —B¢))(ue — u)) dxdt
0 Jo
K 1
—/ /(u—ug)- ((B~V)B——V!B]2>dxdt. (3.19)
0 Ja 2
3.3. Computation of the relative entropy. In this subsection, we prove Theorem 2.1 by cal-

culating the relative entropy calculated above. We first compute the residue and essential part
together with (3.8). Using the Holler inequality, it follows that

‘/ Pe uB)-(ug—u)dx’
eSS
(u,B
< e = Pleslizi | g g 0 — sy
< O+ Ol vl (3.20)

for a small number 6 > 0, where ¥(u,B) = pAu+ (u+ A)Vdiva+ (B-V)B — %V|B|2. The
residue part can be estimated as follows:

W(u,B) - (ug u)dx‘

umﬁ%&m@>

B)
|1 Ve =W 20
s 2y 101 B) 2y e = oy

< C(8)&(7) + 6| [us —ul| e g (3.21)

for a small number 6 > 0, where p verifies 71/—1— % = % For the ne, we have the same results as
follows:

P(u,B) (ue —u)dr| < C(0)4(7) + Ollue —ulsq)  (3:22)

ess

and

’ /g [ng - p]reslp(u,B) (ue — u)dx‘ <C(0)6:(7) +bllue —ulZsq.  (3:23)
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for a small number @ > 0. Let us next control the velocity term in Al. Following the facts
(3.20), (3.21), (3.22), and (3.23), we see that

Yyl

T _ _ T
+/ /p8+”8 P p(u—u,g)-‘l’(u,B)dxdt+/ /(u—ug)-‘P(u,B)dxdt
0 Ja 2p 0 Ja

T
~Jo /Q(pgzzng)ms—u)-V<pY+n°‘>dxdr

T
Pe+ne—p—p
+ /Q [ () -‘P(u7B)]eSdedt
Pe+ne—p—p
+ /Q [ () -‘P(u7B)]rededt

_|_

(u—ug)- (,uAu—i— (u+ V)Vdivu))dxdt

+

o\dhﬂc\h
ST 5

(u—ug)- ((B V)B - %V!BF) dxdt

T T
9)/0 @‘"g(t)dH—G/o Hug—u||%6(g)dt

[ (Petre (ug —u)-V(p¥ +n%)dxdr
f(°5")

(u—ug)- (/,tAu+ (,u+l)Vd1vu))dxdt

IA
Q

+

1 2
(u—ug) - ((B-V)B— SVIB| )dxdt (3.24)

_|_

+
ﬁhc\
5 5

where we used Hollder’s inequality, integration by parts, and the property in (3.8). Thus, we
obtain

T
AL+A2 < 09 (e —w) | g +C(9)/ £ (0)dr
0

/ p8+”8 u; —u)-V(p?+n%*)dxds

+/ /(u—ug)~ (B~V)B—1V\B\2)dxdz, (3.25)
0 Ja 2
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for a small 8 > 0. To control the second part of (3.25), we compute

/ p8+”g —u)-V(p¥+n*)dxdt

s+ns p—p
_ ). V(oY 4 n®
/O/Q » )(uE u)-V(p”+n%)dxds

T T
+/ /ug-V(py+n“)dxdt—|—/ /divu(p”—n“)dxdt
0 Ja 0 Ja

T T
< 019 (ue )2 )+ C(68) [ Gao)irt [ [ diva(p?n)ane
? 0 0 JQ

T T
+ / / PUe -V, (p)dxdr + / / nte -V ph(p)dxdr.
0 JQ 0 JQ

In order to handle the pressure parts A3, A%. Observe that

T
/0 /Q (P — pe) (@ (p) + V1, (p) - w)dnds = / / diva(pe —p)yp”~dxdr,

// e)(9:ph(p) +Vph(p) -u)dxdr = //dlvu p% 'dxdr.

Thus, the sum of 24}:1 Aé provides that

Y AL 0]V (ue -0l +C06) [ o

//dwu pd—p”—1p? " (pe p))dxdt

—/ /divu ng‘—p“—ap“’l(ng—p)>dxdt
0 Je

T
< 017 (we — ) g0 +C(6) | S0
0

while
/T/ (p — pe)ue - Vi (p)dxds
0JQ
_ /0 /Q (1P — Peless + [P — Pelres) (e —w) - V) ()l
+ /0 i /Q ([p = Peless + [P — Pelres)u- V' (p)dxdr

T
< 0[[V(ue — )3 g5, + C(0) /0 .()dt

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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and

| [ p=nehue- Visip)anc
0 JQ
< 0]V (ue — ) 50, + C(6) /0 S.(1)dr (331)

where we used the same method of (3.20), (3.21), (3.22), and (3.23). It is easily seen to show
that

T
A2 gc/ & (1)dx.
0

We apply Poincare’ inequality and Holder’s inequality to estimate AS and A7
T T
A8+ Al < C(G)/ Ee(t)dx + 9/ / |VB — VB|*dxds
0 0 Jao

+9//\Vug—Vu|2dxdt—/ /(u—ug)-((B.V)B—1V|B|2)dxdr, (3.32)
0o Jo 0o Jo 2

for a small number 6 > 0. Summing up all estimates in previous computation and taking a small
suitable 6 > 0, the relative entropy arrives at

T
& (1) +c/ / (u|Vu£ — Vul? + (4 +v)|divug — diva]? + v|VB, — VB|2> dxdr
0 JQ

< C&(0)+C / & (1)dx, (3.33)
0

which implies that
8e(1) < C&(0)exp(TC)

forany 7 € [0,T].
For the estimates of the initial data, we use the assumptions (2.4)-(2.6) to obtain

/PO,8|“O,e—uo]2dx
Q
SC/ |\/PO,eu07e—\/Pollo|2dx+C/Q|vPO7e—\/Polzdx
Q
< C/ |\/Po,ello7e—\/pouolzdx+C/§2|Po7s—Po!2dx <Ce,
Q

/n078|u078—u0|2dx§C8, / IBo.e — Bo|%dx < Cé, / eV | < Ce,
Q Q Q

and
/Q (Gl (Poe) + Gz(noﬁ))dx < Ce.

Thus
ée(0) < Ce
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and the Gronwall inequality gives the results of Theorem 2.1. Indeed,

| Wpee = vpuPar<c [ pelue —ufar+c [ Vo~ vpPar< ce.
[ Wige = ypular <€ [ nefue~uPaxC [ |y - vpPar<ce.
Q Q Q

and

/Q ([ps —Plas + pe —p]ryes)dx < /QGl (pe)dx < Ce,

| (Ine=pRt e =P )ax < [ Galmeras < ce.

/ IBe — B|?dx < Cé, / eV, |> < Ce

Q Q
and we get
/df}{(r) < C/ de&(t) <Ce
Q Q

where we used (1.15). Hence we complete our proof of Theorem 2.1. 0

4. EXISTENCE OF DISSIPATIVE TURBULENT SOLUTIONS

In this section, we construct a dissipative turbulent solution of the system (1.1)—(1.5) in the
three dimensional torus Q := T>. We introduce a sequence of finite—dimensional spaces X;, C
L*(Q;R3Y),

X, = span{w,- w; € CO(QRY), i = 1,...,n}

Without loss of generality, we may assume that w; are orthonormal with respect to the standard
scalar product in LZ(Q). We suppose that the initial data is smooth. Specifically,

Po.ng €C' (Q).

Let us consider a parabolic approximation of the equation of continuity by following Crippa,
Donadello, and Spinolo [4],

o;ir+div(ru) = BArin (0,7) x Q, B >0, 4.1)

and the initial condition
r(0,-) = ro, (4.2)

where r stands for p,n.

e The weak formulation of the equation of continuity reads:

=7 T
[/ rQ dx} :/ / [rd@+ra-Vo—BVr-Vo| dxde, r(0,-) = ro, (4.3)
Q =0 JOo JQ
for any test function
@ € L*(0,T;W'(Q)), 9,0 € L'(0,T;L*(Q)),

where r stands for p,n.



VICOUS TWO-FLUID-MHD-POISSON SYSTEM TO ONE FLUID MHD 1047

e Foru € C([0,T];X,), the approximate momentum balance reads

{/g(p—%n)u-(pdx]t_oz/or/g[(p+n)u-8t(p+(p+n)u®u:V(p
+P(p,n)dive — (uVu+ (u+ A)divual) : Vo
+[(B.V)B—%V;B]Z].qo—(p—n)vqmcp}dxdw/o /QVq):d‘ﬁ(t)dt (4.4)

holds for any 0 < 7 < T and any ¢ € C! ([0,T];X,), with the initial condition
(p+n)u(0,-) = (po+no)ugp, ug € X,. (4.5)
e The Maxwell equation

9B + (divu)B+ (u-V)B— (B V)u = VAB, @6
divB =0, B(0,x) = By '

is a linear parabolic type problem in B and thus we can solve (4.6) by the standard
Faedo-type problems for u € X,.
e The Poisson equation (1.5) is solvable because it is the elliptic equation.

We report useful results.

Lemma 4.1 (Crippa et al [4, Lemma 3.2]). Let Q := T3 C R be the three dimensional torus.
Givenu € C([0,T];Xy), the initial-boundary value problem (4.1)—(4.2) admits a weak solution
r specified in (4.3), unique in the class

re L20,T;Wh(Q))NC([0,T);L*(Q)).
The norm in the aforementioned spaces is bounded only in terms of the data py and

sup |[u(z,-)l|x,,
1€(0,T)

where r stands for p,n.

Next, let us introduce a result of Crippa et al. [4, Lemma 3.4].

Lemma 4.2 (Maximum principle). Under the hypotheses of Lemma (4.1), the solution p sat-
isfies

17l = ((0,2)x @) < max {[|rollz=(q) } exp (T||divul|z=((0,0)x))
where r stands for p,n.

Lemma 4.3 (Renormalization). Under the conditions of Lemma 4.2, letting B € C? (R), we
obtain the (integrated) renormalized equation

T T T
/ B(r) dx) te / / Vr[2B”(r) dxdr + / / (rB’(r) —B(r))divu ddt (4.7)
Q 0 0 Jo 0 Jo
holds for any 0 < © < T, where r stands for p,n.

Using Lemma 4.3, we obtain strict positivity of p on condition that py enjoys the same
property.
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Corollary 4.1. Under the hypotheses of Lemma 4.1, it holds that
essit?xfr(t,x) > min {rrgnro} exp (—THdiquLoo((O’T)XQ)) )
where r stands for p,n.
For fixed parameter n, € > 0, the first level approximation are solutions [p, n,u] of the problem
of the parabolic problem (4.1)—(4.2), and the Galerkin approximation (4.4), (4.5). For u €
C([0,T];X,), we identify the unique solution r = r[u,B| of (4.1)—(4.2), where r stands for r

and plug it as r in (4.4) by the fixed point Theorem. Thus we have the following approximate
solutions.

Proposition 4.1 (Approximate solutions). Let Q :=T> be the three dimensional torus. Assume
that the boundary data belong to the following class

po,n()ECl(Q), p023>0, ngp>n>0,uy€X,.

Then, for each fixed € > 0, n > 0, there exists a solution (p,n,u,B,®) of approximate problem
(4.1-4.2) and (4.4), (4.5) such that

=7

[ 3o m0uP+G1p)+ Gato 7+ 5 v o

t=0

T
+ / / (Vu+ (i + A)dival) : Vu+ v|VB?) dxdr (4.38)
0 JQ

T
+[3/ /p72pr|2+n“2Wn\2 dxdr <0
0 JQ
holds forany 0 <1t <T.

From the energy inequality (4.8), we can derive the uniform estimates

HuﬁHLZ 0, T'Wl ( )) < C7 (49)
0<r<r(t,x) <rF, (4.10)
ﬁ/ /]Vrﬁlzdxdt<C 4.11)
sup |[ug(z, le,w(g.Rs) <C, (4.12)
7€[0,T] ’
sup |[Bg(7.)|| o) < C 4.13)
7€[0,T]
1Bs (%) 20,7702 m9) < € (4.14)
ess sup [|eVPg|l12q) <C, (4.15)
1€(0,T)

where r¢ stands for pg, ne.
Let us first prove the convergence of ®g together with estimate (4.14) and the standard L?
elliptic regularity of (1.5). It is obviously seen to show that

V&g — V@ weakly in C([0,7]; W min{%%) Q). (4.16)
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Using the compactness W ™in%:#}(Q) < LP(Q) for 1 < p < %, we obtain
Vg — VO in C([0,T];L7(Q)) (4.17)
for 1 < min{y, ¢} < 3. Moreover, if min{y, o} > 3, then we can show that
V&g — V@ in C([0, T]; L™} (Q)). (4.18)

In view of the uniform bounds (4.9-4.14), we can prove the convergence up tp subsequence

rg — r weakly-(*) in L*((0,T) x Q)

and weakly in Cyeak ([0, T];L"(Q)) for any 1 < r < oo, (4.19)
ug — u weakly-(¥) in L*(0, ;W' (Q; R?)), (4.20)
(pg +np)ug — m weakly-(*) in L((0,T) x & R?), (4.21)
B; — B weakly-(*) in L*([0,T];W'(Q)) N L=([0, T]; L*(Q)),

strongly L2([0,7] x Q), (4.22)

where rg stands for pp,ng and we have used Aubin-Lions Lemma to (1.4) to show (3.5) while
the Arzela—Ascoli theorem yields

m= (n+p)uae.in (0,7) x Q. (4.23)

We will pass to the limits B — 0, n — oo and obtain the existence of the following dissipative
turbulent solutions based on the convergence of density, magnetic field, and velocity. Indeed, the
limit process of B — 0, n — o is able to be carried out as the process of Jin, Kwon, Nacasova,
and Novotny [12] with the convergence of (4.19)—(4.22). Using the convergence of (4.19) and
(4.20), we obtain the continuity equation

=7 T
{/ rQ dx} = / / [r&,(p+ru-V(p dxdr =0, r(0,:) =rp (4.24)
Q t=0 0 JQ

for any ¢ € C'([0,T] x Q), where r stands for p,n. We also can derive the moment equation
and Maxwell equation such that there exists a tensor measure

R e L2(0,T;.4 " (Q:RD)),

sym

such that the integral identity
=7 T
[/(p%—n)u-q)dx} :/ / [(p+n)u-8,q)+(p+n)u®u:V(p
Q t=0 0 JQ
+P(p,n)diveg — (uVu+ (u+A)dival) : Vo
1 T
+[(B-V)B—SVIB[’]- 9~ (p—n)Ve- cp} dxds +/ / Ve :dR(r)dxd  (4.25)
0 JQ
holds for any 0 < 7 < T and any test function ¢ € C'([0,T] x ;R?), @|5q =0,

(p+n)u(0,-) =mg := (po + np)uy, (4.26)
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and the Maxwell equation verifies

t=1 T
[/Bmm]:i//3@¢mm
Q =0 0 JQ

_/OT/Q((divu)g+(u.V)B—(B-V)u)-(pdxdt+v/OT/QB-A(pdxdt,

/ /B-V(]) dxdr =0, (4.27)
0 JQ

forae. 0<t<T,all € [2([0,T)xQ))?,and ¢ € 2([0,T) x Q).
Finally, we also obtain the energy inequality. We can construct an energy defect measure

EeL”(0,T;.#(Q))
such that

I (§<p+n>|u|2+§|B|2+Gl<p>+cz<n>+8—22|v<1>|2) o

=7

. 1=0 (4.28)
+/ /(,uVu—i-(,u-i—A)diqu):Vu+v|VB|2) dxdt-l—/ 7 €(t) <0.
0 JQ Q

fora.e. 0 < 7t < T. Then we obtain global existence of dissipative solutions to (1.1)—(1.4). [J

Theorem 4.1 (Global existence of dissipative solutions). Ler Q := T3 be the three dimensional
torus. Assume that the boundary data belong to the following class
po € LT(Q), ng € L*(Q),

2min{a,y}
Po >0, ng >0, mg € Lmnler=T (Q:RY),

/ 1‘M2+G()+G()+HBP++§W¢F dx <
— n — o,
o | 200+ 70 1(Po 2(no > 0 > 0

Then problem (1.1)—(1.5) admits at least one dissipative solution [p,n,u,B, R, ®] in (0,T) x Q
in the sense specified in Definition 1.1.
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