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Abstract. We investigate the existence of normalized solutions for the following Schrédinger equation
with an L?-constraint

—Au+[V(x)+Au= f(u), xRN,
Sy u?dx = c,

where N > 3, ¢ > 0 is a prescribed mass, A € R arises as a Lagrange multiplier, and f € ¢’ (R,R) exhibits

the L?-supercritical growth. Without assuming %' regularity on f, we establish the existence results in

two scenarios concerning V: Non-potential case V (x) = 0 and Potential case V (x) # 0.

Keywords. General nonlinearities; L>-supercritical; Normalized solution; Potential; Schrodinger equa-

tion.

1. INTRODUCTION

This paper is concerned with the existence of normalized solutions for the following Schrédinger
equation with an L2-constraint

{ —Au+[V(x)+Alu=f(u), xRN,

Jpvu?dx =c, (1.D

where N > 3, ¢ > 0 is a prescribed mass, A € R arises as a Lagrange multiplier associated with
the solution u € H'(RN), and f satisfies the following basic assumption:

(F1) f € ¥(R,R) and
im0 m ZOL

SO e (T

We investigate two cases: the non-potential case V (x) = 0 and the non-constant potential case
V(x) # 0 satisfying:
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(V1) V € €' (RY,R), mingy V < limy 00 V (x) = supgy V and lim|y ., VV (x) - x = 0. Fur-
thermore, there exists o7 € (0,1) such that

/RN V(@)iddx < 01||Vull2, Vue H'(RY),

Without loss of generality, we can assume that suppy V = 0in (V1). If not, we replace (V(x), 1)
with (V (x) — supgn V, A + suppn V).

Normalized solutions, which are solutions having a priori prescribed L?-norm (mass), corre-
spond to critical points of the energy functional ® : H' (RV) — R defined by:

1 1
®(u) = EHVMH%—FE/RNV(x)uzdx—/RNF(u)dx, (1.2)

on the L?-constraint
S = {uEHl(RN Hu||2 }

where F(u) := [§ f(t)dt. It is standard that @ is €' on H!(R") under assumptions (V1) (or
V(x) =0) and (F1). These normalized solutions hold significant physical relevance as their
[*-norm remains invariant under time evolution. Moreover, their variational characterization
facilitates the analysis of orbital stability and instability properties (see [2, 18]). Following the
pioneering work of Stuart [20] and Cazenave-Lions [5], the study of normalized solutions has
emerged as an active research direction in nonlinear PDE analysis; see, e.g., [7, 13, 14, 15, 18,
19, 24].

The variational analysis of (1.1) fundamentally depends on the asymptotic behavior of the
nonlinearity f relative to the L’-critical exponent 2 + ]%, which arises from the Gagliardo-
Nirenberg inequality [10, 17]. This behavior determines whether ® is bounded below on .7,
leading to two distinct research approaches.

The problem is termed L>-subcritical if inf 7. ® > —oo, allowing for the search for ground
state solutions through constrained minimization combined with Lions’ concentration-compactness
principle. In contrast, the L?-supercritical regime is characterized by the condition:

F
(F2) 1imy|_ oo U = oo,
lt |2+N
which results in inf, ® = —oco. This necessitates alternative minimax methods on .#; due to

the failure of global minimization.

In comparison to the L?-subcritical case, the variational analysis in the L2-supercritical case is
more complex, particularly in establishing the boundedness of sequences and verifying the con-
vergence of the L?-norm to preserve the mass constraint Hu||% = c¢. This complexity arises from
the presence of the unknown Lagrange multiplier A, as standard Nehari manifold techniques are
inadequate, compounded by the lack of compactness for the embedding H. ;(RV) — L?(RM).

In the present paper, we focus on the L>-supercritical regime, addressing both the non-
potential case V(x) = 0 and the non-constant potential case V(x) # 0 satisfying (V1). The
subsequent two subsections will present previous works that motivate our current investiga-
tion and outline our main results for the non-potential and potential cases, respectively. Before
proceeding, we introduce the following definitions.

We define the following Pohozaev functional:

Pu) = |Vul3 — & / (VV (x) - x)uldx — 12v [ fwu—2F s, YueH'(®Y). (13
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It is well-known that any critical point of CID‘ 7 satisfies the Pohozaev identity & (u) = 0. We
say that u is a ground state solution to (1.1) if it is a solution with minimal energy among all
solutions belonging to .%,.

Specifically, if V(x) = 0, then (1.1) reduces to the autonomous equation:

{ —Au+Au=f(u), xRV,

S uPdx = c. 14

Similarly, we define the corresponding energy functional and Pohozaev functional as follows:

CID“(u):%HVuH%—/RNF(u)dx, VueH RY) (1.5)
and
P (u) = Hvuug—%’ [ fu—2F @), Yue ' ®Y), (1.6)

1.1. Non-potential case V(x) = 0. The seminal contribution to the L?-supercritical regime
was established by Jeanjean [12] in 1997, where radial mountain-pass solutions to (1.4) were
obtained under assumptions (HO) and (H1). Furthermore, the existence of ground state solutions
was proven if (H2) is also satisfied. The assumptions (HO)-(H2) are defined as follows:

(HO) f is odd;

(H1) f € ¥(R,R) and there exist a, B € R satisfying 2+1% <a<pB<2t= 1% such that

O0<aF(t) < f(t)t <PF(t), YVt €R\{0}; (1.7)
(H2) the function F(¢) := f(t)t —2F (¢) is of class ¢! and

F'(t)t > (2+%) F(t), VteR\{0}.

The pivotal innovation in [12] lies in the construction of a particular (PS) sequence {u,} C
. asymptotically satisfying the Pohozaev identity &?*(u,) — 0, through the application of
Ekeland principle to an augmented functional (u,7) € .7, x R +— & (""/?u(¢'-)) which retains
the same geometric structure as @ on .. The boundedness of {||Vu,||2} follows from the key
condition #*(u,) — 0 combined with the inequality aF(¢t) < f(¢)t of (1.7) in (H1) through
the relation

2

D (uy) +o(1) = D% (uy,) — CEO

P (up)

_ ((X _ 2)N —4 o) 1
= ey IVl g /RN [ ()it — O (1)) dix.
By incorporating the fact that any solution must belong to the Pohozaev manifold

MT(c) ={ue S P”(u) =0}

into the variational procedure, Jeanjean further proved the mountain pass level coincides with
the minimum

m”(c) = e i//nofo(c) D (u),
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provided f additionally satisfies (H2), thereby establishing the existence of ground state solu-
tions. In the compactness analysis, Jeanjean introduced two distinctive strategies, fundamen-
tally relying on conditions (H1) or (H2): the first ensures the positivity of the Lagrange multi-
plier A through the compact embedding H . ,(RY) < LP(RY) (2 < p < 2*), combined with the
inequality f(¢)t < BF(t) of (1.7) in (H1), while the second employs (H2) to establish that the
ground state energy map ¢ — m™(c) is nonincreasing with respect to ¢ > 0 and strictly decreas-
ing for some c. Since this groundbreaking work, both methods have become standard tools for
addressing compactness issues in the context of normalized solutions.

It is noteworthy that the inequality aF () < f(¢)t of (1.7) in (H1) is regarded as the natural
L?-constrained counterpart to the classical Ambrosetti-Rabinowitz condition (referred to as the
(AR) condition which is proposed by [1]) for unconstrained problems. Recently, the first and
second authors in [8] weakened (H1) to

HI) 0< (2+5)F(t) < f(t)t < Z5F(t) forall t € R\ {0},

combined with appropriate L?-supercritical conditions at infinity. This work investigated the
existence of radial mountain pass solutions for (1.4), but did not consider ground state solutions.

To obtain ground state solutions, Bieganowski-Mederski [4] introduced a novel minimization
scheme on the intersection of closed L2-balls {u € H'(R") : ||u||3 < c} and the Pohozaev man-
ifold in H'(RY), replacing the standard constraint sphere .#,. This innovation allowed for the
relaxation of (H1) to the following condition:

HI") 0< 2+ 5)F(t) 2 f(t)t = Z5F(¢) forallt € R\ {0},

where < denotes the asymptotic non-strict inequality: for given functions fi,f> : R — R,
fi1(s) = f2(s) means that fi(s) < f>(s) for all s € R and for any y > 0, there exists |s| < ¥
such that f1(s) < fa(s) (see Lemma 3.1 for essential properties). However, the analysis in [12]
still required the stronger regularity assumption (H2).

In contrast, Jeanjean-Lu [15] removed the requirement f € €' and achieved another general-
ization by weakening the assumptions (H1) and (H2) to (F1), (F2), and the following conditions:

(H3) 0 < f(t)t < Z25F(¢) forall r € R\ {0};
(H4) [f(t)t—2F(t)]/ |t|2+% is strictly decreasing on (—eo, 0) and strictly increasing on (0, 4-o0).

By combining the Nehari-type techniques developed by Szulkin and Weth [21, 22] with Ghous-
soub’s minimax principle [11] on manifolds relying on complex topological arguments, they
constructed a (PS) sequence that exactly satisfies the Pohozaev identity 2% (u,) = 0. Crucially,
while eliminating the ¢! -regularity requirements, their approach fundamentally depends on the
strict monotonicity condition in (H4).

Condition (H4) has become a fundamental analytical tool in the study of L?-constrained ellip-
tic problems, serving as the natural counterpart to the classical Nehari-type strict monotonicity
condition in unconstrained settings, where the Pohozaev manifold .#*(c) plays an analogous
role to the unconstrained Nehari manifold.

Despite this progress in this direction, a crucial gap still exists between the constrained and
unconstrained framework: while the strictness requirement in the Nehari-type monotonicity
condition has been substantially weakened for unconstrained problems, the analogous relax-
ation of strict monotonicity in (H4) for the constrained problem (1.4) remains unclear.
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The primary objective of the present work is to address this problem. Specifically, we aim to
establish the existence of ground state solutions to (1.4) by developing new analytical techniques
that allow for the relaxation of assumptions (H3) and (H4) to the following conditions:

(F3) 0 < f(t)t = 25 F(t) forallt € R\ {0};
(F4) [f(t)r— 2F(t)]/|t|2+% is non-increasing on (—eo,0) and non-decreasing on (0, 4-oo).

Qur first result is as follows.

Theorem 1.1. Let N > 3 and ¢ > 0. Assume that f satisfies (F1)-(F4). Then (1.4) has a couple
solution (iiz,A:.) € H'(RN) x (0, +oo) such that
D (i) =m™(c) = //}Efc)cb :

Remark 1.1. i) The proof of Theorem 1.1 is based on a direct minimization on .#*(c), facing
two principal technical obstacles that require the implementation of new ideas. First, while any
minimizing sequence {u,} C .#*(c) for m*(c) = inf ;=) > admits a nontrivial weak limit
u € H'(RY) with ||u]|3 € (0,c] up to a subsequence and translations, the absence of guaran-
teed mass conservation u € .#, obstructs the verification of attainability even under the strict
monotonicity assumption (H4). Second, the lack of derivative information (®*)(u,) prevents
the recovery of compactness through standard Lagrange multiplier analysis. These funda-
mental limitations, originally pointed out in [15, Remark 1.4 (iii)], explain why the topological
minimax approach was adopted rather than direct minimization in [15].

i) Inspired by the non-strict inequality property developed by Bieganowski-Mederski [4], we
establish a robust inequality involving &= (u), &= (rN/?u(t-)) and 22 (u) under the weakened
monotonicity (see Lemmas 3.2 and 3.3). This allows us to demonstrate the strict monotonicity
of ¢ — m*(c) (see Lemma 3.8), ensuring the existence of minimizers. The final verification that
minimizers solve (1.4) employs deformation techniques without requiring f € €' (see Lemma
3.10), circumventing the aforementioned obstacles under relaxed hypotheses.

1.2. Potential case V (x) # 0. When the potential V (x) # 0 satisfies (V1), the problem presents
fundamentally new challenges compared to the non-potential case. The spatial dependence
of V(x) breaks translation invariance and introduces the nonhomogeneity, leading to an x-
dependent linearization at zero:

f(u)

fim VW) g gm0

u—0 u u—0 U

which depends explicitly on x € RV. These features make the existing techniques for V (x) = 0
inapplicable, resulting in limited mathematical progress for L2-supercritical problems with non-
constant potentials despite their physical significance.

The first mathematical treatment of (1.1) with negative potentials is found in the work of
Molle-Riey-Verzini [16], which dealt with the pure power nonlinearity f(u) = |u|?~2u with
24 % < p < 2*. Under the smallness condition

max {|V|ly2,lx- VVn } < LN, p),

where L(N, p) is an explicit constant, they established the existence of mountain pass solutions.
A crucial element of their approach relies on the homogeneous scaling property characteristic
of a power nonlinearity, which fundamentally fails for general nonlinearities. Subsequently,
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Ding-Zhong [9] extended the result to broader classes of nonlinearities satisfying (HO) and
(H1) proposed by [12] and the following stronger condition than (H2)

(H2') the function F(t) := f(t)t —2F (¢) is of class €' and F'(t)t > aF(t) for all t € R,
which addressed the case V(x) # 0, under modified assumptions: V is € (essentially), and
satisfies a slightly stronger version of (V1), specifically where o] € (O, %} instead of

o1 € (0,1), along with the following conditions:

(V2') there exists 0 < ¢ < min { w -1, %’ - N%z} such that

‘/N[VV(X)-x]uzdx <205\ Vulj3, VueH'RY);
R

(V3') there exists o} € [0, % — N —2) such that
/NY+(x)u2dx < &||\Vul, VueH'(RY),
R

where Y (x) := (§ o — N) W (x) + VW (x) -x with W (x) := JVV (x) - x.

Here, g* (x) = max{=+g(x),0} represents the positive/negative part of any function g(x) defined
on RV, Their proof is based on a constrained minimization scheme on Pohozaev submanifolds,
combined with Lagrange multiplier techniques. It is noteworthy that this method requires both
the strong regularity assumption (H2') on f (which implies the strict monotonicity condition
(H4)) and more restrictive assumptions on V, particularly the technical condition (V3).

Motivated by these developments, the second objective of this paper is to further investigate
the existence of normalized solutions for the non-autonomous problem (1.1) involving poten-
tials and general nonlinearities. In particular, we replace the strong regularity condition (H2)
used in [9] with the weaker monotonicity condition (F4), while eliminating the essential re-
quirement V € €2.

To state our main result in this direction, we introduce the following assuptions:

(V2) there holds
2 o N(a—2)—4 2 1(oNy.
/RN [V(x)+N(a_2)vv<x> x] < SO Vul, Ve HRY)

(V3) there exists o, € <0, %) such that

B ]+ 2 2 1 /N
Vix)+ ——VV(x) x| wu'dx<o||Vul|l5, Yue H (RY).
Our second result is as follows.

Theorem 1.2. Let N > 3 and ¢ > 0. Assume that (V1)-(V3), (H1) and (F4) hold. Then (1.1)
admits a mountain pass solution (uc,A.) € H'(RV) x (0, +o0).

Remark 1.2. There exist many functions satisfying (V1)-(V3). For example,

Vi(x) =

(o]
——— . xeRY k>2, 6> 0is suitable small.
1+ |x|*
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Remark 1.3. i) In contrast to the Pohozaev submanifold minimization method used in [9],
the proof of Theorem 1.2 is based on critical point theorems on manifolds developed in [8].
This allows us to construct a (PS) sequence {u, } C .7, asymptotically satisfying the Pohozaev
identity Z(u,) — O at the mountain pass level M(c) (see Lemmas 4.1- 4.2). The boundedness
of {||Vuy|2} follows from #(u,) — 0 combined with assumption (V1).

ii) The presence of the non-autonomous potential V (x) # 0 introduces new difficulties for the
compactness analysis. For example, the compact embedding H_! ((RY) < LP(RV) for2 < p <
2* can no longer be applied in the non-radial context; the strict monotonicity of ¢ — m™(c), valid
for non-potential settings, fails here. To address these issues, we establish the sharp estimate:
M(c) < m™(c) (see Lemma 4.4), where m™(c) is the ground state energy of the non-potential
(limiting) problem, serving as the first energy threshold where the (PS) condition may fail. This
strict inequality allows us to establish the positivity of the Lagrange multiplier A > 0 under
assumption (V3), enabling the convergence of the L>-norm.

ii1) Notably, our method circumvents the technical complexities involved in Pohozaev man-
ifold decomposition and topological minimax arguments, thereby eliminating the need for the
oddness assumption (HO) on f and avoiding the imposition of higher-order regularity condi-
tions on VV and f as required in [9]. This approach suggests potential applicability to other
L?-constrained problems with external potentials and continuous L?-supercritical nonlinearities.

In Section 2, we present critical point theories on manifolds, which will be used for the
proof of Theorem 1.2. In Section 3, we establish the existence of ground state solutions for
autonomous problem (1.4), completing the proof of Theorem 1.1. In Section 4, we establish the
existence of mountain pass solutions for non-autonomous problem (1.1), completing the proof
of Theorem 1.2

Throughout the paper, we make use of the following notations:

o Hly(RY) :={uec H'(RY) | u(x) = u(|x|) a.e. in RV};
o L*(RY)(1 < s < ) denotes the Lebesgue space with the norm ||u|s = ([gv luf*dx) /s,
e For any N > 3 there exists an optimal constant .’ > 0 depending only on N, such that

)3 < || Vul3, Vue 2%*RN) (Sobolev inequality) (1.8)

and @ s > 0 such that

N(s—2 2N—s(N-2)

)
ulls < Ensl|Vull, = lull, * , Vue H'(R") (Gagliardo-Nirenberg inequality); (1.9)

e Forany u € H'(RY) and t > 0, we set u, (x) := u(tx);
e Forany x € RV and r > 0, B,(x) := {y € RV : [y —x| < r} and B, = B,(0);
e C1,(;,- - denote positive constants possibly different in different places.

2. CRITICAL POINT THEORIES ON MANIFOLDS

Before presenting critical point theories on manifolds, we formalize necessary structures. Let
H be a real Hilbert space with norm || - ||z and inner product (-,-)g, and let E be a real Banach
space, with norm || - ||z, embedded continuously into H: E < H < E*, where E* is the dual
space of E. Thus H is identified with its dual space. We assume in the sequel that £ and H are
infinite dimensional spaces. Define the manifold M := {u € E : |ju||gz = 1} equipped with the
subspace topology from from E, which is the trace of the unit sphere of H in E and is unbounded
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in general. Moreover M is a submanifold of E of codimension 1 and its tangent space at a given
point u € M can be considered as a closed subspace of E of codimension 1, namely

M :={veE: (uv)yg=0}.
For ¢ € €'(E,R), we denote by ¢|y the trace of ¢ on M. Then ¢|y is a ¢! functional on M,
and for any u € M, (|}, (u),v) = (¢'(u),v) for all v € T,M. For any u € M, we define the norm

1plhs ()| by

o] = sup  [{@'(w),v)|.
veT,M,||v|g=1

Let E x R be equipped with the scalar product
((1,7), (%, 0))Exk = (V) + 70, ¥ (,7),(v,0) € E xR,

and corresponding norm

1, D) llpxr == 3/ Nlullfy + 72,V (u,7) € EXR.

For ¢ € €' (E x R,R), analogous definitions hold, moreover, for any (1, 7) € M x R,

(Pl (1 7),(v,0)) == (¢'(u,7),(v,0)), V (v,0) € Ty ) (M xR),
where T(, 1) (M x R) := {(v,0) € E xR : (u,v)y = 0}. For any (u,7) € M x R, we define the
norm |||}, (u,7)|| by

[0l )= sup {9’ (u. 7), (v 0)).
(vaG)ET(u.T) (MXRLH(V’G)HEX]R:I

Next, we present the critical point theories on manifolds, which will be used in the proof of
Theorem 1.2.

Lemma 2.1. [8] Let ¢ € % (E,R),SCM,acR, &3 >0 such that
8e
ueMno '([a—2e,a+2€]) NSy = || @l (u)]| > 5
Then, there exists N € €([0,1] x M, M) such that
i) n(t,u)=u ift =0, orifu¢ MN @' ([a—2¢e,a+2¢))NSys;
(11) n (1’ (pd+£ ﬂS) C (Pdf&".
(iii) for everyt € [0,1], n(t,-) : M — M is a homeomorphism;
(iv) [In(t,u) —ul| <6, VueM, t€0,1);
(v) for everyu € M, ¢(n(t,u)) is non-increasing ont € [0, 1];
(vi) @(n(t,u)) <da, VueMnenSs, t€[0,1].
Lemma 2.2. [3] Let {u,} C M be a bounded sequence in E. Then the following are equivalent:
@) @[3 (un)[| = 0 as n — oo;
(i) @' (un) — (@' (up),un)un — 0 in E' as n — oo,
Lemma 2.3. [8] Assume that 61,6, € R and § € €' (E x R,R) satisfies

a:= inf max @(¥(r)) > b := supmax {p(7(0)), (7(1))}, (2.1)
yel't€(0,1] yel

where



NORMALIZED SOLUTIONS TO SCHRODINGER EQUATIONS 1061

Let {¥,} C T be such that SUP; o, 1] O(1(r)) <a+ %for all n € N. Then there exists a sequence
{(vn, T0) } C M xR satisfying

() a—2 < Q%) Sa+ %

(it) min, o 1) [|(va, Ta) — T ()
i) [Pl < 25

|E><R S \/Lﬁ;

3. GROUND STATE SOLUTIONS FOR AUTONOMOUS PROBLEM (1.4)

In this section, we establish the existence of ground state solutions for (1.4), thereby com-
pleting the proof of Theorem 1.1.

Lemma 3.1. [4, Lemma 2.1] Let g € € (R,R) such that g(s) < 0 and |g(s)| < C (|s|*>+|s[*)
for any s € R and some C > 0. Then g(s) < 0 for s € R if and only if

/RNg(u)dx <0, VueH RY)\ {0,

Lemma 3.2. Assume that (F1), (F2) and (F4) hold. Then
(i) for any T € R and t > 0, there holds

g(t,7) = N(1 —12) f(7)7 — (2N +4 — 2Ni®)F (1) + 4~ VF (ﬁr) >0; 3.1)
(i) for any u € H'(RN)\ {0}, there holds

/RNg(t7u)dx>O, Vi€ (0,1)U(1,4o0). (3.2)

Proof. (i). Set (1) :=[f(7)T — 2F(T)HT’_2_%. It is evident that (3.1) holds for T = 0. For
T # 0, from (F4), one has

1) ) L () <”t;22_ %) ye-aron

= 2Nt|t|* W [C <t%1’> — C(r)}

>0, r>1,
<0, 0<t<l,

which yields that g(z,7) > g(1,7) = 0 for 7 > 0. It follows that (3.1) holds.
(ii). For any givent € (0,1)U (1,+e0), set i (7) := g(z, 7). It follows from (3.3) that
1
he(T) = 2N|r|2+5¢/ s [c(r) ¢ (ﬁr)} ds. (3.4)
t

By (3.1), (F1), (F2) and (F4), {(7) is non-increasing on (—eo, 0) and non-decreasing on (0, 4-oo),
and

(3.3)

E(1)>0, VT£0, lim {(t)=0, lim &(t)=foo. (3.5)

|t|—0 |T| =+
Therefore, for any y > 0, (3.5) shows that there exist 0 < 7; < 7, < ¥ such that
{(n)<C(1)<l(m), VT <1< 1. (3.6)
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Then it follows from (3.4) and (3.6) that /,(12) > 0ifr € (0,1); and i, (71) > 0 if £ € (1,+00).
Thus, we have

—h(7) 20, VTER, +€(0,1)U(1,400). (3.7)
Hence, by Lemma 3.1, (3.7) implies that (3.2) holds. [
Lemma 3.3. Assume that (F1) holds. Then there holds

1_2
t@“ 4/ (tudx, Yue 7, t>0.  (3.8)

O (u) = & (z%u,)

Proof. By (1.2), we have
o [N 12 _ N
& (1) = 5| Vul3 N/@F(zm) d. (3.9)

From (1.2), (1.3), (3.1) and (3.9), one has

®* ()~ @ (17w

17 2 Np (X
=— —/RN[F(M)—I F<t2u)}dx

)
= S (w5 [ - 2rjad

4/ N(1 =) f (uu— (2N +4—2N)F (u) + 4 F (1) ] d

l—t / (t)
= 4 u)dx

O
From Lemmas 3.2 and 3.3, we have the following corollary.
Corollary 3.1. Assume that (F1), (F2) and (F4) hold. Then, for u € .#*(c), there holds
N
P (u) = max ®” (ﬁu,) i (3.10)
>0

Lemma 3.4. Assume that (F1), (F2) and (F4) hold. Then, for any u € .7, there exists a unique
N
ty > 0 such that t;} u;, € #*(c).

Proof. Letu € .7, be fixed and define a function {(¢) := ®* (t%u,) on [0,00). Clearly, by (3.9),
we have

N

L')=0= szVuH%—%VtN/RN [f (ﬁu)t%u—zF (t%)] dx=0
& 9‘”(%14,)20 & t%u,EJ/{‘”(c).

It is easy to verify that £(0) =0, {(¢) > 0 for r > 0 small and {(¢) < O for ¢ large. Therefore
max, ¢y € (t) is achieved at a 1o = 1, > 0 so that {’(#p) = 0 and tou, € M>(c).
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Next, we claim that #, is unique for any u € .%.. In fact, for any given u € .7, lett;,1p > 0

N N
such that 2% (tf ”n) = P> (t22 u,z) = 0. Jointly with (3.8), we have

N N 22—t (N 1 t, N
q) ( ):(I) (t22Mt2)+T¢@ tfutl +Z RNg E,tlzu dx

tjutl
h

and

2

o (2 o (5 t22 _tlz o (.5 1 5
7t uy, | =D (1] uy, —|—73” 15 Uy, +4_1 RNg E,tz u | dx.
The combination of the above two inequalities implies that 1; = #,. Therefore, 7, > 0 is unique
OJ

for any u € .7,.

From Corollary 3.1 and Lemma 3.4, we have the following lemma

Lemma 3.5. Assume that (F1), (F2) and (F4) hold. Then
inf  ®%(u) :=m”(c) = inf maxd~ (t%ut) .
ueM>(c) ue e t>0
Analogous to [23, Lemma 2.7, Lemma 2.8], we can prove the following lemma

Lemma 3.6. Assume that (F1) holds. If u, — ii in H'(RN), then
D (uy) = P (a1) + D~ (1, — 1) +0(1)

and
P (uy) = P(a) + P (up —it) +0(1).
Lemma 3.7. Assume that (F1), (F2) and (F4) hold. Then

(i) there exists O > 0 such that ||Vu||y > O, YV u € #(c),

(ii) m>=(c) > 0.
0, Yu € .#*(c), then it follows from (F1), (1.6), (1.8) and (1.9) that

Proof. 1). Since *°(u) =

Vulg =5 / W~ 2F () dx

c” 244
<z ||u||2+N +Ci [lull3.
N2+

1 .
< SIVuli+ 17 w2 Vully', Vue a7 (o),

which implies that there exists ¥, > 0 such that |Vu||, > 0, for all u € .#*(c)
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N-2

N 777
ii). For u € .#*(c), letty = gy [(Nj)é’;m} . From (F1), (1.5), (1.8), (1.9) and (3.10),

- - (3 o2 L ¥
& (u) > O ( 12 u, :5||Vu||2—tw/F 12 u ) dx

luell 5, T ol
¥, et u

we have

> i g3 — e
-2

2
t * __N_ *
> Z”IIVMII%—Cztf SR |V}
N-2
2

! , Yue #7(c).

1 [w-2)o
2N

4NC,

This shows that m>(c) > 0.
0

Lemma 3.8. Assume that (F1)-(F4) hold. Then the function ¢ — m®(c) is nonincreasing on
(0,4-e0). In particular, if m™(cy) is achieved, then m™(cy) > m™(c) for any ¢ > co.

Proof. For any ¢ > c¢p > 0, it follows from the definition of m*™(cp) that there exists {u,} C
A (cp) such that

D% (uy) <m°°(co)—i-l VneN. (3.11)

Let 6 :=\/c/cp and v, (x) =07 un(x/G) Then ||Vv,||3 = ||Vuu |3 and ||v,||3 = c. By Lemma

3.4, there exists #, > 0 such that tn (vn)1, € A (c). By (F3), we have f(7)7 < 2N v F(7) for all
7 € R\ {0}. It follows that

d | F(t
AIFUD 2o wis0, £ 20, (3.12)
dt | sv—
which implies that
N o N _N N
F(ti0 2 u, | >0"F|tiu, |, Yu,(x)#O0. (3.13)

Hence, it follows from (1.5), (3.10), (3.11) and (3.13) that
N
m7(c) < O (l‘n2 (vn),n>

ta 2N 5
= D3 - [P (o) d
2 RN

2
t N o

= 2||Vu,|3— 0", " / F(6260°7 u, ) dx
2 RN

f;% 2 N ¥
< 2|Vuyll5 -1, Fl|t?u, |dx
2 ]RN

N 1
= & (t,,z (un),n) < D% (uy,) <m™(co) + m
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which shows that m>(c) < m*(cq) by letting n — oo.

If m*(co) is achieved, i.e., there exists i € .#(cp) such that &= (i) = m™(cp). Let ¥(x) :=
6¥ﬂ(x/6). Then ||V#]|3 = || Vi[5 and ||#]|3 = c. By Lemma 3.4, we have there exists 7 > 0
such that 72 ; € A (c). By (3.12), we have

F (f%e)%r) > 9 NF (f%), V7€ R\ {0}. (3.14)

Hence, it follows from (1.5), (3.10), (3.14) and Lemma 3.1 that

m*(c) < @ (f%f)

2
t ~ . N

= DIV - [ P (75)ax

- —||va||§—eNz—N/ F (0" a) dx
2 RN
2
t - — N

< 5’|Vu|!§—t N/RNF(tzu dx

= @ (%5;) <" (@) = m*(co),

which shows that m*(c) < m*(cyp). O

Lemma 3.9. Assume that (F1)-(F4) hold. Then m™(c) is achieved.

Proof. In view of Lemmas 3.4 and 3.7, we have .#*(c) # 0 and m™(c) > 0. Let {u,} C .#*(c)
be such that ®*(u,) — m>(c). It follows from (1.5) and (1.6) that

1
m=(c)+o(1) = 5||vu,,||§_/RNF(un)dx (3.15)
and
N
0= Va3 =5 [ 1FCun)itn —2F (1) v (316
RN

We first prove that sup,c ||Vun||2 < 4eo. Otherwise, we may assume that lim,_e || Vity||2 =
+oo. By (F1), there exists C; > 0 such that

F(t) <tV +. 7721, VieR. (3.17)
N
Let t,, := ||Vuy|l2 and v,(x) := t, >uy(x/t,). Then it is easy to check that |[Vv,||3 = 1 and

[vall3 = c. If & := limsup,_,., SUPyer g, (y) |vn|?dx = 0, then in light of Lions’ concentration
compactness principle [25, Lemma 1.21], ||v,||s — O for s € (2,2*). Choose R = \/4m™
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It follows from (F1), (1.5), (1.8), (3.10) and (3.17) that
= (e) +o(1) = (uy) > & ((R/1y)
=P~ (R%(Vn)R)

R? 1 N
= S IVwlB = [ F (REv) ax

N
2

(),

244

N *
TN

R 2 2
> 7||an||2 —C1R”||va|

2

R %
> 5~ 1—o0(1) =2m"(c) —o(1).

This contradiction shows that & > 0. Without loss of generality, we may assume the existence
of y, € R such that [, By (yn) v, [2dx > g. Let ¥,(x) = v,(x+y,). Passing to a subsequence, we
have

b, — 7€ HY(RM)\ {0}, ¥,(x) = ¥(x), a.e. x e RV, (3.18)
By (F2), (1.5), (3.15) and (3.18), we obtain

m™(c)+o(1 5 [N
%() =1, Zq) (Mn) =1, 2CI) <tn2 (Vn>tn)
n
1 ’ 1 N
:§‘|an"2—w/RNF(tnzvn)dx

N
1 F (tn2 v,,)
S S S A

2 RN t’{l\"i‘z

NA
g )

=2 Jen N2 dx — —oo, n — oo,

This contradiction shows that {||Vu,|[s} is bounded, so {u,} is bounded in H'(RV). Let
&' := limsup,_,..Supycg [5,(y) |un|*dx. We show that 8’ > 0. Otherwise, in light of Lions’

concentration compactness principle [25, Lemma 1.21], ||u,||s — O for s € (2,2*). It follows
from (F1), (3.15) and (3.16) that

=) +o() = [ [fmn)un - (2+ %) F<un>} dx = o(1),

which contradicts the fact that m®(c) > 0. Thus 6’ > 0. Without loss of generality, we may
assume the existence of J, € R such that [p () |t |?dox > %/. Let i, (x) = uy(x+J,). Then we

have .

a5 = ¢, 2=(ty) =0, @ (ity) — m™(c), / || *dx > —. (3.19)
By(0) 2
Therefore, there exists # € H'(RV)\ {0} such that, passing to a subsequence,
i, —a, in HY(RV);
iy — @, inL (RN, Vsel[l,2; (3.20)

i, — 4, ae.onRY.
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Let w, = ii, — i. Then (3.20) and Lemma 3.6 yield

D™ (ily) = D™(i2) + D (wp) +0(1) (3.21)

and
D™(i1y) = P=(6) + P> (wn) +0(1). (3.22)

Set
Ou) := ]ZV - {f(u)u - <2+ %) F(u)} dx. (3.23)

By (F1), we have
F <t%u> 1/mN
tlj}% RNdeZO, VMGH (R )

For any u € H'(RV)\ {0}, the above equality implies that there exists #(«) € (0, 1) such that

N2 /R (fwu—2F ()] dx > 47N /

RN
which, together with (3.1), (3.2) and (3.23), implies that

o) = {f(u)u—<2+iF(u))}dx

N n
F(ﬁu)dx, Vo<t <i(u),

- 4 RN N
_ 1 2 - _ 4,—N y
-2 {/RNg(z,u)dwa /RN [F (w)u — 2F ()] dx — 4¢ /RNF(t ) dx}
>0, YueH' (RY)\ {0}, 0<1 <(u). (3.24)
From (1.5), (1.6), (3.21), (3.22) and (3.23) that
m™(c) — Q@) +o(1) = Q(wn) (3.25)
and
P> (wy) = — P (i) +o(1). (3.26)

If there exists a subsequence {w,, } of {w,} such that w,, = 0, then going to this subsequence,
we have

lalz=c, ®=(a)=m(c), 2(@)=0, (3.27)
which implies the conclusion of Lemma 3.9 holds. Next, we assume that w, # 0. By (3.19)
and (3.20), one has ¢ = ||i,]|3 = ||i[|3 + ||wnl|3 + o(1). This implies that ||i]|3 := ¢ < ¢ and
[Wal|3 := & < c for large n € N. We claim that 2~ (i1) < 0. Otherwise, if &2*(ii) > 0, then
(3.26) implies & (wy,) < 0 for large n. In view of Lemma 3.4, there exists #, > 0 such that
N

12 (Wn);, € A (&,). From (1.5), (1.6), (3.1), (3.8), (3.25), (3.26) and Lemma 3.8, we obtain
m”(c)— Q&) +o(1) = Q(wy)
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which implies 2% (i) < 0 due to (3.24). Since @ # 0 and Z* (i) < 0, in view of Lemma 3.4,
there exists 7 > 0 such that fN/zﬁ; € AM(¢). (1.5), (1.6), (3.1), (3.8), (3.15), (3.16), (3.24),
Lemma 3.8, Fatou’s lemma and the weak semicontinuity of norm, one has

which implies
lall5 =2, ®=(a)=m"(&)=m"(c), 2(4)=0.
This shows m*(¢) is achieved. In view of Lemma 3.8, ¢ = ¢. Thus, (3.27) holds also, i.e. the

conclusion of Lemma 3.9 holds.
OJ

Lemma 3.10. Assume that (F1)-(F4) hold. If i € .#*(c) and ®(it) = m*(c), then i is a
critical point of ®* on 7, i.e. @', (i) = 0.

Proof. We prove this lemma by using the method introduced in [6]. Assume that |’ (i) # 0.
Then there exist § > 0 and p > 0 such that [|u — || <36 = [|®™[, (u)[| > p. Itis easy to see
that

HV (z%,) Vi

Thus, there exists 01 € (0, 1/4) such that

2 2 2 y
=G +1)]Vﬁ|2—2t2/NVﬁt~Vﬁdx—>O, P 1.
R

t—1| < 6 =

N
2, —aH <6 (3.28)

In view of Lemma 3.2 ii) and Lemma 3.3, one has
/Ng(t,ﬂ)dx>0, Vi€ (0,1)U(1,4o) (3.29)

R
and
1
s (z%,) — ™) —/ g(t,@)dx = m™(c) — —/ g(t,@)dx, V>0, (3.30)
RN 4 Jry

It follows from (F1), (F2) and (1.6) that there exist 7} € (0,1/2) and 75 € (3/2, 4o0) such that

N N
P (le ﬁn) >0, 2 (T; zsz) <0 (3.31)
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Let
ezzmin{i/ g(Ty,i / (T, )dx,l,ps}, S:={ve S |v—il < d}.
12 JrN 12 8
Then € € (0,1), and Lemma 2.1 yields a deformation n € €'(|0, 1] x .%,.7¢) such that
D) n(1,u) =uif ®°(u) <m™(c) —2¢€ or ®=(u) > m™(c) + 2¢;
i) n (1,(<1>°°)m°°(6>+8ms> (D)) e,
iii) ®=(n(1,u)) < d(u), Vu € 7.

By Corollary 3.1, &% (l‘%l/_t,> < ®%(i1) = m™(c) for t > 0. Then it follows from (3.28) and ii)
that
N
P (n (1 i >§m°°(c)—£, V>0, r—1] < 8. (3.32)

On the other hand, by iii), (3.8), (3.29) and (3.30) , one has
1
< (1 t2u,>> < P <t%ﬁt):m°°(c)—— g(t,i)dx
4 JrN
< m ()=, Vi>0, (—1]>8, (3.33)

&:zlmin{/ g(1—51,ﬁ)dx,/ g(1—|—51,ﬁ)dx}>0.
4 RN RN

Combining (3.32) with (3.33), we have
max P~ (n (1 120 >) <m™(c).

where

te[n, 1]
Define Wo(r) ( (1,%%)) for ¢ > 0. Tt follows from (3.30), i) and the definition of &
that n <1 t? u,) %ﬁ for t = T} and t = T», which, together with (3.31), implies

\P()(Tl) = (\/TIIZTI) >0, lP()(Tz) = P” (\/TQIZTZ) < 0.

Since Wy (r) is continuous on (0,c0), then 1 (1,%&,) N.#*(c) # 0 for some 1y € (T1,T2),
contradicting to the definition of m*(c). O

Based on Lemmas 3.9 and 3.10, the proof of Theorem 1.1 follows directly.

4. MOUNTAIN PASS SOLUTIONS FOR NON-AUTONOMOUS PROBLEM (1.1)

In this section, based on the critical point theories on manifolds established in Section 2,
particularly Lemma 2.3, we prove the existence of mountain pass solutions for non-autonomous
problem (1.1), thus completing the proof of Theorem 1.2.

To apply Lemma 2.3, we let E = H'(RV) and H = L?>(R"). Define the norms of E and H by

s 1/2 1 ) 1/2
ullE = [/RN(WM! +u )dx} , HMHH::%(/RNM dx) , VucekE.

Identifying H with its dual space yields continuous injections £ — H — E*. We set the con-

straint manifold
M = {ueE: HuH%:/ uzdxzc}.
RN
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Obviously, under (F1), ® € ¢! (E,R), and

(@ (u)ou) = |ValB+ [ Vs~ [ fluuds
RN RV
Let us define a continuous map 8 : H'(RY) x R — H'(RV) by

B(v,1)(x) := V"/?v(e'x) forve HY(RY), VieR, xeRY,

and consider the following auxiliary functional:

. e 1 _ 1
(I)(V,t) = q)(ﬁ(v,t)) = 7||VV||%+§/]RNV(6 tV)Vzdx_W RNF(eNt/ZV)d.x. (4.1)

We see that @' is of class €', and for any (w,s) € H'(RY) x R,
<<i>’(v,t), (w, s)> = <Cf>'(v,t), (w, 0)> + <<i>'(v,t), (0,s)>
= eZ’/ Vv- Vwdx + e¥s||Vv|)3 +/ V(e 'v)ywdx
RN RN

2 [VV(e ') (e 'v)]v?dx — % f(eNt/zv)eNt/zwdx
2 JrN eNt Jry
+ ZJZIf/z /RN [ZF(eN’/zv) —f(eNt/zv)eN[/zv] dx
= (¥ (B(n1)),B(w,1)) +sZ(B(v1)). (4.2)
Let
u(x) := B(v,1)(x) = Mv(e'x), @(x):=B(w,1)(x) =V Pw(e'x). (4.3)
Then | X
(0.0)n = [ u@o@de == [ v@w(dc= ().
This shows that
¢ € T(S) & (ws) €T,y (SxR), Vi,seR. (4.4)

It follows from (4.2), (4.3) and (4.4) that | 2 (u)| = (¥ (v,), (0,1))] < ch\j%w(v,z) H and

1
D/ = —

(@' (B(v.1)),B(w,1))]

= sup
9€T(7e) \/|IVP]13+ 9]

_&|)—k
[NS R\

= sup - - (@' (v.1), (w,0))]
9T () /|| VO3 + 11913

ol i

(D' (v,1), (w,0))]

< sup _—
w0)eT o (Zexr) (W 0)[[Exr

< o bl )]

Lemma 4.1. Assume that (V1), (F1) and (F2) hold. Then
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i) there exists O. > 0 small enough such that ®(u) > 0ifu € A v, and

—0

49,
0< sup ®(u) < k. := inf{cb( Yiue S| Vul3 = } , (4.5)
uU€Ay, 1— ]

where

49,
={ue.7: |Vul|3 < Y.} and Almc = {u €. |Vulj3 < 7 ; };
0] — 01

1) there holds:

M(c) := inf max ®(y(r)) > k. > sup max {P(y(0)),P(y(1))}, (4.6)
Y€l 1€]0,1] yel,
where
Lei= {7 e €(0.1),7) : [VY(O)[ < 8.,9(1(1)) < 0} @)

Proof. 1). By (V1), (F1), (F3), (1.2), (1.8) and (1.9), one has
_1 2 1 2 1 2
@(u)—EHVqu—I-E/RNV(x)u dx—/RNF(u)dxg SIVul3, Yue s,
and
o) = SVulR+t [ viudde F(u)dx
W = SIVul+5 [ Ve —/RN ©

> - -
= 4%+

-2 2%
;Y = Gl

1—0 x
> ||Vu||%{ —(715ﬂ—7||vu||2 —2], Vuc ..

The above inequalities show that there exists ¥, > 0 such that 1) holds.
ii). For any given w € .7, we have ||t%wt||2 = [|wl|2, so t2w, € .7, for every t > 0. Then
(V1), (F2) and (1.2) yield

@ () =5 ||Vw||2+/ w2dy — 1/ F(ifw)ar
2 tN
< SB[ F(ﬁw)dx
2 N JrN

2 ) F <t%w>
e 2 R R

Thus we can deduce that there exist #; > 0 small enough and #, > 0 large enough such that
2

N
(i)
2

Let y(t) := [t1 + (12 — tl)t]%w,ﬁ(,z_,l),. Then y € I, so I'; # 0. Now using the intermediate
value theorem, for any y € I, there exists 7y € (0, 1), depending on 7, such that | Vy(t)|)5 =

N
=17||Vw]5 < 9, and P (r; wtz) <0. (4.8)
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495,

o) and

max (7)) = B(y(0)) > int { @) € 71|Vl = ;.
1€[0,1] 1o

which, together with the arbitrariness of y € I';, implies

4,
M(c) = inf max ®(y(r)) > inf{ ®(u) :u € .7, |Vul]s = —— }. 4.9
(0= nf max () = int{ @) e Vil = L @)
Hence, (4.6) follows directly from (4.5) and (4.9), and the proof is completed. ]
Lemma 4.2. Assume that (V1), (F1) and (F2) hold. Then there exists a sequence {u,} C 7.
such that
D (up) = M(c) >0, D[’y (uy) =0 and 2 (u,) — 0. (4.10)
Proof. Let

L= {7€ (0,1, xR) : 7(0) = (71(0),0), | V#1 (0)[I3 < 0, (¥(1)) < 0}
and

m(c) := inf max ®(¥(t)).

yel'.t€[0,1]

For any 7 € I, it is easy to see that Y = B o ¥ € I'. defined by (4.7). Then it follows from(4.1)
and (4.6) that
inf max ®(§(t)) = inf max ®(B(§(1)))
yel.1€[0,1] yel.1€[0,1]

> inf D(y(t)) > K
= Jnf max (v(1)) > %

> sup max {®(¥(0)),P(y(1))}
yer.

> sup max {B(7(0)), H(7(1))}.
yele
This shows that m(c¢) > M(c) and (2.1) holds.
On the other hand, for any y € I, let ¥(¢) := (y(¢),0). It is easy to verify that ¥ € [ and
®(y(t)) = ®(¥(t)), and so, we trivially have m(c) < M(c). Thus m(c) = M(c). For any n € N,
(4.6) implies that there exists ¥, € I'. such that

max D(y,(1)) < M(c)+ 1

t€l0,1] n

Set %,(t) := (%(t),0). Then applying Lemma 2.3 to @, there exists a sequence {(v,,t,)} C
7. x R satisfying

(i) M(c) = 2 <D(vy,tn) <M(c)+2;
(i) minyego 1 [| (v, n) = (%a(1),0) [ xR < s
(iif) H&)VZ_XR(thn) <5

Let u, = B(vp,t,). It follows from (3.5), (3.6) and (i)-(iii) that (4.10) holds. O
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Lemma 4.3. [9, Lemma 3.3] Assume that (V1), (F1) and (F2) hold. If there exist u € H'(RN)
and A € R such that
—Au+[V(x)+Alu=f(u), xcRY,
then 2 (u) =0, where & is defined by (1.3).
Lemma 4.4. Assume that (V1) and (F1)-F4) hold. Then, for any ¢ > 0,
M(c) <m™(c).

Proof. In view of Theorem 1.1, there exists u. € .7, such that ®*(u.) = m*(c). Since (1.4) is
autonomous, V € € (RY,R™) and mingy V < 0, then there exist £ € RY and 7 > 0 such that

V(x) <0, |uc(x)] >0, ae.|x—x| <F. 4.11)

Similar to (4.8), there exist t; > 0 small enough and #, > 1 large enough such that
2

(i)

o) == [(1=0)tr +112] 2 (ue) (1 -0y, 411,, V1 € [0,1].
Then § € T, defined by (4.7). It is easy to see that ®((¢)) is continuous on z € [0, 1]. Hence, we
can choose fo € [0, 1] such that ®(J(t9)) = max,c[o, 1] P(P(2)). Set t. := (1 —19)t; +1ot2. Then
t« € [t1,12]. By (3.10) and the definition of M(c), we have

@ (r <uc>u) — ®(3(0)) = max @(710)) = M(c), @.12)

N
= tleVuCH% <%, and P (t22 (uc),z) < 0.

Let

We have two cases to distinguish:
Casei). t* = 1. From (1.2), (1.5), (3.10), (4.11) and (4.12), we have

m”(c) = D7 (u,)

> @ (L? (uc),*>

¥ 1 12
— & (12 (u)y, ) — =~ / V(i ) uld
2 JRN

1
> M(e) /RN V(x)uldx
> M(c).
Case ii). t* € (0,1) U (1,+o0). From (1.2), (1.5), (3.8), (4.12) and Lemma 3.2 ii), we have
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In both cases, we obtain that M(c) < m™(c) for ¢ > 0. O

Proof of Theorem 1.2. It is easy to see that (H1) implies (F1)-(F3). In view of Lemmas 4.2 and
4.4, there exists {u, } C . such that

||un|]2 ¢, ®(uy,) — M(c) € (0,m™(c)), CID(un)|'5pc—>O, P (up) — 0, (4.13)
which, together with (1.2) and (1.3), yields that
_Livees L 25—
M(c) +o(1) = 2HVunH2—|—2/RNV(x)undx /RNF(un)dx (4.14)
and
o) = IVl =3 [ (W) xdas=3 [ [fwyn—2F@ar. @15)
It follows from (H1), (V1), (4.14) and (4.15) that
Na—-2)—4 VV(x)-x)] »
M(@)+o() = e 2R w4 [ v+ 2500
NIN(o—2) —

4
a2 /RN[f(unm—aF(un)]dx

N(a—2)—4 5
—||V — (.
This shows that {u,} is bounded in H'(R"Y). Therefore, there exists & € H'(R") such that,
passing to a subsequence,
u, — i, in HY(RV);
u, — i, inL{ (RN, Vse[l1,2); (4.16)

loc
u, — i, ae.onRY.

We claim that & # 0. If not, then (V1), (1.5), (1.6) and (4.13) imply that
D*(u,) =M(c)+o(1), P%(u,) =o(1). (4.17)
By (V1), (H1) and (4.14), ||Vun||% >2M(c)+o(1), which, together with (4.17) and Lemma 3.4,

N
implies that there there exists #, = 1 + o(1) such that ;7 (uy);, € #*(c). From (4.13), (4.17),
Lemmas 3.2, 3.3 and 3.5, we have

M(c) = lim ®%(u,)

n—yoo

, . l—t,% -
> lim | D7 ( t,7 (up)s, (uty)
n—sco
N
= lim ®~ (tnz (un)[”)
n—soo

> lim m™(c) > M(c).

n—yoo

This contradiction shows that /i # 0. By Lemma 2.2, one has ®'(u,) + A,u, — 0, where

1 1
= @) = -1Vl [ Videcs [ e @)

lunll3
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By (H1), one has
)i 525 7ty 2 ). (@.19)
From (V1), (V3), (4.14), (4.15), (4.18) and (4.19), we have

T == Vil3 = [ viddct [ fumumds
RN RN

2N —-B(N-2) 2 / [ B 2

> Vu,||5 — V(ix)+ ———VV(x) - x| uzdx+o(1
wip 2 Vel [ |Vt gy VY W x|t ol1)
S [ZN —B(N-2)

— L NB-2)
>9 {ZN—B(N—Z)

N(B-2)
Since {||Vuy,||2} is bounded, it follows from (4.18) that {|A,|} is also bounded. Thus, we may
thus assume, passing to a subsequence if necessary, that A4,, — A.. Jointly with (V3) and (4.20),

we have A, > 0. By a standard argument, we can deduce ®'(4) + A.4i = 0. Hence, by Lemma
4.3, one has

—oz] [Vinl3+o(1)

— 621 M(c)+o(1). (4.20)

2ol == Va3~ [ viorde+ [ s @21)
and
D) = Hvaug—l/ (VY (x) de——/ (@)a— 2F (2)]dx = 0. 422)
]RN
It follows from (V2), (H1), (1.2) and (4.22) that
A 2 .
D) = B(@) ~ oo (i)
No—-2)—4 _ ., 1 2(VV(x)-x)] .
N@—2) VER+S [ {V( )t Na—2) |TE
N[N(a—2)—4] - R
2 —2) o [f(2)i — aF(4)]dx > 0. (4.23)
Set v, :=u, —i. By (V1), (4.13) and (4.16), we have
RNV(x)v%dx =o(1), (4.24)
IVuall3 = V]34 [|Vval|3 +o(1) (4.25)
and
1vall3 = llunl[3 = ll2]13 +o0(1) = ¢ = [[all3 + o(1). (4.26)
Hence, by (1.2), (1.3), (4.18), (4.21), (4.25), (4.26) and Lemma 3.6, we have
Rellnlly = =I9valB = [ Vepiars [ flnadrro(D) @27)
RN RN
D(uy) = D) +P(vy) +0o(1) (4.28)
and

y(”n) = gz(ﬁ)‘f‘i@(vn)‘f’o(l)- 4.29)
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By (4.26), for n € N large enough, we have ¢, := ||[v,||3 < c. Hence, from (4.15), (4.22) and
(4.29), we can deduce
o(1) = P(uy) = Z(0)+ P(vn) +0(1) = P(vy) +0(1). (4.30)
Since {||Vv,||5} is bounded, we may thus assume, passing to a subsequence if necessary,
lim;, e HanH% =[. If 1 > 0, then (4.30) and Lemma 3.4 implies that there exists 7, = 1 +o(1)
N

such that 7,7 (vn);n € M (c). From (1.2), (1.5), (4.13), (4.16), (4.24), (4.28), Lemma 3.2, 3.3
and Lemma 3.8, we have

M(c) — ®(2) = lim B(u,) — D(d)

n—oo
= Jfim ®(vy) = lim &7 (v)
> lim [cpw (f,%v (vn);) R @mn)}
T n—oo n 2

R

= im o (if o),
> lim m™(c,) > m™(c) > M(c),

n—yoo

which contradicts with (4.23). So [ =0, i.e. lim,_e HanH% =0. By (H1) and (1.9), it is easy
to see that

/ f(vy)vpdx = o(1), / F(vy)dx=o0(1). (4.31)
RN RN
From (4.24), (4.27) and (4.31), we have

Aellald = =IVwall3 = [ vnides [ fnvadi+o(1) = o(1)

Since A, > 0, then ||vn|]% = o(1). Hence, it follows from (1.2), (4.13), (4.24), (4.28) and (4.31)
that
M(c) —®(d) = lim ®(u,) — P(d)

n—oo

= lim ®(v,)

n—o0
B B 1 2 1 2
—tim 519l 5 [, vendar— [ Foa)

1 . )
=3 lim Vv, 3 =0,

which implies
2|3 = ¢, ®(a)=M(c), @' @)+ Aa=0.

Acknowledgements

This work was partially supported by the National Natural Science Foundation of China (Grant
No.12371181 and No.12471175), the Scientific Research Project of the Hunan Provincial De-
partment of Education (No. 24B0021), the Natural Science Foundation of Hunan Province
(Grant No. 2021JJ40703).



NORMALIZED SOLUTIONS TO SCHRODINGER EQUATIONS 1077

REFERENCES

[1] A. Ambrosetti, P. H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct.
Anal. 14 (1973), 349-381.
[2] J. Bellazzini, L. Jeanjean, T. Luo, Existence and instability of standing waves with prescribed norm for a
class of Schrodinger-Poisson equations, Proc. Lond. Math. Soc. 107 (2013), 303—339.
[3] H. Berestycki, P.-L. Lions, Nonlinear scalar field equations II. Existence of infinitely many solutions, Arch.
Rational Mech. Anal. 82 (1983), 347-375.
[4] B. Bieganowski, J. Mederski, Normalized ground states of the nonlinear Schrodinger equation with at least
mass critical growth, J. Funct. Anal. 280 (2021), 108989.
[5] T. Cazenave, P.-L. Lions, Orbital stability of standing waves for some nonlinear Schrédinger equations,
Comm. Math. Phys. 85 (1982), 549-561
[6] S.T. Chen, X.H. Tang, Berestycki-Lions conditions on ground state solutions for a nonlinear Schrédinger
equation with variable potentials. Adv. Nonlinear Anal. 9(2020), 496-515.
[7] S. Chen, X. Tang, Normalized solutions for Schrédinger equations with mixed dispersion and critical expo-
nential growth in R2, Calc. Var. Partial Differential Equations 62 (2023), 261.
[8] S.T. Chen, X.H. Tang, Another look at Schrédinger equations with prescribed mass, J. Differential Equations,
386 (2024), 435-479.
[9] Y.H.Ding, X.X. Zhong, Normalized solution to the Schrédinger equation with potential and general nonlinear
term: Masssuper-critical case, J. Differential Equations 334 (2022), 194-215.
[10] E. Gagliardo, Proprieta di alcune classi di funzioni in piu variabili, Ricerche Mat. 7 (1958), 102-137.
[11] N. Ghoussoub, Duality and perturbation methods in critical point theory, vol. 107 of Cambridge Tracts in
Mathematics, Cambridge University Press, Cambridge, 1993, with appendices by David Robinson.
[12] L. Jeanjean, Existence of solutions with prescribed norm for semilinear elliptic equations, Nonlinear Anal.
28 (1997), 1633-1659.
[13] L. Jeanjean, J. Jendrej, T. T. Le, N. Visciglia, Orbital stability of ground states for a Sobolev critical
Schrodinger equation, J. Math. Pures Appl. 164 (2022), 158-179.
[14] L. Jeanjean, T. T. Le, Multiple normalized solutions for a Sobolev critical Schrodinger equation, Math. Ann.
384, (2022), 101-134.
[15] L. Jeanjean, S.-S. Lu, A mass supercritical problem revisited, Calc. Var. Partial Differential Equations 59
(2020), 174.
[16] R. Molle, G. Riey, G. Verzini, Existence of normalized solutions to mass supercritical Schrédinger equations
with negative potential, J. Differential Equations 333 (2022), 302-331.
[17] L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa CI. Sci. 13 (1959),
115-162.
[18] N. Soave, Normalized ground states for the NLS equation with combined nonlinearities, J. Differential Equa-
tions 269 (2020), 6941-6987.
[19] N. Soave, Normalized ground states for the NLS equation with combined nonlinearities: the Sobolev critical
case, J. Funct. Anal. 279 (2020), 108610.
[20] C. Stuart, Existence theory for the Hartree equation, Arch. Ration. Mech. Anal. 51 (1973), 60-69.
[21] A. Szulkin, T. Weth, Ground state solutions for some indefinite variational problems, J. Funct. Anal. 257
(2009), 3802-3822.
[22] A. Szulkin, T. Weth, The method of Nehari manifold, in: Handbook of nonconvex analysis and applications,
Int. Press, Somerville, pp. 597-632, MA, 2010,
[23] X.H. Tang and S. T. Chen, Ground state solutions of Nehari-PohoZaev type for Schrodinger-Poisson problems
with general potentials, Disc. Contin. Dyn. Syst. A 37 (2017), 4973-5002.
[24] J. Wei, Y. Wu, Normalized solutions for Schrédinger equations with critical Sobolev exponent and mixed
nonlinearities, J. Funct. Anal. 283 (2022), 109574.
[25] M. Willem, Minimax theorems, Progress in Nonlinear Differential Equations and their Applications, 24,
Birkh&duser Boston Inc., Boston, MA, 1996.



	1. Introduction
	1.1. Non-potential case V(x) 0
	1.2. Potential case V(x) 0

	2. Critical Point Theories on Manifolds
	3. Ground State Solutions for Autonomous Problem (1.4)
	4. Mountain Pass Solutions for Non-autonomous Problem (1.1)
	References

