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Abstract. In this paper, a new family of function spaces, referred to as a-Dirichlet-Morrey spaces and
denoted by 9[% 4» 1s introduced. For this function space 9& 5> several equivalent characterizations are
established. Furthermore, a systematic and in-depth study is carried out on the Volterra integral operator
T, acting on ‘@g, 2 and detailed analyses of its boundedness, compactness, operator norm, essential norm,
and strict singularity are included.
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1. INTRODUCTION

The Morrey space, which was first introduced by Morrey Jr. in his foundational work [18]
back in 1938, attracted the attention of numerous scholars in the field of analysis with great
interest. This function space plays a pivotal and irreplaceable role in the in-depth study of partial
differential equations and harmonic analysis. A typical and significant example is elliptic PDE
solution analysis: critical solutions (e.g., Navier—Stokes weak solutions) do not belong to global
L? spaces but satisfy clear local integrability bounds, the very feature Morrey spaces describe.
Due to this close connection with key PDE problems, Morrey spaces have been widely studied
over eight decades, yielding abundant results and applications in PDE regularity theory.

In the open unit disc D, the Morrey space .£2* (D) was first formally introduced and sys-
tematically studied by Wu and Xie [25], who established its basic structural properties and em-
bedding relations. Later, scholars further explored related problems (see, e.g., [7, 11, 13, 23]).
Based on .#%* (D), Yang and Liu [27] generalized it to the Bergman-Morrey space, rigorously
defining it and examining the boundedness, compactness, and essential norm of two integral op-
erators, with the results bridging Morrey and Bergman space theory. Notably, in recent decades,
various Morrey-type spaces (e.g., Dirichlet—Morrey, Besov—Morrey) have been continuously
introduced, attracting much interest in complex analysis. For further background and opera-
tor theory developments on these spaces, we refer to [9, 10, 23, 25, 28, 32] and the references
therein.
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For a real parameter o > 0, analytic function f, and holomorphic self-map ¢ : D — D, the
weighted composition f oy ¢ (Zhao [29]) is defined as

Foud(z /f ‘) dw+ £(6(0)) (9(0)%", zeD,

where (¢/(0))*"" takes its principal value. Assume that X C H(DD) has norm/seminorm || -
|x. X is an o-Mobius invariant space if there exists C > 0 (independent of f,¢) such that
foa® €X and ||foq ¢|lx < C|fllx- Zhao [29] introduced this concept and showed the a-
Bloch space %% is the largest such space; further results are in [3, 29, 1, 30]. When o =1,
f oq ¢ reduces to the ordinary composition f o @, and X is called a Mobius invariant space. In
complex function theory, these spaces are fundamental, including H*, Bloch space %4, BMOA,
0p, Ok, and F (p,p —2,s); they are indispensable in analytic function space theory; see, e.g.,
[1, 3, 15, 16, 24, 26, 29, 30] for more. In [33], inspired by the notion of &-Mobius invariant
spaces and Bergman-Morrey space, Zhu and Yang introduced the ¢-Bergman—Morrey space
APA® The space APt generalizes several known function spaces in a natural way: For o =1,
it recovers the Bergman—Morrey space AP* introduced in [27]; for A = 2, it reduces to the o-
Bloch space #%; for A = 0, it simply becomes the standard Bergman space A”. Let g € H(D).

The Volterra integral operator 7y is defined by 7, f(z) fo £)dl,zeDand f € H(D).

The operator Ty, first 1ntr0duced by Pommerenke [22], constltutes one of the main objects in
the operator theory of analytic function spaces. A key fact is that T, is a natural and significant
generalization of the classical Cesaro operator. Over the past four decades, some properties of
T, on various function spaces were extensively studied. For more results concerning T, we
refer to [6, 7, 10, 11, 12, 13, 14, 17, 23, 27] and the references therein.

The purpose of this paper is to introduce the a-Dirichlet-Morrey space g‘ 4> and to investi-
gate some fundamental properties of this space as well as the Volterra integral operator 7, acting
on it. The organization of this article is as follows. In Section 2, we recall some notations and
fundamental concepts and introduce the a-Dirichlet-Morrey space. Section 3 is dedicated to es-
tablishing various equivalent characterizations of the space .@g 5 » along with an analysis of the
growth rate of functions belonging to this space. In Section 4, we characterize the boundedness,
compactness, norm, essential norm and the strict singularity of the Volterra integral operator 7,
acting on .@g

For convenience, we make some conventions on notation. We say that 4 < g if there exists a
constant C such that 7 < Cg. The symbol 4 < g means that h < g < h.

2. PRELIMINARIES

Let D denote the open unit disk in the complex plane C, and let H (D) be the family of all
analytic functions on D. For f > —1 and 0 < p < oo, the weighted Dirichlet space .@g consists of
those functions f € H(D) satisfying || f||7, = [£(0)|”+ [ |f'(2)[P (1 I2] 2)BdA(z) < oo, where

B
dA is the normalized area measure on ). Two spemal cases are particularly worth noting:
when B = 1 and p = 2, the space @g coincides with the Hardy space H?; if B = p, then .@g
becomes the Bergman space AP. For f € H(D) with 0 < p < oo, =2 < g < o0, and 0 < 5 < oo,
we say that f belongs to the space F(p,q,s) if ||f|]1;(pqs) =|f(0 )|p+SUPae]DfD|f/ |p(1 _
[21)7(1 = 04 (2)|?) dA(z) < oo, where 04(z2) = {5 i
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0 and a. The space F(p,q,s) was first introduced by Zhao in [29], and it is nontrivial provided
g+ s> —1. An important special case occurs when ¢ = p —2: If s > 1, then F(p,p —2,s)
coincides with the classical Bloch space #; When p = 2, it reduces to the Qs space; For p =2
and s = 1, it is exactly the BMOA space.

Let0< o <ooand —1 < § <0< A < 1. We say that an analytic function f belongs to ‘@I(Sx,l
if

1A llzg, = 1F(O)]+ SuIrD;(l —[a)PEA) | fog 64— foq Ga(0)ll gy <.
’ ac

When A = 1, this construction recovers the @-Mobius invariant space studied in [29, 30]. Note
that when o = 1, the space .@E‘ ,, coincides exactly with the % ; space first introduced in [8].

In particular, when A = 1 and o = 1, the space 95‘ 5 18 Just the space F(1,—1,B+1). We also
define the little o-Dirichlet—-Morrey space, denoted .@ﬁ 2> as the subspace of H(ID) consisting
of those f for which lim, (1 — |a|?) (B+1=2) || f oq 64 — f 00 04(0) 7= =0.Lets >0, and

let 1 denote a positive Borel measure defined on D. The measure u is said to be an s-Carleson
measure if

S
= sup B
ICoD \1\
Here, S(/ {z— re®cD:1-|I|<r<1,¢?c I} If limyz 0 “(m(é)) =0, then u is called a

Vanishmg s-Carleson measure. In particular, the 1-Carleson measure coincides exactly with the
classical Carleson measure, which plays a central role in both harmonic analysis and complex
analysis (see [4, 5]).

Lemma 2.1. [21] Let U be a positive Borel measure on D and s > 0. Then W is an s-Carleson
(-laP)T du(w) < oo for every n € (0,0). The measure [ is a

measure if and only if SUP fD TT=aw[n ™

vanishing s-Carleson measure if and only iflimy, _,; [ ‘(lljﬂdu(w) =0foreveryn € (0,00).

aw|n+s

3. BASIC PROPERTIES OF &¢-DIRICHLET-MORREY SPACES

In this section, we turn our attention to a few fundamental properties that are inherent to
the a-Dirichlet-Morrey spaces g 4- These properties form the foundational basis for further
analysis of such function spaces. To this end, we first state several auxiliary lemmas, which will
be indispensable in our arguments. The following two integral estimates are of great importance

in our proof.
Lemma 3.1. [31, Lemma 3.10] Suppose that a € D, c is real, t > —1, and
t
(1=|w)
Iet(a) = /D mdf‘ (w).

(a) If ¢ <0, then as a function of a,l.,(a) is bounded from above and bounded from below

on D.
(b)If ¢ >0, then I.; (a) < W, la| — 17.
—|a

(c)Ifc=0, then Iy, (a) < logl_—1|a|2, la| = 17.
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Lemma 3.2. [19, Lemma 2.5] Let s > —1, r,t > 0. If r <s+2 <t, then

/ (1 B |Z|2)S_ (Z) 1
p |1 —az|"|1 — bz ~ |1 —ab|"(1—|b|?) 52
where a,b € D.

First, we give several characterizations for functions in .@E‘ A

Theorem 3.1. Let f € H(D), —1 < B <0< A <1and0 < a < oo. Then the following state-
ments are equivalent.

(i) f € D8,
(ii) My = supyep (1= [a]*) PEDO=A) o] £ (w)|(1 = [w]?)P |og (w) P2~ dA(w) < oo.
(iii) Ma = supyep(1 = [al?) PV L /() (1= w])*72(1 = |ou(w) P)P 27 *dA(w) <

oo,

Moreover, f”%?x —|£(0)| =My = M>.

Proof. To establish the equivalence relation (i) < (ii) < (iii), making the change of variable
w = 0,4(z), we can rigorously derive the following sequence of equivalent expressions

I£ll2, = F O] = sup(1 = [a) ) f 0.6, — f o0 0,(0) |

aeD

=sup(1 —[a|*)PHDI=H) /D F(0a(2)I(1 = [21)P (1~ |0a(2) ) *dA(2)

acD
= sup(1 — [a?) 10 / /(1= [oa(w)P)P=% (1 wP) |l (w) PdA(w)
achD D
=sup(1— Ia\z)(ﬁ“)“‘”/ L (W)L = [w)*2(1 = |oa(w)[}) P2 %dA (w).
acD D
The desired result follows. O

If we further impose the condition that ¢ < 1+ A (B + 1), we can get more characterizations
as follows.

Theorem 3.2. Ler f e HD), -1 < B <0<A<1land 0< o <1+A(B+1). Then the
following statements are equivalent.
(i) f € @[‘il.
(ii) M3 = sup;cop mwﬁ% Jsoy L )11 = [w*)PdA(w) < oo.
(iii) My = supgep Jp | f/(W)[(1 = [w?)PHe1PA=A (1 — |0, (w)[2) HPAFA= A (W) < oo,

fllzg, =1F(0)] = M3 < M.

Moreover,

Proof. (i) = (ii). Let I be an arbitrary arc on the boundary dD of the unit disk . Let us
first denote by & the center point of this arc I, and then define the point b € D by setting
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b= (1—|I))é. Inview of |1 —bw| < 1 —|b|*> < |I|, w € S(I), we have
A) _
1A llzg, —17(0)] = Sup( — [a?)P 00~ / 7)1 = w*)P o (w) P2~ *dA(w)

= sup(1 —[af2) U0 [ | wpyp Al
= sup a f I —Ew]z(ﬁﬂfa) w

acD

2 (s [, 17010 = o)A,

which implies the desired result.
(it) = (i). Let dus(w) = | f'(w)[(1— lw[2)BdA(w). We obtain

TACIU) O S / 7O P Paan) <

ICIi)D |I|1+/3)L+l—a IcoD |I|1+m+x—a

By the definition of s-Carleson measures, we see that ts is (14 BA + A — ¢t)-Carleson measure.
By Lemma 2.1 we have

sup(1 — |a[?) P /|f — wP)Blol (w) B2 %aA (w)
ach
_ B+2—a
_ CyBna-a [ (=lal)
225(1 ") /D’1_5W|2(B+2—a)d'uf(w)
(1 _ |a|2)2[3+3—m—1_a
_ZEB/D |1 —aw|2B+3-BA-A—oa+(1+fA+A~a) dpiy(w)

<o,

(ii) < (iii). Let dus(z) = |f'(w)|(1 — |w|*)PdA(w). By Lemma 2.1, we obtain that i is a
(1+BA+ A — a)-Carleson measure if and only if
sup [ [(w)1(1 = P PAA (1= o, ) ) RO w) <o
ach
The proof is complete. 0

Remark 3.1. From the proof of Theorem 3.1, we see that a function f € ¥ /3 5 if and only if
sup(1 —[al?) PHVIH)| fog 6y gy < ee.
ach B

From the proof of Theorems 3.1, 3.2 and Lemma 2.1, we have the following characterization
of the space 9ﬁ .- We omit the detail of the proof.

Theorem 3.3. Let f € H(D), —1 < B <0< A <1and0 < a < oo. Then the following state-
ments are equivalent.

(i) f € 757
(ii) 11m|a|%1(1 —[a?)B+DA=2) L1# (W) |(1— [w[?)P| o) (w) P2 %dA(w) = 0.
(iii) 1imgy1 (1= |a?) PTDA=R) L1 £/ ()| (1 = [w|?) %2 (1 = |oa(w)|*)P 27 %dA(w) = 0.

Theorem 3.4. Let f € HD), -1 <B<0<A<land 0<a <1+ A(B+1). Then the
following statements are equivalent.
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(i) f € D3
(it) im0 i s | (0| (1= [w]*)PdA(w) =0.
(iii) Timyg sy [ [/ O00) (1= [w[)PHe1=BA=2 (1 — |6, () ) A+ (w) = 0.

Proposition 3.1. Let —1 < B <0< A <1and0 < o < oo. Then .@gl C .@é.

Proof. Let f € .@g 5- By Theorem 3.1, we have

oo > sup(1 — Ialz)(ﬁ“)“_“/mIf’(W)|(1 = w2 (1= [ou(w) )P T2 %dA(w)

acD

"(w —w|?)B w).
2/le()|(1 w[2)PdA (w)

Consequently, f € _@é. This establishes the inclusion .@E‘ 3 C .@é. This completes the proof. [J

Proposition 3.2. Ler —1 < B <0< A <1 and max{%—i— LB+ I)A} <a<14+A(B+1).
1—|p|?
Then, for b € D, f,(z) = (17132()<ﬁ+‘1)|(1)7/1)+a for all z € D, belongs to .@E‘?l. Moreover, fb”%‘,z <
1.
Proof. Using Theorem 3.1 and Lemma 3.2, we obtain
16l 2g, = 1/5(0)]
—sup(1 —[af2) B+D0A) / 11— W) 2(1 = o (w)2)B+2 %A (w)
acD D
2
< sup(l N ‘a|2)(ﬁ+l)(171)+ﬁ+27(1(1 . |b’2)/ _ (1 - |W| )ﬁdA(W)
NaeD D ‘1 _ bw’(ﬁ+l)(1—l)+a+1|1 —ﬁw[z(ﬁ+2_°‘)
1 — a2 B+)(A=2)+p+2—a (| _ |p|2
< sup L=190) (1-1bP)
weD |1 _ab|2[3+4—2a(1 — ‘b|2)a—ﬁl—/l
<lI.
The proof is complete. O

Proposition 3.3. Let — 1 < <0< A<land0<a <. If f € ‘@/(S'X/l’ then, for z € D,

Hfoﬂg/1
(1—|z2 Fninrair & >1- (ﬁ + 1)(1 - l),

FRIS logplflog,.  a=1-(B+1)(1-2),
11l a<l—(B+1)(1-2)
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Proof. For a € D and r > 0, set D(a,r) = {w € D : B(a,w) < r}, where B(-,-) denotes the

B . Note th ap U=le®? o1 1
ergman metric. Note that (see [31]) T—aw® —~ (=P~ (1=[aP)2’

w € D(a,r), we have

"(a 1 (W _ W2 o—2 w
@1 gy W90 = P20

1 ! (w —wl2)%2(] — w2ﬁ+2—a w
5—(1_|a|2)a/ma7r)|f( (1= )21~ o ()P > aA ()

1

(1-
Whenoc>1—([3—|—l)( —A), we have

a/fatdt <|a]/ |f(at)|dt

|a’dt ||f||@°‘
S Ifllgg S ’ :
~ B2 Jo (1— \at\ ) B+1)(1-A)+a ~ (1- |a’2)(ﬁ+1)(1—k)+a—1

Because the point a is arbitrary, we obtain

/(@) = f(0)| =

< 1£lag,
Other cases can be proven similarly. The proof is complete. 0J

The followmg two proposmons are devoted to illustrate the relationship between polynomials
and .@ﬁ 2.~ We show that @ﬁ 5, 18 the closure of all polynomials in .@g 1

Proposition 3.4. Ler -1 < B <0<A<1. IfO<a<1+A(B+1), then @[(3177? contains all

polynomials.

Proof. Let g be a polynomial. Then it is clear that there exists a positive constant M such that
sup,.ep |8’ (w)| < M < oo. We have

lim (1 —af?)P+D0-4) /D &' W) (1= W) *2(1 = |oa(w) )P 2~ *dA(w)

|a|—1

< 2B+ (1-A)+B+2—a (
M‘éll‘nnl(l la|”) BTl dW‘Z(ﬁ—FZ—(X)dA(W)'

When 148 < o < 14+A(B+1), we find by Lemma 3.1(a) that

_ wl2)B
(B (1-A) B2« (L—w[) _
M lim, (1 —lal") /D|1—dw|2(l3+2—a)dA(W) 0

By Theorem 3.3 we conclude that g € Qg /(1) When o < 1+ 5 Band =1 + E, we obtain

—|wl2)B
(B (1-A) 42— (1= w}*) _
M|i‘1gl(l la|”) /Dll—dwp(ﬁ““)dA(W) 0,

by applying Lemma 3.1(b) and Lemma 3.1(c), respectively. The proof is complete. U
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Much like the proof given for Proposition 2.15 in [29], we arrive at the proposition below.
We omit the full details of its proof here.

Proposition 3.5. Let —1 < B <0< A <1 and 0 <o <l14+A(B+1). Then lim,_ | g, —
g||@g/l =0, where g,(z) = g(rz). In particular, 913 3, is the closure of all polynomials in @/3 1

4. VOLTERRA INTEGRAL OPERATOR ON @E‘ A

In this section, we establish the boundedness, compactness, norm, essential norm and strictly
singular characteristics of the Volterra integral operator Ty : @ﬁ P .@g
To state and prove our main results in this section, we need the following lemmas.

Lemma 4.1. [2] Let 0 < p < co,5 > —1,t > 0 such thatt <2+s. If f € H(D), then
(1 ]w[ / p 1— |w| )stp
- A D.
RO — o A ). a€

Lemma 4.2. [15, Theorem 9] Let —1 < B < 0 and U be a positive Borel measure on D. Then
is a (B +1)-Carleson measure if and only if, for all functions f € 9/%, Jplfw)ldu(w) < ||f||%.

Now we are in a position to state and prove the main result in this section.

Theorem 4.1. Letgc HD), -1 <B <0< A <1and

max{§+1,l([3+1)—ﬁ} <oc<min{1+/l(ﬁ+l),§+%}.

Then Ty : 9§, — D¢, is bounded if and only if g € F(1,—1,B +1).

B.A B,
H8HF (1,—1,84+1)-

Proof. Suppose that T, : @B Pl '@B

where { is the center of 1. Set

, is bounded. For any I C dD, let a = (1 —|I]){ € D,

_ (1—laP)

falw) = (1 —aw)B+D0-A)+a’
By Proposition 3.2, f, € .@O‘l and HfaH@g < 1. Thus HTgfang S T HHfaH@“ S || T, By
Lemma 3.2 and the fact that |I| = 1 — |a| < |1 —aw|, w € S(I), we have

T oy OO PPaAG) 5 g [ 09118 0001~ )P

w e D.

! '
- Wm/sm |(Tgfa) (W)|(1 — |W|2>ﬁdA(w)

S WTefallgg, S Tl <o

Y

By the arbitrariness of /, we see that g € F(1,—1,[ +1). Moreover, ||g|lr1,—1,5+1) S | Tll-
Conversely, assume that g € F(1,—1,8 4 1). From [29], we have

pe(S(1))

_ 1 / 2\B - ot /7

ICoD
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where d, = |g'(z)|(1 — |z|*)PdA(z). This means that u, is a (B + 1) Carleson measure. For
any I C dD, let & be the center of I and a = (1 — |I|)&. Forany f € 2 B 10

1
TR /S(I) |f(2)|dpe(z)

! 1
Smlﬂi’m /S(]) ‘f(a)‘d.ug(z) + Wm /5(1) If(2) —f(a)’d,ug(z)
=G+ 6.

By Proposition 3.3, one has

1
6 = / @itz

_ 1 Iflzg,
~|I[BA+A—a /5(1) (1=|af? )B+1)(1 a1 (2)
Hg(S()) . Hg(S(T))

<||f||@1 ’I’B+l Su% ‘I|ﬁ+1 ||f||@g,l

=|lgllF (1,—1,B+1) Hf”%ﬁ'

Since g is a (B + 1)-Carleson measure, from Lemma 4.2 we see that I, : .@é — L'(uy) is
bounded. Using the fact that

d  f@)—fla) _ fR)(1-az)+2(B+2—a)a(f(z) - f(a))
dz (1 —az)?(B+2-a) (1 —az)2(B+2-a)+1

Y

we have

1
G2 = g / Q)= F@ldna(a)

<(1_’a|2)(l3+1)(ll)+3+2a/ 1f(z) — f(a)| dity(2)

~ ’1 —5Z|2 B+2—a)

5 (1_ |a|2)(B+1)(1—l)+ﬁ+2—a/ ’f( ) ( )’ )d,ug( )

p [1 —azf(Pt2-o

He(S(1)) 2B pi2a [ @I =[PP
< _
< e ) b |T—azpBr-a A0
e (S(1)) (B+1)(1-2)+B+2—a \f f@)|(1—[z[»)P
" g () e
=: Gy +Goo.
On one hand,

Gor S gl -1 p41) (1= laf) PHDU=Y /D @11 =12 211 = |ou(z) 1) P “dA(z)

S lgllea -1+ 11l 2g, -
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On the other hand, making the change of variable z = o,(w), by Lemma 4.1 we obtain

paniaize [ 10 @I =[PP,

Gn S ||8HF(1,—1,/3+1)(1 - |a| ) I —az|2 (Br2—a)+1

<(1—a )ﬁ-ﬁ-l)(l A)+B+2— Oc/ |f 0 0a(w) — f00a(0)|(1 —[oa(w )|2) |G(;(W)|2dA(W)

11 —ao,(w )|2(B+27a)+1

—(1—|q| )ﬁ+a—l—ﬁ/l/ |f o 0a(w) — fo04(0 )|(1_|W|2)BdA(w)

|1 —aw|?o-1

<(1— |a|?)Bra-A-PA |(fooa) (W)|(1—|w]?)P!
|1—aw|2°‘ 1

=(1 = |af?)Pro-t=pt / (@) = loar) )AL= P)P )
D

|1 —aw|?e-1

dA(w)

_ waopr [ | (1~ lou(2) )P
SR ey NIRRT S LAC RO

—17|2)B+1(1 = B+3-2a
1 L2 Bra—A—BA s (L= 2P (1 —al?)
=(1-laP) L@ A

S=1aP)FI [P =221 - o))+ %dAG)
D
SIfllog,

Therefore, for any f € &, ﬁ 2

: /
sup - |f(w)ldug(w) < sup (Gi1+G2) S gllra,—1.5+1) 22, -
IeaD mHﬁ)H)L « s 8 1eoD B+1) B.A

Let f € 27, . It follows that

1
T. a X SUPp —————+——F7—— T, /W I—WzﬁdAW
ITefllog, = S T / VO] ) PaG)

1 / 2\B
= sup —————— w w)l(1—|w dA(w

==
X SuUp ——— Sw)ldpg(w
leaD |I|1+ﬁk+lftx S(I)’ ( )| g( )
Slellea. 10l fllzg, <o

Therefore Ty : .@ﬁ Pl .@ﬁ ;, isbounded. Thus Ty || < ||g||F(1,—1,+1)- The proof is complete. [

Next, we study the essential norm of the operator T acting on the space .@0‘ Recall that
the essential norm of a bounded linear operator 7 : X — X, denoted by ||T||. x—x, is precisely
defined as the infimum of the set {||7 — K||}, where K ranges over all compact operators on
Banach space X.
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Lemma 4.3. [8, Lemma 5] Let —1 < B < 0. Ifg € F(1,—1,B + 1), then

limsup /D £@I(1 - 22711~ |6u(2) PP+ 1dA(2)

la|—1

=distp(1,-1,511)(8, Fo(1,—1,B+1)) < limsup g — g+l r(1,-1,+1)-

r—1-
Here g,(z2) = g(rz), 0<r<1,z€D.
Similar to the proof of Lemma 5.2 in [27], we have the following result.

Lemmadd. Letgc HD), - 1<B <0< A <1and

max{ngl,)L(BJrl)—B} <a<min{1+l(ﬁ+l),§+%}.

If0<r<landge F(1,—1,+41), then Tg,:.@g‘/l —>.@§‘/1 is compact.

Lemma 4.5. [24] Let X,Y be two Banach spaces of analytic functions on . Suppose that

(1) the point evaluation functionals on X are continuous;

(2) the closed unit ball of X is a compact subset of X in the topology of uniform convergence
on compact sets;

(3) T : X — Y is continuous when X and Y are given the topology of uniform convergence
on compact sets.

Then, T is a compact operator if and only if, given a bounded sequence {f,} in X such that
fn — O uniformly on compact sets, the sequence {T f,} converges to zero in the norm of Y.

Theorem 4.2. Letgc HD), -1 < B <0< A <1and

max{g—i—l,l(ﬁ—i—l)—ﬁ} <a<min{1+l(ﬁ+1),g+%}.

IfT, : @E‘,k — @E‘yk is bounded, then

I

e. 7, g, <limsup|lg o 6a —g(a)ll gy < diste(1,—1,p1)(8, Fo(1, —1, B +1)).

’ la|—1

Proof. Let {I;} denote a sequence of arcs, with the length |/;| of each arc /; tending to O as
J — oo. For each j, let &; denote the center of /; and define d; = (1 —|I;|)&;. Set

1—|d;|?

(1 —d_]W) B+H(1-2A)+0o’ w € D.

filw) =

A direct verification reveals that each f; lies in @E{ 5~ In addition, the sequence {f;} converges
uniformly to the zero over every compact subset of [D.
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Now, we suppose that K : @E‘ P .@B 5 1s compact on the space @E‘ 4+ By Lemma 4.5, we
conclude that lim . ||K f5]] g, = 0. Then,
T, K| 2 timsup | (T, — K)fll

J—reo

2 timsup (I, ~ 1K £l o, ) =timsup |0,
B ’ ]*>°° ’

Je

ZlimSUP/ £ )18/ )1 = PO PAA (1 — oy, (w) ) PR~ %aA (w)
D

j=

: (1—d;*)lg'(w)| - -
:hmsup/D|1—d_jw|(]5+1)(1—/1)+0‘(1_‘W‘z)ﬁﬂx 1-BA )L(l_ycdj(w)|2)l+ﬁ/l+/l %A (w)

joo
1
Ztimsup [ [g/w)](1 = [wP)PdA(w)
joreo P Jsay

which implies that
1 / 2\B
2 s / S 011 = )P da(m)

From Lemma 4.3 and Theorem 2.5 in [29], we see that, for g € F(1,—1,8+1),

1 Telle.zg, ~2g, 2

1 Telle.2g, ~2g, Z limsup|lgoou—g(a)ll -
la|—1 B

On the other hand, for 0 < r < 1, we see that Ty, .@E‘ P ‘@ﬁ 5 1s compact by Lemma 4.4.
Applying Theorem 4.1, we have
| gHe D828 HT r” = HTgfng = Hg—ngF(l,—l,ﬁ+1)~

Using Lemma 4.3, we have

1 Telle.zg, 7, <limsup g — ngF1—1ﬁ+1)A11mSUP||gOGa 8@z
r—1- la|—1

Since we have derived both the lower bound and the upper bound, the proof for the desired
result regarding the essential norm of the operator 7, is completed. 0

Corollary 4.1. Letgc H(D), -1 < B <0< A <1and

max{ngl,)L(ﬁJrl)—ﬁ} <a<min{1+l(ﬁ+1),§+%}.

Then T, : _@B P @B 5, is compact if and only if g € Fo(1,—1,B +1).

Remark 4.1. The result established in Theorem 4.1 lies within the scope of Theorem 5.1 (iii)
in [20], but we adopt a different proof method herein. Furthermore, we have investigated the
essential norm of the operator 7.

Theorem 4.3. Letgc HD), -1 < B <0< A <1and
max{g-l—l,?t(ﬁ-i-l)—ﬁ} <a<min{1+l(ﬁ+1),g+%}.

Then T, : 9% _ 9%

5 B)LlsboundedzfandonlylfgeF(l —1,B+1).
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Proof. Suppose that T : 9% @a 9'is bounded. It is clear that T, : . 9% 5 g 5, is bounded.

, B2 B.A B.A B.
Let I C dD, e/ be the center of  and b = (1 — |I])e®. Let
_ (1-1[5%)
fo(w) = (1—bw)B+DI-2)+a’ weD.
By the proof of Proposition 3.2, we see that
tim (1= ) P00 [ )1 = )21 o ()PP 2 dA )
(B+1)(1-A)+B+2—o
o () (0 rbr>_0_

~la|—1 |1—ab‘2ﬁ+4_20‘(1—|b] )oc BA-A
Hence f, € B /l Then the rest proof is similar to Theorem 4.1.
Conversely, suppose g € F(1,—1,8+1). We see that T, : @[3 Pl @B 4 is bounded. Let
feo ﬁ )L. For any € > 0, by Proposition 3.5, there exists a polynomial P such that

If = Plgg, <& @.1)

Let I C dDD. From the proof of Theorem 3.1, we have
1 / 2\B
T |, Y011 ) PaG)

! /
- Wm/s(l) IfFw)]lg" (w)|(1— ‘W‘z)ﬁdA(w)

< W /S £ = POl ()11 = P )

1 /
gy, POV 010 — Ry )

—A 1
S ||f—P||@g{x||g||F(1,71,ﬁ+1)+||P||H°°|I|a+ﬁ (Bt )||g||F(1,71,B+1)7
which implies that

1
lim e Tof) (w)|(1 = w*)PdA(w) = 0.
tim gl 0600101 A )

Hence T, f € @a Y The proof is complete. U

Finally, we show that a non-compact operator T is not strictly singular, i.e., there exists
a subspace M C .@g 4 such that T, |m is bounded below on M which yields the compactness

and strict singularity are equivalent for 7, on @/3 In order to prove this result, we need the
following lemma; see [8, Theorem 1 and Corollary 1].

Lemma 4.6. Let —1 < B <0and g € F(1,—1,B+1). Then T, is bounded on @é.

In the rest of this paper, we use % to denote the Banach space of complex sequences con-
verging to zero endowed with the supremum norm || - ||, and set

1A ll+.2g, = sup( —|a)PHN)| fog 6, — fog 0a(0)ll 73 -
acD
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Proposition 4.1. Ler —1 < <0< A <1 and

max{ngl,?L(BJrl)—B} <a<min{1+/l([3+1),§+%}.

Let { fi}7, be a sequence in 913 o with || fill., 28, < 1 and limy_,. ”fk“@l = 0. Then there
exists a subsequence { fi,} C {fi}y_, such that the operator T : 6o — @ﬁ, 3, is an isomorphism
onto its range, where T(1) = L7 N;fi;, 1= {n;} C %o.
Proof. Since f;, € B A’ for each kK > 1, we have

lim ¥(fi,a) =0. (4.2)

ja] =1

Here and henceforth
¥(fi,a) = (1- |a|2)(ﬁ“)“_“/ L) |(1 = [w])*72(1 = | oa(w) )P 2 %dA (w).
D

If |a| < o for some 7y € (0,1), we find from the assumption that limy_,c || f¢|| 9y = 0 that

Vo) S [ 1A= PP dAG) il =0, as ko

Therefore, for any ¢ € (0,1),
lim sup ¥(fi,a) =0. 4.3)

k—>oo la|<t

From || fill.,zg, =< 1, there exists 'y, I, > 0 such that
I <l filvzg, <T2 (4.4)

for any k > 1. Combining (4.2), (4.3) with limy_ || /|| 7y = 0, there exists a subsequence { fkj}
and an increasing sequence {7;} with 7; € (0,1) such that, for any j > 1, sup), <, ¥(fi;,a) <
377711y, SUPjg>r,, P fijra) < 37/~IT and kajH% < 37/71T". Since a belongs to at most
one circular region #; < |a| < ;4 within D, for any a € D, we see that ¥(f;;,a) < 377711

for all but at most one index j. For the exceptional index j, t; < |a| <, the inequality
¥( fk a) < I is satisfied. In addition, from (4.4), for any j > 1, there exists a; € ID such that

¥(fia) > ZF‘ . By the triangle inequality, for any n = {n;} € %, we obtain

+ Y. nfi;(0)
j=1

<sup Z 1% (fij @) + [0 ]l Zl i1l 73
J:

ach ,]

IT(M)ll7g, =sup¥(T(n),a

ach

<|Inll= (Z 3771 +Fz> +nll~- Y, 377

j=1 =1
<(T1+12)[nlle,

which implies that 7(n) € .@E‘ ,and T :6p — @E‘ ;, is bounded.
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Next, we prove that T(n) € .@g /(1) In fact, forany a € D and N > 1,

Z |1P fkja

< sup |7 Z W(fy, a )+||77||l°°zq' Jipa)

J>N j=N+1 Jj=

S sup ]+ (Il Z ¥ (fi;»a).
Jj>N j=1

From the fact that f}; € ﬁ 2 9 for each j > 1, we have limy,  ¥(T(1),a) < sup -y [1;|. Letting
N — oo, we have hm‘ahl‘l’( (n),a) =0 and hence T(n) € .@g)? Therefore, T : ) — .@g}?
is bounded.

Finally, we show that T : 65 — .@B 5, is bounded below. For any 1 = {n;} and j > 1, we
obtain

IT(Mlzg, =¥(T(),a;)
>|77]|‘P fkjvaj Z|nl|lp fk,?a])

1#j
2F1
= il =Y mB
t#/
2F1
> ——Injl - Hnsz.

By the arbitrariness of j, we see that HT( )Hjal Z le IIn||;=. Therefore T : 6y — 9[?/1 is an
isomorphism onto its range. U

Theorem 4.4. Let —1 < B <0< A <1 and

max{§+1,7t([3+1)—[3} <oc<min{1+l(ﬁ+1),§+%}.

Suppose g € F(1,—1,B+ 1)\ Fo(1,—1,B + 1). Then there exists a subspace M C le iso-
morphic to 6y such that Ty|y : M — To(M) is an isomorphism. In particular, Ty is not strictly
singular.

Proof. Set

® :=limsup—— / (1= |w>)PdA(w).
|1|—0 \1\”’3

By the assumption that g € F(1,—1,8+1 \Fo( —1,B + 1), there exists {I;} C dD with

limy_,o |I;| = O such that

1
G):lim—/ g'w l—wzﬁdAw)>O. 4.5
Jim i £09100— o) @)
Let 1, denote the center of I and take % = (1 — |[I|) M. Set fi(w) = (%) w e D.

(1 ykw)(ﬁJrl)(l A)+a
Then f; € .@al and ||fk||@oc <1 for any k > 1. Using the fact that |1 — fw| < 1 — |p|> =
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\I|, w € S(Ix), we have

1

|filw)| 2 B AraT w e S(Iy). (4.6)

Using (4.5) and (4.6), we see that there exist some constant 6 > 0 such that

1 (1 — hol2)B o
e, O 0010 A (r) >

for k larger than some fixed positive number N > 1. Since g € F(1,—1,B+41), we see that
2 fk €9 )L and || T, fk||@oc < 1. Moreover, Ty : .@g /(1) @g 5, 1s also bounded and then T, f; €

7%

B by Theorem 4.3. Thus, passing to a further subsequence if necessary, we assume that

! / ! 2\8 C2)
Jrw)l|g' (w)|(1—|w dA(w) < —
T [FAGBT @ S(1k+1)| c(w)[1g' (w)|(1 = |w]*)PdA(w)

for any k > N. Set F;, = fi.1 — fi,k > N. Then F € .@ﬁ Y 9 and ||Fk||@a < 1. Thus

. / F()llg w)[(1 = w2)PdA(w)
S(Ik+1)

T [FAB+)—a
1

1+/1(ﬁ+1)—a/ et )18 (w)I(1 = [w]*)PdA(w)

| STy 1)

1
N [pq |1FABHD)—
Therefore, for any k > N,
®_6 1
12 = [Ipyq | TABTD -
S HFkH*,_@aA ST

s

®o
2 [ RO~ P )Paa) = O3
S(Te+1)

/ Fe(w)llg' (w)[(1 = [w]*)PdA(w) < 1 TeFill. g,
S(Ik41) ’

Thus T, F € 9
weset = (1—-1)(B+ 1)—|—OH— 1. Since F; € ‘@B/'L’ we have that Fj, € .@é and

/ E[ow)|(1— [w)PdA(w / fht () — £LO0)] (1 — [w2)PdA(w)

(1= %41 P) e (1= Few)” = (1= | %] )'}’k(l_Yk—HW)ﬁ} N
— I —|w|?)PdA(w
/ |1 =Y rw[P[1 = %w]® (1= w57 aA(w)
(=Yt ) (1 =Tew)® = (1 = Fezaw) P | 5
< 1—|w)PdA(w
/ 1= Fiw|? |1 = ew] (L= W) dA )

2, = | Fell, 78, = 1 for any £ > N. For simplicity of notation,

4.7)

|1 = 1% 1) Ve — (= %) %] [T = Toaw]® N
dA(w
/ 17wl — 7w [® (1—[w[")"dA(w)

(1= [yt ) (1 — [w]2)P (1= [yt ) (1 — [w]2)P
< /D Pa JA(W) + /D N dA(w)+

~ 11— Yeaw|? |1 —new|?

[UHE
D

1 —%w|?
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By Lemma 3.1,

(1—|%/>) (1= |w*)P 2\ 1+A(B+1)—a
~ dA(w) < (1— =0 (4.8)

as k — oo. Similarly,
(1= % [P (1 = [w]?)P

lim dA(w) =0 4.9)
k—eo Jp 11 =P 1w]® )
and
_ 2Y(1 = |w|?)B

k= Jp 1 =7ow[?
Combining (4.7), (4.8), (4.9) and (4.10), we obtain that limy_,., HFkH_@é = 0. By Lemma 4.6,

T, is bounded on .@é. Hence limy_o HTngH@é = 0. Using Proposition 4.1, we are able to

construct a subsequence {F, } of the sequence {F} } such that T': 6p — .@g f andV : 6y — .@g g
are isomorphisms onto their respective ranges, where 7'(n) = X7, n;Fi;, N = {n;} C %o and
V(n) =X nTeF,, 1 ={n;} C 6. Let M be the closure of span {F},} in @gﬁ. Then M is
isomorphic to €y and Ty : M — Ty(M) is an isomorphism. The proof is complete. O
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