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UNIQUENESS, MULTIPLE NORMALIZED SOLUTIONS FOR p-LAPLACIAN
EQUATION WITH SINGULAR GROWTH

FEIYAN HUANG, CHUNYU LEI∗, CHANGMU CHU

School of Mathematical Sciences, Guizhou Minzu University, Guiyang 550025, China

Abstract. In this paper, we consider the existence of normalized solutions for a singular p-Laplacian
equation. We derive a local minimizer and a mountain-pass type normalized solution using the concentration-
compactness lemma and minimax theorems. Meanwhile, with the help of the truncation technique and
genus theory, we establish the existence of infinitely many low-energy solutions. When the critical non-
linearity is replaced with an Lq-supercritical one, we further obtain infinitely many high-energy solutions.
Additionally, we investigate the unique normalized solution to a p-Laplacian equation without a critical
perturbation term.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we investigate the following p-Laplacian equation−∆pu+λ |u|p−2u =
|u|p−2u
|x|r

+ |u|p∗−2u, in RN ,∫
RN |u|pdx = c > 0,

(1.1)

where λ ∈R is a Lagrange multiplier, 1< p<N, 0< r < p, p∗= N p
N−p , and ∆pu= div(|∇u|p−2∇u)

is the p-Laplacian operator.
When p = 2, the dynamic equation corresponding to (1.1) is{

i∂tϕ +∆ϕ + γ|x|−σ ϕ + |ϕ|2∗−2ϕ = 0, (t,x) ∈ R+×RN ,

ϕ(0,x) = ϕ0(x) ∈ H1(RN), x ∈ RN ,
(1.2)

where N > 3, ϕ : R+×RN→C is a complex-valued function, γ > 0, σ ∈ (0,2), and 2∗ = 2N
N−2 .

In recent years, (1.2) has been widely studied. When the inverse-power potential disappears
i.e., σ = 0, Soave in [37] and [38] carried out a detailed analysis of normalized ground-state
solutions with composite nonlinearities. For the case where σ = 1, detailed content can be found
in Lions [30] and Feng and Zhang [18]. When σ = 2, it corresponds to the Hardy potential,
which has attracted significant attention in [5, 10, 27, 43]. Notably, Okazawa, Suzuki and
Yokota in [36] established the local well-posedness of the Cauchy problem for this case. When
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we look for the stationary waves of the form ϕ(t,x) = eiλ tu(x) of equation (1.2), u satisfies the
following elliptic equation

−∆u+λu− γ|x|−σ u−|u|2
∗−2u = 0, in RN . (1.3)

For equations of the form (1.3), some results have been obtained in recent years. In [22], the
ground state solution without the critical term was obtained. In [31], Liao et al. studied a class
of singular elliptic equations involving critical exponents. Under suitable assumptions on Q(x),
using constrained minimizers and perturbation methods, they established the existence of two
positive solutions for sufficiently small λ > 0. Chen, Li and Li [11] applied variational meth-
ods to obtain positive and sign-changing solutions for a semilinear equation involving singular
potential and critical exponents over an arbitrary bounded domain.

In view of the wide application potential of p-Laplacian type equations in elasticity, popula-
tion models, ocean motion and plasma-related problems, which can offer mathematical support
for modeling dynamic phenomena (see [16, 32] for more physical background), we generalize
equation (1.3) to the following p-Laplacian equation

−∆pu+λ |u|p−2u− γ|x|−σ |u|p−2u−|u|p
∗−2u = 0, in RN . (1.4)

To our knowledge, few scholars explored equation (1.4) with both singular and critical terms
simultaneously, though relevant studies on the equation with either term alone have been con-
ducted in academic circles.

For analogues of (1.4) without singular terms, the authors in [15, 17] established the exis-
tence, multiplicity, and other properties of solutions to the equation by using the variational
method, and the truncation technique. In [29], He, Liu and Rădulescu proved the existence of
multiple normalized solutions for the Sobolev critical p-Laplacian Schrödinger-Poisson system
by using the truncation technique, concentration-compactness principle, genus theory and the
Pohožaev manifold. In [8], Chaves, Ercole and Miyagaki employed the mountain pass theorem
combined with the Cerami compactness condition to prove the existence of a nonnegative non-
trivial solution in D1,p(RN)∩D1,q(RN) for a (p,q)-Laplacian problem on RN with weighted
subcritical and critical nonlinear terms, where the classical Ambrosetti-Rabinowitz condition
is not required. In [7], Chahma and Chen studied a p-Laplacian Kirchhoff-type equation with
critical exponents on bounded domains. By employing the constraint variational method, topo-
logical degree and quantitative deformation lemma, they established the existence of a least
energy sign-changing solution.

For analogues of (1.4) admitting singular terms but no critical nonlinearity, the existence of
normalized solutions was proven in [23]. In [34], Li and Wang also proved the existence of
solutions. In [42], the authors studied the existence of ground state normalized solutions via
the mountain pass theorem for a class of N-Kirchhoff equations. In [28], Liu, Guo and Liu
investigated a singular p-Laplacian equation on RN . They showed that there exists a critical
value Λ such that the problem admits at least two positive solutions for 0 < λ < Λ, one positive
solution for λ = Λ, and no positive solution for λ > Λ. In [35], Lu and Xie studied a singular p-
Laplacian boundary value problem on bounded domains. By critical point theories, they proved
that the problem admits two positive weak solutions when λ is sufficiently small.

To better describe mass-preserving stationary states in nonlinear diffusive systems, motivated
by the above literature, we extend the investigation to p-Laplacian equations with both singular
interaction and critical growth. Let E =W 1,p(RN) be the working space and denote by | · |t the
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usual norm of Lt(RN) with t ∈ [1,∞). Moreover, we denote by I : E→ R the energy functional
related to (1.1), given by

I(u) =
1
p

∫
RN
|∇u|pdx− 1

p

∫
RN

|u|p

|x|r
dx− 1

p∗

∫
RN
|u|p

∗
dx.

It is standard that I is of class C1 in E, and any critical points of I are constrained to S(c) = {u∈
E : |u|pp = c}. We aim to address the existence of ground-state solutions, with their definition
specified hereafter.

Definition 1.1. u ∈ S(c) is said to be a ground state solution of (1.1) if

(I|S(c))′(u) = 0, and I(u) = inf{I(v) : v ∈ S(c) with (I|S(c))′(v) = 0}.

Next, we recall the generalized Sobolev estimate in [9] as follows.

Lemma 1.1. Let 16 p < ∞. If r < N such that 06 r 6 p. Then, for all u ∈ E, |u(·)|
p

|·|r ∈ L1(RN).
Moreover, the following inequality holds∫

RN

|u|p

|x|r
dx6

(
p

N− r

)r

|u|p−r
p ‖∇u‖r

p.

In order to obtain the ground state solution, we introduce the Pohožaev manifold

Vc = {u ∈ S(c) : P(u) = 0},

where

P(u) =
∫
RN
|∇u|pdx− r

p

∫
RN

|u|p

|x|r
dx−

∫
RN
|u|p

∗
dx.

Now, we present our main results, with preliminary notations introduced first. Set

α(N, p,r) =
p∗− p

(p∗− r)Cp
N,r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

,

where S is the best constant of the Sobolev embedding and Cp
N,r =

( p
N−r

)r.

Theorem 1.1. Assume that 1 < p < N and 0 < r < p. Let c > 0 be such that

c
p−r

p < α(N, p,r). (1.5)

Then,
(i) problem (1.1) has a positive ground state normalized solution u ∈ S(c) with I(u)< 0, and u
is an interior local minimizer of I on ZR0(c) = {u ∈ S(c) : ‖∇u‖p < R0} for a suitable R0;
(ii) under the additional assumptions N > p2 or N < p2 < 9, the functional I restricted to S(c)
has a mountain-pass type critical point that is a normalized solution of (1.1).

Theorem 1.2. Suppose 1 < p < N and 0 < r < p < p∗. Then problem (1.1) has at least n pairs
(uk,λk) ∈ E×R of weak solutions when c ∈ (0,α

p
p−r ). These solutions satisfy

∫
RN |uk|pdx = c,

λk > 0 and I(uk)→ 0− as k→ ∞.
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Remark 1.1. In [15, 17], the authors established the existence of normalized solutions to the
p-Laplacian equation with the critical Sobolev exponent in radial spaces. Extending this foun-
dation, we consider the equation with singular and critical exponents terms in the whole space.
However, since our work space is the whole space and the equation contains a singular term,
these two factors pose significant challenges to our proof of the compactness of Palais-Smale
sequences.

To address this challenge, we first establish the strong convergence of the critical term via a
dichotomous strategy for the ball’s interior and exterior: the interior case follows the first step of
Lemma 4.5 in [17]; the exterior case draws on the second step of Lemma 5.3 in [44]. The strong
convergence of the critical term implies that of the singular term, and thus leads to the strong
convergence in the entire space. As for the compactness of the mountain-pass solution, it is
proven by referring to the estimation method in [15]. Infinitely many low-energy solutions are
derived using truncation techniques and the genus lemma, which is analogous to the approach
in [15, 17].

When equation (1.1) has no critical perturbation term, we have the following result.

Theorem 1.3. For 0 < r < p < N, the normalized solution to the following equation is unique{
−∆pu+λ |u|p−2u = |u|p−2u

|x|r , in RN ,∫
RN |u|pdx = c.

(1.6)

This theorem considers the uniqueness of normalized solutions. However, when a Lq-supercritical
term is added, the equation admits infinitely many high-energy solutions. Specifically, we con-
sider the following problem{

−∆pu+λ |u|p−2u = |u|p−2u
|x|r + |u|q−2u, in RN ,∫

RN |u|pdx = c,
(1.7)

where λ is frequency, and

q ∈
(

p+
p2

N
, p∗
)
, c ∈

0,

(
1

2Cp
N,r

) p
p−r
 , r ∈

(
0,

N(q− p)
q

)
. (1.8)

Next, we discuss infinitely many high-energy solutions in the radial space

Dr := {u(x) ∈ E : u(x) = u(|x|)}.

Theorem 1.4. Assume (1.8). Then, there exists k0 ∈ N+ such that, for arbitrary fixed k > k0,
problem (1.7) admits a sequence of couples of weak solutions {(v(k),λ (k))} ⊆ Dr ×R− with
|v(k)|pp = c. Additionally, |v(k)|Dr →+∞ and J(v(k))→+∞ as k→+∞, where

J(u) =
1
p

∫
RN
|∇u|pdx− 1

p

∫
RN

|u|p

|x|r
dx− 1

q

∫
RN
|u|qdx.

Remark 1.2. Equation (1.6) has only a unique solution. However, when a perturbation term
is added, equation (1.7) admits infinitely many high-energy solutions, which shows that the
perturbation term has a significant impact on the existence of solutions. Then why do not we
directly find infinitely many high-energy solutions of equation (1.1)? The root lies in the critical
exponent p∗ of the Sobolev embedding E ↪→ Lp∗(RN). Given the criticality of p∗ the energy
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functional I associated with equation (1.1) does not satisfy the Palais-Smale condition at rel-
atively high energy levels. Since this condition is crucial for obtaining multiple high-energy
solutions through variational methods, its violation renders deriving such solutions highly chal-
lenging. Readers interested can refer to [13] for in-depth understanding. Accordingly, we re-
strict the research scope to intervals satisfying the embedding and related favorable conditions
for subsequent analysis. Since in the radial space, we can directly obtain the strong convergence
of the sequence in Lq(RN) for p < q < p∗. For the strong convergence of norm, we can use the
inequality in [14]. Compared with [1], our difficulty lies in that we also need to separately han-
dle the strong convergence of the singular term. But we can cleverly solve this difficulty using
Theorem 1.1.

For u ∈ E and t ∈ R, we define

u? t := e
N
p tu(etx), for a.e. x ∈ RN .

It is straightforward to verify that |u ? t|p = |u|p for all t ∈ R, so u ? t ∈ S(c) precisely when
u ∈ S(c). Furthermore, the properties of Vc are closely linked to how I behaves under such
dilations, and for any u ∈ S(c), we define the fiber map

Ψu(t) = I(u? t) =
ept

p

∫
RN
|∇u|p dx− ert

p

∫
RN

|u|p

|x|r
dx− ep∗t

p∗

∫
RN
|u|p

∗
dx.

The monotonicity and convexity characteristics of Ψu will influence the structure of Vc, and
clearly, u ∈ Vc if and only if 0 is a critical point of the function Ψu. Following this line of
thought, we will decompose Vc into three parts

V +
c = {u ∈ S(c) : (Ψu)

′(0) = 0,(Ψu)
′′(0)> 0},

V 0
c = {u ∈ S(c) : (Ψu)

′(0) = 0,(Ψu)
′′(0) = 0},

V −c = {u ∈ S(c) : (Ψu)
′(0) = 0,(Ψu)

′′(0)< 0}.
Clearly, Vc = V +

c ∪V 0
c ∪V −c . We will see from Lemma 2.2 that V 0

c = /0.
The organization of this paper is as follows. Section 2 is divided into three subsections.

Specifically, we first introduce the properties of the manifold, then obtain the first solution of
Theorem 1.1, and finally derive the second solution of Theorem 1.1. In Section 3, we establish
the existence of infinitely many low-energy solutions. Section 4 focuses on proving the unique-
ness of the solution. Section 5 is dedicated to the existence of infinitely many high-energy
solutions.

Notation. In this study, the symbol C is employed interchangeably to denote various positive
constants.

2. PROOF OF THEOREM 1.1

2.1. Some properties of manifolds. By Lemma 1.1 and the Sobolev inequality, we have

I(u) =
1
p

∫
RN
|∇u|pdx− 1

p

∫
RN

|u|p

|x|r
dx− 1

p∗

∫
RN
|u|p

∗
dx

>
1
p
‖∇u‖p

p−
1
p

Cp
N,rc

p−r
p ‖∇u‖r

p−
1

p∗S
p∗
p

‖∇u‖p∗
p ,

(2.1)

for u ∈ S(c). In the subsequent discussion, we examine the characteristics of the fiber map Ψu,
for which the following technical lemma is needed.
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Lemma 2.1. The function

f (t) =
1
p

t p− 1
p

Cp
N,rc

p−r
p tr− 1

p∗S
p∗
p

t p∗, t > 0,

has a strict negative local minimum and a strict positive global maximum, with two zeros R0 <
R1 (depending on c) such that f (t)> 0 if and only if t ∈ (R0,R1).

Proof. First, we take into account the auxiliary function ϕ : R+→ R given by

ϕ(t) =
1
p

t p−r− 1

p∗S
p∗
p

t p∗−r− 1
p

Cp
N,rc

p−r
p .

Through a straightforward calculation, we conclude that ϕ reaches its maximum at

t̄ =

(p− r)p∗S
p∗
p

p(p∗− r)

 1
p∗−p

,

and the maximum value of ϕ is

ϕ(t̄) =
p∗− p

p(p∗− r)

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

− 1
p

Cp
N,rc

p−r
p .

Thus, recalling that

c
p−r

p < α(N, p,r) =
p∗− p
p∗− r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p
1

Cp
N,r

,

we arrive at f (t̄) = (t̄)rϕ(t̄) > 0. Combined with the facts that f (t) → 0− as t → 0+ and
f (t)→ −∞ as t → +∞, this indicates that f has at least two zeros satisfying 0 < R0 < R1.
It is evident that ϕ possesses only one critical point. Notably, since f (t) = 0 is equivalent to
ϕ(t) = 0, f has precisely two zeros 0 < R0 < R1, and f (t)> 0 if and only if t ∈ (R0,R1).

As a result, f attains its global maximum with a positive value in (R0,R1) and a local mini-
mum with a negative value in (0,R0). It should be noted that f ′(t) = 0 is equivalent to

ς(t) = t p−r−S−
p∗
p t p∗−r− r

p
Cp

N,rc
p−r

p = 0.

Given that ς has only one critical point in (0,+∞), we can infer that f has exactly two critical
points, which correspond to the strict local minimum point and the global maximum point
identified earlier. �

Lemma 2.2. V 0
c = /0.

Proof. Let us assume that there exists u ∈ V 0
c . Then, combining P(u) = 0 and (Ψu)

′′(0) = 0,
we deduce that (

r− r2

p

)∫
RN

|u|p

|x|r
dx = (p∗− p)

∫
RN
|u|p

∗
dx.
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Using this equation and P(u) = 0, we obtain∫
RN
|∇u|pdx =

p∗− r
p− r

∫
RN
|u|p

∗
dx6

S−
p∗
p (p∗− r)
p− r

∫
RN
|∇u|p

∗
dx, (2.2)

and ∫
RN
|∇u|pdx =

p∗r− r2

(p∗− p)p

∫
RN

|u|p

|x|r
dx6

(p∗r− r2)

(p∗− p)p
Cp

N,rc
p−r

p

∫
RN
|∇u|rdx. (2.3)

From (2.2) and (2.3), we infer that p− r

S−
p∗
p (p∗− r)

 1
p∗−p

6

(
(p∗r− r2)

(p∗− p)p
Cp

N,rc
p−r

p

) 1
p−r

,

that is,

c
p−r

p >

 p− r

S−
p∗
p (p∗− r)


p−r

p∗−p
p(p∗− p)

(p∗r− r2)Cp
N,r

. (2.4)

It can be verified that this contradicts (1.5). To show this, it suffices to prove that the right-hand
side of (1.5) is less than or equal to that of (2.4), and this is equivalent to(

p∗

p

)p−r( r
p

)p∗−p

6 1. (2.5)

Since φ(t) = log t
t−1 is monotonically decreasing over (0,+∞), we obtain φ( p∗

p ) 6 φ( r
p), that is

(2.5). �

Lemma 2.3. For every u ∈ S(c), the function Ψu has exactly two critical points su, tu and two
zeros cu, du with su < cu < tu < du. Moreover,
(a) u? su ∈ V +

c and u? tu ∈ V −c ;
(b) ‖∇(u? s)‖p < R0 for s < cu and

I(u? su) = min{I(u? s) : s ∈ R,‖∇(u? s)‖p < R0}< 0, (2.6)

where R0 is given in Lemma 2.1;
(c) there holds

I(u? tu) = max{I(u? s) : s ∈ R}> 0, (2.7)
and if tu < 0, then P(u)< 0;
(d) the maps u ∈ S(c) 7→ su ∈ R and u ∈ S(c) 7→ tu ∈ R are of class C1.

Proof. By (2.1), one has Ψu(t) = I(u?t)> f (‖∇(u?t)‖p) = f (et‖∇u‖p). According to Lemma
2.1, Ψu is positive on (log(R0/‖∇u‖p), log(R1/‖∇u‖p)), and Ψu(t)→ 0−as t→−∞ and Ψu(t)→
−∞ as t→+∞. Hence Ψu has at least two critical points su < tu, where su is the local minimum
point of Ψu on (−∞, log(R0/‖∇u‖p)) with Ψu(su) < 0, and tu is the global maximum point of
Ψu with Ψu(tu)> 0. Indeed Ψ′u(t) = 0 equals to

ψ(t) = e(p−r)t
∫
RN
|∇u|pdx− e(p∗−r)t

∫
RN
|u|p

∗
dx− r

p

∫
RN

|u|p

|x|r
dx = 0.

Moreover, it is evident that ψ possesses a single critical point. Consequently, this implies that
Ψu has precisely two critical points, denoted as su and tu. By applying a comparable line of
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reasoning, one can establish that Ψu likewise contains exactly two zeros cu and du, satisfying
the order su < cu < tu < du. Recall that u ? t ∈ Vc if and only if (Ψu)

′(t) = 0. Given su as the
local minimum of Ψu and tu as global maximum of Ψu, we have Ψ′u(su) = Ψ′u(tu) = 0, along
with Ψ′′u(su)> 0 > Ψ′′u(tu). By Lemma 2.2, it follows that u? su ∈ V +

c and u? tu ∈ V −c . Clearly,
‖∇(u?s)‖p < ‖∇(u?cu)‖p 6 R0 when su < cu (this is what (2.6) conveys). The reason lies in su
being a local minimum of Ψu over (−∞, log(R0/‖∇u‖p)) with Ψu(su) < 0. For (2.7), it stems
from tu being the global maximum of Ψu on the real line, where Ψu(tu)> 0. Notice that Ψ′u has
precisely two zeros su and tu. Moreover, Ψ′u(t) < 0 for t > tu, indicating that Ψu is decreasing
on (tu,+∞). Specifically, if tu < 0, then P(u) = Ψ′u(0)< 0.

Next, we aim to demonstrate u 7→ tu is of class C1. To this end, we define ϒ : S(c)×R→ R
by ϒ(u, t) = Ψ′u(t). Clearly, ϒ is C1, ϒ(u, tu) = 0, and ∂tϒ(u, tu) = Ψ′′u(tu) < 0. By the Implicit
Function Theorem, the map u 7→ tu is C1. The same argument proves that u 7→ su is of class
C1. �

2.2. Proof of Theorem 1.1 (Part I). It is easy to check that R0 < t̄ < S
p∗

p(p∗−p) , where t̄ is given
in Lemma 2.1. For k > 0, set Zk(c) = {u∈ S(c) : ‖∇u‖p < k}. We prove the existence of positive
ground states for I|S(c) in ZR0(c) by minimizing I. Consider the following minimization problem
infu∈ZR0(c)

I(u).

Lemma 2.4.

m(c) = inf
u∈V +

c

I(u) = inf
u∈ZR0(c)

I(u) = inf
u∈Zt̄(c)

I(u)< inf
u∈ZR0(c)\ZR0−β (c)

I(u),

for β > 0 small and m(c) ∈ (−∞,0).

Proof. From Lemma 2.3, we deduce that I(u)< 0 for u∈V +
c and I(u)> 0 for u∈V −c . Together

with Lemma 2.2, this implies infu∈V +
c

I(u) = infu∈Vc I(u) = m(c). Since V +
c ⊂ ZR0(c), we have

infu∈ZR0(c)
I(u)6 m(c). By Lemma 2.3 again, for any u ∈ ZR0(c), we have u? su ∈ V +

c and

I(u? su) = min{I(u? s) : s ∈ R,‖∇(u? s)‖p < R0}6 I(u),

which yields m(c) 6 infu∈ZR0(c)
I(u). Thus, m(c) = infu∈ZR0(c)

I(u). From (2.1), for u ∈ ZR0(c),
we have

I(u)> f (‖∇u‖p)> min
t∈[0,R0]

f (t)>−∞.

Lemma 2.3 indicates that if u ∈ S(c), then u ? su ∈ ZR0(c) and I(u ? su) < 0. Therefore, −∞ <
m(c)< 0. By Lemma 2.1, I(u)> 0 for u∈Zt̄(c)\ZR0(c), which implies that m(c)= infu∈Zt̄(c) I(u).
Since f is continuous and f (R0) = 0, we have inft∈[R0−β ,R0] f (t)> m(c) for small β > 0. Note
that I(u)> f (‖∇u‖p) for u ∈ S(c). Hence,

inf
u∈ZR0(c)\ZR0−β (c)

I(u)> inf
t∈[R0−β ,R0]

f (t)> m(c).

�

Lemma 2.5. Let 1< p<N and 1< r < p. Assume that {un}⊂ S(c) is a Palais-Smale sequence
for I|S(c) at level m(c) ∈ R and P(un)→ 0 as n→ ∞. Then {un} is bounded in E.
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Proof. The fact that P(un) = o(1), Lemma 1.1 and 0 < r < p lead to

C > I(un)−
1
p∗

P(un)

=
1
N

∫
RN
|∇un|pdx−

(
1
p
− r

p∗p

)∫
RN

|un|p

|x|r
dx

>
1
N
‖∇un‖p

p−
(

1
p
− r

p∗p

)
Cp

N,rc
p−r

p ‖∇un‖r
p,

given that n is large enough, we can deduce that {un} is bounded in E. �

By Lemma 2.5 and the Ekeland variational principle, there exists a sequence of Lagrange
multipliers {λn} ⊂ RN such that I(un)→ m(c), and

−∆pun +λn|un|p−2un =
|un|p−2un

|x|r
+ |un|p

∗−2un +o(1), in RN . (2.8)

It follows from (2.8) that

|λn|c =
∣∣∣∣∫RN
|∇un|pdx−

∫
RN

|un|p

|x|r
dx−

∫
RN
|un|p

∗
dx
∣∣∣∣6C <+∞.

This implies that {λn} is bounded, and if P(un) = 0, then

λnc = λn|un|pp
= −

∫
RN
|∇un|pdx+

∫
RN

|un|p

|x|r
dx+

∫
RN
|un|p

∗
dx

=

(
1− r

p

)∫
RN

|un|p

|x|r
dx > 0.

(2.9)

In the following, we denote λn→ λ∗ > 0 as n→ ∞.
Next, we discuss the compactness of the Palais-Smale sequence.

Lemma 2.6. ([12]) Let {vk} be a sequence in D1,p(RN) and be such that vk ⇀ v weakly in
D1,p(RN). Assume that, for every ϕ ∈C∞

0 (RN)

lim
k→∞

∫
RN

ϕ(|∇vk|p−2
∇vk−|∇v|p−2

∇v) ·∇(T (vk− v))dx = 0,

where the truncation function T : R→ [0,1] is given by

T (t) =

{
t, i f |t|6 1,
t
|t| , i f |t|> 1.

(2.10)

Then, after passing to a subsequence, ∇vk→ ∇v a.e. in RN .

Lemma 2.7. If {uk} satisfies (2.8) and P(un) = 0, then ∇un→ ∇u a.e. in RN .

Proof. If {uk} satisfies (2.8) and P(un) = 0. Then, similar to [12], we take ϕ ∈ C∞
0 (RN).

Egorov’s Theorem implies that, for any ρ > 0, there exists Eρ ⊂ supp(ϕ) with |Eρ | < ρ such
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that un→ u uniformly on supp(ϕ)\Eρ . Thus, for all x ∈ supp(ϕ)\Eρ and sufficiently large n,
we have |un(x)−u(x)|6 1. Then, from (2.10), we can state that∣∣∣∣∫RN

ϕ|∇u|p−2
∇u ·∇(T (un−u))dx

∣∣∣∣
6

∣∣∣∣∫RN\Eρ

ϕ|∇u|p−2
∇u ·∇(un−u)dx

∣∣∣∣+ ∣∣∣∣∫Eρ

ϕ|∇u|p−2
∇u ·∇(T (un−u))dx

∣∣∣∣
6 o(1)+Cρ.

Thus, we infer that
lim
n→∞

∫
RN

ϕ|∇u|p−2
∇u ·∇(T (un−u))dx = 0. (2.11)

On the other hand, using the Hölder’s inequality and (2.8), we can verify that∣∣∣∣∫RN
ϕ|∇un|p−2

∇un ·∇(T (un−u))dx
∣∣∣∣

6

∣∣∣∣∫RN
|∇un|p−2

∇un ·∇(ϕT (un−u))dx
∣∣∣∣+ ∣∣∣∣∫RN

|∇un|p−2
∇un · (T (un−u))∇ϕdx

∣∣∣∣
6

∣∣∣∣∫RN
|un|p

∗−2un(ϕT (un−u))dx
∣∣∣∣+ ∣∣∣∣∫RN

|un|p−2

|x|r
un(ϕT (un−u))dx

∣∣∣∣
+

∣∣∣∣∫RN
λ∗|un|p−2un(ϕT (un−u))dx

∣∣∣∣+ ∣∣∣∣∫RN
|∇un|p−2

∇un · (T (un−u))∇ϕdx
∣∣∣∣+o(1)

6C
(∫

RN
|ϕT (un−u)|p

∗
dx
) 1

p∗

+C
(∫

RN
|ϕT (un−u)|pdx

) 1
p

+C
(∫

RN
|ϕT (un−u)|pdx

) 1
p

+C
(∫

RN
|T (un−u)∇ϕ|pdx

) 1
p

+o(1) = o(1).

This means lim
n→∞

∫
RN ϕ|∇un|p−2∇un ·∇(T (un−u))dx= 0, which together with (2.11) and Lemma

2.6 entails that this Lemma holds. �

Lemma 2.8. If {un} ⊂ V +
c is a minimizing sequence of E, then un→ u ∈ Lp∗(RN).

Proof. Since un ⇀ u in D1,p(RN), using the second concentration compactness lemma of Lions
[19], there exist at most a countable index set L , a family {xi : i ∈ L} ⊂ RN , and two families
of positive numbers {σi : i ∈ L}, {αi : i ∈ L} satisfying

‖∇un‖p ⇀ σ > ‖∇u‖p +∑
i∈L

σiβxi, |un|p
∗
⇀ α = |u|p

∗
+∑

i∈L
αiβxi, (2.12)

where the convergence is in the weak sense of measures. Here, βxi denotes the Dirac mass
concentrated at xi, and it holds that

∑
i∈L

α

p
p∗

i < ∞; Sα

p
p∗

i 6 σi, i ∈ L. (2.13)

Take xi ∈ RN in the support of the singular parts of ω,α,ξ . For any ε > 0, define χε(x) :=
χ̄ε(x− xi), where χ̄ε ∈C∞

0 (RN , [0,1]) satisfies

χ̄ε ≡

{
1, on Bε(0),
0, on RN \B2ε(0),
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and ‖∇χ̄ε‖ ∈ [0, 2
ε
]. The proof is now divided into three steps.

Step 1. For any i∈ L, σi 6 αi. It is clear that the sequence {χεun} is bounded in E. Moreover,
{un} ⊂ V +

c means P(un) = 0 and {un} ⊂ ZR0(c). Then, from (2.8)∫
RN

un|∇un|p−2
∇un∇χεdx =

∫
RN

(−λ∗|un|p +
|un|p

|x|r
+ |un|p

∗
−|∇un|p)χεdx+o(1).

By applying the Hölder inequality, the following limit expression is derived

limsup
n→∞

∣∣∣∣∫RN
un|∇un|p−2

∇un∇χεdx
∣∣∣∣

6 limsup
n→∞

(∫
B2ε(xi)

|un∇χε |pdx

) 1
p
(∫

B2ε(xi)

|∇un|pdx

) p−1
p

6C

(∫
B2ε(xi)

|u|p|∇χε |pdx

) 1
p

6C

(∫
B2ε(xi)

|u|p
∗
dx

) 1
p∗
(∫

B2ε(xi)

|∇χε |
p∗p

p∗−p dx

) p∗−p
p∗p

=C

(∫
B2ε(xi)

|u|p
∗
dx

) 1
p∗

→ 0,

as ε → 0. In addition, since χε is compactly supported, we have that

lim
n→∞

∫
RN
|∇un|pχεdx>

∫
RN
|∇u|pχεdx+

〈
∑
i∈L

σiβxi,χε

〉
, (2.14)

lim
n→∞

∫
RN
|un|p

∗
χεdx =

∫
RN
|u|p

∗
χεdx+

〈
∑
i∈L

αiβxi,χε

〉
. (2.15)

Moreover, it follows from (2.14) and (2.15) that

limsup
n→∞

∫
RN

un|∇un|p−2|∇un|∇χεdx6−
∫
RN
|∇u|pχεdx+

∫
RN
|u|p

∗
χεdx

+
∫
RN

|u|p

|x|r
χεdx−λ∗

∫
RN
|u|pχεdx−

〈
∑
i∈L

σiβxi,χε

〉
+

〈
∑
i∈L

αiβxi,χε

〉
.

(2.16)

Thus, taking the limit in (2.16) as ε → 0, we have

σi 6 αi. (2.17)

We claim that σi = 0 for all i∈ L and L = /0. Assume that there exists an i0 ∈ L such that σi0 > 0.
Using (2.13) and (2.17), we obtain

σi0 > S
p∗

p∗−p . (2.18)

Since {un} ⊂ ZR0(c), (2.14) and (2.18) yield

Rp
0 > limsup

n→∞

‖∇un‖p
p > σi0 > S

p∗
p∗−p ,
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which contradicts R0 < S
p∗

p(p∗−p) . Then L = /0, and un→ u in Lp∗
loc(R

N).
Step 2. σ∞ 6 α∞. By the well-known concentration-compactness principle due to Lions [33],

let {un} be a sequence weakly converging to u in D1,p(RN) and define

α∞ = lim
R→∞

limsup
n→∞

∫
|x|>R
|un|p

∗
dx, σ∞ = lim

R→∞
limsup

n→∞

∫
|x|>R
|∇un|pdx. (2.19)

Then the quantities α∞ and σ∞ are well defined and satisfy

α∞ +
∫
RN

dα = limsup
n→∞

∫
|x|>R
|un|p

∗
dx, σ∞ +

∫
RN

dσ = limsup
n→∞

∫
|x|>R
|∇un|pdx, (2.20)

and
Sα

p/p∗
∞ 6 σ∞, (2.21)

where σ and α are defined in (2.12). For any R > 0, let ϕR : RN → [0,1] be a smooth function
satisfying

ϕR =

{
0, if |x|6 R,
1, if |x|> 2R,

and |∇ϕR|6 2/R. It is easy to see that {unϕR} is bounded in E, similarly, from (2.8) we have∫
RN
|∇un|p−1

∇(ϕR ·un)dx+λ∗

∫
RN
|un|pϕRdx =

∫
RN
|un|p

∗
ϕRdx+

∫
RN

|un|p

|x|r
ϕRdx+o(1).

(2.22)
Note that

lim
R→∞

limsup
n→∞

∫
|x|>R

|un|p

|x|r
ϕRdx6 lim

R→∞
limsup

n→∞

∫
RN

|un|p

|R|r
ϕRdx→ 0. (2.23)

On one hand, by (2.19) and (2.23), we have

lim
R→∞

limsup
n→∞

(∫
RN
|un|p

∗
ϕRdx+

∫
RN

|un|p

|x|r
ϕRdx

)
= α∞. (2.24)

On the other hand, by (2.19), we also have

lim
R→∞

limsup
n→∞

∫
RN
|∇un|p−1

∇(ϕR ·un)dx

= lim
R→∞

limsup
n→∞

∫
RN
|∇un|pϕRdx+ lim

R→∞
limsup

n→∞

∫
RN
|∇un|p−1

∇ϕR ·undx

= σ∞ + lim
R→∞

limsup
n→∞

∫
RN
|∇un|p−1

∇ϕR ·undx,

(2.25)

and

lim
R→∞

limsup
n→∞

∫
RN
|∇un|p−1

∇ϕR ·undx

6 lim
R→∞

limsup
n→∞

(∫
RN
|∇un|pdx

) p−1
p
(∫

RN
|∇ϕR ·un|pdx

) 1
p

6 lim
R→∞

limsup
n→∞

(∫
RN
|∇un|pdx

) p−1
p
(∫

RN
|un|pdx

) 1
p
(∫

RN
|∇ϕR|qdx

) 1
q

6 lim
R→∞

limsup
n→∞

C

R
q−N

q

(∫
RN
|∇un|pdx

) p−1
p

‖un‖p = 0,

(2.26)
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where q > N and 1
p +

1
q = 1. Combining (2.22), (2.24), (2.25), (2.26), we have σ∞ 6 α∞.

Step 3. αi = 0 for any i ∈ L and α∞ = 0.
Suppose that there exists a i0 ∈ L such that αi0 > 0 or α∞ > 0. Using (2.21) and σ∞ 6 α∞, we

obtain Sp∗α
p
i0 6 σ

p∗
i0 = α

p∗
i0 , Sp∗α

p
∞ 6 σ

p∗
∞ = α

p∗
∞ , which implies that

αi0 > S
p∗

p∗−p , α∞ > S
p∗

p∗−p . (2.27)

By Lemma 2.1, we have ‖∇un‖p6 S
p∗

p(p∗−p) . Moreover, using (2.27), (2.12), the fact that P(un)=

o(1), c
p−r

p < α(N, p,r), Lemma 1.1, and 0 < r < p < p∗, we obtain

I(un)−
1
p

P(un) =
p∗− p

pp∗

∫
RN
|un|p

∗
dx− p− r

p2

∫
RN

|un|p

|x|r
dx+o(1)

>
p∗− p

pp∗

∫
RN
|un|p

∗
χεdx− p− r

p2 Cp
N,rc

p−r
p ‖∇un‖r

p +o(1)

>
p∗− p

pp∗
αi0−

p− r
p2 Cp

N,r
p∗− p

(p∗− r)Cp
N,r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

S
rp∗

p(p∗−p)

>
1
N

S
N
p − p− r

p2 Cp
N,r

p∗− p
(p∗− r)Cp

N,r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

S
rp∗

p(p∗−p)

= S
N
p

 1
N
− p∗− p

p2

(
p− r
p∗− r

) p∗−r
p∗−p

(
p∗

p

) p−r
p∗−p

> 0,

which is a contradiction since m(c)< 0. Similarly, if α∞ > 0, we can obtain

I(un)−
1
p

P(un) =
p∗− p

pp∗

∫
RN
|un|p

∗
dx− p− r

p2

∫
RN

|un|p

|x|r
dx+o(1)

>
p∗− p

pp∗

∫
RN
|un|p

∗
χεdx− p− r

p2 Cp
N,rc

p−r
p ‖∇un‖r

p +o(1)

>
p∗− p

pp∗
α∞−

p− r
p2 Cp

N,r
p∗− p

(p∗− r)Cp
N,r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

S
rp∗

p(p∗−p)

>
1
N

S
N
p − p− r

p2 Cp
N,r

p∗− p
(p∗− r)Cp

N,r

(p− r)p∗S
p∗
p

p(p∗− r)


p−r

p∗−p

S
rp∗

p(p∗−p)

= S
N
p

 1
N
− p∗− p

p2

(
p− r
p∗− r

) p∗−r
p∗−p

(
p∗

p

) p−r
p∗−p

> 0,

which is also a contradiction. Therefore, αi = 0 for any i ∈ L and α∞ = 0. By the conclusion
of Step 3 and (2.12) and (2.20), we have limn→∞

∫
RN |un|p

∗
dx =

∫
RN |u|p

∗
dx. Using the Brezis-

Lieb Lemma, the following holds immediately limn→∞

∫
RN |un−u|p∗dx = 0. This completes the

proof. �
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For 0 < R0 < R1 < ∞, let τ : R+ → [0,1] be a nonincreasing and C∞ function satisfying
τ(x) = 1, x∈ [0,R0] and τ(x) = 0, x> R1. In what follows, we consider the truncated functional

IT (u) =
1
p

∫
RN
|∇u|pdx−

τ(|∇u|p)
p∗

∫
RN
|u|p

∗
dx− 1

p

∫
RN

|u|p

|x|r
dx

>
1
p
‖∇u‖p

p−
S−

p∗
p τ(|∇u|p)

p∗
‖∇u‖p∗

p −
1
p

Cp
N,rc

p−r
p ‖∇u‖r

p.

A straightforward calculation shows IT (u)> f̃ (‖∇u‖p), where f̃ : R+→ R is given by

f̃ (t) =
1
p

t p− S−
p∗
p τ(t)
p∗

t p∗− 1
p

Cp
N,rc

p−r
p tr.

It is noted that f̃ < 0 over interval (0,R0) and f̃ (t)> 0 over (R0,+∞) and hence

m(c) = inf
u∈ZR0(c)

I(u) = inf
u∈ZR0(c)

IT (u) = inf
u∈S(c)

IT (u).

Lemma 2.9. (i) IT ∈C1(E,R). If IT (u)< 0, then ‖∇u‖p < R0 and I(v) = IT (v) holds for all v
within a sufficiently small neighborhood of u.
(ii) IT verifies a local (PS)m(c) condition on S(c) for the level m(c)< 0.

Proof. Conclusion (i) is an immediate consequence of the definition of IT .
(ii) Let {un} be a (PS)m(c) sequence of IT restricted to S(c) with m(c) < 0. Then, by the
definition of IT , for sufficiently large n, we have ‖∇un‖p < R0 < t0. Consequently, {un} is also
a (PS)m(c) sequence of I restricted to S(c) with m(c)< 0. Given that {un} ⊂ E is bounded, we
can assume un ⇀ u weakly in E. By Lemma 2.8 and 0 < r < p, it is easy for us to obtain that∫

RN

|un|p

|x|r
dx→

∫
RN

|u|p

|x|r
dx. (2.28)

In fact∫
RN

|un|p

|x|r
dx =

∫
|x|>R

|un|p

|x|r
dx+

∫
|x|6R

|un|p

|x|r
dx

6
1
Rr

∫
|x|>R
|un|pdx+

(∫
|x|6R
|un|p

∗
dx
) p

p∗
∫
|x|6R

1

|x|
rp∗

p∗−p

dx


p∗−p

p∗

6
1
Rr

∫
|x|>R
|un|pdx+

(∫
RN
|un|p

∗
dx
) p

p∗
∫
|x|6R

1

|x|
rp∗

p∗−p

dx


p∗−p

p∗

6 C
(∫

RN
|un|p

∗
dx
) p

p∗

,

by letting first n→ ∞ and then R→ ∞. Since∫
|x|6R

1

|x|
rp∗

p∗−p

dx


p∗−p

p∗

=

∫ R

0

tN−1

|t|
rp∗

p∗−p

dt


p∗−p

p∗

6C,
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where rp∗
p∗−p −N +1 < 1. From (2.8), we infer the existence of a sequence {λn} ⊂ R such that

for φ ∈ E,∫
RN
|∇un|p−2

∇un∇φdx =
∫
RN
|un|p

∗−2unφdx+
∫
RN

|un|p−2

|x|r
unφdx

−λ∗

∫
RN
|un|p−2unφdx+o(1)‖φ‖,

(2.29)

as n→ ∞. If u = 0, then
∫
RN
|un|p
|x|r dx→ 0 in Lp(RN), and by the condition that P(un) = 0, we

can get

I(un) =
1
p

∫
RN
|∇un|pdx− 1

p

∫
RN

|un|p

|x|r
dx− 1

p∗

∫
RN
|un|p

∗
dx

=
1
p

∫
RN
|∇un|pdx− 1

p∗

∫
RN
|un|p

∗
dx

=
1
N
‖∇un‖p

p,

this contradicts m(c) < 0. Therefore, u 6= 0. By Lemma 2.7, we have ∇un→ ∇u a.e. in RN .
Therefore, when taking the limit in (2.29) as n→ ∞, we have∫

RN
|∇u|p−2

∇u∇φdx =
∫
RN
|u|p

∗−2uφdx+
∫
RN

|u|p−2

|x|r
uφdx−λ∗

∫
RN
|u|p−2uφdx. (2.30)

This signifies that u is a weak solution of the equation

−∆pu+λ∗|u|p−2u =
|u|p−2u
|x|r

+ |u|p
∗−2u, in RN .

Let φ = un−u, by Lemma 2.8, (2.28) and (2.29), (2.30) we have∫
RN

(|∇un|p−2
∇un−|∇u|p−2

∇u)(∇un−∇u)dx+λ∗

∫
RN

(|un|p−2un−|u|p−2u)(un−u)dx

=
∫
RN

(|un|p−1−|u|p−1)

|x|r
(un−u)dx+

∫
RN

(|un|p
∗−2un−|u|p

∗−2u)(un−u)dx+o(1)

= o(1).
(2.31)

Using a well known inequality found in Lemma A 0.5 of [14], we know that

(|ρ|p−2
ρ−|ζ |p−2

ζ ) · (ρ−ζ )>

{
C|ρ−ζ |p, if p> 2,
C(|ζ |+ |ρ|)p−2|ρ−ζ |2, if p ∈ (1,2).

(2.32)

We need to discuss this in two cases now. If p> 2∫
RN

(|∇un|p−2
∇un−|∇u|p−2

∇u)(∇un−∇u)dx>C1

∫
RN
|∇(un−u)|pdx,

and ∫
RN

(|un|p−2un−|u|p−2u)(un−u)dx>C2

∫
RN
|un−u|pdx,

from (2.31), we have
C1‖∇(un−u)‖p

p +λ∗C2|un−u|pp = o(1).
If 1 < p < 2, we deduce that

C3|ρ−ζ |p 6
∣∣(|ρ|p−2

ρ−|ζ |p−2
ζ ) · (ρ−ζ )

∣∣ p
2 (|ρ|+ |ζ |)

p(2−p)
2 .
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By this inequality, Hölder’s inequality and (a+b)w 6 2w−1(aw +bw) for w> 1, we have

C3

∫
RN
|∇(un−u)|pdx6

∫
RN
|M(un,u)|

p
2 (∇un +∇u)

p(2−p)
2 dx

6

(∫
RN
|M(un,u)|dx

) p
2
(∫

RN
(∇un +∇u)p dx

) 2−p
2

6

(∫
RN
|M(un,u)|dx

) p
2
(∫

RN
2p−1 (|∇un|p + |∇u|p)dx

) 2−p
2

,

where M(un,u) = (|∇un|p−2∇un−|∇u|p−2∇u)(∇un−∇u). As {un} is bounded in E, we have∫
RN

(|∇un|p−2
∇un−|∇u|p−2

∇u)(∇un−∇u)dx>C3

(∫
RN
|∇(un−u)|pdx

) 2
p

,

similarly ∫
RN

(|un|p−2un−|u|p−2u)(un−u)dx>C4

(∫
RN
|un−u|pdx

) 2
p

.

From (2.31), we also obtain

C3‖∇(un−u)‖2
p +λ∗C4|un−u|2p = o(1).

Note that λ∗ > 0, we immediately obtain un→ u in E. �

Proof of Theorem 1.1 (Part I). Recall that IT is bounded below on S(c). According to the
definition of m(c) for each positive integer n, there exists {vn} ⊂ S(c) with vn > 0 and

IT (vn)< m(c)+
1
n
.

Applying [41] guarantees the existence of {un} ⊂ S(c) satisfying

m(c)6 IT (un)6 m(c)+
2
n
, min

λ∈R

∥∥I′T (un)+λ |un|p−2un
∥∥6 4√

n
, ‖un− vn‖6

1√
n
.

Thus, {un} is a Palais-Smale sequence for IT |Sc at the level m(c) with |u−n |p→ 0 as n→ ∞. By
Lemma 2.9, un→ u in E for some u, which implies IT (u) = m(c). Furthermore, from Lemma
2.4 and Lemma 2.9, it follows that u ∈ ZR0(c). Consequently, u is also a critical point of I on
S(c) with I(u) = m(c) and solves (1.1) for some λ∗ > 0. Since |u−n |p→ 0 as n→ ∞, we have
u > 0. In addition, following the proof in [39], it is straightforward to conclude that u(x) > 0
for x ∈ RN .

2.3. Proof of Theorem 1.1 (Part II).. In this subsection, we will need the following lemma,
see Lemma 3.6 of[3].

Lemma 2.10. For u ∈ S(c) and s ∈ R, the map ψ → ψ ? s from TuS(c) to Tu?sS(c) is a linear
isomorphism with inverse, ψ → ψ ? (−s), where TuS(c) := {ψ ∈ S(c) :

∫
RN |u|p−2uψdx = 0}.

Proof. We follow the approach in Lemma 3.6 of [3]. For ϕ ∈ TuS(c) and t > 0, we have∫
RN
|(u? t)|p−2(u? t)(ψ ? t)dx =

∫
RN

eNt |u(etx)|p−2u(etx)ψ(etx)dx

=
∫
RN
|u(y)|p−2u(y)ψ(y)dy = 0,
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which implies that ψ ? t ∈ Tu?tS(c), and the map is well-defined. Clearly, it is linear. Taking
into account that, for every t, s > 0 and g ∈ E,

(g? t)? s = e
N
p (t+s)g(et+sx) = g? (t + s), g?0 = g.

The result follows immediately. �

Lemma 2.11. The map (u, t) ∈ E×R→ (u? t) ∈ E is continuous.

Proof. Similar to [17, Lemma 2.3],we assume that un → u in E and tn → t in R as n→ ∞.
Observed, for φ ∈C∞

0 (RN), that∫
RN
|∇(un ? tn)|p−2

∇(un ? tn)∇φdx+
∫
RN
|un ? tn|p−2(un ? tn)φdx

= e
p2−p−N

p tn
∫
RN
|∇un|p−2

∇un∇φ(e−tnx)dx+ e−
Ntn

p

∫
RN
|un|p−2unφ(e−tnx)dx.

By Lebesgue dominated convergence theorem, we conclude that∣∣∣∣∫RN
|∇un|p−2

∇un∇φ(e−tnx)dx−
∫
RN
|∇u|p−2

∇u∇φ(e−tnx)dx
∣∣∣∣

+

∣∣∣∣∫RN
|∇u|p−2

∇u∇φ(e−tnx)dx−
∫
RN
|∇u|p−2

∇u∇φ(e−tx)dx
∣∣∣∣

6 e
N
p tn
∣∣|∇un|p−2∇un−|∇u|p−2∇u

∣∣ p
p−1
|∇φ |p

+

∣∣∣∣∫RN
|∇u|p−2

∇u∇φ(e−tnx)dx−
∫
RN
|∇u|p−2

∇u∇φ(e−tx))dx
∣∣∣∣

→ 0

as n→ ∞. In the same way, we can show that∫
RN
|un|p−2unφ(e−tnx)dx→

∫
RN
|u|p−2uφ(e−tx)dx

as n→ ∞. As a consequence, for ϕ ∈ E,∫
RN
|∇(un ? tn)|p−2

∇(un ? tn)∇ϕdx+
∫
RN
|(un ? tn)|p−2(un ? tn)ϕdx

→
∫
RN
|∇(u? t)|p−2

∇(u? t)∇ϕdx+
∫
RN
|(u? t)|p−2(u? t)ϕdx

as n→ ∞, by employing the fact that C∞
0 (RN) is dense in E. Now, it is easy to check that

‖un ? tn‖p = eptn|∇un|pp + |un|pp→ ept |∇u|pp + |u|pp = ‖u? t‖p

as n→ ∞. Thereby, we infer from (2.32) that un ? tn→ u? t in E. �

Next, we give a version of linking theorem, see the Section 5 of [21].

Definition 2.1. Let X be a topological space and B be a closed subset of X . We say that
a class F of compact of subsets of X is a homotopy-stable family with extended boundary
B if, for any set A in F and any η ∈ C([0,1]× X ;X) satisfying η(t,x) = x for all (t,x) ∈
({0}×X)∪ ([0,1]×B), η({1}×A) ∈F .

Lemma 2.12. (See [21]) Let φ be a C1−functional on a complete connected C1-Finsler man-
ifold X and consider a homotopy-stable family F with an extended closed boundary B. Set
m = m(φ ,F ) and let F be a closed subset of X satisfying
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(i) (A∩F)\B 6= /0 for every A ∈F ;
(ii) supφ(B)6 m6 infφ(F).

Then, for any sequence of sets (An)n in F such that lim
n→∞

supAn
φ = m, there exists a sequence

(xn)n in X such that

lim
n→∞

φ(xn) = m, lim
n→∞
‖dφ(xn)‖= 0, lim

n→∞
dist(xn,F) = 0, lim

n→∞
dist(xn,An) = 0.

Lemma 2.13. For every u ∈ S(c) with I(u)< m(c), the value tu given in Lemma 2.3 is negative.

Proof. Let u ∈ S(c) satisfy I(u) < m(c), and let su < cu < tu < du be as given in Lemma 2.3.
We aim to show that du 6 0, which implies that tu < 0. Suppose, for contradiction, that du > 0.
Since Φu(0) = I(u)< m(c)< 0, it follows that cu > 0. Applying Lemma 2.3 then yields

m(c) > I(u) = Φu(0)> min
s∈(−∞,cu)

Φu(s)

> min
{

I(u? s) : s ∈ R,‖∇(u? s)‖p < R0
}
= I(u? su)> m(c),

which is absurd. �

The first part of Theorem 1.1 asserts that there exists u∗ ∈ V +
c with I(u∗) = m(c) < 0. It is

also evident that I(u∗ ? t)< 2m(c) for sufficiently large t > 0. By Lemma 2.11, this implies that
the set

Γ := Γ(c) =
{

γ ∈C([0,1],S(c)) : γ(0) ∈ V +
c ,γ(1) ∈ I2m(c)

}
,

is not empty, where Im(c) = {u ∈ S(c) : I(u)6 2m(c)}. Now let us consider the associated min-
imax value

d = inf
γ∈Γ

sup
t∈[0,1]

I(γ(t)).

Lemma 2.14. There holds d = inf
u∈V −c

I(u)> 0.

Proof. An argument analogous to that in the proof of [37] shows that infu∈V −c I(u)> 0. For any
γ ∈ Γ, we have 0 = sγ(0) < tγ(0), and by Lemma 2.13, tγ(1) < 0. With the help of Lemma 2.3,
there exists t0 = t0(γ) ∈ (0,1) such that tγ(t0) = 0, which implies γ(t0) ∈ V −c and necessarily

sup
t∈[0,1]

I(γ(t))> I(γ(t0))> inf
u∈V −c

I(u). (2.33)

Clearly, d > infu∈V −c I(u). For any u ∈ V −c , we know su < 0 and there exists t1 = t1(u)> 0 such
that I(u ? t1) < 2m(c). If we define γ : [0,1]→ S(c) by γ(t) = u ? ((1− t)su + tt1), then γ ∈ Γ

from 2.11, and, by (2.33), I(u) = supt∈[0,1] I(γ(t))> d. Hence, infu∈V −c I(u)> d. �

To obtain the compactness when {un} ⊂ V −c , we need the following estimate.

Lemma 2.15. Let N > p2. Then, d < m(c)+ 1
N S

N
p .

Proof. By Appendix A in [15], we have ‖∇uε‖p
p = S

N
p +O(ε

N−p
p−1 ), ‖uε‖p∗

p∗ = S
N
p +O(ε

N
p−1 ), and

|uε |r
′

r′ =

Cε
N− (N−p)r′

p +O(ε
(N−p)r′
p(p−1) ), N > p2 or p < r′ < p∗,

Cε p| logε|+O(ε p), N = p2 and r′ = p,
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where p6 r′ 6 p∗. Let Wε,τ = u+c + τuε(·− xε), where u+c is obtained in Theorem 1.1 (Part I),
and

Gε,τ(x) = (c−
1
p‖Wε,τ‖p)

N−p
p Wε,τ(c

− 1
p‖Wε,τ‖px), (2.34)

where |xε |= ε−1. Then, ‖Gε,τ‖p
p = c, ‖∇Gε,τ‖p

p = ‖∇Wε,τ‖p
p, ‖Gε,τ‖p∗

p∗ = ‖Wε,τ‖p∗
p∗, and∫

RN

|Gε,τ |p

|x|r
dx = (c−

1
p‖Wε,τ‖p)

r−p
∫
RN

|Wε,τ |p

|x|r
dx.

Thus, there exists a unique tε,τ ∈ R satisfying tε,τ ?Gε,τ ∈ V −c , i.e.,

eptε,τ
∫
RN
|∇Gε,τ |pdx =

rertε,τ

p

∫
RN

|Gε,τ |p

|x|r
dx+ ep∗tε,τ

∫
RN
|Gε,τ |p

∗
dx. (2.35)

Since u+c ∈ V +
c , we see tε,0 > 0. By (2.35),

e(p∗−p)tε,τ <
‖∇Gε,τ‖p

p

‖Gε,τ‖p∗
p∗

=
‖∇Wε,τ‖p

p

‖Wε,τ‖p∗
p∗

,

which implies tε,τ →−∞ as τ → +∞. By Lemma 2.3, tε,τ is continuous with respect to τ , so
we can select an appropriate τ = τε > 0 satisfying tε,τε

= 0. It thus follows that

d 6 I(Gε,tε ) =
1
p

∫
RN
|∇Gε,tε |pdx− 1

p

∫
RN

|Gε,tε |p

|x|r
dx− 1

p∗

∫
RN
|Gε,tε |p

∗
dx

=
1
p

∫
RN
|∇Wε,tε |pdx− 1

p
(c−

1
p |Wε,tε |p)r−p

∫
RN

|Wε,tε |p

|x|r
dx− 1

p∗

∫
RN
|Wε,tε |p

∗
dx.

(2.36)

If liminf
ε→0

τε = 0 or limsup
ε→0

τε =+∞, then d 6 liminf
ε→0

I(Gε,τ)6 I(u+c ) = m(c), which contradicts

Lemma 2.4 and Lemma 2.14. Therefore, there exist t2 > t1 > 0 independent of ε such that
τε ∈ [t1, t2].

Now, we estimate ‖∇Wε,τε
‖p

p. By (a1 +a2)
p 6 ap

1 +ap
2 +C(ap−1

1 a2 +a1ap−1
2 ), ∀a1,a2 > 0,

we have
‖∇Wε,τε

‖p
p 6 ‖∇u+c |

p
p + τ

p
ε ‖∇uε‖p

p

+C
∫
RN
|∇u+c |p−1|∇uε |dx+C

∫
RN
|∇u+c | · |∇uε |p−1dx

= ‖∇u+c ‖
p
p +S

N
p τ

p
ε

+C
∫
RN
|∇u+c |p−1|∇uε |dx+C

∫
RN
|∇u+c | · |∇uε |p−1dx+O(ε

N−p
p−1 ).

(2.37)

By the Hölder inequality,∫
RN
|∇u+c |p−1|∇uε |dx=

∫
B2(xε )

|∇u+c |p−1|∇uε |dx6 ‖∇u+c ‖
p−1
Lp(B2(xε ))

‖∇uε‖p6C‖∇u+c ‖
p−1
Lp(B2(xε ))

.

We know there exists λ+
∗ > 0 such that

−∆pu+c (x)+λ
+
∗ |u+c (x)|p−1 =

|u+c (x)|p−1

|x|r
+ |u+c (x)|p

∗−1.

Then, according to [20], there exist a,b > 0 satisfying ‖∇u+c (x)‖ 6 ae−b|x| for |x| sufficiently
large. This means ‖∇u+c (x)‖Lp(B2(xε )) 6Ce−bε−1

, and∫
RN
|∇u+c |p−1|∇uε |dx6Ce−b(p−1)ε−1

,
∫
RN
|∇u+c | · |∇uε |p−1dx6Ce−bε−1

.



1182 F. HUANG, C. LEI, C. CHU

Therefore, by (2.37), we obtain

‖∇Wε,τε
‖p

p 6 ‖∇u+c ‖p
p +S

N
p τ

p
ε +O(ε

N−p
p−1 ). (2.38)

Next, we estimate ‖Wε,τε
‖p

p. We have∫
RN
|u+c + τεuε |pdx =

∫
B2(xε )

|u+c + τεuε |pdx+
∫

Bc
2(xε )
|u+c |pdx

6 c+
∫

B2(xε )
|u+c + τεuε |pdx

6 c+C
∫

B2(xε )
(|u+c |p + |uε |p)dx

6 c+C
(

e−pbε−1
+ ε p| logε|

)
= c+O(ε p| logε|) .

Thus (
c−

1
p‖Wε,τ‖p

)r−p
> 1+O(ε p| logε|) . (2.39)

In view of uε(x) = ε
N−p

p(p−1)
(

ε
p

p−1 + |x|
p

p−1

) p−N
p
, we have∫

RN

|uε |p

|x|r
dx = ε

N−p
p−1

∫
BR(0)

1(
ε

p
p−1 + |x|

p
p−1

)N−p
|x|r

dx

= ε
N−p
p−1

∫ R

0

tN−1(
ε

p
p−1 + |t|

p
p−1

)N−p
|t|r

dt

= ε
N−p
p−1

∫ R
ε

0

εN−1wN−1ε

ε
p(N−p)

p−1

(
1+ |w|

p
p−1

)N−p
εrwr

dw

= ε p−r
∫ 1

0

wN−1−r(
1+ |w|

p
p−1

)N−p dw+ ε
p−r
∫ R

ε

1

wN−1−r(
1+ |w|

p
p−1

)N−p dw

> Cε p−r
∫ 1

0
wN−1−rdw

= Cε p−r.

Thus ∫
RN

|Wε,τ |p

|x|r
dx >

∫
RN

|u+c |p

|x|r
dx+ τ

p
ε

∫
RN

|uε |p

|x|r
dx

>
∫
RN

|u+c |p

|x|r
dx+Cε

p−r.
(2.40)

It is easy to know that

‖Wε,τε
‖p∗

p∗ > ‖u
+
c ‖

p∗
p∗+ τ

p∗
ε ‖uε‖p∗

p∗ = ‖u
+
c ‖

p∗
p∗+S

N
p τ

p∗
ε +O(ε

N
p−1 ). (2.41)

Combining (2.36), (2.38), (2.39) (2.40), and (2.41), we obtain

d 6 m(c)+S
N
p

(
1
p

τ
p
ε −

1
p∗

τ
p∗
ε

)
−Cε

p−r +O(ε p| logε|)< m(c)+
1
N

S
N
p ,

by taking ε sufficiently small. �
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Lemma 2.16. Let N < p2 < 9. Then, d < m(c)+ 1
N S

N
p .

Proof. We set Wε,τε
= u+c +τuε and Gε,τε

is defined as in (2.34). We can then select τ = τε > 0
such that Gε,τε

∈ V −c . Additionally, there exist t2 > t1 > 0 independent of ε with τε ∈ [t1, t2].
Therefore

d 6
1
p

∫
RN
|∇Wε,tε |pdx− 1

p
(c−

1
p‖Wε,tε‖p)

r−p
∫
RN

|Wε,tε |p

|x|r
dx− 1

p∗

∫
RN
|Wε,tε |p

∗
dx. (2.42)

Now, we estimate ‖∇Wε,τε
‖p

p and ‖Wε,τε
‖p

p. We can prove that, for a1,a2 > 0, there exists

(a2
1 +a2

2 +2a1a2 cosα)
p
2 6 ap

1 +ap
2 + pap−1

1 a2 cosα +Ca
p−1

2
1 a

p+1
2

2 ,

uniformly in α . Thus

‖∇Wε,τε
‖p

p =
∫
RN

(
|∇u+c |2 + τ

2
ε |∇uε |2 +2τε∇u+c ·∇uε

) p
2 dx

6 ‖∇u+c ‖p
p + τ

p
ε ‖∇uε‖p

p

+ pτε

∫
RN
|∇u+c |p−2

∇u+c ·∇uεdx+C
∫
RN
|∇u+c |

p−1
2 |∇uε |

p+1
2 dx.

(2.43)

By [4], ∇u+c is local Hölder continuous. Hence,∫
RN
|∇u+c |

p−1
2 |∇uε |

p+1
2 dx6C

∫
RN
|∇uε |

p+1
2 dx = O

(
ε

(N−p)(p+1)
2p(p−1)

)
. (2.44)

By (1.1), we have∫
RN
|∇u+c |p−2

∇u+c ·∇uεdx+λ
+
∗

∫
RN
|u+c |p−1uεdx =

∫
RN

|u+c |p−1

|x|r
uεdx+

∫
RN
|u+c |p

∗−1uεdx.

(2.45)

From (2.43), (2.44) and (2.45), we obtain

‖∇Wε,τε
‖p

p 6 ‖∇u+c ‖
p
p +S

N
p τ

p
ε − pτελ+

∗

∫
RN
|u+c |p−1uεdx

+pτε

∫
RN

|u+c |p−1

|x|r
uεdx+ pτε

∫
RN
|u+c |p

∗−1uεdx+O
(

ε

(N−p)(p+1)
2p(p−1)

)
.

(2.46)

Similarly, we obtain

‖Wε,τε
‖p

p 6 ‖u+c ‖
p
p + τ

p
ε ‖uε‖p

p + pτε

∫
RN
|u+c |p−1uεdx+C

∫
RN
|u+c |

p−1
2 |uε |

p+1
2 dx

6 c+ pτε

∫
RN
|u+c |p−1uεdx+O

(
ε

(N−p)(p+1)
2p(p−1)

)
,

which implies(
c−

1
p‖Wε,τε

‖p

)r−p
> 1− (p− r)τε

c

∫
RN
|u+c |p−1uεdx+O

(
ε

(N−p)(p+1)
2p(p−1)

)
. (2.47)

Next, we estimate
∫
RN
|Wε,τε |p
|x|r dx and ‖Wε,τε

‖p∗
p∗ . For every a,b> 0, we have

(a+b)r′ >

{
ar′+br′+ r′(ar′−1b+abr′−1), ∀r′ > 3,
ar′+ r′ar′−1b, ∀r′ > 1.
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Thus, we have ∫
RN

|Wε,τε
|p

|x|r
>
∫
RN

|u+c |p

|x|r
dx+ pτε

∫
RN

|u+c |p−1

|x|r
uεdx, (2.48)

and

‖Wε,τε
‖p∗

p∗ > ‖u
+
c ‖

p∗
p∗+ τ

p∗
ε ‖uε‖p∗

p∗+ p∗τε

∫
RN
|u+c |p

∗−1uεdx+ p∗τ p∗−1
ε

∫
RN

u+c |uε |p
∗−1dx

= ‖u+c ‖
p∗
p∗+S

N
p τ

p∗
ε + p∗τε

∫
RN
|u+c |p

∗−1uεdx+ p∗τ p∗−1
ε

∫
RN

u+c |uε |p
∗−1dx+O(ε

N
p−1 ).

(2.49)
Combining (2.42), (2.46), (2.47), (2.48), (2.49) and using cλ+

∗ = (p− r)
∫
RN
|u+c |p
|x|r dx, we obtain

d 6 m(c)+S
N
p

(
1
pτ

p
ε − 1

p∗ τ
p∗
ε

)
− τ

p∗−1
ε

∫
RN

u+c |uε |p
∗−1dx+Cε

(N−p)(p+1)
2p(p−1)

6 m(c)+ 1
N S

N
p −Cε

N−p
p +Cε

(N−p)(p+1)
2p(p−1)

< m(c)+ 1
N S

N
p ,

by taking ε sufficiently small. �

Lemma 2.17. Suppose that 1 < p < N and c
p−r

p < α(N, p,r). Then there exists a Palais-Smale
sequence {un} ⊂ S(c) for the constrained functional I|S(c) at the level d, satisfying |u−n |p→ 0
and P(un)→ 0 as n→ ∞, where u− = min{u,0}.

Proof. Following the approach of [40], we define a rescaled functional Ĩ : E×R→ R as

Ĩ(u, t) = I(u? t) =
ept

p

∫
RN
|∇u|pdx− etr

p

∫
RN

|u|p

|x|r
dx− ep∗t

p∗

∫
RN
|u|p

∗
dx.

Let us consider the set

Γ̃ =
{

γ̃ ∈C([0,1],S(c)×R) : γ̃(0) ∈ V +
c ×{0}, γ̃(1) ∈ I2m(c)×{0}

}
.

Clearly, if γ ∈ Γ, then γ̃ := (γ,0) ∈ Γ̃ satisfies Ĩ(γ̃(t)) = I(γ(t)) for all t ∈ [0,1]. Conversely,
given any γ̃ = (γ̃1, γ̃2)∈ Γ̃, Lemma 2.11 implies that γ(·) := γ̃1 ? γ̃2(·) belongs to Γ and I(γ(t)) =
Ĩ(γ̃(t)) for t ∈ [0,1]. Therefore, d = inf

γ̃∈Γ̃
supt∈[0,1] Ĩ(γ̃(t)). For εn = 1

n2 , there exists γn ∈ Γ

satisfying supt∈[0,1] I(γn(t)) 6 d + 1
n2 . By replacing γn with |γn| if necessary, we may assume

γn(t)> 0 in RN for all t ∈ [0,1]. Defining γ̃n = (γn,0)∈ Γ̃, we obtain supt∈[0,1] Ĩ(γ̃n(t))6 d+ 1
n2 .

For any γ̃ = (γ̃1, γ̃2) ∈ Γ̃, we look at the function Pγ̃ : [0,1]→ R defined as

Pγ̃(τ) = P(γ̃1(τ)? γ̃2(τ)) .

Since γ̃(0) = (γ̃1(0), γ̃2(0)) ∈ (V +
c ,0), Lemma 2.3 implies that tγ̃1(0) > sγ̃1(0) = 0. Furthermore,

from the inequality I(γ̃1(1)) = Ĩ(γ̃(1)) < 2m(c), Lemma 2.13 establishes that tγ̃1(1) < 0. By
the continuity of the mapping τ 7→ γ̃1(τ) ? γ̃2(τ) from [0,1] to E (Lemma 2.11), there exists
τγ̃ ∈ (0,1) such that Pγ̃(τγ̃) = 0.

max
γ̃([0,1])

Ĩ > Ĩ
(
γ̃(τγ̃)

)
> inf

V −c
I(u) = d. (2.50)

It follows from Lemma 2.3 that

d > 0> sup
V +

c ∪I2m(c)
I(u) = sup

(V +
c ,0)∪(I2m(c),0)

Ĩ(u, t). (2.51)
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To establish our result, we will apply Lemma 2.12. For this purpose, let

X = S(c)×R, F =
{

γ̃([0,1]) : γ̃ ∈ Γ̃
}
, B = (V +

c ,0)∪ (I2m(c),0),

F =
{
(u,s) ∈ S(c)×R|Ĩ(u,s)> d

}
, A = γ̃([0,1]), An = γ̃n([0,1]) = γn([0,1])×{0}.

We verify that F is a homotopy-stable family of compact subsets of X with extended closed
boundary B, and that F satisfies conditions (1) and (2) of Lemma 2.12. Indeed, for any γ̃ ∈ Γ̃,
since γ̃(0) ∈ (V +

c ,0) and γ̃(1) ∈ (I2m(c),0), it follows that γ̃(0), γ̃(1) ∈ B. Moreover, for any
A ∈F and any η ∈C([0,1]×X ,X) such that η(t,x) = x on ({0}×X)∪ ([0,1]×B), we have
η(1, γ̃(0)) = γ̃(0) and η(1, γ̃(1)) = γ̃(1). This ensures η({1}×A) ∈F . By (2.50), A∩F 6= /0,
while (2.51) implies F ∩B = /0. Thus, conditions (1) and (2) of Lemma 2.12 are satisfied.

Consequently, Lemma 2.12 guarantees the existence of a sequence {(vn, tn)} ⊂ S(c)×R
satisfying, as n→ ∞

|tn|+dist(vn,γn([0,1]))→ 0, (2.52)

Ĩ(vn, tn)→ d, (2.53)

(Ĩ|s(c)×R)′(vn, tn)→ 0. (2.54)

Furthermore, we obtain the relation Ĩ(vn, tn) = Ĩ(vn ? tn,0), and〈(
Ĩ|s(c)×R

)′
(vn, tn),(φ ,s)

〉
=
〈(

Ĩ|S(c)×R
)′
(vn ? tn,0),(φ ? tn,s)

〉
, (2.55)

For (φ ,s) ∈ E×R satisfying
∫
RN vnφ = 0, and recalling that un = (vn ? tn) ∈ S(c), we see from

(2.53) that
I(un) = Ĩ(vn ? tn,0) = Ĩ(vn, tn)→ d, as n→ ∞.

Taking (0,1) as a test function in (2.55), we deduce from (2.54) that P(un) = ∂t Ĩ(un,0)→ 0
as n→ ∞. For any µ ∈ E satisfying

∫
RN (vn ? tn)µ = 0, we may take (µ ? (−tn),0) as a test

function in (2.55). Combining this with (2.52), (2.54) and Lemma 2.10, we conclude that
(I|S(c))′(un)→ 0 as n→ ∞. Furthermore, from (2.52) we obtain

|u−n |pp = |(v−n )? tn|pp = |v−n |pp→ 0,

as n→ ∞. �

Lemma 2.18. Assume the conditions of Lemma 2.15 or Lemma 2.16 hold. Then un→ u in E.

Proof. If {un} ⊂ V −c , let wn = un− u. Then {wn} is also bounded in E and wn ⇀ 0 weakly
in E. Moreover, it is obvious that, for some l > 0, ‖wn‖⇀ l. Similar to [26], we consider the
following two cases:

If l = 0, our conclusion is proved.
If l > 0, up to a subsequence, by the concentration compactness principle, we may assume

that {wn} satisfies the following alternative:
(i) Vanishing: limsupn→∞

∫
Br(y) |wn|pdx = 0 for all r > 0.

(ii) Nonvanishing: There exist α > 0, r ∈ (0,+∞) and {yn} ⊂ RN such that

lim
n→∞

∫
Br(yn)

|wn|pdx = α.

Claim(i). Vanishing cannot occur.
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Otherwise, by the vanishing lemma of Lions in Lemma 1.21 of [41], we see that

lim
n→∞

∫
RN
|wn|qdx = 0, ∀ q ∈ (p, p∗). (2.56)

It follows from (2.9) that∫
RN
|∇wn|pdx+λ∗

∫
RN
|wn|pdx−

∫
RN

|wn|p

|x|r
dx−

∫
RN
|wn|p

∗
dx = o(1). (2.57)

Note that (2.56) holds for N p
N−r < q < p∗ and that ‖wn‖ 6C for some C > 0. We deduce that,

for any R > 0∫
RN

|wn|p

|x|r
dx =

∫
|x|>R

|wn|p

|x|r
dx+

∫
|x|6R

|wn|p

|x|r
dx

6
1
Rr

∫
RN
|wn|pdx+

(∫
|x|6R

1

|x|
rq

q−p
dx

) q−p
q (∫

|x|6R
|wn|qdx

) p
q

6
C
Rr +C

(∫
RN
|wn|qdx

) p
q
(∫ R

0

dt

t
rq

q−p−N+1

) q−p
q

→ 0,

by letting first n→ ∞ and then R→ ∞. Therefore, this and (2.57) show that∫
RN
|∇wn|pdx+λ∗

∫
RN
|wn|pdx−

∫
RN
|wn|p

∗
dx = o(1). (2.58)

Noting that u solves the equation

−∆pu+λ∗|u|p−2u =
|u|p−2u
|x|r

+ |u|p
∗−2u, in RN ,

there holds{∫
RN |∇u|pdx−

∫
RN
|u|p
|x|r dx−

∫
RN |u|p

∗
dx+λ∗

∫
RN |u|pdx = 0,

N−p
p
∫
RN |∇u|pdx− N−r

p
∫
RN
|u|p
|x|r dx− N−p

p
∫
RN |u|p

∗
dx+λ∗

N
p
∫
RN |u|pdx = 0.

It follows that

P(u) =
∫
RN
|∇u|pdx− r

p

∫
RN

|u|p

|x|r
dx−

∫
RN
|u|p

∗
dx = 0.

Consequently,

0 = P(un) =
∫
RN
|∇un|pdx− r

p

∫
RN

|un|p

|x|r
dx−

∫
RN
|un|p

∗
dx

= P(wn)+P(u)+o(1)

=
∫
RN
|∇wn|pdx−

∫
RN
|wn|p

∗
dx+o(1).

Combining with (2.58), we obtain
∫
RN |wn|pdx = o(1). This implies that un → u strongly in

Lp(RN) and u 6= 0, and then u ∈ S(c) and u ∈ V +
c or u ∈ V −c by P(u) = 0. Moreover, we have
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RN |∇wn|pdx> S

N
p , and so

d = lim
n→∞

I(un)

= lim
n→∞

(
1
p

∫
RN
|∇wn|pdx− 1

p∗

∫
RN
|wn|p

∗
dx
)
+ I(u)

=
1
N

lim
n→∞

∫
RN
|∇wn|pdx+ I(u)

>
1
N

S
N
p + I(u).

If u ∈ V +
c , then I(u) > m(c). By condition d < 1

N S
N
p +m(c), it holds that ‖wn‖ → 0. This

contradicts l > 0. If u ∈ V −c , then I(u)> 0. We are done.
Claim(ii). Nonvanishing cannot occur.
In this case, there exists {yn} ⊂ RN such that

∫
Br(yn)

|wn|pdx > α

2 . If there exists a constant
R0 > 0 such that supn |yn|< R0, then

∫
BR0+r(0) |wn|pdx > α

2 . By the compactness of embedding

E ↪→ Lq
loc(R

N) with q∈ (p, p∗), we see that (2.52) leads to a contradiction since wn ⇀ 0 weakly
in E. Therefore, |yn| →+∞. Let ϕ ∈C∞

0 (RN), ϕn(x) = ϕ(x−yn). Then ‖ϕn‖= ‖ϕ‖. By (2.8),
we have

0 ←
∫
RN
|∇wn|p−2

∇wn∇ϕndx+λ∗

∫
RN
|wn|p−1

ϕndx−
∫
RN

|wn|p−1ϕn

|x|r
dx−

∫
RN
|wn|p

∗−1
ϕndx.

Denoting w̃n(x) = wn(x+ yn), we have∫
RN
|∇w̃n|p−2

∇w̃n∇ϕdx+λ∗

∫
RN
|w̃n|p−1

ϕdx−
∫
RN

|w̃n|p−1ϕ

|x+ yn|r
dx−

∫
RN
|w̃n|p

∗−1
ϕdx→ 0.

Since {wn} is bounded in E, {w̃n} is also bounded in E and ‖wn‖= ‖w̃n‖. Hence, passing to a
subsequence, there exists w̃ ∈ E such that w̃n ⇀ w̃ weakly in E, and w̃ 6= 0 since

lim
n→∞

∫
Br(0)
|w̃n|pdx = lim

n→∞

∫
Br(yn)

|wn|pdx>
α

2
.

In view of |yn| →+∞, we have∫
RN

|w̃n|p−1ϕ

|x+ yn|r
dx =

∫
suppϕ

|w̃n|p−1ϕ

|x+ yn|r
dx→ 0,

as n→ ∞. This and (2.8) imply that∫
RN
|∇w̃|p−2

∇w̃∇ϕdx+λ∗

∫
RN
|w̃|p−1

ϕdx−
∫
RN
|w̃|p

∗−1
ϕdx = 0.

That is, w̃ ∈ E is a nontrivial solution of the following equation{
−∆pu+λ∗|u|p−2u = |u|p∗−2u, in RN ,

u ∈ E,
(2.59)

which is impossible since equation (2.59) has no nontrivial solution with λ∗ > 0. Thus, neither
Vanishing nor Nonvanishing can occur. So, l = 0 and we complete the proof of the lemma. �

Proof of Theorem 1.1 (Part II). Lemma 2.17 guarantees the existence of a sequence {un} ⊂
S(c) satisfying

I(un)→ d, (I|S(c))′(un)→ 0, |u−n |p→ 0, P(un)→ 0, as n→ ∞.
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By Lemma 2.18, we get un→ u strongly in E, where u is a ground state solution of (1.1) for
some λ∗ > 0. Furthermore, since |u−n |p→ 0 as n→ ∞, an argument analogous to the proof of
Theorem 1.1 (Part I) shows that u is positive.

3. PROOF OF THEOREM 1.2

To establish the existence of infinitely many solutions, we employ a minimax theorem for
constrained even functionals, as developed by [25]. First, we recall the notion of genus for
symmetric sets in Banach spaces.

Let X be a Banach space and A⊂ X . The set A is called symmetric if u ∈ A implies −u ∈ A.

Σ := {A⊂ X \{0} : A is closed and symmetric with respect to the origin}.

For A ∈ Σ, set U (A) =


0, ifA = /0,
inf{k ∈ N : ∃ an odd ϕ ∈C(A,Rk \{0})},
+∞, if no such odd map,

and Σk := {A ∈ Σ(S(c)) : U (A)> k}.
Next, we introduce the minimax theorem required for our analysis. Since it is a special case

of a result in [25], we omit the proof.

Lemma 3.1. Let I : E→R be an even functional of class C1. Assume that I|S(c) is bounded from
below and satisfies the (PS)m condition for all m < 0 , and that Σk 6= /0 for each k = 1,2, . . . ,n.
Then the minimax values−∞<m16m26 · · ·6mn can be defined as mk := infA∈Σk supu∈A I(u),
k = 1,2, . . . ,n, and the following statements hold.

(i) mk is a critical value of I|S(c) provided mk < 0.
(ii) Denote by Km the set of critical points of I|S(c) at a level m ∈ R. If mk = mk+1 = · · · =

mk+l−1 = m < 0 for some k, l > 1, then U (Km)> l. Hence, I|S(c) has at least n critical points
at the level m if l > 2.

(iii) If mk < 0 for all k > 1, then mk→ 0− as k→ ∞.

Now, for ζ > 0, we define the set Bζ = {u ∈ S(c) : IT (u) 6 −ζ} ⊂ E, which is a closed
symmetric subset of S(c), because IT is even and continuous.

Lemma 3.2. Given n ∈ N∗, there exists ζ = ζ (n) > 0 such that U (Bζ ) > n, for any 0 < ζ 6
ζ (n).

Proof. For each n ∈ N∗, there exist n linearly independent functions u1, . . . ,un ∈C∞
0 (RN) with

pairwise disjoint supports, i.e., suppui∩ suppu j = /0 for all i 6= j. The n-dimensional subspace

En := span{u1, . . . ,un}, equipped with the norm of E, satisfies ‖∇u j‖p = ρ < R0 and |u j|p = c
1
p

for each j, which implies ‖u j‖= (ρ p + c)1/p. For any t ∈ R, we define the corresponding set

ϒn(t) = {l1(u1 ? t)+ l2(u2 ? t)+ · · ·+ ln(un ? t) : l1 ? p+ l2 ? p+ · · ·+ ln ? p = 1} .
One can readily verify the existence of a continuous homomorphism between ϒn(t) and the
sphere

D(t) =
{
(a1,a2, . . . ,an) ∈ RN : a1 ? p+a2 ? p+ · · ·+an ? p = ept

ρ
p + c

}
,

in RN for t ∈ R. As a consequence, by the properties of genus, one has U (ϒn(t)) = n. Let

l1 ? p+ l2 ? p+ · · ·+ ln ? p = 1, v = l1(u1 ? t)+ l2(u2 ? t)+ · · ·+ ln(un ? t) ∈ ϒn(t),
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with t < 0, there holds ‖∇v‖p = etρ < R0. At this stage of the argument, we note that

IT (v) = I(v) =
ept

p
ρ

p− ep∗t

p∗
ρ

p∗
∫
RN

∣∣∣∣ uρ
∣∣∣∣p∗ dx− etr

p
ρ

p
∫
RN

∣∣∣∣ uρ
∣∣∣∣p 1
|x|r

dx,

where u = l1u1 + l2u2 + · · ·+ lnun. Let us define

αn = inf
{∫

RN
|V |p

∗
dx : V ∈ En,‖∇V‖p = 1

}
> 0,

and

βn = inf
{∫

RN

|V |p

|x|r
dx : V ∈ En,‖∇V‖p = 1

}
> 0.

Thus, we have

IT (v)6
ept

p
ρ

p− ep∗t

p∗
ρ

p∗
αn−

etr

p
ρ

p
βn.

Note that 0 < r < p < p∗. There exist ζ (n)> 0, tn < 0 such that, for 0 < ζ 6 ζ (n), IT (v)6−ζ

for all v ∈ ϒn(tn). Hence, ϒn(tn)⊂ Bζ and U (Bζ )>U (ϒn(tn)) = n. �

Proof of Theorem 1.2. Set ∑k = {A ∈ Σ(S(c)) : U (A) > k} for k > 1. By Lemma 3.2, there
exists ζ (k)> 0 such that Bζ (k) ∈ ∑k, where Bζ (k) = {u ∈ S(c) : IT (u)6−ζ (k)}. Then ∑k 6= /0.
By Lemma 2.9, the functional IT satisfies the (PS)m(c) condition on S(c) for any level m(c)< 0,
and it is bounded from below. We therefore introduce the minimax values

mk = inf
A∈∑k

sup
u∈A

IT (u), for k > 1.

Then −∞ < m1 6 m2 6 · · · 6 mk 6 · · · < 0. Lemma 3.1 guarantees that IT |Sc admits critical
points at levels mk with mk→ 0− as k→∞. Furthermore, since IT = I in a neighborhood of any
u satisfying IT (u)< 0, these critical points of IT |S(c) coincide with critical points of I|S(c).

4. PROOF OF THEOREM 1.3

By a weak solution of (1.3), we mean any u ∈ E such that∫
RN
|∇u|p−2

∇u∇φ dx+λ

∫
RN
|u|p−2uφdx =

∫
RN

|u|p−2u
|x|r

φdx, (4.1)

is satisfied for all φ ∈ E.
Proof of Theorem 1.3. Let u1 and u2 be solutions to equation (1.3), and u1 6= u2. We

consider the following two functions,

u1−
up

2

up−1
1

and u2−
up

1

up−1
2

,
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as test functions in (4.1). Then∫
RN
|∇u1|p−2

∇u1∇

(
u1−

up
2

up−1
1

)
dx+

∫
RN
|∇u2|p−2

∇u2∇

(
u2−

up
1

up−1
2

)
dx

+λ

∫
RN
|u1|p−2u1

(
u1−

up
2

up−1
1

)
dx+λ

∫
RN
|u2|p−2u2

(
u2−

up
1

up−1
2

)
dx

=
∫
RN

|u1|p−2u1

|x|r

(
u1−

up
2

up−1
1

)
dx+

∫
RN

|u2|p−2u2

|x|r

(
u2−

up
1

up−1
2

)
dx.

Obviously, a simple calculation shows that

λ

∫
RN
|u1|p−2u1

(
u1−

up
2

up−1
1

)
dx+λ

∫
RN
|u2|p−2u2

(
u2−

up
1

up−1
2

)
dx = 0,

∫
RN

|u1|p−2u1

|x|r

(
u1−

up
2

up−1
1

)
dx+

∫
RN

|u2|p−2u2

|x|r

(
u2−

up
1

up−1
2

)
dx = 0,

and

∇

(
u1−

up
2

up−1
1

)
=

(
1+(p−1)

(
u2

u1

)p)
∇u1− p

(
u2

u1

)p−1

∇u2.

Similarly, for ∇

(
u2−

up
1

up−1
2

)
by interchanging u1 and u2, we obtain

T =
∫
RN

[(
1+(p−1)

(
u2

u1

)p)
|∇u1|p +

(
1+(p−1)

(
u1

u2

)p)
|∇u2|p

]
dx

−
∫
RN

[
p
(

u2

u1

)p−1

|∇u1|p−2
∇u1 ·∇u2 + p

(
u1

u2

)p−1

|∇u2|p−2
∇u2 ·∇u1

]
dx = 0.

Let η1 = up
1 and η2 = up

2 . Then

T =
∫
RN

(η1−η2)(|∇ logu1|p−|∇ logu2|p)dx

−
∫
RN

pη2 |∇ logu1|p−2
∇ logu1 · (∇ logu2−∇ logu1)dx

−
∫
RN

pη1 |∇ logu2|p−2
∇ logu2 · (∇ logu1−∇ logu2)dx.

(4.2)

By using the inequality |b|r > |a|r + p|a|r−2a(b−a) for r > 1, we deduce that∫
RN

pη2 |∇ logu1|p−2
∇ logu1 · (∇ logu2−∇ logu1)dx6

∫
RN

η2|∇ logu2|p−η2|∇ logu1|pdx,

(4.3)
and∫

RN
pη1 |∇ logu2|p−2

∇ logu2 · (∇ logu1−∇ logu2)dx6
∫
RN

η1|∇ logu1|p−η1|∇ logu2|pdx.

(4.4)
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Combining (4.2), (4.3) and (4.4), we have

T =
∫
RN

(η1−η2)(|∇ logu1|p−|∇ logu2|p)dx

−
∫
RN

pη2 |∇ logu1|p−2
∇ logu1 · (∇ logu2−∇ logu1)dx

−
∫
RN

pη1 |∇ logu2|p−2
∇ logu2 · (∇ logu1−∇ logu2)dx

>
∫
RN

(η1−η2)(|∇ logu1|p−|∇ logu2|p)dx

−
∫
RN

η2|∇ logu2|p +η2|∇ logu1|pdx

−
∫
RN

η1|∇ logu1|p +η1|∇ logu2|pdx

=
∫
RN

(η1−η2)(|∇ logu1|p−|∇ logu2|p)dx

+
∫
RN

(η2−η1)(|∇ logu1|p−|∇ logu2|p)dx

= 0.

Based on the above derivation, we can obtain that 0 6 T = 0, clearly u1 ≡ u2. The proof is
complete.

5. PROOF OF THEOREM 1.4

Recall Dr = {u(x) ∈ E : u(x) = u(|x|)}. Let {Vk} ⊂ Dr be a strictly ascending sequence of
finite-dimensional linear subspaces within Dr, where

⋃
k Vk is dense in Dr. Denote V⊥k as the

orthogonal complement of Vk in Dr.

Lemma 5.1. (See [4]) Under the assumptions of (1.8), the following relation holds

Jk := inf
u∈V⊥k−1

(‖∇u‖p + |u|p)p

|u|pq
= inf

u∈V⊥k−1

|u|pD
‖u‖p

q
→+∞ , as k→+∞.

From this point onward, fix c that satisfies (1.8) and define

Sr,c := {u ∈ S(c) : u(x) = u(|x|)}.

For each n ∈ N+ with n> 3, we set

αk :=

(
qJk

q/p

2Lp

) 1
q−p

, where L = max
x>0

(x+ c)q

xq + cq ,

and
Ak := {u ∈V⊥k−1∩Sr,c : ‖∇u‖p = αk}. (5.1)

Also, define
µk := inf

u∈Ak
J(u). (5.2)

In what follows, we employ a refined analysis to show that µk→+∞ as k→+∞.

Lemma 5.2. Assume (1.8) holds, then µk→+∞ as k→+∞.
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Proof. For any fixed u ∈ Ak, we have ‖∇u‖p = αk and 0 < r < p

J(u) =
1
p

∫
RN
|∇u|pdx− 1

p

∫
RN

|u|p

|x|r
dx− 1

q

∫
RN
|u|qdx

>
1
p
‖∇u‖p

p−
1
p

Cp
N,rc

p−r
p ‖∇u‖r

p−
1

qJq/p
k

(‖∇u‖p + c
1
p )q

>
1
p
‖∇u‖p

p−
1
p

Cp
N,rc

p−r
p ‖∇u‖p

p−
L

qJq/p
k

‖∇u‖q
p−

L

qJq/p
k

c
q
p

>
1
p
‖∇u‖p

p−
1
p

Cp
N,rc

p−r
p ‖∇u‖p

p−
L

qJq/p
k

‖∇u‖p
p · ‖∇u‖q−p

p − L

qJq/p
k

c
q
p

=
1
p
‖∇u‖p

p−
1
p

Cp
N,rc

p−r
p ‖∇u‖p

p−
L

qJq/p
k

‖∇u‖p
p ·

qJk
q/p

2Lp
− L

qJq/p
k

c
q
p

=
1
p

(
1
2
−Cp

N,rc
p−r

p

)
‖∇u‖p

p−
L

qJq/p
k

c
q
p .

Leveraging Lemma 5.1, it follows that Jk→+∞ as k→+∞. Given q > p, from the definition
of αk, we can deduce αk→+∞ as k→+∞. Recall that, for any u ∈ Ak, ‖∇u‖p = αk. Thus, as
k→+∞, ‖∇u‖p must tend to +∞. So, for any fixed u ∈ Ak,

J(u)>
1
p

(
1
2
−Cp

N,rc
p−r

p

)
‖∇u‖p

p−
L

qJq/p
k

c
q
p →+∞,

as k→+∞. Finally, taking the infimum over u ∈ Ak, we have µk := inf
u∈Ak

J(u)→+∞. �

Next, we define a map

ρ : Dr×R→ Dr, (u, t) 7→ ρ(u, t) = (u? t) := e
N
p tu(etx). (5.3)

For any fixed u ∈ Sr,c, we have u? t ∈ Sr,c for all t ∈ R and

J(u? t) =
ept

p

∫
RN
|∇u|pdx− ert

p

∫
RN

|u|p

|x|r
dx− eqrqt

q

∫
RN
|u|qdx,

where rq =
N(q−p)

qp . Since q > p2+N p
N , we have qrq > p, so that{

‖∇(u? t)‖p→ 0+, J(u? t)→ 0+, as t→−∞,

‖∇(u? t)‖p→+∞, J(u? t)→−∞, as t→+∞.

Hence, there exists tk > 0 sufficiently large such that{
‖∇u? (−tk)‖p < αk < ‖∇(u? tk)‖|p,
max{J(u? (−tk)), J(u? tk)}< µk.

(5.4)

Let Γk := {γ ∈C ([0,1]× (Sr,c∩Vk),Sr,c) | γ is odd in u,γ(0,u) = u? (−tk),γ(1,u) = u? tk} . Then
Γk 6= /0 as u? (2 f −1)tk ∈ Γk. So we can introduce a sequence of min-max values

εk(c) = inf
γ∈Γk

max
f∈[0,1],u∈Sr,c∩Vk

J(γ( f ,u)). (5.5)
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Lemma 5.3. (See [2]) Let L1 and L be two finite-dimensional normed vector spaces, where
L1 ⊆ L and L1 6= L. For β ∈ R and u ∈ S = {u ∈ L : ‖u‖p

p = c > 0}, if φ = (φ1,φ2) ∈C([0,1]×
S,R×L1) satisfies φ1( f ,u) = φ1( f ,−u), φ2( f ,u) = −φ2( f ,−u), and φ1(0,u) < β < φ1(1,u),
then there exists ( f ,u) ∈ [0,1]×S such that φ( f ,u) = (β ,0).

We utilize Lemma 5.3 to establish the crucial intersection lemma.

Lemma 5.4. Given any γ ∈ Γk there exists ( f ,u) ∈ [0,1]× (Sr,c ∩Vk) such that γ( f ,u) ∈ Ak,
where Ak is defined in (5.1). That is, for any γ ∈ Γk it holds that γ

(
[0,1]× (Sr,c∩Vk)

)
∩Ak 6= /0.

Proof. Set L =Vk and L1 =Vk−1 equipped with the Lp(RN) norm. Let S = Sr,c∩Vk and β = αk
in Lemma 5.3. Denote Pk−1 as the orthogonal projection from Dr to Vk−1 and define

Gk : Sr,c→ R×Vk−1, u 7→
(
‖∇u‖p,Pk−1u

)
.

For γ ∈ Γk, define

φ = (φ1,φ2) = Gk ◦ γ : [0,1]× (Sr,c∩Vk)→ R×Vk−1, ( f ,u) 7→ Gk
(
γ( f ,u)

)
.

It is evident that

Gk(u) = (αk,0)⇔ u ∈ Ak := {v ∈V⊥k−1∩Sr,c : ‖∇v‖p = αk}.

We can verify via (5.4) that all the conditions of Lemma 5.3 are satisfied. Thus there exists
( f ,u)∈ [0,1]×(Sr,c∩Vk) such that φ( f ,u) = (αk,0). Since φ( f ,u) =Gk

(
γ( f ,u)

)
, we conclude

γ( f ,u) ∈ Ak. �

Lemma 5.5. Let µk and εk(c) stand for the quantities defined in (5.2) and (5.5), respectively.
Then εk(c)> µk.

Proof. From Lemma 5.4, it can be observed that, for each γ ∈ Γk, the intersection γ
(
[0,1]×

(Sr,c∩Vk)
)
∩Ak is non-empty. Consequently, we derive that

εk(c) := inf
γ∈Γk

max
06 f61,u∈Sr,c∩Vk

J (γ( f ,u))> µk := inf
u∈Ak

J(u).

�

According to Lemma 5.2 and Lemma 5.5, there exists k0 ∈ N such that

εk(c)> µk > 1, for k > k0. (5.6)

For any fixed k> k0, we aim to demonstrate that {εk(c)}(k> k0) actually constitutes a sequence
of critical values for J|Sr,c . To achieve this, we construct a bounded Palais-Smale sequence at
the level εk(c). First, we introduce the stretched functional

J̃ : Sr,c×R→ R, (u, t) 7→ J(u? t),

and a novel min-max value

ε̃k(c) := inf
γ̃∈Γ̃k

max
06 f61,u∈Sr,c∩Vk

J̃
(
γ̃( f ,u)

)
, (5.7)

where the operation u? t is specified in (5.3), and the min-max class is given by

Γ̃k :=
{

γ̃ ∈C
(
[0,1]× (Sr,c∩Vk),Sr,c×R

)∣∣ γ̃ is odd in u and ρ ◦ γ̃ ∈ Γk
}
.

Evidently, for any γ ∈ Γk, setting γ̃ := (γ,0), places γ̃ in Γ̃k.
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Lemma 5.6. Let εk(c) and ε̃k(c) be defined in (5.5) and (5.7) respectively. Then ε̃k(c) = εk(c).

Proof. Consider the maps

ψ : Γk→ Γ̃k, γ 7→ ψ(γ) := (γ,0),

and
ξ : Γ̃k→ Γk, γ̃ 7→ ξ (γ̃) := ρ ◦ γ̃,

These maps satisfy J̃(ψ(γ)) = J(γ) and J(ξ (γ̃)) = J̃(γ̃). Thus, ε̃k(c) = εk(c) follows directly.
�

Let E := Dr×R be endowed with the norm ‖ ·‖E = ‖∇ · ‖p+ | · |p+ | · |R, and let E−1 denote
its dual space. Using Ekeland’s variational principle, we derive the following Lemma.

Lemma 5.7. (See [24]) Let τ > 0. If γ̃ ∈ Γ̃k satisfies max06 f61,u∈Sr,c∩Vk J̃(γ̃( f ,u))6 ε̃k(c)+ τ,
then there exists (u, t) ∈ Sr,c×R such that
(a) J̃(u, t) ∈ [ε̃k(c)− τ, ε̃k(c)+ τ];
(b) min

06 f61,u∈Sr,c∩Vk
‖(u, t)− γ̃( f ,u)‖E 6

√
τ;

(c) For all (η ,z) ∈ T̃(u,t) := {(η ,z) ∈ E : 〈u,η〉Lp = 0}, it holds that

‖(J̃|Sr,c×R)
′(u, t)‖E−1 6 2

√
τ, i.e., |〈J̃′(u, t),(η ,z)〉E−1×E |6 2

√
τ‖(η ,z)‖E .

Lemma 5.8. Assume (1.8). For any fixed k > k0, where k0 is defined earlier to satisfy (5.6),
there exists a sequence {v(k)s } ⊂ Sr,c such that

J(v(k)s )→ εk(c),
(
J|Sr,c

)′
(v(k)s )→ 0, P(v(k)s )→ 0 as s→+∞.

Proof. For each s ∈ N+, there exists γs ∈ Γk satisfying max06 f61,u∈Sr,c∩Vk J(γs( f ,u))6 εk(c)+
1
s . In view of ε̃k(c) = εk(c) and γ̃s = (γs,0) ∈ Γ̃k, we obtain

max
06 f61,u∈Sr,c∩Vk

J̃(γ̃s( f ,u))6 ε̃k(c)+
1
s
.

Setting τ = 1
s and γ̃ = γ̃s ∈ Γ̃k in Lemma 5.7, we obtain a sequence {(u(k)s , t(k)s )} ⊂ Sr,c×R such

that
(i) J̃(u(k)s , t(k)s ) ∈

[
εk(c)− 1

s , εk(c)+ 1
s

]
;

(ii) min
06 f61,u∈Sr,c∩Vk

‖(u(k)s , t(k)s )− (γs( f ,u),0)‖E 6 1√
s ;

(iii) For all (η ,z) ∈ T̃
(u(k)s ,t(k)s )

:= {(η ,z) ∈ E : 〈u(k)s ,η〉Lp = 0}, it holds that

‖(J̃|Sr,c×R)
′(u(k)s , t(k)s )‖E−1 6

2√
s
, i.e., |〈J̃′(u(k)s , t(k)s ),(η ,z)〉E−1×E |6

2√
s
‖(η ,z)‖E .

Define v(k)s = ρ(u(k)s , t(k)s ) = u(k)s ? t(k)s = e
N
p t(k)s u(k)s (et(k)s x), for any fixed u(k)s ∈ Sr,c, we have u(k)s ?

t(k)s ∈ Sr,c for all t(k)s ∈ R. By (i) and J(v(k)s ) = J(ρ(u(k)s , t(k)s )) = J̃(u(k)s , t(k)s ), we have J(v(k)s )→
εk(c) as s→ ∞. Next, we use (iii) to show P(v(k)s )→ 0 for s→ ∞. For all (η ,z) ∈ T̃

(u(k)s ,t(k)s )
=
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{(η ,z) ∈ E : 〈u(k)s ,η〉Lp = 0}, condition (iii) implies〈
J̃′
(

u(k)s , t(k)s

)
,(η ,z)

〉
=
〈

J̃′
(

u(k)s , t(k)s

)
,(η ,0)

〉
+
〈

J̃′
(

u(k)s , t(k)s

)
,(0,z)

〉
= ept(k)s

∫
RN
|∇u(k)s |p−2

∇u(k)s ·∇ηdx− ert(k)s

∫
RN

|u(k)s |p−2u(k)s

|x|r
ηdx− eqrqt(k)s

∫
RN
|u(k)s |q−2u(k)s ·ηdx

+ z

(
ept(k)s

∫
RN
|∇u(k)s |pdx− rert(k)s

p

∫
RN

|u(k)s |p

|x|r
dx− rqeqrqt(k)s

∫
RN
|u(k)s |qdx

)
=
〈

J̃′((u(k)s ? t(k)s ),η ? t(k)s )
〉
+ zP(u(k)s ? t(k)s ).

In particular, taking (η ,z) = (0,1) and substituting into the equality above, we have

os(1) =
〈

J̃′
(

u(k)s , t(k)s

)
,(0,1)

〉
= ept(k)s

∫
RN
|∇u(k)s |pdx− rert(k)s

p

∫
RN

|u(k)s |p

|x|r
dx− rqeqrqt(k)s

∫
RN
|u(k)s |qdx

=
∫
RN
|∇v(k)s |pdx− r

p

∫
RN

|v(k)s |p

|x|r
dx− rq

∫
RN
|v(k)s |qdx

= P(u(k)s ).

Thus, P(v(k)s )→ 0 as s→ ∞, which confirms the first claim. For the final assertion, we aim to
show

(
J|Sr,c

)′
(v(k)s )→ 0 as s→ ∞. It suffices to verify that∣∣∣〈J′(v(k)s ),η〉

∣∣∣6 4√
s
‖η‖Dr , ∀η ∈ T

v(k)s
:=
{

η ∈ Dr : 〈v(k)s ,η〉Lp = 0
}
.

Indeed, taking η̃(x) = e−
Nt(k)s

p η

(
e−t(k)s x

)
for η ∈ T

v(k)s
, we obtain〈

J′(u(k)s ,η)
〉

=
∫
RN
|∇v(k)s |p−2

∇v(k)s ·∇ηdx−
∫
RN

|v(k)s |p−2v(k)s

|x|r
ηdx−

∫
RN
|v(k)s |q−2v(k)s ·ηdx

= ept(k)s

∫
RN
|∇u(k)s |p−2

∇u(k)s ·∇η̃dx− ert(k)s

∫
RN

|u(k)s |p−2u(k)s

|x|r
η̃dx

−eqrqt(k)s
∫
RN |u(k)s |q−2u(k)s · η̃dx

=
〈

J̃′(u(k)s , t(k)s ),(η̃ ,0)
〉
.

As
∫
RN |u(k)s |p−2u(k)s η̃dx =

∫
RN |v(k)s |p−2v(k)s ηdx, it follows that

η ∈ T
v(k)s
⇐⇒ (η̃ ,0) ∈ T̃

(u(k)s ,t(k)s )
.

Hence, by (ii), it follows that

|t(k)s |= |t(k)s −0|6 min
06 f61,u∈Sr,c∩Vk

‖(u(k)s , t(k)s )− (γs( f ,u),0)‖E 6
1√
s
.
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The above estimate on t(k)s indicates that

‖(η̃ ,0)‖E = ‖η̃‖Dr = e−t(k)s ‖∇η‖p + |η |p 6 2‖η‖Dr .

Thus, we derive

|〈J′(v(k)s ),η〉|= 〈J̃′(u(k)s , t(k)s ),(η̃ ,0)〉6 2√
s
‖(η̃ ,0)‖E 6

4√
s
‖η‖Dr .

Consequently, we obtain

‖(J|Sr,c)
′(v(k)s )‖= sup

η∈T
v(k)s

,‖η‖61
|〈J′(v(k)s ),η〉|6 4√

s
→ 0 as s→ ∞.

�

To establish compactness of the Palais-Smale sequence {v(k)s } from Lemma 5.8, we introduce
the following Lemma.

Lemma 5.9. (See [6]) Let J ∈ C1(Dr,R) and let {us} ⊂ Sr,c be bounded in Dr. There exists
λs =− 〈J

′(us),us〉
c , such that

(J|Sr,c)
′(us)→ 0 in D−1

r ⇐⇒ J′(us)+λs|us|p−1→ 0 in D−1
r as s→+∞.

Lemma 5.10. Assume (1.8) holds. Let {v(k)s } ⊂ Sr,c be the Palais-Smale sequence satisfying
Lemma 5.8. Then, there exist v(k) ∈ Dr and {λ (k)

s } ⊂ R such that, up to a subsequence,
(i)v(k)s ⇀ v(k) 6≡ 0 in Dr as s→+∞;
(ii)λ (k)

s → λ (k) > 0 f or some λ (k) ∈ R as s→+∞;

(iii)−∆pv(k)s +λ |v(k)s |p−2v(k)s − |v
(k)
s |p−2

|x|r v(k)s −|v(k)s |q−2v(k)s → 0 in D−1
r as s→+∞;

(iv)−∆pv(k)+λ |v(k)|p−2v(k)− |v
(k)|p−2

|x|r v(k)−|v(k)|q−2v(k) = 0 in D−1
r ;

(v)v(k)s → v(k) in Dr as s→+∞.

Proof. Using P(v(k)s )→ 0 as s→ ∞, we have

εk(c)+1> J(v(k)s ) =

(
1
p
− 1

qrq

)∫
Rn
|∇v(k)s |dx−

(
1
p
− r

qrq p

)∫
Rn

|v(k)s |p

|x|r
dx

>

(
1
p
− 1

qrq

)
‖∇v(k)s ‖p

p−
(

1
p
− r

qrq p

)
Cp

N,rc
p−r

p ‖∇v(k)s ‖r
p.

In view of q > N p+p2

N , we have 1
p−

1
qrq

> 0. Thus {v(k)s } is bounded in Dr. There exists v(k) ∈Dr

such that
v(k)s ⇀ v(k) in Dr, v(k)s → v(k) in Lq

loc(R
N), v(k)s → v(k) a.e. on RN ,

up to a subsequence. We assert v(k) 6≡ 0. If ‖v(k)s ‖q→ 0, it then follows from P(v(k)s ) = os(1)
that ∫

RN
|∇v(k)s |pdx− r

p

∫
RN

|v(k)s |p

|x|r
dx = rq

∫
RN
|v(k)s |qdx+os(1) = os(1),
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which implies J(v(k)s ) = os(1), contradicting εk(c)> µk > 1. Hence, claim (i) holds. By Lemma
5.9, there exists λ

(k)
s ∈ R such that J′(v(k)s )+λ

(k)
s |v(k)s |p−1→ 0 in D−1

r , as s→ ∞, where

λ
(k)
s =−〈J

′(v(k)s ),v(k)s 〉
c

=
−
∫
RN |∇v(k)s |pdx+

∫
RN
|v(k)s |p
|x|r dx+

∫
RN |v(k)s |qdx

c
. (5.8)

In other words, for any η ∈ Dr, we have

〈J′(v(k)s )+λ
(k)
s v(k)s ,η〉 =

∫
RN
|∇v(k)s |p−2

∇v(k)s ·∇ηdx−
∫
RN

|v(k)s |p−2v(k)s

|x|r
ηdx

−
∫
RN
|v(k)s |q−2v(k)s ηdx+λ

(k)
s

∫
RN
|v(k)s |p−2v(k)s ηdx

= os(1)‖η‖Dr .

(5.9)

Thus, (iii) is valid. The boundedness of {v(k)s } in Dr and P(v(k)s ) = os(1) imply {λ (k)
s } is

bounded. Then, there exists λ (k) ∈ R such that λ
(k)
s → λ (k) as s→ +∞ (up to a subsequence).

Moreover, by (5.8), we have P(v(k)s ) = os(1), rq < 1 and (1.8) shows that

λ
k = lim

s→∞
λ
(k)
s = lim

s→∞

1
c

(
−
∫
RN
|∇v(k)s |pdx+

∫
RN

|v(k)s |p

|x|r
dx+

∫
RN
|v(k)s |qdx

)

= lim
s→∞

1
c

((
1
rq
−1
)∫

RN
|∇v(k)s |pdx+

(
1− r

rq p

)∫
RN

|v(k)s |p

|x|r
dx

)
,

(5.10)

so λ (k) > 0. It must be λ (k) > 0. Otherwise, if λ (k) = 0, then (5.10) gives

∫
RN
|∇v(k)s |pdx =

∫
RN

|v(k)s |p

|x|r
dx = 0,

but this contradicts εk(c)> 1. Hence, (ii) holds. From (ii)− (iii), v(k) satisfies

∫
RN
|∇v(k)|p−2

∇v(k) ·∇ηdx−
∫
RN

|v(k)|p−2v(k)

|x|r
ηdx

−
∫
RN
|v(k)|q−2v(k)ηdx+λ

(k)
∫
RN
|v(k)|p−2v(k)η = 0,

(5.11)

for any η ∈ Dr. That is equivalent to (iv). Test (5.9) and (5.11) with η = v(k)s − v(k) and use
v(k)s → v(k) in Lq(RN), Then, by a proof similar to that of (2.28), it can be obtained

∫
RN

|v(k)s |p

|x|r
dx→

∫
RN

|v(k)|p

|x|r
dx, in Lp(RN).



1198 F. HUANG, C. LEI, C. CHU

It follows that ∫
RN

(|∇v(k)s |p−2
∇v(k)s −|∇v(k)|p−2

∇v(k))(∇v(k)s −∇v(k))dx

+λ
(k)
∫
RN

(|v(k)s |p−2v(k)s −|v(k)|p−2v(k))(v(k)s − v(k))

=
∫
RN

(|v(k)s |p−1−|v(k)|p−1)

|x|r
(v(k)s − v(k))dx

+
∫
RN

(|v(k)s |q−2v(k)s −|v(k)|q−2v(k))(v(k)s − v(k))dx+os(1)

= os(1).

Since the strong convergence of the norm here is very similar to Lemma 2.9, it can be easily
obtained v(k)s → v(k) in Dr as s→ ∞. Thus (v) is proved. �

Proof of Theorem 1.4. In the case of (1.8), when k > k0, Lemma 5.10 implies that (1.7)
admits a sequence of weak solutions {(v(k),λ (k))} ⊆Dr×R− with ‖v(k)‖p

Lp = c. Since P(vk) =
0, from Lemma 5.5, we have(

1
p
− 1

qrq

)∫
Rn
|∇v(k)|pdx−

(
1
p
− r

qrq p

)∫
Rn

|v(k)|p

|x|r
dx = J(v(k)) = εk(c)> µk→ ∞,

as k→+∞. Consequently, we have J(v(k))→+∞ and ‖v(k)‖Dr →+∞.
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