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UNIQUENESS, MULTIPLE NORMALIZED SOLUTIONS FOR p-LAPLACIAN
EQUATION WITH SINGULAR GROWTH

FEIYAN HUANG, CHUNYU LET*, CHANGMU CHU

School of Mathematical Sciences, Guizhou Minzu University, Guiyang 550025, China

Abstract. In this paper, we consider the existence of normalized solutions for a singular p-Laplacian
equation. We derive a local minimizer and a mountain-pass type normalized solution using the concentration-
compactness lemma and minimax theorems. Meanwhile, with the help of the truncation technique and
genus theory, we establish the existence of infinitely many low-energy solutions. When the critical non-
linearity is replaced with an L?-supercritical one, we further obtain infinitely many high-energy solutions.
Additionally, we investigate the unique normalized solution to a p-Laplacian equation without a critical
perturbation term.
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1. INTRODUCTION AND MAIN RESULTS

In this paper, we investigate the following p-Laplacian equation

p—2
—Apu+ AlulP~u= Jul” + |u|P 2u, inRN,

x| (1.1)
Jrn [ulPdx =c >0,

where A € R is a Lagrange multiplier, | <p <N,0<r<p, p*= ]%, and Apu= div(|Vu[P=2Vu)
is the p-Laplacian operator.
When p = 2, the dynamic equation corresponding to (1.1) is

0@ +Ap+71x| Cp+[p* 29 =0, (1) ER' xRY, (1.2)
9(0.x) = go(x) € H'(RY), x€RY, '
where N >3, ¢ : RT x RV — C is a complex-valued function, y > 0, o € (0,2), and 2* = 2.

In recent years, (1.2) has been widely studied. When the inverse-power potential disappears
1.e., 0 =0, Soave in [37] and [38] carried out a detailed analysis of normalized ground-state
solutions with composite nonlinearities. For the case where o = 1, detailed content can be found
in Lions [30] and Feng and Zhang [18]. When o = 2, it corresponds to the Hardy potential,
which has attracted significant attention in [5, 10, 27, 43]. Notably, Okazawa, Suzuki and
Yokota in [36] established the local well-posedness of the Cauchy problem for this case. When
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we look for the stationary waves of the form @(,x) = e”*'u(x) of equation (1.2), u satisfies the
following elliptic equation

—Au+Au—ylx| " %u—|ul” 2u=0, in RV, (1.3)

For equations of the form (1.3), some results have been obtained in recent years. In [22], the
ground state solution without the critical term was obtained. In [31], Liao et al. studied a class
of singular elliptic equations involving critical exponents. Under suitable assumptions on Q(x),
using constrained minimizers and perturbation methods, they established the existence of two
positive solutions for sufficiently small A > 0. Chen, Li and Li [11] applied variational meth-
ods to obtain positive and sign-changing solutions for a semilinear equation involving singular
potential and critical exponents over an arbitrary bounded domain.

In view of the wide application potential of p-Laplacian type equations in elasticity, popula-
tion models, ocean motion and plasma-related problems, which can offer mathematical support
for modeling dynamic phenomena (see [16, 32] for more physical background), we generalize
equation (1.3) to the following p-Laplacian equation

— Aput+ A|ulP"2u— x| |ulP2u— |ulP 2u=0, in RY. (1.4)

To our knowledge, few scholars explored equation (1.4) with both singular and critical terms
simultaneously, though relevant studies on the equation with either term alone have been con-
ducted in academic circles.

For analogues of (1.4) without singular terms, the authors in [15, 17] established the exis-
tence, multiplicity, and other properties of solutions to the equation by using the variational
method, and the truncation technique. In [29], He, Liu and Radulescu proved the existence of
multiple normalized solutions for the Sobolev critical p-Laplacian Schrodinger-Poisson system
by using the truncation technique, concentration-compactness principle, genus theory and the
Pohozaev manifold. In [8], Chaves, Ercole and Miyagaki employed the mountain pass theorem
combined with the Cerami compactness condition to prove the existence of a nonnegative non-
trivial solution in 2'?(RN) N 2'4(RV) for a (p,q)-Laplacian problem on R" with weighted
subcritical and critical nonlinear terms, where the classical Ambrosetti-Rabinowitz condition
is not required. In [7], Chahma and Chen studied a p-Laplacian Kirchhoff-type equation with
critical exponents on bounded domains. By employing the constraint variational method, topo-
logical degree and quantitative deformation lemma, they established the existence of a least
energy sign-changing solution.

For analogues of (1.4) admitting singular terms but no critical nonlinearity, the existence of
normalized solutions was proven in [23]. In [34], Li and Wang also proved the existence of
solutions. In [42], the authors studied the existence of ground state normalized solutions via
the mountain pass theorem for a class of N-Kirchhoff equations. In [28], Liu, Guo and Liu
investigated a singular p-Laplacian equation on RY. They showed that there exists a critical
value A such that the problem admits at least two positive solutions for 0 < A < A, one positive
solution for A = A, and no positive solution for A > A. In [35], Lu and Xie studied a singular p-
Laplacian boundary value problem on bounded domains. By critical point theories, they proved
that the problem admits two positive weak solutions when A is sufficiently small.

To better describe mass-preserving stationary states in nonlinear diffusive systems, motivated
by the above literature, we extend the investigation to p-Laplacian equations with both singular
interaction and critical growth. Let E = W!*(RV) be the working space and denote by |- |, the
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usual norm of L!(RY) with t € [1,0). Moreover, we denote by I : E — R the energy functional
related to (1.1), given by

1 1 P 1 .
I(u) :—/ ]Vu|pdx——/ 4 dx——/ |u|? dx.
pJry pJRN [x" T pt Ry

It is standard that I is of class C! in E, and any critical points of I are constrained to S(c) = {u €
E : |ulb = c}. We aim to address the existence of ground-state solutions, with their definition
specified hereafter.

Definition 1.1. u € S(c) is said to be a ground state solution of (1.1) if

(Is(c)) (u) =0, and I(u) = inf{I(v) : v € S(c) with (I|s()'(v) = 0}.
Next, we recall the generalized Sobolev estimate in [9] as follows.

Lemma 1.1. Let 1 < p <oo. If r < N such that 0 < r < p. Then, forall u € E, M e L'(RM).
Moreover, the following inequality holds

|u|P 2\
Loipae (57 ) 15l

In order to obtain the ground state solution, we introduce the PohoZzaev manifold

Ye={u€eS(c): P(u) =0},

r |u|P R
P(u):/ yvuv’dx——/ dx—/ ulP" dx.
RN p JRN |x|” RN

Now, we present our main results, with preliminary notations introduced first. Set

where

P —p (p—r)p*S»
(pr=r)Cy,. \ plp*—r)

o(N,p,r) =

where S is the best constant of the Sobolev embedding and Cf\’,’r = ( N‘i r)r.

Theorem 1.1. Assume that 1 < p <N and 0 <r < p. Let ¢ > 0 be such that

p—r
p

c? <o(N,p,r). (1.5)

Then,

(i) problem (1.1) has a positive ground state normalized solution u € S(c) with I(u) <0, and u
is an interior local minimizer of I on Zg,(c) = {u € S(c) : ||Vul|, < Ro} for a suitable Ry;

(ii) under the additional assumptions N > p* or N < p?> <9, the functional I restricted to S(c)
has a mountain-pass type critical point that is a normalized solution of (1.1).

Theorem 1.2. Suppose 1 < p <N and 0 <r < p < p*. Then problem (1.1) has at least n pairs

(ug, Ax) € E x R of weak solutions when ¢ € (0, a%). These solutions satisfy [gpn |ux|Pdx = c,
Ak > 0and I(uy) — 0~ as k — oo.
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Remark 1.1. In [15, 17], the authors established the existence of normalized solutions to the
p-Laplacian equation with the critical Sobolev exponent in radial spaces. Extending this foun-
dation, we consider the equation with singular and critical exponents terms in the whole space.
However, since our work space is the whole space and the equation contains a singular term,
these two factors pose significant challenges to our proof of the compactness of Palais-Smale
sequences.

To address this challenge, we first establish the strong convergence of the critical term via a
dichotomous strategy for the ball’s interior and exterior: the interior case follows the first step of
Lemma 4.5 in [17]; the exterior case draws on the second step of Lemma 5.3 in [44]. The strong
convergence of the critical term implies that of the singular term, and thus leads to the strong
convergence in the entire space. As for the compactness of the mountain-pass solution, it is
proven by referring to the estimation method in [15]. Infinitely many low-energy solutions are
derived using truncation techniques and the genus lemma, which is analogous to the approach
in[15, 17].

When equation (1.1) has no critical perturbation term, we have the following result.

Theorem 1.3. For 0 < r < p < N, the normalized solution to the following equation is unique
-2

{—Apu+l\u|p_2u = " i RN,

"
S |u|Pdx = c.

(1.6)

This theorem considers the uniqueness of normalized solutions. However, when a L?-supercritical
term is added, the equation admits infinitely many high-energy solutions. Specifically, we con-
sider the following problem

-2
{—Apu+l|u|p2u = Wl u lu|9"%u, in RV,

[x["
S |ulPdx = c,

(1.7)

where A is frequency, and

P
2 7
P 1 N(g—p)
c E ), celo, | —— cre (0, —1—1) . 1.8
1 (p+N p) ‘ <2C1’3,r) ' ( q (18)

Next, we discuss infinitely many high-energy solutions in the radial space
D, :={u(x) € E : u(x) = u(|x|)}.

Theorem 1.4. Assume (1.8). Then, there exists kg € N* such that, for arbitrary fixed k > ko,
problem (1.7) admits a sequence of couples of weak solutions {(v¥), A0} C D, x R~ with
0P = ¢. Additionally, |V |p, — o0 and J(vH)) — 400 as k — oo, where

1 1 p 1
J@):-/ |vu\de——/ | dx——/ lul4dx.
pJry pJrY x|" g JrY

Remark 1.2. Equation (1.6) has only a unique solution. However, when a perturbation term
is added, equation (1.7) admits infinitely many high-energy solutions, which shows that the
perturbation term has a significant impact on the existence of solutions. Then why do not we
directly find infinitely many high-energy solutions of equation (1.1)? The root lies in the critical
exponent p* of the Sobolev embedding E < LP*(RY). Given the criticality of p* the energy
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functional I associated with equation (1.1) does not satisfy the Palais-Smale condition at rel-
atively high energy levels. Since this condition is crucial for obtaining multiple high-energy
solutions through variational methods, its violation renders deriving such solutions highly chal-
lenging. Readers interested can refer to [13] for in-depth understanding. Accordingly, we re-
strict the research scope to intervals satisfying the embedding and related favorable conditions
for subsequent analysis. Since in the radial space, we can directly obtain the strong convergence
of the sequence in L4(RV) for p < g < p*. For the strong convergence of norm, we can use the
inequality in [14]. Compared with [1], our difficulty lies in that we also need to separately han-
dle the strong convergence of the singular term. But we can cleverly solve this difficulty using
Theorem 1.1.

Foru € E and t € R, we define
N N
uxt:=er u(e'x), forae. x € R".

It is straightforward to verify that |uxz|, = |u|, for all t € R, so uxt € S(c) precisely when
u € S(c). Furthermore, the properties of 7, are closely linked to how I behaves under such
dilations, and for any u € S(c), we define the fiber map

e’ e’ |ul|? el .
W, (1) = [(uxt) = —/ VulP dx— —/ dx— / ] dx.
p Jr¥ p Jry |x|" p* JrN
The monotonicity and convexity characteristics of ¥, will influence the structure of 7, and
clearly, u € 7, if and only if O is a critical point of the function ¥,. Following this line of

thought, we will decompose 7. into three parts
Vet ={uesS(e): (¥)'(0) =0,(¥,)"(0) >0},
70 ={ueS(c): (¥u)'(0) =0, (¥)"(0) =0},
¥ ={uecS(): (¥,)'(0)=0,(¥,)"(0) <0}.
Clearly, ¥, = ¥.* U2 U7,~. We will see from Lemma 2.2 that 7.0 = 0.

The organization of this paper is as follows. Section 2 is divided into three subsections.
Specifically, we first introduce the properties of the manifold, then obtain the first solution of
Theorem 1.1, and finally derive the second solution of Theorem 1.1. In Section 3, we establish
the existence of infinitely many low-energy solutions. Section 4 focuses on proving the unique-
ness of the solution. Section 5 is dedicated to the existence of infinitely many high-energy
solutions.

Notation. In this study, the symbol C is employed interchangeably to denote various positive
constants.

2. PROOF OF THEOREM 1.1

2.1. Some properties of manifolds. By Lemma 1.1 and the Sobolev inequality, we have

1 LfojuP 1 .
I(u) = —/ |Vu|pdx——/ dx——/ |u|P dx
pJrN pJrY " pt Ry

p—r *
> VUl Ch e IVl —— |Vl
p*Sr

2.1)

for u € S(c). In the subsequent discussion, we examine the characteristics of the fiber map ¥,
for which the following technical lemma is needed.
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Lemma 2.1. The function
1 1 p=r 1

17" 1> 0,
p prSr
has a strict negative local minimum and a strict positive global maximum, with two zeros Ry <
R (depending on c) such that f(t) > 0 if and only ift € (Ro,R}).
Proof. First, we take into account the auxiliary function ¢ : R™ — R given by
1 1 . 1 pr
P

Q) =—t"""———t" = —Cy e
p PSS ’

Through a straightforward calculation, we conclude that ¢ reaches its maximum at

1

N T
p(p*—r) ’
and the maximum value of @ is
* pir
"\ p*-p
~_ p—p [(p—r)p'S”P 1 por
o) = —— . ——Cy,c7 .
p(p*=r) \ p(p*—r) p
Thus, recalling that
P\ L
P P —r
_, * — *Sp 1
5 <a(N,p,r):p* p[( r*)p L
pr—r\ pp*—r) Cn,

we arrive at f(7) = ()"@(f) > 0. Combined with the facts that f(r) — 0~ as t — 0" and
f(t) — —oo as t — +oo, this indicates that f has at least two zeros satisfying 0 < Ry < Rj.
It is evident that @ possesses only one critical point. Notably, since f(¢) = 0 is equivalent to
¢(t) = 0, f has precisely two zeros 0 < Ry < Ry, and f(¢) > 0 if and only if 7 € (Ro,R;).

As a result, f attains its global maximum with a positive value in (Rp,R;) and a local mini-
mum with a negative value in (0,Rp). It should be noted that f'(r) = 0 is equivalent to

*

_P r
) =177 =5 = o

p—r

r =0.

Given that ¢ has only one critical point in (0,+o0), we can infer that f has exactly two critical
points, which correspond to the strict local minimum point and the global maximum point
identified earlier. 0

Lemma 2.2. 70 =0.

Proof. Let us assume that there exists u € #. Then, combining P(x) = 0 and (¥,)”(0) = 0,

we deduce that
( r2>/ ’u‘Pd " )/ | \p*d
r—— X = — ul? dx.
p ) Jev |xl” PP
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Using this equation and P(u) = 0, we obtain

*

* . ST (pF— .
/ VulPdx =P r/ | dx < M/ Vul” dx, 2.2)
RN p—r RN p—r RN
and ) )
K. )4 koo .
/ VulPdx = 2" / |”’rdx< (p*”—r)c;;,cpp/ Vuldx.  (2.3)
RV (p*—p)p JrV |x| (p*=p)p RV
From (2.2) and (2.3), we infer that
o N
p—r P*-p ((p*r_r.Z) » P[),)Pr
* ~ * N,r ’
s~ (pF = 1) (p*—p)p
that is,
pr-r
S )
R L O (2.4)
S77(p*—r) (p r=r )CN,r

It can be verified that this contradicts (1.5). To show this, it suffices to prove that the right-hand
side of (1.5) is less than or equal to that of (2.4), and this is equivalent to

*\ P—r p'-p
PO

Since ¢(t) = llo_—gll is monotonically decreasing over (0,-+e0), we obtain ¢(P7f) < 9(5), that is

(2.5). O
Lemma 2.3. For every u € S(c), the function ¥,, has exactly two critical points s,, t, and two
zeros ¢y, d, with s, < ¢, < t, < dy. Moreover,
(a) uxs, € V" anduxt, € ¥.” ;
(D) [[V(uxs)|p, <Rofors <c,and

I(uxs,) =min{l(uxs):s€R,||V(uxs)|, <Ro} <O, (2.6)
where Ry is given in Lemma 2.1;
(¢) there holds

H(uxt,) =max{I(uxs):s R} >0, (2.7)

and if t, < 0, then P(u) < 0O;
(d) the maps u € S(c) +— s, € R and u € S(c) > t, € R are of class C'.

Proof. By (2.1), one has W, (1) =I(uxt) > f(||V(uxt)| p) = f(€'||Vu||,). According to Lemma
2.1, ¥, is positive on (log(Ro/||Vulp),log(R1/||Vul|p)), and ¥,,(t) = 0~ ast — —coand W, (t) —
—oo ast — +oo. Hence W, has at least two critical points s, < t,,, where s, is the local minimum
point of ¥, on (—oo,log(Ro/||Vul|,)) with ¥, (s,) < 0, and #, is the global maximum point of
¥, with ¥, (t,) > 0. Indeed ¥’,,(r) = 0 equals to

* * p
y(1) :e(p_r)t/ \VulPdx — P _r)t/ |u|? dx—i/ e dx =0.
RV RV pJry [x|"
Moreover, it is evident that Y possesses a single critical point. Consequently, this implies that
W, has precisely two critical points, denoted as s, and #,. By applying a comparable line of
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reasoning, one can establish that W, likewise contains exactly two zeros ¢, and d,, satisfying
the order s, < ¢, < t, < d,,. Recall that uxt € ¥, if and only if (¥,)'(r) = 0. Given s, as the
local minimum of ¥, and 7, as global maximum of ¥,, we have ¥/ (s,) = ¥,,(z,) = 0, along
with ¥/ (s,) > 0 > ¥/ (1,). By Lemma 2.2, it follows that uxs, € ¥, and uxt, € ¥.~. Clearly,
|V(uxs)||, <||V(uxcy)|p, < Ro when s, < ¢, (this is what (2.6) conveys). The reason lies in s,
being a local minimum of ¥, over (—oo,log(Ro/||Vu||,)) with ¥,(s,) < 0. For (2.7), it stems
from #, being the global maximum of ¥, on the real line, where ¥, (z,,) > 0. Notice that ¥/, has
precisely two zeros s, and #,. Moreover, ¥/ (¢) < 0 for ¢ > #,, indicating that ¥, is decreasing
on (f,,+o0). Specifically, if 7, < 0, then P(u) = ¥/,(0) < 0.

Next, we aim to demonstrate u > t, is of class C!. To this end, we define Y : S(c) x R — R
by Y(u,t) = W/, (t). Clearly, Y is C', Y(u,t,) = 0, and 0, (u,t,,) = ¥"(1,) < 0. By the Implicit
Function Theorem, the map u — 1, is C'. The same argument proves that u — s, is of class
cl. O
2.2. Proof of Theorem 1.1 (Part I). It is easy to check that Ry <7 < S m, where 7 is given
in Lemma 2.1. For k >0, set Zx(c) = {u € S(c) : ||Vul|, < k}. We prove the existence of positive
ground states for /| S(c) INZR, (¢) by minimizing /. Consider the following minimization problem

inquZRO (c) I(”) .
Lemma 2.4.

m(c)= inf I(u)= inf I(u)= inf I(u) < inf I(u),
( ) ue vt ( ) UEZR, (c) ( ) ueZ;(c) ( ) u€Zry(c)\Zg,-p(c) ( )

for B > 0 small and m(c) € (—,0).

Proof. From Lemma 2.3, we deduce that /(1) < 0 foru € ¥," and I(u) > 0 for u € ¥, . Together
with Lemma 2.2, this implies inf,_,+ I(u) = inf,cy, I(u) = m(c). Since ¥~ C Zg, (), we have
infueZRO(C)I(u) < m(c). By Lemma 2.3 again, for any u € Zg,(c), we have uxs, € ¥, and

I(us,) =min{l(uxs):s € R,||V(uxs)||, <Ro} <I(u),

which yields m(c) < infueZRO(C)I(u). Thus, m(c) = inquZRO(C)I(u). From (2.1), for u € Zg,(c),
we have

1(u) = f([[Vullp) = min _f(z) > —ee.

1€[0,Ry]

Lemma 2.3 indicates that if u € S(c), then u s, € Zg,(c) and I(u*s,) < 0. Therefore, —eco <
m(c) <0. By Lemma 2.1, I(u) > 0 for u € Zz(c)\Zg, (c), which implies that m(c) =inf,,c 7 () I(u).
Since f is continuous and f(Ro) = 0, we have inf,c(r,_p r,) f(t) > m(c) for small B > 0. Note
that I(u) > f(||Vu||,) for u € S(c). Hence,

inf I(u) > inf  f(t) > m(c).
ueZRO(c)\ZRO_B(c) ( ) t€[Ro—B,Ro] () ( )

0

Lemma 2.5. Let | <p <N and 1 <r < p. Assume that {u,} C S(c) is a Palais-Smale sequence
for I| gy at level m(c) € R and P(un) — 0 as n — 0. Then {uy} is bounded in E.
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Proof. The fact that P(u,) = o(1), Lemma 1.1 and 0 < r < p lead to

1
C>1(u,) — —*P(un)
P

1 1 P
N Jry p p'p)JrY x|

1 1 r p=r ,
> 3Ivnlp = (5 =) €7 IVl
given that n is large enough, we can deduce that {u, } is bounded in E. UJ

By Lemma 2.5 and the Ekeland variational principle, there exists a sequence of Lagrange
multipliers {A,} C R such that I(u,) — m(c), and

p—2 .
— Aty + At |P 2ty = ™2t P 2+ 0(1), in RV (2.8)

[

It follows from (2.8) that

p *
Mn]c:'/ yvunypdx—/ | dx—/ | dx
RN RV |x|” RN
This implies that {4, } is bounded, and if P(u,) = 0, then
Anc = 2fn|un’g
—-—/‘Wuﬂu+/|WVm+/|uWw
- RN " RN ’x|r RN " (29)
p
_ (1—5)/ ual” 4~ o,
p) Jry |x["

In the following, we denote A,, — A, > 0 as n — oo,
Next, we discuss the compactness of the Palais-Smale sequence.

< C < oo,

Lemma 2.6. ([12]) Let {v} be a sequence in D'P(RN) and be such that v — v weakly in
D'P(RN). Assume that, for every ¢ € C3(RN)

lim [ @(|Vvi|P "2V — [Vv[P72Vv) - V(T (v — v))dx = 0,

k—oo JRN
where the truncation function T : R — [0, 1] is given by

t, if |t

T()=14" 1] (2.10)
mv lf |l|

Then, after passing to a subsequence, Vv — Vv a.e. in RV,

Lemma 2.7. If {u} satisfies (2.8) and P(u,) = 0, then Vu, — Vu a.e. in RV,

Proof. If {u;} satisfies (2.8) and P(u,) = 0. Then, similar to [12], we take ¢ € CJ(RY).
Egorov’s Theorem implies that, for any p > 0, there exists E, C supp(¢@) with |Ep| < p such
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that u, — u uniformly on supp(¢) \ E,. Thus, for all x € supp(@) \ E, and sufficiently large n,
we have |u,(x) —u(x)| < 1. Then, from (2.10), we can state that

' /R QIVulP Vi V(T (uy — w))dx

/ @|Vu|P72Vu -V (u, — u)dx
<o(1)+Cp.

Thus, we infer that

<

—1—’/ @|Vu|P72Vu - V(T (u, — u))dx
Ep

lim /N(p|Vu|p_2Vu-V(T(un—u))dx:0. @.11)
R

n—oo

On the other hand, using the Holder’s inequality and (2.8), we can verify that

‘/N @|Vitn|P 2V, - V(T (u, — u))dx
R

< ‘/N\Vun\pZVun-V((pT(un—u))dx
R

+ ‘/ Vi |P "2V, - (T (uy, — 1))V @edx
RN

+

|”n‘p_2
/]RN un(QT (uy, —u))dx

ad

S ‘/ |”n|p*_2”n(¢T(un —u))dx
RN

+ +o(1)

+ ‘ / Aot P2 (OT (1t — 1))l
RN

/N \Vita|P >V, - (T (up — u))\Vdx
R

1
<C</ |(pT(un—u)|p*dx)p —|—C(/ ](pT(un—u)|pdx)p
RN RN

e (/RN T (1 —u)|de)’l’ e </RN T (1 —u)vmpdx)'l’ +o(1) = o(1).

This means 1i_r>n Jen @|Vitn|P =2V, - V(T (4, — u) )dx = 0, which together with (2.11) and Lemma
2.6 entails that this Lemma holds. O
Lemma 2.8. If {u,} C 7" is a minimizing sequence of E, then u, — u € LP" (RN).

Proof. Since u, — uin D'"P(RN), using the second concentration compactness lemma of Lions
[19], there exist at most a countable index set L , a family {x; : i € L} C RV, and two families
of positive numbers {o; : i € L}, {@; : i € L} satisfying
IVita|[? = & > ||Vul|? + Y i, |l — @ = [u)”" + Y 0By, (2.12)
i€L i€L
where the convergence is in the weak sense of measures. Here, B, denotes the Dirac mass
concentrated at x;, and it holds that

P P
Y o/ <oy Saf <oy, i€L. (2.13)
icL
Take x; € RY in the support of the singular parts of @, a,&. For any € > 0, define ye(x) :=
He(x —x;), where 7 € C3(RV,[0,1]) satisfies

_ )1, on B¢(0),
=10, on RV \ Bye(0),
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and ||Vxe|| € [0, %] The proof is now divided into three steps.
Step 1. Forany i € L, 0; < o;. It is clear that the sequence { y¢u, } is bounded in E. Moreover,
{u,} C #." means P(u,) =0 and {u,} C Zg,(c). Then, from (2.8)

[ ]” P p
+ |un|? — |Vuy|P) xedx +o(1).

{/:Mv%wﬂvﬁvkdv:/ (= Ao fitn]? +
RN RN

e[

By applying the Holder inequality, the following limit expression is derived

/]RN un\Vun\p*ZVuangdx

lim sup
n—oo
p—1

1
p
< limsup / |unV xe|Pdx / |Vu,|Pdx
n—yeo \ /Bae(x;) Boe(x;)
1
P
gc(/ WWWth)
Boe(x;)
1 pr-p
i p* ptp P*p
<C (/ |u|P dx) (/ \V)(8|P*de>
Boe(x;) Bae(x;)

1
¥

P
=C / P dx | —0,
Bae(x)

as € — 0. In addition, since ¥, is compactly supported, we have that

] p > p 3.

nh_r& RN ‘V”‘n‘ Xedx > /]RN |Vu‘ Xedx + <i§eL" Gsz,,X£> ) (2.14)
: p* _ r’ .

lim | lunl” xedx /RN |ul? xedx+ <iz€La1Bx,~7%£>- (2.15)

Moreover, it follows from (2.14) and (2.15) that

Hmsup [ty Vity|P 2| Vitn|V xedx < —/ |Vu|px8dx+/ |u|P” yedx
RN RN RN

n—oo

p
+/RN |‘Z"r%ed)€—l*/RN’M‘p%edx— <Zciﬁxivxe>+<2aiﬁxwx8>'

ieL ieL

(2.16)

Thus, taking the limit in (2.16) as € — 0, we have
o; < ;. (2.17)

We claim that 0; = 0 for all i € L and L = 0. Assume that there exists an ip € L such that o;, > 0.
Using (2.13) and (2.17), we obtain

p*

oy, = SV (2.18)
Since {u, } C Zg,(c), (2.14) and (2.18) yield

. .
R{ > limsup ||Vu, ) > o;, > S 7,
n—yoo
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*

which contradicts Ry < §77°7. Then L = 0, and u, — u in L’ (RM).

Step 2. 0. < 0. By the well-known concentration-compactness principle due to Lions [33],
let {u,} be a sequence weakly converging to u in D'”(R") and define

Ot = lim limsup up|” dx, 0. = lim limsup |Vu,|Pdx. (2.19)
R—0o oo J|x|>R R—oe oo J|x|>R

Then the quantities 0. and 0., are well defined and satisfy

Otoo+/ do = limsup |up|P" dx, Goo—l—/ do =limsup \Vu,|Pdx,  (2.20)
RN RV R

n—eo J|x|>R n—soo  J|x|>
and
Sal/?’ < 6., (2.21)

where ¢ and « are defined in (2.12). For any R > 0, let g : RY — [0, 1] be a smooth function

satisfying
0, if [x] <R,
R = {1 if |x| > 2R,
and |Vog| < 2/R. Tt is easy to see that {u,@r} is bounded in E, similarly, from (2.8) we have

/ |Vun|p_]V(q)R-un)dx—|—l*/ |un|pq)Rdx:/ |un|p*(dex—|—/ [ n’r Qrdx+o(1).
RN RN RN | |

(2.22)
Note that
lim limsup tn]” Qrdx < hm hmsup tn]” Qrdx — 0. (2.23)
R—% seo Jx|=R |x|” 300 oo N |R|"
On one hand, by (2.19) and (2.23), we have
lim hmsup (/ |un|p*(dex+/ ’ tn” —— QR dx) = Oloo. (2.24)
R—e0 p oo RN ‘ |r
On the other hand, by (2.19), we also have
lim hmsup Vit |P~ 1V (g - uy)dx
R— n—ro0 R
= lim hmsup/ |V, |P ordx + hm hmsup Vit [P~V o - updx (2.25)
R—o0 n—oo ]R n—oo N
= Ow + lim limsup/ |Vun|p_lV(pR - updx,
R—e p e JRN
and
lim limsup/ \Vun\p*IV(pR-undx
R—eo pseo JRN
p=1 1
p p
< lim limsup (/ |Vun|pdx) (/ Vg - un|pdx)
R n—so0 RN RN
p_1 1 1 (2.26)

.

(L

< lim limsup (/ |Vun|pdx) ]un|pdx) ’ (/ |V(pR|qu) ’
R—e0 p oo RN RN
f
< lim limsup

C N
[ Vaalrdx) "l =0,
" Reo n—oo R q RN

- =
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where g > N and l‘-ﬂ + }1 = 1. Combining (2.22), (2.24), (2.25), (2.26), we have G < Ceo.
Step 3. o; =0 for any i € L and 0 = 0.
Suppose that there exists a iy € L such that o;, > 0 or 0t > 0. Using (2.21) and 0w < Oo, We
obtain S” of < of =al , S" ol < oL =al’, which implies that

P *

Qig = SVP, Qoo = SP 7. (2.27)

P
By Lemma 2.1, we have || Vu,||, < S»#"-7). Moreover, using (2.27), (2.12), the fact that P(u,) =
o(1), < o(N,p,r), Lemma 1.1, and 0 < r < p < p*, we obtain

1 P —p o p=r [ |ual?
) = Plun) = /RN|un|p ar- /RN rdx o)

p*—p * p—r p=r
> o | lunl” XedX—FCJ{;JC 7 |[Vunl[), +o(1)
p—r
p’—p_ p-r pp  [=npsT\
2 — iy — ——Cy ,— 5 - SP(r*=p)
pp p> VT (pr=rCy, \ pp—r)
_ . Nk P\ pp L
Sy p S it (p r*)p Sv e
N p* V(pr=rCy, \ pp*—r1)
pror p=r
N 1 * _ PE * *_
(Ll _»p Zp(p* r)p P(p_)[’[’ -0,
N p pr—r p
which is a contradiction since m(c) < 0. Similarly, if 0. > 0, we can obtain
1 P —p oo p=r [ |unl?
- — p _
) = Plun) = © 2 [l =25 L. rdxto()
p*—p . p—r_p, b
> ol 2 =R Tl o)
p—r
P\ rp
* . * o *Sp o
LD Py P PP (p r*)p 7
pp p> V(pr=r)Cy, \ pp*—r)
1 ~ r * (p—r) *S% = ot
>—sr P lep PP (P TP ST
N p> (pt=r)Cy, \ pp*—r)

N  p* \p-r p
which is also a contradiction. Therefore, ¢o; = O for any i € L and ¢t = 0. By the conclusion
of Step 3 and (2.12) and (2.20), we have 1im, e [pn |[un|? dx = [gn |u|? dx. Using the Brezis-

Lieb Lemma, the following holds immediately limy, o [pn |1y — u|? "dx = 0. This completes the
proof. U
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For 0 < Ry < Ry < =, let 7: R" — [0,1] be a nonincreasing and C* function satisfying
7(x) =1,x € [0,Rp] and T(x) =0, x > R;. In what follows, we consider the truncated functional

1 v :
() — —/ |vu|de—M/ ul?" dx —
pJRN p* JRY

*

P

s~ 2(1vul,)

*

1
> —|[Vull; -

p
A straightforward calculation shows I (1) > f(||Vul ), where f : R — R is given by

1S 1
p *
p p p

It is noted that f < 0 over interval (0,Rg) and f(¢) > 0 over (R, +o0) and hence

- ———2 ——C¥,

1
4

p—r

A

p
Jc t.

A

* 1 p—r
IVull} —;Cf/,rc P {[Vul[l,-

m(c)= inf I(u)= inf Ir(u)= inf Ir(u).
) ues(c)

MGZRO C) MEZRO (C

Lemma 2.9. (i) Iy € CY(E,R). If I (u) < 0, then ||Vul|, < Ry and I1(v)

within a sufficiently small neighborhood of u.

(ii) It verifies a local (PS),,() condition on S(c) for the level m(c) < 0.

Proof. Conclusion (i) is an immediate consequence of the definition of I7.
(i) Let {u,} be a (PS),) sequence of Ir restricted to S(c) with m(c) < 0. Then, by the
definition of I7, for sufficiently large n, we have ||Vu,||, < Rg < t9. Consequently, {u,} is also
a (PS),(c) sequence of [ restricted to S(c) with m(c) < 0. Given that {u, } C E is bounded, we
can assume u,, — u weakly in £. By Lemma 2.8 and 0 < r < p, it is easy for us to obtain that

/—lun|pdx—>/ wa’x
RN [x[" RV [x|”

In fact

u,|P u,|P u,|?P
/N|n|rdx:/ |n|rdx—l—/ |n|rdx
RN |x] w=R x| w<r |x]

1
— uy|Pdx + / u pa’x
R Juor ! ( e

1 .
—/ |up|Pdx + (/ |un|P dx>
R" Jix|>r RN

L

< C(/ |un|p*dx>p,
RN

by letting first n — oo and then R — oo. Since

P

1 R ¢N-1
x| = -
|x|<R \x\ﬂ 0 5

N

N

=
|

|x|<R ‘xl

|x|<R ‘x‘

ul?
v X"

= Ir(v) holds for all v

(2.28)
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for ¢ € E,
/]RN \Vitn|P"2Vu,Vodx = / lup|P 2 nq)dx

A, / |7~ 2un¢dx+o< >||¢>|r,
RN

(2.29)

as n — co. If u =0, then [pn ‘Ir;ﬂrp dx — 0 in LP(RN), and by the condition that P(u,) = 0, we

can get
1 1 P 1 *
I(uy) = _/ \Vun\pdx——/ |un | dx——/ | dx
p JRN RN |x|” * JRN

1 1
= / |Vun|pdx——/ | |P" dx
p r*

1
= IV,

this contradicts m(c) < 0. Therefore, u # 0. By Lemma 2.7, we have Vu, — Vu a.e. in RV,
Therefore, when taking the limit in (2.29) as n — oo, we have

/N]VMV’ZVMV(de—/ Jul?” 2u¢dx+/ X
R

This signifies that u is a weak solution of the equation

u(l)dx—l*/ u|P2updx.  (2.30)
RN

p—2 .
—Aptt+ A |ulPu = |u|| | 4 |u[P”"%u, in RV,
X r
Let ¢ = u, —u, by Lemma 2.8, (2.28) and (2.29), (2.30) we have

/ Vit P2Vt — Vil 2Vi) (Vi — Vit + A / (Jttl? 21t — [10]P~200) (1 — )

1
(il U >(un—u dx~|—/ ([ttnl? 21t — 0] ~2u0) (s — u)dx + 0(1)
RV |x|” RV
=o(1)
(2.31)
Using a well known inequality found in Lemma A 0.5 of [14], we know that
- - C|p - C|p7 lfp > 27
P2p—151P2E) (p— &) > 2.32
(Pl 2P = I£1P20)-(p—{) {Cmﬂm)pzm_az’ ey, @

We need to discuss this in two cases now. If p > 2
/ (a2t [Vl 2V (Vity — Vi) > €y / IV (n—wlPd,
R R
and
/ (Jutn P20 — 0t P~200) (st — ) dx > C2/ |ty — u|Pdx,
RN RN

from (2.31), we have
Cy |V (un — u) |5+ 2uCo | — ull) = o(1).
If 1 < p <2, we deduce that

Gslo —£17 < (P20~ 1£1P720)- (0~ O)|* (ol + 15" "
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By this inequality, Holder’s inequality and (a +b)" < 2"~ (a4 b") for w > 1, we have

2—p)

C / IV (14 — ) |Pelx < / M (1, 1) % (Vity + Vi) " dx
RN RN

2—p

< < /R ) |M(un,u)]dx)g ( /R ) (Vun—l—Vu)pdx) 2
< </RN |M(un,u)]dx)g (/Rszl (]Vunyp—i—wu]l’)dx)?,

where M (uy,u) = (|Vu|P~2Vu, — |Vu|P~2Vu)(Vu, — Vu). As {u,} is bounded in E, we have

2

/N(|Vun|P—2Vun — |VulP~2Vu)(Vu, — Vu)dx > C; (/N |V (u, — u)|de) b |
R R

similarly
2
/ (4P~ 210 — [P~ 210) (s — )l > Cs ( / 4y — uypdx> ’
RN RN
From (2.31), we also obtain
C3||V(u, — u)||127 + AColuy, — u|f, =o(1).

Note that A, > 0, we immediately obtain u, — u in E. O

Proof of Theorem 1.1 (Part I). Recall that /7 is bounded below on S(c¢). According to the
definition of m(c) for each positive integer n, there exists {v,} C S(c) with v, > 0 and

Ir(vy) <m(c)+ %

Applying [41] guarantees the existence of {u, } C S(c) satisfying
4 1
%7 Hun _VnH < %

Thus, {u,} is a Palais-Smale sequence for I7|s, at the level m(c) with |u,, |, — 0 as n — co. By
Lemma 2.9, u, — u in E for some u, which implies I (u) = m(c). Furthermore, from Lemma
2.4 and Lemma 2.9, it follows that u € Zg,(c). Consequently, u is also a critical point of / on
S(c) with I(u) = m(c) and solves (1.1) for some A, > 0. Since |u,, |, — 0 as n — oo, we have
u > 0. In addition, following the proof in [39], it is straightforward to conclude that u(x) > 0
for x € RV,

2 _
m(c) < It (up) < m(c) +;, imﬁullT(””) + Alup|? 2”"” <
€

2.3. Proof of Theorem 1.1 (Part II).. In this subsection, we will need the following lemma,
see Lemma 3.6 of[3].

Lemma 2.10. For u € S(c) and s € R, the map y — y*s from T,S(c) to T,.sS(c) is a linear
isomorphism with inverse, W — yx (—s), where T,,S(c) := {w € S(c) : [gn |u|P~2uydx = 0}.

Proof. We follow the approach in Lemma 3.6 of [3]. For ¢ € 7,S(c) and ¢ > 0, we have
/N (k)72 (k) (yr ) = / N Ju(ex) [P 2u(ex) w(e'x)dx
R
= [ )P 2w o)dy =0,
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which implies that yx¢ € T,,,S(c), and the map is well-defined. Clearly, it is linear. Taking
into account that, for every 7, s >0 and g € E,

Nt+s) ¢ i+s x)

(gxt)xs=er" "g(e =g*(t+s), gx0=g.

The result follows immediately. 0

Lemma 2.11. The map (u,t) € E xR — (uxt) € E is continuous.

Proof. Similar to [17, Lemma 2.3],we assume that u, — u in E and ¢, — ¢t in R as n — oo,
Observed, for ¢ € Cy (RN), that

/ IV (1t % ) [P 2V (1t % 1) V b+ / it % 1072 (1 % 1) Pl
RN RN

pr-p-N

Nitn
—e o " / Vin|?~2Vu, V(e x)dx+ e 7' / [P~ @ (™" x)dlx.
RN RN

By Lebesgue dominated convergence theorem, we conclude that

/ |Vun|P_2VunV¢(e_’”x)dx—/ IVulP~2VuV (e x)dx
RN RN

yvu|P*2wv¢>(e*fnx)dx— / VulP-2Vuv (e 'x)dx

"NV [PV, — |VulP~ Zvu\ Vol

\VulP~2VuVe (e~ t"x)dx—/ IVulP~2VuV (e 'x))dx
RN RN

—0

as n — oo, In the same way, we can show that

/ |un\p_2un¢(e_’”x)dx—>/ u|P2ud (e ' x)dx
RN RN

as n — oo. As a consequence, for ¢ € E,

/ |V(un*t,,)|p_2V(un*t,,)V(de+/ |(”n*tn)|p_2(un*tn)(pdx
%/ (uxt)|” 2V(u*t)V(pdx+/ (wx )72 (uxt) @dx

as n — oo, by employing the fact that Cy’ (RN) is dense in E. Now, it is easy to check that
et %207 = €7 |Vt [}y + [l — €|Vl + [ualy = [Juxz]]”
as n — oo. Thereby, we infer from (2.32) that u,, xt, — uxt in E. ]

Next, we give a version of linking theorem, see the Section 5 of [21].

Definition 2.1. Let X be a topological space and B be a closed subset of X. We say that
a class .# of compact of subsets of X is a homotopy-stable family with extended boundary
B if, for any set A in .% and any n € C([0,1] x X;X) satisfying n(¢,x) = x for all (¢,x) €
({0} xX)u(]0,1] xB),n({1} xA) € .Z.

Lemma 2.12. (See [21]) Let ¢ be a C 1—functional on a complete connected C L_Finsler man-
ifold X and consider a homotopy-stable family % with an extended closed boundary B. Set
m=m(¢,F) and let F be a closed subset of X satisfying
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(i) (ANF)\B#0 foreveryA € Z;
(ii) sup(B) <m < info(F)
Then, for any sequence of sets (A,), in F such that lim sup, ¢ = m, there exists a sequence
n—oc0 n

(xp)n in X such that

lim ¢(x,) =m, lim [|[d¢(x,)|| =0, limdist(x,,F)=0, lim dist(x,,A,)=0.
n—roo n—roo n—so0

n—soo

Lemma 2.13. For every u € S(c) with I(u) < m(c), the value t, given in Lemma 2.3 is negative.

Proof. Let u € S(c) satisfy I(u) < m(c), and let s, < ¢, < 1, < d, be as given in Lemma 2.3.
We aim to show that d,, < 0, which implies that 7, < 0. Suppose, for contradiction, that d,, > 0.
Since @, (0) = I(u) < m(c) < 0, it follows that ¢, > 0. Applying Lemma 2.3 then yields
m(c) > I(u)=P,0) > (rnin D, (s)
NS

—,Cy

> min{l(uxs):s €R,||V(uxs)|[, <Ro} =I(uxs,)=mc),
which is absurd. [

The first part of Theorem 1.1 asserts that there exists u, € ¥.* with I(u,) = m(c) < 0. It is
also evident that I (u, xt) < 2m(c) for sufficiently large ¢ > 0. By Lemma 2.1, this implies that
the set

[i=T(c) = { 7€ C(0,1],5(c)) : 7(0) € ¥;F,y(1) € P},

is not empty, where I"(¢) = {u € S(c) : I(u) < 2m(c)}. Now let us consider the associated min-
imax value
d = inf sup I(y(z)).
Yeliclo, ]

Lemma 2.14. There holds d = inf I(u) > 0.
ucsv;

Proof. An argument analogous to that in the proof of [37] shows that inf, -/ (u) > 0. For any
vy €T, we have 0 = s,(9) <1y, and by Lemma 2.13, 2,1y < 0. With the help of Lemma 2.3,
there exists to = fo(y) € (0,1) such that #,, ) = 0, which implies ¥(#y) € ¥;~ and necessarily

sup I(y(z)) = 1(y(to)) = gl,ffl(”)‘ (2.33)

t€[0,1] u

Clearly, d > inf, - I(u). Forany u € ¥,~, we know s, < 0 and there exists #; = #;(u) > 0 such
that I(u*t;) < 2m(c). If we define y: [0,1] — S(c) by y(t) =u*((1 —t)s,+1tt;), then ye T
from 2.11, and, by (2.33), I(u) = sup,c[o 11(¥(t)) > d. Hence, inf, - I(u) > d. O

To obtain the compactness when {u, } C ¥.~, we need the following estimate.

N
Lemma 2.15. Let N > p* Then, d < m(c) + +S.

N—p N

N * N
Proof. By Appendix A in [15], we have [|Vue|[, = S? +O0(e77), |lue||}. = S» +O(eT), and

(N—p) (N—p)”

ceN o - +O0(gr-0) N> p*orp<r <p*
CeP|loge|+ O(eP), N = p* and ¥’ = p,

J
/
’I/lg‘,./ =
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where p <7 < p*. Let We ; = u," + Tug (- — x¢ ), where u" is obtained in Theorem 1.1 (Part I),
p p , c c

and

_1 N—p _1
Geo(x) = (¢ 7|[Werllp) 7 Wez(c P[[Werllpx), (2.34)
where |x¢| = £7!. Then, p = IVWe b, Gecllb = [[We cl[7., and
| er‘ -1 r—p |We <[P
[ S = Wl [ S
Thus, there exists a unique t¢ ; € R satisfying e ; xGe c € ¥, 1.e
rte t G p N N
epte,r/ 7 _re / [Ge.«| dx+eP ’“/ |Ge ¢|P dx. (2.35)
RN p RN |x|r RN

Since ul € ¥, we see 1 o > 0. By (2.35),
VG, THP [VWezll
[We,ells

which implies t¢ ; — —o0 as T — +o0. By Lemma 2.3, te ¢ 1s continuous with respect to 7, so
we can select an appropriate T = Tg > 0 satisfying t¢ ¢, = 0. It thus follows that

(P Plaf

1 1 G
d < 1Ge) =1 [ WGepar— [ 10l L[ G, 0
| p JRN | pJrRV x| W (2.36)
1
= ~ | |VW, < W, ’—P/ ere| d——/ We,
o o [ Wes e F W) [ Wese|”

If 11m1nf Te =0or hm Sup Te = oo, then d < hmmfl (Ge,z) <I(u)) = m(c), which contradicts

—0
Lemma 2.4 and Lemma 2.14. Therefore, there ex1st tp > t; > 0 independent of € such that
Te € [t1,12].
Now, we estimate ||VW; r,||5. By (a1 +a2)? < af—i—ag—i—C(af*lag +a1a’2’71), Vay,ap > 0,
we have
[VWe e Ity < IVl |5+ 78 | Ve
C |vuc+|P—1|vu£|dx+c/ Vi |- Vgl ?~ dx
RN N RN (2.37)
IVul|p+Sr

1 1 >
c| (vutir \Vug\dx—l—C/ Vil |- Vit~ dx+ O(e7 7).
RN RN

By the Holder inequality,

— — —1 —1
/RqucﬂP 1|Vug|dx:/B( 11 Vel < 1V 5 ) [ Vtellp < CIVEL
2\ Xe

We know there exists A,” > 0 such that
A () 4 A () = e f ,)' P,

Then, according to [20], there exist a,b > 0 satisfying ||Vu (x)|| < ae~?" for |x| sufficiently
large. This means ||Vu (x)||1r(8, (x,)) < Ce %' and

/N Vi |77 Vel de < Ce =D /N Vil |- [Vue[P~ dx < Ce ™,
R R
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Therefore, by (2.37), we obtain

N—p
p—1

N
[VWez I < [[Vul |5 +SP w8 +0(er ).
p p

Next, we estimate ||We,,||h. We have
/ lul + Teue|Pdx = / |uc+—|—’cgug|pdx—|—/ lul |Pdx
RV B (xe) BS (xe)

c+ |l + Teue|Pdx
By (xe)
c+C (Jul |P + ug|)dx
By (xe)

c+C (e‘pbg*1 +8P|log8|>
c+0(€P|loge|).

NN

N

Thus

P - 1
/ uel? e — sp—f/ ———dx
RN |x| BR(O)( _p_ Ll p

N—p R lN_l
= 8/’1/ dt
0 L -
(&7 +1e7T) " el
R _ _
N-p [% eN-IyN-lg
= grl dw
0

Thus

W p +|p p
/ [We.z dx > / _|”c‘ dx—i—‘cg/ e dx
RV [x]” RV |x|” RV [x|”

uf|? -
/ e 17 g+ cepr
RN |x|”

It is easy to know that

% * * * * N« N
[We z 1 = Mlud |17+ [uelb = [lus||b. +SP T8 +0(erT).

Combining (2.36), (2.38), (2.39) (2.40), and (2.41), we obtain
1

d <mf(c)+Sr (— P——1f ) —Ce?’ "+ 0(e|loge|) <m(c)+ﬁSP

p p
by taking € sufficiently small.

(2.38)

(2.39)

(2.40)

(2.41)
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Lemma 2.16. Let N < p> < 9. Then, d < m(c) + JLVS%

Proof. We set We ¢, = u:r + Tuge and Gg ¢, 1s defined as in (2.34). We can then select 7= 7 > 0
such that G , € #.~. Additionally, there exist 1, > #; > 0 independent of € with 7 € [1],1].

Therefore
We . |P 1
)r—P/ | 87t£| dx__/ |Wg[8
RV x| pr ey

Now, we estimate ||[VWe ¢, ||5 and ||We ¢, ||5. We can prove that, for aj,as > 0, there exists

1 I, 1
a< [ VWe Pdx— (7 [ Wey,
P JRN p

(2.42)

1 ptl
P -1 p—l p
(af + a3 +2araxcos )2 < b +ab+pal " aycosa+Ca,” a,” |

uniformly in &. Thus

(1S}

|VWe o2 = / (IVat 2+ 22| Vutg | + 22V - Vug) * dix
RN
< Vul |15+ 78 | Vue| 5 (2.43)
4 pTe /RN Vi PV -Vusdx+C/RN Vi |7 Vi 5 dx.
By [4], Vuzr 18 local Holder continuous. Hence,
_ (N—p)(p+1)
/N Vi |2 [Vig|F dx < C/N Vi3 dx = 0 (s T ) . (2.44)
R R
By (1.1), we have

/ |Vuj|p_2Vuj-Vu5dx+7Lj/ |uj|p_1ugdx:/
RN RN

RV [x]"

[P~

ugdx-l—/ i | uedx.

(2.45)
From (2.43), (2.44) and (2.45), we obtain

N
[VWeellp < IV 15+ 872 = predit [l P ed

P! wopip  (2:46)
+PT£/ ung“f’[)Tg/ |I/t+|p usdx+ 0] (8 2p(p-1) ) .
RV |x” RN

Similarly, we obtain
1 p-1 ptl
[ Wesllp < I+ 58 luellh+pe [ o 1P edx+C [ |2 e

(N—p)(p+1)
+p—1
< ctpte [ |ullP uedx+0 (& 0
R

which implies
1 r-p — )T, O pipsn
(c p||W,3,f€||,,> >1—M/ 1P dx—|—0< =y ) (2.47)
C

Next, we estimate fRN ‘ l” x and |We . || . For every a,b > 0, we have

7 I 1o —1 r—1
(a+b) > {a +b" +r(a b+ab” "), Vr¥ =3,

] /
a +ra b, vr > 1.

WV
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Thus, we have

W, p +|p +|p—1
/ | 87T5| 2 / |uC | dx+pT£/ ’uc | Mgdx7 (248)
RY - [x]” Y [x|” RY - [x]”

and

RN RN

* N * * *_ * N
= Hu:fHI’;* +Srtl +ptte /RN lul [P uedx + p*tf I/RN ul |ue|? ~ldx+ O0(erT).
(2.49)
+
Combining (2.42), (2.46), (2.47), (2.48), (2.49) and using cA} = (p —r) [ %dx, we obtain

YOip 1 pr—1 G et (N=p)(p+1)
d < m(C)+SP (ET&‘_FTS >—T£ NuC ‘ud dx+C8 2p(p—1)
R

1o N—p (N=p)(p+1)
< m(c)+5ySP —Ce v +Ce 20D

Lo
< m(c)+xS7,

by taking € sufficiently small. O

Lemma 2.17. Suppose that 1 < p < N and ¢ < a(N, p,r). Then there exists a Palais-Smale
sequence {u,} C S(c) for the constrained functional I|) at the level d, satisfying |u, |, — 0
and P(up) — 0 as n — oo, where u~ = min{u,0}.

Proof. Following the approach of [40], we define a rescaled functional 7 : E x R — R as

. e’ e |u|? el .
I(u,t)zl(u*t):—/ |vu\de——/ dx— / ulP" dx.
p Jry p JrY x| p* Jry

Let us consider the set
I = {7ec(0,11,5(c) x R) : 7(0) € %" x {0}, 7(1) € 1) x {0} }.

Clearly, if y € T, then 7 := (y,0) € I satisfies I((t)) = I(y(¢)) for all ¢ € [0,1]. Conversely,
given any 7= (1, %) € I', Lemma 2.11 implies that y(-) := 7 % }»(-) belongs to I" and I(}(t)) =
I(7(t)) for t € [0,1]. Therefore, d = infy supte[ovl]f(f/(t)). For g, = niz, there exists 1, € I’
satisfying sup,cjo 11 /(%(2)) < d + n]_2 By replacing 7y, with |y,| if necessary, we may assume
%(t) = 0in RY for all ¢ € [0, 1]. Defining 7, = (%,0) € ', we obtain SUP;¢(o,1] [(7,(1)) <d+ niz
For any 7= (#1,2) € I, we look at the function Py : [0,1] — R defined as

Py(7) =P (7 (7)*1a(7)).
Since 7(0) = (1(0),7%2(0)) € (¥.7,0), Lemma 2.3 implies that 5, (o) > 53,0y = 0. Furthermore,
from the inequality /(% (1)) = I(7(1)) < 2m(c), Lemma 2.13 establishes that #3 ;) < 0. By

the continuity of the mapping 7 — %,(7) x f2(7) from [0, 1] to E (Lemma 2.11), there exists
Ty € (O, 1) such that Pf,(’L’f/) =0.

max I >1 Y(t7)) = infl(u) =d. (2.50)
7([0,1]) (7(z) e )
It follows from Lemma 2.3 that
d>0> sup I(u)= sup I(u,t). (2.51)

4//C+U12m(c) («//C+70)U(12m(c)70)



UNIQUENESS, MULTIPLE NORMALIZED SOLUTIONS 1185

To establish our result, we will apply Lemma 2.12. For this purpose, let
X =S(c) xR, F = {7(([0.1]) : 7€ T}, B= (4,00 (1"),0),

F={(u,s) €S(c) xR|I(u,5) > d}, A=H[0,1]), An = 7([0,1]) = 1([0, 1]) x {0}
We verify that .% is a homotopy-stable family of compact subsets of X with extended closed
boundary B, and that F satisfies conditions (1) and (2) of Lemma 2.12. Indeed, for any ¥ € T,
since 7(0) € (#.:%,0) and ¥(1) € (I*™(¢),0), it follows that ¥(0),%(1) € B. Moreover, for any
A € Z and any 1 € C([0,1] x X,X) such that n(¢,x) = x on ({0} x X) U ([0,1] x B), we have
n(1,7(0)) = 7(0) and n(1,%(1)) = 7(1). This ensures ({1} x A) € Z. By (2.50), ANF # 0,
while (2.51) implies F N B = @. Thus, conditions (1) and (2) of Lemma 2.12 are satisfied.
Consequently, Lemma 2.12 guarantees the existence of a sequence {(v,,#,)} C S(c) x R
satisfying, as n — oo

|ta] +dist(v,, %.(]0,1])) — O, (2.52)
I(vu,tn) — d, (2.53)
(i|s(c)><R)/(Vn7tn) — 0. (2.54)
Furthermore, we obtain the relation /(v,,t,) = I(v, *t,,0), and
(st Onsta)s(0:5)) = { () (s 0), (9 51,s) ), (2.55)

For (¢,s) € E x R satisfying [y v,¢ = 0, and recalling that u, = (v, *t,) € S(c), we see from
(2.53) that

() = I(vyxt,,0) = I(vy, 1) — d, as n — oo.
Taking (0,1) as a test function in (2.55), we deduce from (2.54) that P(u,) = 0;I(u,,0) — 0
as n — oo. For any u € E satisfying [pn (v, *1,)t = 0, we may take (1 (—1,),0) as a test
function in (2.55). Combining this with (2.52), (2.54) and Lemma 2.10, we conclude that
(Ils(c)) (un) — 0 as n — oo. Furthermore, from (2.52) we obtain

o |5 = 1V ) *tully = vy [; =0,
as n — oo, U
Lemma 2.18. Assume the conditions of Lemma 2.15 or Lemma 2.16 hold. Then u, — u in E.

Proof. If {u,} C ¥, let w, = u, —u. Then {w,} is also bounded in E and w,, — 0 weakly
in E. Moreover, it is obvious that, for some [ > 0, ||w,|| — . Similar to [26], we consider the
following two cases:

If [ = 0, our conclusion is proved.

If I > 0, up to a subsequence, by the concentration compactness principle, we may assume
that {w, } satisfies the following alternative:

(i) Vanishing: limsup,,_,., [, B.(y) |wy|Pdx = 0 for all r > 0.

(ii) Nonvanishing: There exist o > 0, r € (0,+0) and {y,} C R" such that

lim lwa|Pdx = ct.
n=%°JBr(yn)

Claim(i). Vanishing cannot occur.
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Otherwise, by the vanishing lemma of Lions in Lemma 1.21 of [41], we see that

lim |wnp|9dx =0, V g € (p,p). (2.56)
n—oo JRN
It follows from (2.9) that
(Wl *
/ ]an\”derl*/ \wnypdx—/ dx—/ Wl dx=o(1).  (2.57)
RN RV RV |x|” RN

Note that (2.56) holds for 1\],\’ £ < g < p* and that ||w,|| < C for some C > 0. We deduce that,
forany R >0

[Wn|? [wn|? |wn|?
/N . dx = / —rdx+/ " dx
RV x| x=R [x| x<r [x|

q9—p

| | e 2
< — [ |waPdx+ / _dx ( / |wn|qu)
R" JrN XI<R |x|a-P |x|<R
C q R dt e
— q -
S Rr+C(/RN|Wn| dx) </0 tq’-q,y—N“)
— 0,

by letting first n — oo and then R — . Therefore, this and (2.57) show that

/ |an|pdx+l*/ |wn|de—/ [wal? dx = o(1). (2.58)
RN RN RN

Noting that u solves the equation

p—2 .
—Apu-l-l*|u|p_2u = |u\‘ G “ + |ul? 24, in RV,
X
there holds
{ Je [VulPx — o Y45 dx = fi [ul?” dix+ Ao fio |u]Pdx =0,
N— _ p N— %
NP fi | VulPedx = N5 fr W — 22 o fulP” dx 4 A fw Pl = 0,

It follows that

r |u|P «
P(u):/ yvu|pdx——/ dx—/ ulP" dx = 0.
RN p JRN |x|” RV

Consequently,

p *
0 = P(un)z/ |Vun|pdx—£/ ] dx—/ |un|P dx
RN pJrN |x|” RN
= P(wn)+P(u)+o(1)
_ / |Vw,,|de—/ Iwal?dx + 0(1).
RN RV

Combining with (2.58), we obtain [gw |[wy,|Pdx = o(1). This implies that u, — u strongly in
LP(RN) and u # 0, and then u € S(c) and u € ¥." oru € ¥, by P(u) = 0. Moreover, we have
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N
Jzv [Vwy|Pdx > S», and so

d = limI(u,)

n—o0

1 I *
— lim (— / V| Pdx — — / P dx) 1)
n—eo \ p JRN p* RN

1
pu— —_— 1 p
angg/RNWwﬂ dx+1(u)

> 1SN 1
—Sp .
Z N +1(u)

If u e ¥.*, then I(u) > m(c). By condition d < %S% +m(c), it holds that ||w,| — 0. This
contradicts / > 0. If u € #,~, then I(u) > 0. We are done.

Claim(ii). Nonvanishing cannot occur.

In this case, there exists {y,} C R" such that | By(y,) [Wn|Pdx > F. If there exists a constant
Ry > 0 such that sup, |y,| < Ry, then |, Bry++(0) |wn|Pdx > %. By the compactness of embedding
E < Ll (RY)withq € (p,p*), we see that (2.52) leads to a contradiction since wy, — 0 weakly
in E. Therefore, [y,| — +o0. Let ¢ € CT(RY), ¢,(x) = @(x—y,). Then ||@,|| = ||@]|. By (2.8),
we have

p—1
0 <« / |an\p2anV(pndx+7L*/ ]wn]pl(pndx—/ |W"|—%
RN RN R

vl

dx — / (Wal? ! @udx.
RN

Denoting wy,(x) = wy(x+y,), we have
Wal?

/RN|vwn|P—2van<pdx+;L*/RN|wn|P—1<pdx—/RN Rt —/RN|wn|P “Lodx 0.

Since {w, } is bounded in E, {w, } is also bounded in E and ||w,|| = ||w,||. Hence, passing to a
subsequence, there exists w € E such that w, — w weakly in E, and w # 0 since

~ . o
lim |Wn|Pdx = lim lwp|Pdx > —.
n— JB.(0) n— JB.(y,) 2

In view of |y,| — oo, we have

~ |p—1 ~ |p—1
/ —|Wn| (de:/ —‘Wn| (de—>0,
RN [X 4 ya|" suppe X+ Yul"

as n — oo. This and (2.8) imply that

/ Vit P 2ViaVedx + A, / P pdx — / 7L pdx = 0.
RN RN RN
That is, w € E is a nontrivial solution of the following equation

{—A,,u+/l*|u|l’2u = |u?""?u, in RY, (2.59)
uck,

which is impossible since equation (2.59) has no nontrivial solution with A, > 0. Thus, neither
Vanishing nor Nonvanishing can occur. So, / = 0 and we complete the proof of the lemma. [J

Proof of Theorem 1.1 (Part ITI). Lemma 2.17 guarantees the existence of a sequence {u,} C
S(c) satisfying

I(u,) —d, (I\S(C))'(un) —0, |u, |, =0, P(u,) =0, asn — oo.
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By Lemma 2.18, we get u,, — u strongly in E, where u is a ground state solution of (1.1) for
some A, > 0. Furthermore, since |u,, |, — 0 as n — oo, an argument analogous to the proof of
Theorem 1.1 (Part I) shows that u is positive.

3. PROOF OF THEOREM 1.2

To establish the existence of infinitely many solutions, we employ a minimax theorem for
constrained even functionals, as developed by [25]. First, we recall the notion of genus for
symmetric sets in Banach spaces.

Let X be a Banach space and A C X. The set A is called symmetric if u € A implies —u € A.

Y:={A CX\{0}:Aisclosed and symmetric with respect to the origin}.

0, ifA = 0,
ForA € X, set Z (A) = inf{k € N: Jan odd ¢ € C(A,R¥\ {0})},
oo, if no such odd map,

and Xy := {A € 2(S(c)) : Z (A) > k}.
Next, we introduce the minimax theorem required for our analysis. Since it is a special case
of aresult in [25], we omit the proof.

Lemma 3.1. Let I : E — R be an even functional of class C'. Assume that I| S(c) is bounded from
below and satisfies the (PS),, condition for all m < 0, and that i # 0 for each k = 1,2,...,n.
Then the minimax values —oo < my <my < --- < my, can be defined as my :=infacy, sup,caI(u),
k=1,2,...,n, and the following statements hold.

(i) my is a critical value 0f1|5(c> provided my, < 0.

(ii) Denote by K™ the set of critical points 0f1|5(c) atalevelm e R. If mpy =mp =+ =
My -1 =m < 0 for some k,l > 1, then % (K™) > I. Hence, I|S(C) has at least n critical points
at the level mif |l > 2.

(iii) If m < O for all k > 1, then m — 0~ as k — oo.

Now, for { > 0, we define the set By = {u € S(c) : Ir(u) < —{} C E, which is a closed
symmetric subset of S(c), because I is even and continuous.

Lemma 3.2. Given n € N*, there exists { = {(n) > 0 such that % (Bg) > n, for any 0 < { <

&(n).

Proof. For each n € N*, there exist n linearly independent functions uy,...,u, € Cy (RN) with
pairwise disjoint supports, i.e., suppu; Nsuppu; = @ for all i # j. The n-dimensional subspace

1
E, :=span{uy,...,u,}, equipped with the norm of E, satisfies ||Vu;||, = p < Ro and |u;|, = c?
for each j, which implies |[u;|| = (p? +¢)'/?. For any t € R, we define the corresponding set
Tn(t) = {ll(ul*t) —l—lz(uz*t) +---+ln(un*t) hxp+hxp+---+l,xp= 1}.

One can readily verify the existence of a continuous homomorphism between Y, () and the
sphere

2(t) = {(a1,a2,...,a,) ERY :ayxp+ar*p+---+ayxp=el"p’+c},
in RN for € R. As a consequence, by the properties of genus, one has % (Y,,(t)) = n. Let
hxp+h*xp+-+lxp=1,v=0L(uy*xt)+L(upxt)+ -+ L (up xt) € Yp(1),
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with ¢ < 0, there holds ||Vv||, = e'p < Ry. At this stage of the argument, we note that
p p g g

r tr

P
1% R

—dx
e

u

P

where u = lju; + bhur + - - -+ [,u,,. Let us define

o = inf{/N \V|P'dx:V € En,||VV], = 1} >0,
R

and
: Vi
B, :1nf{/RN eV e BV, = 1} > 0.
Thus, we have
eP! ep*t . tr
IT(V) < ?P I pp O — _ppﬁn

Note that 0 < r < p < p*. There exist {(n) >0, 1, < 0 such that, for 0 < §{ < {(n), It (v) < =
for all v € Y, (t,). Hence, Yy (t,) C By and % (By) = U (Ynu(tn)) = n. O

Proof of Theorem 1.2. Set Y, = {A € £(S(c)) : Z (A) > k} for k > 1. By Lemma 3.2, there
exists §(k) > 0 such that By () € Yx, where By ) = {u € S(c) : I (u) < —{(k)}. Then Y, # 0.
By Lemma 2.9, the functional /7 satisfies the (PS),, () condition on S(c) for any level m(c) <0,
and it is bounded from below. We therefore introduce the minimax values

my = inf suply(u), fork>1.
ACYk ucA

Then —eo <m; <my < -+ <my < -+~ < 0. Lemma 3.1 guarantees that Ir| s, admits critical
points at levels my;, with m; — 0~ as k — oo. Furthermore, since It = I in a neighborhood of any
u satisfying I (u) < 0, these critical points of Ir|g( coincide with critical points of 7|g().

4. PROOF OF THEOREM 1.3

By a weak solution of (1.3), we mean any u € E such that

Jul?2u

p—2 p—2 _
/RN|VM| VuV¢ dx+7L/RN|u] uq)dx—/RN T Odx, 4.1)

is satisfied for all ¢ € E.
Proof of Theorem 1.3. Let u; and u; be solutions to equation (1.3), and u; # up. We
consider the following two functions,
p p
u u
Z_and uy — ——,
p—1 p—1
Uy Uy

uy —
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as test functions in (4.1). Then

p

p
/N Vi [P~V v <M1 - u_) dx+/ Vup|P~2Vup V < up — u_) dx
R ub

2

u
uP u
—|-)u/ ]ul\p up | up — 2 dx+7L/ \uzlp ) uz—— dx
ub)

1 2
w1 P2y uj 12"~ 2us uy
/I%NT ulp— 1 dx—|— RNT Uy — 1 dx.
Uy )

Obviously, a simple calculation shows that

ub u?
l/ |u1]1’_2u1 (ul——21>dx+7t/ |u2\p_2u2 (uz——ll)dx:Q
RN I/tp_ RN MI’_

1 2

p—2 uP p—2 ul’
/ W_rul@_ z])dH !uz\_ruz(uz__ll)dx:o,
BY ] uf RV x| ul

4 p p—1
V(ul— ;‘21) = (1—|—(p—1)(ﬂ) )Vul—p<@> Vu,.
u uj ui

p
Similarly, for V( up — u—) by interchanging u; and u;, we obtain
M

2

T = {(1 (p _1)(52)1)) |Vu1|p+(1—|—(p 1)(2)1)) \Vuo|? | dax

p—1
< ) |Vuy [P~ Vuy -Vuy + p (?) |Vu2|p*2Vu2 -Vuy | dx=0.
2

and

Letn; = uf and 1 = ué’ Then
T = /RN(nl —12) (|V1ogu,|P — [Vloguy|P) dx
—/an2|Vlogu1]p_2V10gu1-(Vloguz—Vlogul)dx 4.2)

P |V1ogus|P~2Vioguy - (Vleguy — Viogus)dx.
By using the inequality |b|” > |a|” + p|a|"~2a(b — a) for r > 1, we deduce that

/anz\Vloguﬂszlogu] . (Vloguz—Vlogul)dx < /NT[leogqu’ —n2]V10gu1|pdx,
R R

4.3)
and

/Npm \Vlogu2|p*2Vlogu2~(Vlogm —Vloguy)dx < /Nm\Vlogu]V’ —M1|Vloguy|Pdx.
R R
4.4)
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Combining (4.2), (4.3) and (4.4), we have
T = [ (m=m)(Viogu "~ Viogus|?) dx
—/an2 \Viogu; |P~2Vlogu; - (Vioguy — Vloguy ) dx

— [ Pm |V1ogus|P~2Vioguy - (Vleguy — Viogus) dx
R

WV

[ (1= 1) (Vlogun|” |V logua|)

—/Nn2|Vlogu2|p+n2|Vlogu1|pdx
— R[\]171|V10gu1|1”—|—T]1|V10gu2|pdx

= [ (m =) (Viogu|” = [Viogus|) d
+ [ (2 =m) (Viogu|” = |VIogua]?)
= 0.
Based on the above derivation, we can obtain that 0 < 7 = 0, clearly u; = up. The proof is
complete.

5. PROOF OF THEOREM 1.4

Recall D, = {u(x) € E : u(x) = u(|x|)}. Let {Vx} C D, be a strictly ascending sequence of
finite-dimensional linear subspaces within D,, where | J, V, is dense in D,. Denote VkL as the
orthogonal complement of Vj in D,..

Lemma 5.1. (See [4]) Under the assumptions of (1.8), the following relation holds

\Y4 p
b o UVl el
MEVk£1 |”|6I MEV/{L,I H”“q

Julp

— oo as k — +oo.

From this point onward, fix c¢ that satisfies (1.8) and define
Srei={ueS(c): ulx)=u(lx|)}.

For each n € NT with n > 3, we set

1

J,a/p\ P q
oy = (q k ) , where L = max (x+c)

2Lp x>0 x4 +cd’
and
A= {u € VL NSet | Vulp = o4}, (5.1)
Also, define
Wi := Migkj(u). (5.2)

In what follows, we employ a refined analysis to show that p; — +o0 as k — oo,

Lemma 5.2. Assume (1.8) holds, then [ — +oo as k — oo
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Proof. For any fixed u € Ay, we have |Vul|, = o and 0 <r < p

1 Lfojup 1
J(u) = —/ \Vu\pa’x——/ dx——/ |u|9dx
pJRY pJRN X" g Ry

1 p-r 1
> —[|Vullf - —Cy,c7 IIVMIIZ—W(HVMHWCP)Q

1 1 Lo L
> | Vullp——Cy e 7 |[Vullp = — | Vull§ = —cv
] 117 qJI,ij/p qJZ/p .
B — q
> —|[Vullp = —CR e |Vully = — - [Vullh - [[Vull§ P = — e
b @/ / ql;
1 1 p=r L quq p L q
- —||Vu||£——C]f,7rc 7 vl = q/pHV”Hg' 2p g€
P Jk p qu

1(1 p—r L
= | Z=CP ¢» )||Vu||p— cr.
2 Nr P q/p

p q]k

Leveraging Lemma 5.1, it follows that Jy — +o0 as k — +oo. Given g > p, from the definition
of oy, we can deduce 0y — oo as k — +oo. Recall that, for any u € Ay, ||Vul|, = o. Thus, as
k — +oo, ||Vu/||, must tend to +oco. So, for any fixed u € Ay,

1 1 p—r L q
T(u) > = (——c;;,c"p )Hvuug— c7 — oo,
p\2 ’ qJZ/p

as k — +oo. Finally, taking the infimum over u € A;, we have p := in{ J(u) — Hoo. O
UEA

Next, we define a map
p D xR — Dy, (u,t) — p(u,t) = (uxt) := e%lu(etx). (5.3)

For any fixed u € S,.., we have uxt € S, forall t € R and

pt rt P qrgt
J(uxt) = e_/ |Vu|pdx—e—/ L a’x—e—/ |u|dx,
p Jry p JRY i q Jrv

2
. Since g > I’fvﬂ, we have gr, > p, so that

N(g—p)
here r, =
where r, b

IV(uxt)|, = 0", J(uxt) = 0", ast — —oo,
|V(uxt)||, = oo, J(ukt) = —oo, ast — oo
Hence, there exists #; > 0 sufficiently large such that

{Hvu*(—zk)up < oy < [|V(uxte)]l],

max{J(ux(—1)), J(uxtx)} < . (5.4)

LetI'y:={y € C([0,1] X (Sr.cNVk),Sre) | yis odd in u, y(0,u) = ux (—tx),y(1,u) = uxt;}. Then
[y #0asux(2f — 1), € I'r. So we can introduce a sequence of min-max values

— inf J . 55
&(c) Jnf f€[071r]{lbla€><sncmvk (y(f,u)) (5.5)
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Lemma 5.3. (See [2]) Let Ly and L be two finite-dimensional normed vector spaces, where
LyCLand Ly #L. ForB eRandueS={ucL: ||ul|, =c>0}, if ¢ =(¢1,¢) € C([0,1] x

SaR XLI) Satisﬁes (Pl(fa”) = ¢1(f,—l/t), ¢2(f7u) = _¢2(fa_u)’ and ¢1(07”> < B < ¢1<17u)7
then there exists (f,u) € [0,1] x S such that ¢ (f,u) = (B,0).

We utilize Lemma 5.3 to establish the crucial intersection lemma.

Lemma 5.4. Given any y € I'y there exists (f,u) € [0,1] x (S,.c N Vi) such that y(f,u) € Ay,
where Ay is defined in (5.1). That is, for any 'y € Ty it holds that y([0,1] x (S.cNVi)) NAg # 0.

Proof. Set L=V and L| = V,_; equipped with the L”(R") norm. Let S = S,. NV} and § = o
in Lemma 5.3. Denote P;_; as the orthogonal projection from D, to V;_; and define

Gy :Sre = RxViy, uw (||Vullp, P—1u).
For y € I'k, define
¢ =(¢1,02) =Groy: [0,1] X (SpeNVi) = Rx Viy,  (f,u) = Gi(Y(f,u)).
It is evident that
Gi(u) = (04,0) S uc Ay :={ve Vi nS.: [V, = o}

We can verify via (5.4) that all the conditions of Lemma 5.3 are satisfied. Thus there exists
(f,u) €[0,1] X (S.cNVg) such that ¢ (f,u) = (0%,0). Since ¢ (f,u) = Gi(y(f,u)), we conclude
V(f,u) € A O

Lemma 5.5. Let L and €(c) stand for the quantities defined in (5.2) and (5.5), respectively.
Then &(c) > L.

Proof. From Lemma 5.4, it can be observed that, for each y € I'y, the intersection y([O, 1] x
(Sre MVi)) NAg is non-empty. Consequently, we derive that

£ := Inf J > Wy, = inf J(u).
x(c) DL S, (Y(f5u) > W Jnf (u)

According to Lemma 5.2 and Lemma 5.5, there exists kg € N such that
&(c) = w > 1, fork = k. (5.6)

For any fixed k > ko, we aim to demonstrate that {&(c) } (k > ko) actually constitutes a sequence
of critical values for J |5rc. To achieve this, we construct a bounded Palais-Smale sequence at
the level g (c). First, we introduce the stretched functional

T:SpexR—=R, (1) — J(uxt),
and a novel min-max value

&lc):=inf  max  J(¥(f.u)), (5.7)

Feby O0<F<LUES NV,
where the operation u x is specified in (5.3), and the min-max class is given by
I = {7€C([0,1] X (S;cNV4),Spc xR) |7 isodd in wand poy € Ty } .
Evidently, for any y € Iy, setting 7 := (7,0), places ¥ in Iy
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Lemma 5.6. Let &(c) and €(c) be defined in (5.5) and (5.7) respectively. Then &(c) = &(c).

Proof. Consider the maps

v =L, v w(y) = (7,0),
and
E: Tk =Tk, ¥ E(7) :i=po7,
These maps satisfy J(y(y)) = J(y) and J(E(¥)) = J(¥). Thus, &(c) = &/(c) follows directly.
0

Let E := D, x R be endowed with the norm || - ||z = ||V |, +|- |, +||r, and let E~! denote
its dual space. Using Ekeland’s variational principle, we derive the following Lemma.

Lemma 5.7. (See [24]) Let T > 0. If 7 € I satisfies maxogfgl,uggr_cmka(’?(f, u)) < glc)+r,
then there exists (u,t) € Sy. X R such that

(@) Ju1) € Bule) — 7, 8(c) +

b i t)— 7l <A/

() o pemin M) =Vl < V7

(¢) Forall (n,z) € Tjyy) :={(n,2) €E: (u,n)rr =0}, it holds that

s, ex) (w,0)][ g1 < 2VT, ey | (ws), (0,2)) g1l < 2V/7(1,2) |-

Lemma 5.8. Assume (1.8). For any fixed k > ko, where kg is defined earlier to satisfy (5.6),
there exists a sequence {vgk)} C S,.c such that

J0M) = (o), (s,) ) =0, PO) = 0 as s — +eo.

Proof. For each s € NT, there exists ¥ € I'; satisfying maxo< <1 ue SV (% (f ) < &(c) +
%. In view of &(c) = &/(c) and ; = (¥,0) € Ik, we obtain

N 1
J(¥ <E —.
L S (%(fou)) < &le)+ -

Setting T = < L'and § = §, € [y in Lemma 5.7, we obtain a sequence {(us N )} C Sr¢c xR such
that )
(i) 71 ,17) € [<?;% (c) +1];
.o < L.
(if) O<f<]111;gsmﬂvk||( s ls ) (%(fu),0)||le < v

(i) For all (n,2) € T, o0, :={(1.2) € E : (u; ®) 1)» = 0}, it holds that

namﬂwoéhsnul\é?i [T @6 9), (0,20 g1 | < mesz

Define vg ) = p(u § ),ts(k)) = (k) *ts(k) % ( ) for any fixed u§ ) € S,.c, we have ugk) *
i €8, forall 1) € R. By (i) and J(v{")) = (p(u§ 1)) = 7w 1), we have 7o) —

&(c) as s — oo. Next, we use (iii) to show P(v § )) — 0 for s — oo. For all (n,z) € T( )0y =
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{(n,2) €E: (ugk),nﬁp = 0}, condition (iii) implies

(7 (49) n,9)

= (7 (.0) . (1.0)) + (7 (.49 . 0,9))
®

(k)| p—2
(k) (k) p (k)
= ol /R Vi p2va® vnde - e /R i s V" s ‘W B ndx— et /R 12 nax

g (k)
(k) Tty p (k)
+z| e / |Vu§k)|pdx— re / Jus r| dx — ryed’ds / |u§k)|qu
RY p JrY x| RV

= <f7 (P %20y, n *ts(k))> 2Pl 510,

In particular, taking (17,z) = (0, 1) and substituting into the equality above, we have

os(1) = (7 (u.4Y),0,1))

() (k)
(k) s p (k)
= Pl / ]Vugk)\pdx—re / Jus”| dx—rqeqr‘i’f / \ugk)\qu
RN p JrV || RN

(k)| p
_ / |Vv§k>v’dx_f/ ’Vsr'dx_rq/ Wi |dx
RN p RN ’x’ RN

= Pu).

Thus, P(vgk)) — 0 as s — oo, which confirms the first claim. For the final assertion, we aim to
show (J| Sw)l (v§")) — 0 as s — 0. It suffices to verify that

4
e m]< o, €Ty i={n e (1 mp =0}

Nt

Indeed, taking N(x) = e~ 7 1 <e*tf<k)x> forn €T «, we obtain
(76 m))

(k) p—2 (k)
— |Vv§k)|p_2Vv§k) - Vndx — |Vs|—Vsndx_ |v§k) |q_2v§k) ndx
RN RN |x|” " (%v
p—2
= epts(k)/ |Vu§k)|p2Vu£~k)-Vﬁdx—e”S<k>/ —|MS I "us Ndx
RN RN |x|”

—etrat o u a2 Fax

= (764, 3.0).
As [py |u§k)|p’2u§k)ﬁdx: Jry |v§k)|p’2v§k)ndx, it follows that
nelw < (1,0)€ T w ),

(”s ols )
Hence, by (ii), it follows that

1P =P —0j<  min ||<u£">,r£k>>—<ys<f,u>,o>||E<%.

0<f<1ues, NV
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(k)

The above estimate on 7, ' indicates that

1@.0)lz = [ llp, =™ [Vall,+ 01, <2/,
Thus, we derive
1Y v = (T ® ) 2 ol < 2
[ v ), = (us 7 t57),(0,0)) < \/EH(??,O)IIE\\/EII??IID,-
Consequently, we obtain

H(Jls,,c)'(vgk))H: sup [, < —= = 0ass — oo

neT y-ml<1

Sl

O

To establish compactness of the Palais-Smale sequence {vﬁk)} from Lemma 5.8, we introduce
the following Lemma.

Lemma 5.9. (See [6]) Let J € C'(D,,R) and let {u} C Sy.c be bounded in D,. There exists
Ay = M , such that

(J]s,.) (us) = 0 in Dl = T (ug) + Alug|P' = 0in D as s — +oo.

Lemma 5.10. Assume (1.8) holds. Let {vgk) } C S.c be the Palais-Smale sequence satisfying
Lemma 5. 8 Then there exist V¥ € D, and {/'Ls(k)} C R such that, up to a subsequence,

() k) £ 0in D, as s — +oo;

(u) AR > Ofor some A ¢ Rass% +0<>'
(k) |p—2

(lll) va +A«|V |p 2 k)_—‘vs‘x‘; |Vs |q 2 )—>Oll’lD as s — oo,
pk)p—2 _ . _

(iv) — Apv®) - A [p(R) |P=2y, %v — a2y =0 in D1,

(v)vgk — &) in D, as s — +eo.

Proof. Using P(vgk)) — 0 as s — oo, we have

(k)| p
) +12000) = (1= 1) [ il (1 - ) / W
R

podargl Jw NP drap) e \X\’
In view of g > Np - , we have ]l) - qqu > 0. Thus {vgk)} is bounded in D,. There exists v(K) € D,
such that
v§k) —~v® in D,, vﬁk) — 1% in L;’OC(RN) ( ) 500 ae. on RV,

up to a subsequence. We assert v\¥) £ 0. If ||vs lg = 0, it then follows from P(vgk)) = 04(1)
that

(k)| p
/ |vak)|17dx_£/ vs | dx:rq/ |V§k)|qu+0s<1):0s(1),
RN R RN

pJRY x|
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which implies J (vgk)) = 04(1), contradicting &(c) > > 1. Hence, claim (7) holds. By Lemma

5.9, there exists A\ € R such that J/ (vgk)) +20 |v§k) P! - 0inD; !, as s — oo, where

e k
<J/(V(k)) ng)> _f]RN |VVS |pdx+fRN | ‘x‘r dx+fRN |V§ )‘qu

AW = S ) . (58)

C C

In other words, for any 1 € D,, we have

APy = [ e vnae- |
RN RV 5.9)
_/ |v§k)\q2v§k)ndx+ls(k)/ \vgk)]pfzvgk)ndx .
RN RN
=os()[nllp,-
Thus, (iii) is valid. The boundedness of {vgk)} in D, and P(vgk)) = 0,(1) imply {ls(k)} is

bounded. Then, there exists %) € R such that As(k) — 2K ag s — +oo (up to a subsequence).
Moreover, by (5.8), we have P(vﬁk)) =04(1), ry < 1 and (1.8) shows that

1
A = nmzs("):ﬁm‘( [ wreax+ / dx+ / B !qu>
§—>00 §—o0 C ‘ ‘r
V(71 , (5.10)
= lim - <__1)/ |Vv§k)|pdx+ (1_ r )/ |Vs | dx |,
e \\rg ) Je rop) e Tl

so A% > 0. It must be A%) > 0. Otherwise, if LX) = 0, then (5.10) gives

p
/|V \pd_/| |d—0
Jx”

but this contradicts &(c) > 1. Hence, (ii) holds. From (ii) — (iii), v\¥) satisfies

(0 [p=2,,(8)
/ VO P2y 8 vy / P
RV RN |x|”

(5.11)
_/ K972, K x4 A K )/ R P=2,0n =0,
RN RV

for any n € D,. That is equivalent to (iv). Test (5.9) and (5.11) with n = vgk) —v®) and use

vgk) — k) in 4 (RN ), Then, by a proof similar to that of (2.28), it can be obtained

(k) p (k)|p
/ s r’ dx—>/ v r’ dx, in LP(RY).
RV x| RV x|
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It follows that
R T a———

#a® [l i
R
(k) p—1 _ p&)|p—1
_/ (Jvs”| Hrl | )(V§k)_v(k))dx
X

+/ (972 = 020 (1 )t 0,(1)
ol

Since the strong convergence of the norm here is very similar to Lemma 2.9, it can be easily

obtained v\’ — v*) in D, as s — co. Thus (v) is proved. O

Proof of Theorem 1.4. In the case of (1.8), when k > kg, Lemma 5.10 implies that (1.7)
admits a sequence of weak solutions {(v¥),A%))} C D, x R~ with ||[v®¥)||?, = c. Since P(v*) =
0, from Lemma 5.5, we have

(k) |p
(l_ 1)/ vyt !pdx_(l : )/ ! |dx:J(v(k)):8k(C)>Hk—>°°a
P qrg) Jre P qrgp) Jre ||

as k — —+oo. Consequently, we have J(vK)) — 40 and |[v(¥)||p, — o,
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