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Abstract. In this paper, we investigate a coupled system (FFDIQVHVI) which consists of a fuzzy
fractional differential inclusion and a quasi-variational-hemivariational inequality (QVHVI) with a vari-
able constraint set in Banach spaces. First, we obtain a uniqueness and existence theorem for QVHVI
under some appropriate assumptions. Then, we prove the nonemptiness of the mild solution set for
FFDIQVHVI. Also, we show that the set of all mild trajectories of FFDIQVHVI is compact. Our proof
is based on the fixed point theorem of condensing set-valued operators, fuzzy set theory, and theory
of measure of noncompactness. Finally, we use a nonlinear quasistatic thermoelastic frictional contact
problem with implicit obstacles to illustrate our abstract results.
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1. INTRODUCTION

Throughout the paper, we assume that E; is a separable and reflexive Banach space with dual
space E; for each i = 1,2,3. The duality pairing between E; and E; is represented by (-, -) EfxE;-
Let R = (—oo,40), I =[0,b], RT = (0,+e0), and C be a convex, closed, and nonempty subset of
Ex. |- |lg; (- ||;) stands for the norm in E; (E}'). The symbol — (—) indicates the convergence
in the weak (strong) sense.

This paper is focused on investigating a new class of coupled system (FFDIQVHVI) which
consists of a fuzzy fractional differential inclusion and a quasi-variational-hemivariational in-
equality (QVHVI) with a variable constraint set in Banach spaces as follows:

CD%Q(@) EMO(V)+ [G(ﬁ79(l9))]a +E(9,0(9),u(d)), ae. ¥ €I,
u(¥) € SOL(C,A(-)+BO(9),J,9,K), ae. ¥ €1, (1.1)
6(0) = 6o,
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where a € [0,1], DY denotes the Caputo fractional derivative of order ¢ € (%, 1], G:1Ix
E| — F(E)) is a fuzzy mapping where F(E;) represents the collection of all fuzzy sets of
E|, M :D(M) C E| — E| is an infinitesimal generator of Cy-semigroup 7 (%) (3 > 0) on Ej,
the generalized directional derivative of a locally Lipschitz function J : E3 — R is denoted by
JO,EIIXEl XEz—)El,fII%E*,AZEQ-)E*,KZC%ZC,BZEl —>E;, (p:EzXEz—}R,
Y : E; — Es are given functions, the set SOL(C,A(-) 4+ BO(t),J,¢,K) denotes the solution set
for the QVHVI described below: find u : I — C satisfying u(49) € K(u(9)) and

(f(9),e—u(9)) < (Au(0) +BO(D),e —u(9)) +J°(yu(D): v(e — u(®))) + @(u(),¢)
— @(u(d),u(9))

forall e € K(u(9)).

Variational inequality theory is a key brunch of optimization theory. It is often used as a math-
ematical programming tool to create models for various theoretical and applied problems (see,
e.g., [9, 14, 16, 17, 25, 28]). The concept of quasi-variational inequalities, which incorporate
both elliptic and parabolic characteristics, was initially introduced by Bensoussan and Lions [7].
In the early 1980s, inspired by various industrial processes and physical events, Panagiotopou-
los [21, 22, 23] introduced the concept of hemivariational inequalities via Clarke’s generalized
subgradient (see [2]) and applied this concept to study systems with nonsmooth and nonconvex
behavior. Recently, the theory of quasi-variational-hemivariational inequalities (QVHIVs) has
emerged with many important new discoveries. Zeng et al. [40] examined a type of nonlinear
evolutionary QVHVIs, and they demonstrated the existence of solutions for the QVHVIs via the
Kluge fixed point theorem for set-valued operators. Migérski et al. [19] also studied a kind of
QVHVIs. In addition, they used the Kakutani-Ky Fan fixed point theorem to prove that the set
of solutions for QVHVIs is compact and nonempty. For more information about these topics,
we refer to [4, 24, 39]. Moreover, for many real-life problems, the information in differen-
tial inclusions (equations) models is not complete and has some uncertainty. Fuzzy set theory,
which was started by Zadeh [35], is widely recognized as a useful tool for showing uncertainty.
Since fuzzy mathematical models can be used to keep information objective, researchers studied
fuzzy set theory. For example, Hiillermeier et al. [10] considered a fuzzy differential inclusion
(FDI) in finite dimensional Euclidean spaces and obtained the existence result for FDI. Note
that fractional calculus is a more effective tool than integer calculus for describing physical
processes and events, especially those with memory and inherited characteristics. In [1], Agar-
wal et al. were the first to combine fractional calculus with fuzzy differential equations. They
introduced the notion of fuzzy fractional differential equations. In [33], Wu et al. examined a
class of fuzzy fractional DVIs (FFDVIs) in Euclidean spaces and demonstrated the existence of
solutions for FFDVIs. In [31], Wu and Chen explored a class of fuzzy fractional delay differ-
ential hemivariational inequalities (FFDDHVIs) in Banach spaces. They also demonstrated the
compactness and nonemptiness of mild solution sets for the FFDDHVIs by employing the fixed
point theorem. For further details, we refer to ([11, 29, 32, 34, 37, 38]).

Drawing motivation and inspiration from FFDVIs and QVHVI, we study a new class of
FFDIQVHVI in Banach spaces. It is important to state that the FFDIQVHVI has real-world
practical value. For instance, Raghunathan et al. [26] proposed that the process of fermenta-
tion could be described by using a suitable DVI model, where the differential equations showed
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how extracellular metabolites change, and the variational inequalities explained the relation-
ship between cell metabolism and its environment. However, in real situations, the metabolic
processes of microorganisms can be affected by uncertain environmental factors, such as the
unpredictable availability of nutrients in the culture medium and small changes in temperature.
Additionally, Toledo-Hernandez et al. [30] stated that fermentations show behavior with mem-
ory. Therefore, FFDIQVHVI seems to be a better model than DVI for describing fermentation
dynamics. Consequently, it is both important and interesting to explore FFDIQVHVI in the
Banach space.

The goal of this paper is to show that the set of mild solutions for FFDIQVHVI is nonempty
and that the set of all mild trajectories of FFDIQVHVI is compact. We also apply our abstract
results to a frictional contact problem as an example. The novelty of this paper manifests in three
distinct aspects. First, we prove that the set of mild solutions for FFDIQVHVI is nonempty and
show that the set of all mild trajectories is compact. Our approach is based on the fixed point
theorem of condensing set-valued operators, fuzzy set theory, and theory of measure of non-
compactness. Compared to other literature, this model has some new features: (i) the set of
unilateral constraints K depends on the unknown solution; (ii) the ¢ in (1.1) involves two vari-
ables which is able to deal with a wider range of convex law. Second, we establish the existence
and uniqueness theorem for QVHVI under suitable assumptions. Finally, we use the general
theoretical results about FFDIQVHVI to study a new quasistatic thermoelastic contact problem
with friction and implicit obstacles. For this problem, we confirm the existence of solutions.
In practical contexts, considering factors such as external environmental conditions, thermal
conductivity, and surface roughness of the contact area can cause uncertainty in estimating and
measuring volume heat source density. Therefore, we examine the fuzzy fractional differen-
tial inclusions that come from the heat conduction equation and fuzzy systems in the contact
problem. Moreover, as far as we know, FFDIQVHVI has not been studied. The paper follows
this structure. Section 2 offers definitions and fundamental tools. The existence and unique-
ness theorem for QVHVI is discussed in Section 3. Section 4 establishes the main results for
FFDIQVHVI (1.1). Section 5 illustrates the applicability of our abstract results in the study of
a quasistatic thermoelastic frictional contact problem with implicit obstacles. The conclusion
of the paper can be found in Section 6.

2. PRELIMINARIES

In this section, let us review some concepts, lemmas, and theorems.

We denote C(I;E;) the Banach space of all continuous functions mapping from [ to E)
with the norm ||z|¢(.g,) = max{||z(D)||g, : & € I}. LP(I;E;) denotes the Banach space com-
prising all Bochner integrable functions from / into Ej, defined by the norm ||z[|zr(ze,) =

Jilz(9)||g,d®. Subsequently, we denote the set of all nonempty subsets of E; by 2£1 and
set

Cy(Ep) := {W € 2E1 : W is bounded}, C..(E;) := {Z € 2E1 : Z is compact and convex},
C.(Ey) :={Y €281 :Y is compact}, Cy.(Ey) := {X € 2F1 : X is closed and convex},

C.(Ey) :={W €2F1 : W is closed}.
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Next, let us revisit the notion of fractional calculus. Let u € L' (I;E1). The Riemann-Liouville
fractional integral of order p with the lower limit zero of u [15] is given by

1 /19 _q
— O —5)P u(s)ds, 9 >0, p>0,
) Jo (O —=5)""u(s)
where I represents the Gamma function.
The Caputo fractional derivative for u € C(]0,+o0); E}) [15] is expressed as

Iu(v) =

D2 u(9) = 1_ ¥ / u(s) — u(0)]ds, © >0, p € (0,1].

- )
Ifu € C'([0,+0); Ey), then “DEu(8) = mfo (O —s)"Pu(s)ds =T, "u'(¥). According to
[41], we introduce the concept of the mild solution for FFDIQVHVI (1.1).

Definition 2.1. A pair of functions (0,u), with 8 € C(I;E;) and u : [ — C measurable, is a mild
solution of FFDIQVHVI (1.1) if there exists g € L*(I; E;) satisfying g(®) € (G(s,0(0))a> a-e.
¥ €l and

v
0(0) = Sq(ﬁ)Qo—l—/ (O — )T T, (O —5)[E(s,0(s),u(s)) +g(s)]ds, O €1,
where u(9) € SOL(C,A(-) + BO(9),J,¢,K) and
¢() / Oy ()T (¥s)ds, T, (V) = /Owsq)q(s)T(ﬁqs)ds,

I -1 _1 1 r 1
0,(5) = L a5, wyfs) = Lx (-1 s D G e (0,00)
q n!
If (6,u) is a mild solution of FFDIQVHVI, then 0 is said to be a mild trajectory and u is

called a variational control trajectory.

Lemma 2.1. [41, Lemma 3.2] The operators S,(n) and Ty(n) in Definition 2.1 exhibit the
following characteristics:

(1) Sq(n) and Ty(n) are linear operators for any 1 > 0. Furthermore, if supp~o | T(n)[| <
s then 3, | < ayr, and | 7,(n)]| < ay

(2) S4(n) and T,(n) are strongly continuous for each 1 > 0.

(3) S4(n) and T,(n) are compact if T (n) is compact for each 1 > 0.

At the point e € E1, the directional derivative of a locally Lipschitz function J : E; — R in
the direction m € E| is expressed as

J vm)—J
JO(e;m) _ li_r>nsup (5+ ’;’;) (S) )
N eﬂio

The generalized gradient of J at the point m € Ey, represented as dJ(m), is specified by
dJ(m) ={C e U*|J0(m;&) > (¢, E), forall & € Ey}.
The subdifferential set of a convex function @ : E; — R at a point ¥ is represented as
0.0(V)={z€U" |@(0) >®(¥)+ (2,0 — V), forall 6 € E; }.

Next, we review the convergence of sets in the sense of Mosco.
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Definition 2.2. [18] Consider K, as convex and closed subsets of E|. The sequence K, con-

verges in the Mosco sense to K, represented by K, M Kasn— oo, if
(1) for each &, € K, with §, — & in E, up to a subsequence, & € K,
(2) for every & € K, there exists &, € K, with &, — & in E].

Recall that an operator A : E; — 2F71 is said to be

(1) monotone if, for all n,§ € Ej, (An —A§,n—§) >0;

(2) strongly monotone if there exists a4 > 0 satisfying (AN —AE, N — &) > ay||n — &||?, for
allm,& € Ey;

(3) bounded if A map bounded sets of E; into bounded sets of E7;

(4) pseudomonotone if it is bounded and 1, — 1 in Ey with limsup,,_, , ..(An,, N, —1n) <0
implies liminf,, ;o (AN,, My — &) > (AN, — &) forall & € E;.

Next, we will review some concepts and features related to the Hausdorff metric and fuzzy
set. Suppose that F(E) is the collection of all fuzzy sets of Ej and u : E; — [0, 1] is a fuzzy
set of E1. Gy ) represents the value of a fuzzy mapping G : I X Ey — F(E;) at (¥,m) €
I X Ey. G(ym) (z) represents the membership grade of the element z in G(p,m)- For 0 €10,1],
(G(o,mls =1{N € E1: Gy m)(n) > 6} is referred to as the 6-closed cut set of G(y ;). Suppose
¢ : E; — [0,1]. A fuzzy mapping p : E; — F(E)) is designated as topologically closed [3]
if, for any open set X C E; and for each zg € E; with p,,(v) > ¢(z0) = v € X, there exists a
neighborhood ¥ of zg satisfying ps(v) > ¢(6) = v € X, forall § € ¥;.

Remark 2.1. It is evident that if a fuzzy mapping @ is topologically closed, then Y : E, — 2F1
defined by Y (e) := [®(,)] () is upper semicontinuous.

A fuzzy mapping p : I x E; — F(E)) is classified as convex [42] if, for any (¥,&) € I X E|,
and for all z,e € Ey, along with € € [0,1], p(y ¢)(€z+ (1 — €)e) > min{py £)(2),P(v.¢)(e) }-
A fuzzy mapping ¢ : I — F(E)) is said to be strongly measurable if, for each 1 € [0,1] , the
mapping [(D(.)]l : 1 — 2F1 is measurable and has convex, compact, nonempty values.

Lemma 2.2. [6, Proposition 3.4 (b)] Let ¢ : I — 251 be a strongly measurable mapping. Then,
¢ possesses a strongly measurable selection.

Lemma 2.3. [5] Ifp : Ey — [0,1] is a function and ¢ : I X Ey — F(E)) is a fuzzy mapping with
convex values, then, for every ¥ € I, the function ¥(9,-) : E| — 2F1 defined as Y (d,e) :=
[9(.¢))p(e) exhibits convex values.

Lemma 2.4. [6, Proposition 3.5 (a)] If ¥ : I x E| — 2FV is a set-valued mapping with nonempty
compact values, and for every (O,m) € I x Ey, ¥(-,m) has a strongly measurable selection
and P (8,-) is upper semicontinuous, then, for L € C(I;E)), there exists a strongly measurable
selection e(-) € W(-,u(-)).

Next, we review the concept of measurability for set-valued mapping. Consider (R, <) as a
partially ordered set. § : C,(E;) — R is called a measure of noncompactness (MNC) in E [13]
if 6(coX) = 8(X), for each X € Cp(E;), where co(X) represents the closure of the convex hull
of X.

In particular, a measure of noncompactness 6 is said to be

(1) monotone if X1,X, € Cp(E1), X1 C X, implies 6(X;) < 6(X3);

(2) nonsingular if §({a} UX) = 0(X) foreacha € E1, X € Cp(E});
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(3) regular if (X ) = 0 is equivalent to the relative compactness of X.
An essential instance of MNC is the following Hausdorff MNC on the space C(I;E}):

1
X) =i By) — :
xr(X) 2;3%?25\6335\2;3”)6( 1) — (D),

which is utilized in Section 4.

Recall that a set-valued mapping F : X C E} — C.(E}) is said to be condensing with respect to
a MNC 6 (or 6-condensing) [13] if, for each Y C X which is not relatively compact, §(F(Y)) #
o(Y).

The reults below are essential for establishing the existence of solutions for FFDIQVHVIL.

Lemma 2.5. [13] Let X € C.(E1) and Q : X — Cqo(X) be a closed §-condensing set-valued
mapping, where 8 represents a nonsingular MNC defined on subsets of X. Then, the set of fixed
points of Q, represented as Fix Q :={e € X : e € Q(e)}, is nonempty.

Lemma 2.6. [13] Assume X € C,(E;) and F : X — C.(E}) is a closed set-valued mapping,
which exhibits 8-condensing behavior on every bounded subset of X, with 8 being a monotone
MNC in E,. If Fix F is bounded, then it is compact.

3. PROPERTIES OF SOLUTION SET FOR QVHVI

This section is devoted to establishing the uniqueness and existence of solutions for QVHVI
with a variable constraint set. Now, we examine the problem QVHVI: find 1 : I — C satisfying
n(%) e K(n(9)),ae. ¥ €1, and

(f(9),& —n(B)) < (AN (D) +BO(V),E —n(B)) +I°(yn(); ¥(& —n(D))) + o(n(), &)
—@(n(),n(Y)), forall & € K(n(B)). (3.1)

To achieve this goal, we need to make the following assumptions.

H(A): A: E; — E5 is a map such that

(1) A is pseudomonotone;

(2) A is strongly monotone, i.e., there exists aq > 0 such that (Ae — Az,e —z) > aalle — z||%2,
forall e,z € E».

H(B): B: E| — Ej; is a map such that

(1) there exists ag > 0 satisfying ||Bx|| < ap, for all x € E|.

H(J): J: E3 — Ris a function such that

(1) J is a locally Lipschitz;

(2) there exist do,d; > 0 such that ||0J(z)[| := sup{||§||g; : § € dJ(2)} < dop+di]|z]], for all
z € Es;

(3) there exists a; > 0 with JO(w;s —w) +J°(s;w —s5) < ay||w — s||?, for all w,s € E;.

H(p): ¢ : E; x E; — R is a function such that

m(n, -) : E; — R is lower semicontinuous and convex for all n € E»;

(2) there exits ap > 0 such that

?(s1,82) — 0(s1,81) + 0(52,81) — 0(52,82) < aglls1 —s2[[[|E1 — &l

for all s1,52,&1,6 € E;
(3) there exists a continuous function ¢ : [0,00) — [0, o) satisfying

0 (u,51) — 9(u,52) < col[lull)Is1 — s3], for all 51,5, € En:
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4) for all {n,},{&.},{zx} C Ea, such thatn, — n, & — & and w, — win E;,
limsup(@ (1, En) — @(Mu, wn)) < @(N,8) —@(n,w).

n—r—+oo

H(K): K : C — 2¢ is a map such that

(1) K has convex, closed and nonempty values;

(2) K exhibits weak Mosco continuity, meaning that for any sequence {&,} C C satisfying &,
converges to & in C, it follows that K(&,) % K(&);

(3) there exist r > 0 and e € C satisfying B(eo,r) C NgccK (&), where B(eg,r) denotes a
closed ball centered at eg with radius r.

H(y): yis a compact, linear and continuous operator.

Hy: ay > max{dy,a;}||7]* +aq.

H(f): f e L>(I;E").

Theorem 3.1. Assuming that H(¢), H(J), H(A), H(K), H(B), H(f), Hy, and H(7y) are all
valid. If r and eq fulfill the following condition

aB+(do+d1||yeo||)||7||+C<p(||eo||)+2IIfIILw<1;E;>+”Ae‘)” <r (3.2)
as —dae —Cl]”'}’”

then, for each 0 € C(I;E,), QVHVI (3.1) possesses a singular solution | € L*(I;E). Further-
more. it holds

ag + (do +d|[veo | )II71l + o (lleol) + 1.1l =(z:£5) + [ Aeoll
as —ap —ay||7]|? '

M (%) —eoll < (3.3)

Proof. Given a fixed 6 € C(I;E)), to establish Theorem 3.1, we follow a three-step process.

Step 1. We demonstrate that there exists a nonempty set of solutions to QVHVI (3.1) in
L*(IEy).

[12, Theorem 16] implies that the solution set of QVHVI (3.1) is nonempty in L2(I; E,).

Step 2. We prove the validity of inequality (3.3).

Consider ) € L*(I;E;) as a solution to QVHVI (3.1). Hence, there exist (%) € K(n (1))
and

(f(8),§ =n(8)) < (An(8) +BO(9),& —n(¥)) +° (1 (8); (& —n())) + o(n().&)
—o(n(D),n(Y)), forall & € K(n(v)). (3.4)

From H(K) (3), we can opt for & = ¢ in (3.4), thereby yielding

(f(9),e0— (D)) < (AN(B) +BO(B),e0— 1 (D)) +J°(¥yn(8); Y(eo —1())) + 9(1 (D), €0).
—o(n(D),n(Y)).
According to H(¢) (2) and (3), it can be concluded that
@(1n(9),e0) —9(n(8),n(3)) = @(N(I),e0) — 9(M(D),N(D)) + ¢(e0,N(P)) — (€0, €0)
+ @(eo,e0) — 9(e0, N (D))
< ag|[n(8) —eoll* +co([leoll) () — eol|

(3.5)

(3.6)
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By [20, Proposition 3.23(iii)], H(J) (2) and (3), one sees that
JO(m(9);v(e0 —n(9))) = J°(1(8); ¥(e0 — n())) +J°(veo; ¥(n(¥) — o))
—J2(veo:y(n(9) — o)) (3.7)
< ag|[7IPIn(8) — eoll* + (do +di | veol D111 (8) — eol-
Hence, combining (3.5), (3.6), (3.7) and H(A) (1), H(B), H(f), one obtains
as[n(8) = eoll* < (An(8) — Aeg,n () —eo)
= (An(D),n(Y) —eo) — (Ao, N (V) —eo)
< (BO(0),e0—n(9)) +J°(1(8): ¥(eo —n(9))) + (1 (8). 0)
—o(M(9),n(9)) — (f(¥),e0 —N(DF)) — (Aeg, N (V) — eo)
< ap|n(8) —eoll +as || 71> () — eol* + (do+di || yeo ) 1[I (9) — o]
+ag|[n(8) = eol* +co(lleol ) 11(3) = eoll + 1 fll=(z:e5) 11 () — o
+ [[Aeol|[|n (B) — eol|-
According to Hy, one has
ap+ (do +di|veol) |7l +co(lleoll) + [l z=(r£5) +||A€o||
ay—ap—ay||Y|I?

M (%) —eoll <

Thus (3.3) is satisfied.
Step 3. We demonstrate that the problem QVHVI (3.1) possesses a unique solution.
To demonstrate uniqueness, suppose that the problem QVHVI (3.1) has two solutions 1y, m3 €
L*(I;E). Thus, we have 1;(9) € K(n:(®)) (i = 1,2), and
(£(8),& = ni(8)) < (Ami() +BO(8),& — ni(D)) +J°(yi(8): (& — mi(9))) + 9(Mi( ), &)
—@(ni(¥),ni(D)), for all & € K(n;()).
(3.8)

(3.2) and (3.3) imply that |[|[1;() —eql| < r, for i = 1,2. Thus, N;(¥) € B(eo,r) C NeccK(E),
fori =1,2. Now, we take in (3.8) & = () fori =1, and & = 1y () for i = 2,. Summing up
the resulting inequalities, we obtain
(AN (9) = Ao (9),m (3) = Ma(8)) < I (ymi(9); ¥(Ma(B) = m (D))
+I0(m2 () 7(m1 (8) = m2(8)))
+o(Mm(9),m(8)) — (M (), m(9))
+o(Mm(9),m(9)) — e(m2(9), m2(9)).

According to H(A) (2), H(J) (3) and H(¢) (2), it follows that (a4 — ap — a; || 7||*)|Im () —
M2(9)|| < 0, which together with Hy entails 11 () = n2(9), a.e. © € I. Therefore, 1) = 1 in
L*(LE,). O

Remark 3.1. According to Theorem 3.1, it follows that, for every 6 € C(I;E;), problem
QVHVI (3.1) possesses a unique solution ng € L?(I;E,). Consequently, we introduce a map-
ping Q : C(I;E;) — L*(I; E,) as follows

Q(6) =ny, forall 6 € C(I,E,), (3.9)
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where ug € C(I;E;) denotes the singular solution to the problem QVHVI (3.1) corresponding
to 0 € C(I;Ey).

4. MAIN RESULTS FOR FFDIQVHVI

In this section, we demonstrate the nonemptiness of the set of mild solutions for FFDIQVHVI
(1.1) and the compactness of the set of all mild trajectories of FFDIQVHVI (1.1). In this respect,
we require some assumptions:

H(M): {T(9)}y>0 is compact, and there exists a constant ay > 0 satisfying sup ||7(9)]| <
- >0
ay.

H(G): G:Ix E| — F(E)) is a fuzzy mapping such that:

(1) G is topologically closed and convex;

(2) G: I x E; — 2F1, defined as 6(1979) = [G(ﬂ’e)]a, exhibits convex, nonempty, and compact
values for all (¥,0) € I X Ey;

3) é(.ﬂ) is strongly measurable for all 6 € Ey;

(4) for every 1 > 0, there is an € L*(I;R") satisfying |Gs,0)llE, < an(9), ae. ¥ €1 and
all @ € E; with |||z, <1, where ||G|| = H(G,0), and H stands for the Hausdorff metric, 0
represents the fuzzy set defined as 0(v) = 0 when v # 0 and 0(v) = 1 when v = 0.

H(E): E :1 X E| X E; — Ej is a map such that:

(1) the mapping ¥ — E(¥,0,v) is measurable for each (0,v) € E| X E»;

(2) the mapping (0,&) — E(¥9,0,&) is continuous, a.e. ¥ € I,

(3) there exists ag € L*>(I;R ") such that ||[E(1,0,&)|| <ag(®), a.e. ® €1 and forall (8,&) €
E{ X E,.

H(Q): Qis continuous on C(I;Ey).

According to H(G) (1), Lemma 2.2 and Remark 2.1, it can be inferred that 5(197.) exhibits
upper semicontinuous with convex values for all ¥ € I. Also, by utilizing Lemma 2.3, Lemma
2.4, H(G) (2) and (3), we deduce that, for z € C(I;E;), 6(1972(19)) has a strongly measurable

selection w € L*(I; Ey). Thus, the set-valued mapping P : C(I;E;) — 2LA(LED) defined as

P(z) = {h € L*(I,E1) : h(®) € Gy vy, a.e. O €1},
for all z € C(I;Ey), is well-defined.

Lemma 4.1. [13, Lemma 5.1.1] Assume that H(G) (2), (3), and (4) hold. If {6,} C C(I;E})
and {g,} C L*(I,Ey), with g, € P(0y,) for each n > 1 satisfy 6, — 6 and g, — g, then it holds
gc P5(9>-

Theorem 4.1. Let all the assumptions of Theorem 3.1 be valid. If conditions H(E), H(M),
H(Q), and H(G) are satisfied, then the set of mild solutions for FFDIQVHVI (1.1) is nonempty
and the set of all mild trajectories for FFDIQVHVI (1.1) is compact.

Proof. According to the definition of mild solutions for FFDIQVHVI (1.1), we define the set-
valued mapping ® : C(I; E;) — 26€E) by

%
P(0) = {y € CULEN) :3(9) = 5,(9)00+ | (9=5)1T,(8—5) [E(5.0(5), (00)(5)) +8(s)]ds},
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where g € P;(0) and Q is defined in (3.9). In fact, to establish the existence of solutions for
FFDIQVHVI (1.1), it suffices to demonstrate that ¢ possesses fixed points in C(I;E}). Next,
we proceed with the following steps.

Step 1. $(0) € C..(C(I;E;)) for each 6 € C(I;Ey).

Clearly, for each 6 € C(I;E;), P(60) is convex due to the convexity of Pz(6). Next, we
establish the compactness of ®(6) for 6 € C(/;E1). For each y € P(6), there exists g € Pz(0)
satisfying

Y(9) = 5,0+ [ (87T, —5)[E(s,005),(00)(s)) +(5)ds, B <1

According to the Holder inequality and Lemma 2.1 (1), one has

V(e < [1Sq(D)11€0lle,

" /06(19 =), (0 =) [IE(s,0(5),(Q0) () I, + llg(s)l| £, ]l

am v
<ol + i || (0= (ax(s) +-an (5)ds

< || H ub? % (” || + H n” +)
M || YOI E ar|r2(y- =+ ||la 2(7. .
am||6 1+F(q) 2g—1 L2(L;RT) L2(I;R)

Hence, ®(0) is bounded in C(I;E; ) for 6 € C(I;E;). Additionally, we aim to demonstrate that
®(0) constitutes a family of equicontinuous functions for each 8 € C(I;E;). To achieve this,
we tackle two scenarios in the following manner.

Case 1. If ) =0and 0 < ¥, < &), where & is sufficiently small, then we obtain by employing
the compactness of T'(¥) and the Holder inequality that

[y(02) = y(B1) [y = [1(Sg(D2) = S4(0)) 60
" /062(192 = )17 Ty (02— 5)[E(s,6(5), (Q0)(5)) +(5)lds

ay ke -1
S”Sq<192)_Sq(O)HHQOHE1"’m/o (02 —5)"" (ag(s) +an(s))ds
< [14(92) = S4(0) [l €oll £,

ay q,l
+ = ———=llaell2¢:r+) + llan2gr+) 0, *
l—v(q)m L2(I;RT) NIL2(LRT)) Y2

—0, as0< % <g—0.
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Case 2. If % < % < ¥ < b, where & is small enough, then

[y(92) = y(B1) g,
< 1S4() - (191)||||90||E1+||/ = )17 Ty (02— 5)[E(s,6(5), (Q0)(5)) +g()lds
+l [ = )T Ty (B2 —5) = (01— )7 Ty (D1 —5)][E(s, 6(5), (Q0)(5)) + g(5)lds

<S4 ( ) —Sq(3) 1160l

%
+/ (92 = )T Ty (02 = 5) I E(s, 0(5), (Q0)(5)) +8(5) | z,ds
+/ﬁ1 02 = 5)47 = (01 =) T HITy (02— 5) [ E(s, 8(5),(Q6) () +8(5) | £yl

+/0 (%1 = $)" | Ty(D2 =) = Ty (%1 =) |[[|E (s, 6(5), (Q6) () + ()| ds
=L+hL+5L+14.

As T (%) is compact for ¢ > 0, according to Lemma 2.1 (3), S, (%) is also compact. Thus,
I =[Sg(D2) = Sg() [l 6ol[e, — 0, as [ — & | — 0. (4.1)

From H((E) (3), H((G) (4), and the Holder inequality, we have

B [ (0= T (02 ) (5. 006).(00)(9) +5(5) s

a L) _
= #;)/m (92 =5)" oz (5) +an ())ds 4.2)
<ty m= ez + oz (02— 9072
— 0, as |% — % — 0,
and
B
L= (92 = 5)77" = (91 = 5)T || Ty (32 = ) || E(s, 8(5), (Q0)(5)) +&(s)|| e, ds
= a_M/ﬁl((t‘/‘ =5)77 = (92— )7 ") (ag(s) +an(s))ds
Tl BT (4.3)

am

1
o M | | _9y)
<t va—T e leems + lanllzgzs) (92— 9172
— 0, as |9 — | — 0.
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For &) > 0 small enough, we obtain
1
h= /0 (91 =) Ty(02 —5) — Ty (91 —5) |l E (s, 0(5),(Q6)(5)) +5(5) | 5, ds
L%}
S/ (91 = 9)T [ Ty(02 —5) — Ty (91 = )| E(5,0(5),(Q0)(5)) +8(5) 5, s

o —&

Y —&
[ = T (82— ) = Ty (01 = 5) (s, 61(5),(00)(5)) + £(6)] s
L1
<[ =TT (8= 5) = Ty(01 = ) (as(s) + an(5))ds

Y1—&

Y —&
£ s [0 =s)=Tyd =)l [ (017 (@p(s) +an(s))ds

SE[O,ﬁ]*E()]
1 I
2aye; b 2(llagll 2wy + llanll2gr)
< + ; : sup |7y (02 — ) = Ty(Dh — 5|
[(g)v2q—1 V241 N !
— 0, as |¥ — V| — 0, & — 0.
4.4)

From (4.1)-(4.4), it follows that
[¥(82) = y(B1)||; = O, as [Dr — B1| = 0.

Therefore, for each 8 € C(I;E)), it can be deduced that ®(0) is equicontinuous. [36, Arzela-
Ascoli theorem] implies that ®(6) is relatively compact for each 6 € C(I;E;). To complete
the proof of this step, it suffices to confirm that ®(6) is a closed set in C(I;E;) for every
0 € C(I,Ey). Assume that the sequence y, € ®(0) and y, — y in C(I;E}) as n — oo. So there
exists a sequence g, € Pg(0) satisfying

u(®) = 90+/ 8 — )7 1T,(9 — $)[E(s, 6(5), (08)(5)) + gu(s)lds, © € 1.

By H(G) (4), we conclude that {g,} C L?>(I; E) is weakly relatively compact. We may assume
that g, — g € Pz(0) in L*(I;Ey), where g € Pz(8) is obtained by Lemma 4.1. In addition, the
compactness of 7, (%) for ¢ > 0 implies

v
yn(8) = y(9) 1=Sq(19)90+/0 (9 —5)17 Ty (0 = 5)[E(s,6(s), (00)(s5)) +g(s)]ds, O €1,

which means y € ®(0), i.e., ®(0) € C.o(C(L;Ey)).

Step 2. ® is a closed set-valued mapping.

Let 6, — 0 and y, — y in C(I;E;) with y, € ®(6,). Indeed, we need to demonstrate that
y € @(8). According to the definition of ®, we can select g, € Pz(6,) such that

yu(9) :Sq(ﬁ)eo—l—/oﬂ(ﬁ—s)qqu(G—s)[E(s, On(s),(Q6n)(5)) +gn(s)lds, B €1. (4.5)

From H(G) (4), it is straightforward to show that {g,} is bounded in L?(I;E1). Therefore, we
can assume that g, — g € L>(I;E;). By Lemma 4.1, one gets g € P(0). From (4.5), H(E) (2),
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H(G), H(Q) and compactness of 7, (1) for ¢ > 0, we have, for all ¢ € I,

() = 3(9) 1= $,(9)0 + [ (89 —5)7 7,0~ $)[E(s.0(5), (00)(5) + ¢(s)s.

Thus, y € $(0).

Step 3. ® is yr-condensing.

Suppose that X € C,(C(I;E})) is not relatively compact. We need to demonstrate that 7 (X) £
xr(P(X)). Since X C C(I;E}) is bounded, it is evident that ®(X) is relatively compact by em-
ploying the same reasoning as in Step 1. Thus, y7(®(X)) =0. By xr(X) < xr(®(X)) =0, one
has x7(X) = 0. According to the regularity of )7, we have that X is relatively compact. This
confirms that ® is y7-condensing.

Step 4. There exists a constant ro > 0 such that &(B,,) C B,, :={0 € C(I;E;) : ||0]|c < ro}.
To reach the conclusion of this step, we opt for

am ||| E aell2r+) +llanll 2w+ ro.
1 F(q) /zq L IR niL IR )

Let 6 € By,. Forany y € ®(0), from H(E ) (3), H(G) (4), Lemma 2.1 (1) and Holder inequence,
we have

¥
1y(3) |z, < [[Sq(D)]]]60l£, +/ (8 =) Ty(8 = 9)I(IE (s, 8(5),(Q0) () |, + llg(s) |, )dbs
apm s -1
< [|Sq(9)||[I60l, + F(q)/o (0 —5)7" (ag(s) +an(s))ds

aMb
< am||6ol|E, + W(l‘aE|’L2 @zt T+ lanll2gre)
<rp.

Hence, all the conditions outlined in Lemma 2.5 are met. Consequently, we confirm that
Fix (®) # 0 . Thus, FFDIQVHVI (1.1) possesses at least one mild solution (6, u).

Step 5. We show that the set of all mild trajectories for FFDIQVHVI (1.1) is compact.

To utilize Lemma 2.6, the remaining task is to confirm that Fix (®) is bounded in C(I,E}).
For any 6 € ®(0), leveraging Lemma 2.1 (1) alongside the Holder inequality, we deduce that

16(D)] £, = [1Sq() 60+ /019(19 = )T Ty (9~ 5)[E(5,6(5),(00)(5)) +g(s))ds] |,
< [1S4(®)1[1[60l|,

" /019(19 =) Ty (8 = 5)IIIE(s, 0(5),(Q0) ()|, + [lg(5) 1,1l

a )
<apl|6ollg, + FA;)/O (% —s)q_1 (agp(s)+an(s))ds

aybi2

[(q)v2q—

< awmll6olle, + (||61E||L2 ety +llanll2grsy) forall 9 € 1.

Thus, we have

. a + a . + ||a . .
C(LE) MIIY0IIE T(q)v2q—1 EllL2(IRY) nIL2(LRY)
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Hence, all the conditions stipulated in Lemma 2.6 are met. Consequently, we deduce that the
set of all mild trajectories for FFDIVHVI (1.1) is compact in C(I;E;). This concludes the
proof. U

5. APPLICATIONS TO THE THERMOELASTIC FRICTIONAL CONTACT PROBLEM WITH
IMPLICIT OBSTACLES

In this section, we use a quasistatic thermalelastic frictional contact problem featuring im-
plicit obstacles to illustrate our abstract results in Section 4. We consider a thermoelastic body
which subjected to a heat source, occupies a bounded domain Z € R? (d = 2,3) and charac-
terized by a Lipschitz boundary I' = dZ. The boundary I" comprise three disjoint measurable
sections I'}, I', and I'3, with meas(I';) > 0. The body is clamped on I';, the surface tractions
of density f act on I';, and the volume force of density f, act in =. Moreover, there is contact
between the body and I'3. Throughout this section, boldface notation is employed for tensors
and vectors. V represents the unit outward normal vector on I'. The tangential and normal
components of a displacement field # on I" are expressed as u; = u —uyV and uy = u- Vv, re-
spectively. The symbols oy, and 6; denote the tangential and normal components of the stress
field 6 on T, defined as 6; = 6v — o,V and 0, = (6V) - V. Moreover, S represents the space
of real symmetric d X d matrices. On R? and S? we employ the standard notation for inner
products and norms determined by

1
n-&=mn& Inll=(n-n):, forn=(n), &= (&) R,
e:m=e;mi, |le| =(e:e)?, fore = (e;j), m= (m;j) € S,
where i,j € {1,2,....d}. Let E=E x I, =T'; xI,T, =T, xI and I'; = I'3 x I. For simplic-
ity’s sake, we typically omit the variable y in functions.
We consider the following contact issues.

Problem 5.1. Find a temperature 6 : £ — R, a stress field 6 : & — S? and a displacement
field u : £ — R? satisfying u(®%) € K (u(®)) and

6(%) =deu(d))+A0(9) inZ, (5.1)

—Div 6(d) = £, inZ, (5.2)

u(®)=0 onTy, (5.3)

c(¥)v=fy(0) on Iy, (5.4)

uy () < 8o, ov(D) +1v <0, (uy(B) — go)(ov (D) +1v) =0 on T, (5.5)
Nv € djiv(uy(9)) on T3, (5.6)

—0:(9) € Fp(uy(9))0||ur(D)]] on T3, (5.7)

“DL6(0) € AO(D) +E(V,0(D),u(D)) + [“5.0(0))]a inZ, (5.8)
0(0) = 6y in Z, (5.9)

where K : C —2Cis K(n) ={& € C:ri (&) <my(N)}, for n € C, where C C V is specified by
C={&eV:.v, <goonTjs}, (5.10)
and the space V is defined in (5.11) below.
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Now, let us briefly introduce the equations and conditions in Problem 5.1. Conditions (5.1)
and (5.2) represent the elastic constitutive law and the equilibrium equation, respectively. In
these equations, .7 denotes the elasticity operator, Z represents the thermal expansion oper-
ator, Div ¢ = (0j;,;) denotes the divergence operator, and €(u) indicates the linearized strain
tensor, i.e. £(u) = &;(u), &;(u) = 1(u;j+u;;), for i, j € {1,2,...,d}. Conditions (5.3) and
(5.4) represent the displacement-traction boundary conditions. The frictional Signorini-type
unilateral contact conditions (5.5) and (5.6) model contact with a foundation consisting of a
rigid body covered by a layer of deformable material with thickness g, for further details, re-
fer to [27, Sections 8.4, 8.5]. Condition (5.7) depicts a frictional condition represented by the
Coulomb law of dry friction in its subgradient form, where .%; denotes the friction bound de-
pendent on the normal penetration, refer to [20] for further details. Considering the inherent
errors and uncertainties associated with measuring and estimating the density of volume heat
sources in real world scenarios, coupled with potential time delay effects on heat conduction,
we establish the evolution of the temperature field using equation (5.8). Here, & signifies the
heat generated by the work of internal forces, while ¢ represents the density of volume heat
sources with a time delay. 0y represents the initial temperature.

For the variational analysis of Problem 5.1, we examine the subsequent function spaces

V={EcH (ERY)E=0aec onT}, H =L*E,RY), H,=L*Z,S%. (5.11)

Given that meas(I";) > 0, it follows that the space V constitutes a Hilbert space with the inner
product defined as (n,&)y = (€(n),&(&))n, for all n,& € V, and the corresponding norm
represented as || - [|y. We designate V* as the dual space of V, and (-,-) signifies the duality
pairing between V* and V. Simultaneously, it is evident that the space H, also constitutes a
Hilbert space with the inner product denoted as

M8} = [ Mi3)&i(0)dy. forn.& € o,

and the corresponding norm indicated as || - ||, Following that, the trace of an element & € V
is likewise represented by €. Remember that V C L?(Z;R?) entails a compact embedding,
hence there exists a positive constant Dy satisfying ||&|| 2(ERY) < Dyl|&|lv. By virtue of the
Sobolev trace theorem, we can determine the minimal constant ry > O (dependent solely on
E and T3) satisfying ||€]|,2(r,re) < r0l|€||v for all § € V. Furthermore, the trace operator

1]

y:V — L*(T'3;RY) is a continuous, compact, and linear operator, with ||¥|| denoting its norm.

To establish our result, we will rely on some assumptions.

H(/): o : ZxS? — S?is an operator such that

(1) for each ) € S¢, </ (-,M) is measurable on E;

(2) forae.y € E, o/ (y,-) is continuous on S9:

(3) there exist ap € L*(Z;R™) and a; > 0 such that ||.<7 (y, 1) ||s« < ao(y) + a1 |0 ||sa, for all
nes? ae ycs;

(4) there exists a,; > 0 such that (<7 (y,e;) — <7 (y,e2)) : (e1 —e2) > ay|le; — ezHéd, for all
el,ercS? ae. yeZk;

(5) #(y,0) =0, forae.yc E.

H(A): #:2 xR — S%is an operator such that

(1) for all T € R, #(-, ) is measurable on E;

(2) fora.e.y € E, A(y,-) is continuous on R;
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(3) there exists ag € L?(Z;R™) such that | B(y,£)|| < ap(y), forall E €R, ae.y € E.

H(jy): jv : '3 x R — R is a function such that

(1) forevery & €R, j, (-, &) is measurable on I'; and there is € L?(I'3) satisfying jy (-, n(-)) €
L' (T3);

(2) fora.e. y € I's, jy(y,-) is locally Lipschitz on R;

(3) there exist ¢g > 0 and ¢ > O such that ||djy (y,&)|| <co+cy|&|, forallE € R, a.e.y €T3;

(4) there exists a;, > 0 satisfying

jg(y,el;ez—e1)+j(v)(y,e2;e1 —ey) <aj,le —e2|2, forall e;,er € R, a.e.y € I'z.

H(Z): 7, :T3 xR — RT is a function such that

(1) for each e € R, % (-, e) is measurable on I's;

(2) fora.e. y € I's, Z,(y, ) is continuous on R;

3) | Fp(y,e1) — Fp(y,e2)| < agzley — e, forall e, er € R, ae. y € I's withag > 0;
4) Fp(y,r) <az,forallr e R,ae. y€ '3 withaz > 0.

H(&): &:Ex1xR xR = Ris a function such that

(1) for all (r,e) € R x RY, &(-,-,r,e) is measurable on E x I;

(2) forae.y€ =&, &(y,-,-,-) is continuous on I x R x R¢;

(3) there exists @¢ € L*>(I,R") satisfying

E(y,0,e,E)| < op(0), forall (¥,e,E) cIxRxR? ae.ycE.
| ®

H(9): 9 :ExIxR— F(R) is a fuzzy mapping such that

(1) forall e € R, 4 (-,-,e) is measurable on E x I,

(2) forae.y € E,¥4(y,-,-) is closed, convex, and continuous on / x R;

(3) 94 : I xR — F(R) defined by 4 (9, r) = [9(5,r)]a has nonempty convex compact values
for each (¥,r) € I X R;

(4) for every 1 > 0, there exists an € L*(I,RT) satisfying
19,5l < an(), foralls € R, ae. ¥ €1,

with |s| < 7.
H(ri,mp): r1 :V — R and m; : H — R are two functions such that

(1) r1 is lower semicontinuous, subadditive and positively homogeneous and |r1(&)| < ||&]],
forall € € V;
(2) m, is continuous, mq := inbf[ mi(e) > 0and r;(0) < my.
ecH)

H(fo.fn.80): fo € L(I,*(Z:R?)), fy € L™(I,L> (T3 RY)), go € L*(T'3), 8o > 0.

We posit that (u,0,0) constitutes a trio of smooth functions that satisfies (5.1)-(5.9). For
e € K(u(v)) fixed, we proceed to multiply the equilibrium equation (5.2) by e — u(?9) and
subsequently apply the Green formula, as outlined in, for instance, [20, Theorem 2.25], yielding

(0(0),e(e) —&(u(D)))n, = (fo(V), e —u(V))m, +/FG(19)V-(e—u(19))dF-
Let us revisit

/Fc(ﬁ)v-(e—u(ﬁ))dl“: [ o(9)v-(e—u(®))ar+ [ o(®)v-(e—u(v))ar

+ [ o)V (e—u(®))dr.
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Given e — u(1%) = 0 on I'}, we can infer
(0(0),e(e) — (D)), = (fo(V),e —u(d))n, Jr/r2 G(B)v-(e—u(d))dl
+/r G(0)V - (e —u(®))dr.

This equality, in conjunction with boundary condition (5.4), implies

(0(0).€(e) — (D)), = (f(D).e —u(®))y-xv + | O(B)v-(e—u(®))dl
where f € C(I;V*) is specified by
<f(19),e>v*><v = <f0(19),e>[{1 + <fN(19),e>L2(F2;Rd), forallecVand ¥ € 1.

Moreover, we utilize the decomposition formula, as referenced in (6.33) of [20],
()Y (e—u(9)) = 0 (9)(ev — y()) + G<(D) - (ex — uz(9)), ae. on I3,
to get
(0(0),e(e) —&(u(D)))n, = (f(D),e —u(d))yxv

+/ Gv €v—uv(0))+0'7_-(19).(er_ur(ﬁ>))dr. (5.12)

Next, we analyze the boundary term on I'3 in (5.12). From (5.5) and (5.6), we get
ov(V)(ev —uy(9)) = (ov (D) +1v)(ev — go) + (0v(P) +1v) (g0 — uv (D))
—Nv(ev —uy(9))
= (ov(¥)+nv)(ev —go) — Nv(ey —uy (1)) (5.13)
> —Mv(ev —uy(9))
> — 0 (uy(9);ey —uy (1)), on T3
By (5.7) and the definition of generalized subgradient, one has

—0¢(V) (er —uc(8)) < Fp(uy(9))(|lec]| — |luc(d)]]), on I's. (5.14)
We insert (5.13) and (5.14) into (5.12) to obtain

(F(9). e~ u(®))v-sv < (0(9)(e) ~ £((®)m + [ Dluy(0):e0 —u(9))ar

+ / Ty (1 (9)) (e — [[uz(8)]))dT

Considering the constitutive laws (5.1), (5.8), (5.9), and (5.15), we derive the following varia-
tional formulation for Problem 5.1.

Problem 5.2. Find a temperature 0 : I — L?(Z;R) and a displacement field u : I — C such
that

“DL6(0) € AB(D)+E(D,0(0),u(8)) + Yo 09 ae. B €L
(f(0),e—u(®))yexy < (FEU(V))+2 ( )8(e)—£(u(19))>H2

+ Jr, Jo(uy(8)sey —uy(9))dl

+ Jr, P (uv(9))(llec]| — [luc(d)[)dl’, for all e € K (u(¥)),

(5.15)
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We now provide the existence of mild solutions for Problem 5.2.
Theorem 5.1. Assume that hypotheses H(<7 ), H(%), H(jv), H(F), H(&), H(9), H(fo, fxn,&0)
and H(ry,my) hold. If
. \/_— 2 2
ar > max{aj, V2T |1 +az| ol (5.16)

Ha%HLz =+ + 0/ 2meas(T3)||¥]| + azz|ro || /meas(T3)
ay —aglroll* —a;,|[7]?

n max{ro, Do} (|| foll .- (LL2(ERY)) T [N 1,L2(F2;Rd)))
ag —az||roll* —aj, ||7?

then Problem 5.2 has at least one mild solution (0, u).

and

(5.17)

Y

Proof. Let E; = L*(Z;R), E3 = L>(T'3;R), E; =V and y: V — L*(I'3;R) be the normal trace
operator defined respectively by
Y(u) = y(u) = uy. (5.18)

We consider the functions A : Ey — E5,B:E1 = E5,J :E3 - R, 0 :Ey xEy - R, E: I X Ey X
Ey — E, G:1x E; — 281, f: 1 — E; determined by

(Au,e) = [ 7 €(u) : €(e)dy, (BO,e) = (#0,€(e))u,,

J(2) = Jr, jv(zv)dT, @(u,e) = Jr, Fp(uy)|lez||dT,

E(%,0,u) =&(9,0,u), f(¥) = f(9), G(¥,0)=%4(9,0).
for all u,e € E», © €1, 6 € E, z € E3. Finally, for (5.8), we define the operator M : D(M) C
E; — E; as follows

M=/, D(M)=H?*(Z)NH}(Z). (5.19)

According to [8], it can be concluded that the semigroup 7'(?¥%) generated by M is compact.
Subsequently, Problem 5.2 can be reformulated as follows:

CD%O(0) € MO(D)+E(D,0(0),u(d)) + [Giy.oro))]ar ae. O €L

Ja
(f(0),e—u(®)g;xp, < (Au(9)+BO(V),e —u(V))k, +J°(yu(d);y(e — u())
+o(u(d),e) — o(u(d),u(¥)),forall e € K(u(9)),

(5.20)
It is evident that if (0, u) constitutes a solution to (5.20), then it also serves as a solution to Prob-
lem 5.2. Leveraging this observation, we employ Theorem 4.1 to demonstrate the solvability of
Problem 5.2.
To complete the proof of H(A), we employ reasoning akin to that employed in [20, Theorem
7.3], and establish that A : E; — E7 is pseudomonotone and strongly monotone, i.e.,

(Ale) —A(u),e —u) = (7 &(e) — T €(u),€(e) — €(u))n,
> alle(e) — & (u)|z
=aylle—ulZ,

for all e,u € E,, while H(A) is valid.
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Next, we confirm the validity of H(B). Applying H(#) (3) and the Holder inequality, we
obtain
(Bo.e)l < [[12(6): (e)dy
< L1y
< (L 161Pd)} (| e(e) Pan)?

< ‘|aggHL2(E;R+)HeH, for @ € E|,e € E>.

Thus |[(BO|| < |lag||;2(z:r+), Which means that H(B) is satisfied.

We now turn to condition H(J). By [20, Theorem 3.47] and H(j,), we deduce that J :
E> — R is locally Lipschitz continuous and fulfills J°(z1;2;) < Jr, 79(z1322)dT, and J(z) C
Jr, iv(2)dT, for all z1,22 € E3. Hence, H(J) (1) holds. From H(jy) (4), for any z1,22 € E3,
we have

JO(Z1;Zz—Z1)+J0(Z2;Z1—Zz) S/F jg(Z1;22—Z1)dr+/F je(Zz;Zl—Zz)dF
3 3

<aj, /F 21 — z||%dT
3

2
<aj,llz1 — 22||E,-

So, H(J) (3) is satisfied by a; = aj,. Furthermore, from [20, Corollary 4.15(v)], it can be
inferred that

19J(2) 155 < /2meas(Ts)eq + v 2et]|zllE;, for z € Es.

Hence H(J) (2) is satisfied with dy = /2meas(I'3)¢y and d; = v/2¢7. We next verify H (o).
From hypothesis H (%) and the convexity of norms, it is evident that, for each ) € E», ¢(n,-) is
a convex function. Consequently, it is bounded from below by an affine function. By employing
a standard argument and Fatou’s lemma, it is demonstrated that ¢ (1, ) is lower semicontinuous
on E,. Therefore, H(¢) (1) is satisfied. Let u;,u,,e;,e; € E>. According to the continuity of
the trace operator, H(.%) (2), and the Holder inequality, one has

plur,e2) = (ur,e1) + 9(uz,e1) — @ ex) = [ Fpluny)lleselldl = [ Fiun)erellar
3 3

+ [ Foum)lereldr = | Fyfuzy)exelldr
3

3
=/F (Fp(urv) — Fp(uav))(llerc]| —[le2e)al
3
<aglury —MZV|L2(F3;R)||311—‘321HL2(F3;R4)

< ag|rol*|ur — wo||g,|le1 — ez,
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which implies that H(¢) (2) is satisfied by ay = a.#||ro||*. Further, for u € E,, we have
o(ue1) —o(u,e) = /r Fp(uy)(llere]| —[lexz|)dT
3

<7 [ lleveexcllar
I3

< azy/meas(3)|rollller — ez,

Hence, H(¢) (3) holds. Consider sequences {u,}, {e,}, {z,} such thatu, —~u, e, —e,z, — 2
in E>. Given the compactness of the trace operator, it follows that u,, — uy in [? (IGR), ep —
er, Zur — 27 in L2(T;RY) and

0(tn-en) = @tn.z1) = [ Zo(un)(lerel| ~ lene DT
3

= [ Fvtun) el - zclpar

= (p(uve) - (P(u’z)'
Consequently, H (@) (4) is met, thus establishing the fulfillment of H ().

We next verify H(K). It is clear from (5.10) that C is closed, convex, and nonempty subset
of E,. From the hypothesis H(rj,m;) (2), we have 0 € K(e) for all e € C. Consider e € C and
{u,} C K(e) satisfying u,, — u as n — oo for some u € C. Due to the lower semicontinuity of
ri, one has ry(u) < l,iglfl,f”l (u,) < mj(e). Hence, K(e) is closed for all e € C. For each e € C,

A €(0,1), Letu,w € K(e). H(ry,my) (1) gives
r(Au+(1=2)w) < Ari(u)+(1—=A)ri(w) < Amj(e)+ (1 —A)m;(e) =m(e),

and Au+ (1 —A)w € K(e). Therefore, K(e) is a convex set. Hence, we infer that H(K) (1) is
satisfied.

Next, we consider {e,} C C such that e, — e in C as n — . To demonstrate that K (e,,) M,
K(e), we will confirm conditions (1) and (2) of Definition 2.2. To establish (1), consider any
arbitrary u € K(e), and set u, = %(ee”))
and the condition mq > 0, we deduce that

) = 2 ) < 1),
which implies that u, € K(e,) for each n > 1. By continuity of m; and the compactness of the
embedding of V into H;, we conclude that

u. Then, by employing the positive homogeneity of r|

lim [|u, —ul| = lim | oy = fim Imle)=m@l,

n—-oo n—+e' mj(e) n—-oo m(e)

which implies u,, — u. Thus, condition (1) holds. To prove condition (2), let {u,} C C be such
that u, € K(e,) and u, — u in C as n — oo. We use the lower semicontinuity of |, the continuity
of my, and the compactness of the embedding of V into H; again, to infer

ri(u) < l,igi&f” (uy) < lggir;fml(en) =m(e),

which implies # € K(e). Thus H(K) (2) holds. We only need to confirm condition (3.2) and
H(K) (3). For this purpose, setting eg = 0 and r = myg, from H(r;,m;), we get B(eg,r) C
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NeccK(e), as B(0,mp) C K(e) for each e € C . Hence, H(K) (3) holds. It follows from (5.17)
that (3.2) are satisfied with the following data:

ax = de, ap = ||ag||2zg+, do = /2meas(I3)co, di = Ve,

ay = aj,, ap = az |||, co(z) = az+/meas(T3)||rol
where z € RT. According to the trace theorem, as indicated in [20, Theorem 2.21], it is estab-
lished that the operator 7y determined by (5.18)) is compact, linear, and bounded. Consequently,
H () is satisfied. It follows from H(f, fx,&0), (5.16) and (5.19) that H(f), Hy and H(M) are
satisfied. Further, it is evident that H(E) and H(G) are fulfilled by H(&") and H(¥), respec-
tively. Hence, we have verified all hypotheses of Theorem 4.1. So, Problem 5.2 has at least one
mild solution (0, u). O

6. CONCLUSIONS

In this paper, we investigated a class of fuzzy fractional differential inclusion quasi-variational-
hemivariational inequality (FFDIQVHVI) in Banach spaces. First, we obtained a uniqueness
and existence theorem for quasi-variational-hemivariational inequality under certain mild con-
ditions. Then, by utilizing the fixed point theorem of condensing set-valued operators, fuzzy
set theory and theory of measure of noncompactness, we obtained the nonemptiness of the
mild solutions set for FFDIQVHVI and the compactness of the set of all mild trajectories for
FFDIQVHVLI. Finally, we demonstrated the applicability of the abstract theory by addressing a
nonlinear quasistatic thermoelastic frictional contact problem featuring implicit obstacles. We
then presented existence results for this problem. After confirming the existence of solutions to
FFDIQVHVI, a central focus frequently shifts towards assessing the stability of these solutions
and devising algorithms for their approximation. Hence, it becomes both intriguing and pivotal
to explore the stability of solutions to FFDIQVHVI and to devise algorithms for approximating
their solution. Our forthcoming research will be built upon these objectives.
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