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Abstract. This paper presents a unified stochastic approximation framework for solving multivalued
variational inequalities in real separable Hilbert spaces. We propose an iterative projection scheme that
operates over a sequence of expanding closed convex subsets, a formulation motivated by variable-mesh
discretization strategies in infinite-dimensional optimization. The proposed algorithm utilizes noisy ob-
servations of the underlying operator, accommodating both intrinsic stochasticity (as in the minimization
of expected-value functionals) and extrinsic computational errors. We establish the strong convergence
of the generated sequence, in both the mean-square and almost sure senses, to the limit of the solutions of
the discretized problems, which is a solution of the original variational inequality under standard approx-
imation conditions. Furthermore, we derive explicit rates of convergence for both modes of convergence,
and we treat the ill-posed case of vanishing regularization. The versatility of the framework is demon-
strated through applications to non-smooth stochastic optimization, support vector machines, optimal
control and inverse problems for partial differential equations with random data, and image deblurring.

Keywords. Almost sure convergence; Multivalued variational inequalities; Rate of convergence; Regu-
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1. INTRODUCTION

Let (Q, <7, IP) be a probability space. Let H be a real separable Hilbert space equipped with
the norm | - || and the scalar product (-,-). We denote by L% (Q,</,P) the Bochner space of
equivalence classes of square-integrable random variables from Q to H, where the norm is

defined by [|U||,2 := (Jo |U(®)|*dP(®)) "2 Let F : H = H be a multivalued mapping with
domain D(F), and let C be a non-empty, closed, and convex subset of H such that C C D(F).
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Our primary objective is to investigate the multivalued variational inequality which consists of
finding a point u € C such that there exists 1 € F(u) satisfying

(n,v—u)>0, foreveryveC. (1.1)

To approximate a solution, we consider a sequence of discretized variational inequalities defined
over expanding subspaces. Let {H, },cn be an increasing sequence of closed subspaces of H
(i.e., H, C H,11), and let P, denote the orthogonal projection onto H,. We consider a sequence
of non-empty, closed, and convex subsets {C,},en such that C, C H, for all n > 1, and a
sequence of multivalued mappings {F; },en With F, : H, = H and C, C D(F},). At each step
n € N, the discretized problem is to find w,, € C,, such that for some w} € F,(wy,),

(wr,v—wy) >0, foreveryveC,. (1.2)

We propose a unified stochastic approximation framework to solve (1.1). Let {#,},cn be a
sequence of positive step sizes. We define the mapping Q, := Fc,P, as the composition of the
metric projection Fc, onto the set C, and the orthogonal projection P, onto the subspace H,,.
Since C,, C H,, for every x € H and ¢ € C, we have ||x —c|> = ||x — P.x|> + ||P.x — c]|?, s0
that, in fact, Q, = Pc,. We nevertheless keep the factorized form, since it reflects the two-stage
structure of the discretization: the update is first represented in the discrete space H, and then
projected onto the discrete constraint set C,,. Starting from an initial guess u; € LIZ_I (Q, 7, P)
with uj (@) € C; for almost every @ € Q, the sequence {u, } is generated by the update rule

Up1(®) := Oy (up(@) — tyMp(@)) . (1.3)

Here, N, (@) := u)(®) + &,(®) represents a noisy observation of the operator at the current
state. The term u)}(®) € F,(u,(®)) is a measurable selection from the multivalued operator
(its existence is shown in the proof of Theorem 2.1; note that u,(®) € C, C D(F,) under the
nestedness assumption (73) below), while &,(®) is a random noise variable. To ensure the
stochastic process is rigorously defined despite the non-invertibility of the projection operator
On (see [1]), we let {.%,},>1 denote the filtration generated by the initial state and the history
of the noise sequence: .7, := o (uy,&y,...,&,—1) forn > 2, with #; := 6(u;). By construction,
the current iterate u, is .%,-measurable (see the proof of Theorem 2.1). Furthermore, the noise
&y is %, 1-measurable, and we assume that the standard martingale difference condition E[&, |
Zn| = 0 holds. Consequently, the observation 1, is .%, |-measurable.

This formulation provides a versatile framework encompassing several important problem
classes. If F and F, are single-valued, (1.1) reduces to the classical variational inequality,
and u is simply the evaluation F;,(u,). More critically, this setup addresses non-smooth sto-
chastic optimization. Consider minimizing a convex functional defined as an expectation,
J(u) := E[y(u,§)], where { is a random variable. In this context, F () is identified with the
subdifferential dJ(u). Under standard regularity conditions, the subdifferential commutes with
the expectation, that is, dJ(u) = E[d,y(u, {)]. This allows us to generate the noisy observa-
tion 7, by drawing a sample {,, independent of .%,, and selecting a stochastic subgradient
NMn = &gn € W (uy, E,). The decomposition 1, = u; + &,, with u’ := E[g, | Z,] € dJ(u,) and
&y := gn — u;, then naturally interprets u as the true expected subgradient and &, as the zero-
mean stochastic error.

Furthermore, our approach remains valid even when the operator F' is deterministic but com-
putationally expensive. If F(u) represents the solution to a complex physical law or differential
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equation, the “noise” &, can model numerical approximation errors or sensor measurement
noise. Provided these errors satisfy martingale-like bounds, our framework allows for the use
of coarse approximations in early iterations that are progressively refined, guaranteeing conver-
gence to the true solution despite extrinsic uncertainties.

We now illustrate the breadth of this framework with four specific applications.

Example 1.1 (Application to Support Vector Machines). The proposed framework provides
a rigorous foundation for training support vector machines (SVMs) using stochastic iterative
algorithms. The standard primal formulation for a soft-margin linear SVM seeks a weight
vector u € R? that minimizes the regularized hinge loss:
) A
min J(u) = _”qu +E(x,y)~9 [max(O, 1 _y<x7u>)] )
uelRd 2
where A > 0 is the regularization parameter. Here, x € RY represents the feature vector and
y € {—1,+41} denotes the binary class label. The notation (x,y) ~ & signifies that the data pairs
are random variables distributed according to an unknown underlying probability distribution
2.
This optimization problem maps directly to our variational inequality framework (1.1) as
follows:

e The operator F(u) = dJ(u) is the subdifferential of the objective function. Owing to
the non-smoothness of the function max(0,-) at the origin, the subdifferential of the
sample loss is set-valued whenever y(x,u) = 1; consequently, F'(x) may be set-valued
as well (for instance, when ¥ is an empirical distribution supported on finitely many
data points).

e The stochastic update (1.3) corresponds to drawing a random data point (x,,y,) at iter-
ation n and computing a stochastic subgradient:

YnXn  AF yu (o, 1) < 1,
= Auy, —
n " {O otherwise.

e The noise term &, = 1, —uj;, where u := E[n, | %,] € dJ(u,), represents the sampling
error introduced by using a single data point to estimate a subgradient of the entire
population risk.

Thus, under the assumptions of our main results, such stochastic subgradient algorithms con-
verge to the optimal SVM classifier in the mean-square and almost sure senses, even though the
loss function is non-smooth and the data stream may be infinite or noisy.

Example 1.2 (Application to Sparse Control of PDEs with Random Coefficients). Our frame-
work is particularly well suited for optimal control problems constrained by partial differential
equations (PDEs) with uncertain data, especially when sparse controls are desired. Consider
the problem of minimizing an expected cost functional:

. 1 2
min ()= | (0, @) vl | + Al

subject to the stochastic elliptic constraint:

—V-(a(x,0)Vy(x,0)) =u(x) inD, y=0ondD.



48 S. BAL A.A. KHAN, C. TAMMER, A. ZALINESCU

Here, a(x, ) represents a random diffusion coefficient (e.g., uncertain permeability in a porous
medium), y(u, ®) is the random state, and u is the deterministic control. The set U,q, a non-
empty, closed, and convex subset of L?(D), represents the set of admissible controls. The
term A ||u||;1 is a non-smooth regularization promoting sparsity (e.g., minimizing the number of
active actuators).

Writing j(u,®) := %H y(u,®) — yd||i2, the optimality condition for this problem is the varia-
tional inequality: find u € Uyg and § € d(A|| - ||;1)(«) such that

(E[Vuj(u,0)]+&,v—u) >0, forallve Uy.

This fits our general framework (1.1) where:

e The operator F is the sum of the expected gradient of the smooth part and the multival-
ued subdifferential of the L' norm.

e The stochastic iteration (1.3) corresponds to a projected stochastic subgradient method.
At each step n, we sample a realization @, of the random coefficient, solve the corre-
sponding deterministic PDE to obtain y(u,, ®,), compute the gradient V,, j(u,, ®,) (e.g.,
via an adjoint equation), and add a subgradient of the L! term.

e The “noise” arises from approximating the full expectation E[-] with a single sample
solution.

Our convergence results justify the use of this computationally efficient “sample-then-optimize”
strategy for finding sparse optimal controls in the presence of uncertainty.

Example 1.3 (Application to Inverse Problems with Random Sources). A further significant
application of our framework lies in solving inverse problems for partial differential equations
where the source term is stochastic.

Consider the problem of identifying a deterministic diffusion coefficient u(x) (the unknown
parameter) in an elliptic equation, given noisy measurements of the state. The system is gov-
erned by

—V.-(u(x)Vy) = f(x,0) inD, y=0ondD,

where f(x,®) represents a random source term (e.g., stochastic excitation or uncertain load).
We seek to minimize the expected mismatch between the state y(u, @) and some observed data
Z4, typically with regularization:

1
inJ(u):=E|= o) —z4|? X
min J(u) 5 lly(u, @) = zall 2 | +2(u),
where Z is a (possibly non-smooth) regularization functional, such as total variation (TV), used
to preserve edges in the coefficient u(x).

The set C,q defines the admissible search space for the coefficient. To ensure that the PDE is
well posed (uniformly elliptic), C,q typically enforces uniform boundedness away from zero:

Caa = {u€L*(D):0< a <u(x)<aae. in D},

which is a non-empty, closed, and convex subset of L?(D) contained in L*(D).

Since the coefficient-to-state map u — y(u, @) is nonlinear, the output least-squares functional
above is, in general, nonconvex, so that the monotonicity assumptions of our main results need
not hold for it. A convex alternative is provided by the modified output least-squares (MOLS)
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functional, which leads to a monotone operator F and is therefore covered by our analysis; see,
e.g., [2, 3].
This problem fits the variational inequality framework (1.1) as follows:

e The randomness in the stochastic estimates of the operator F (1) = dJ(u) comes entirely
from the stochastic source f(-,®), which propagates through the PDE solution map
u—y(u,o).

e The iterative scheme (1.3) allows us to reconstruct the coefficient u(x) by repeatedly
solving the forward PDE with sampled realizations of the source f,, = f(-, ®,) and up-
dating the estimate via stochastic subgradient descent.

e The non-smooth regularization % (u) (e.g., for reconstructing blocky structures) is han-
dled by the multivalued nature of the operator.

Example 1.4 (Application to Stochastic Image Deblurring). The proposed framework is ideally
suited for regularized image deblurring and restoration, particularly when dealing with large-
scale images or hyperspectral data where computing full gradients is expensive.

The image restoration problem seeks to recover an original image u# from a noisy, blurred
observation y = Ku + €, where K is a linear blurring operator (convolution) and € is the mea-
surement noise. The standard variational formulation with non-smooth regularization (e.g., total
variation or wavelet sparsity) is

1
mMinJ(u) = EHKM — [P+ A% (u).

This fits our variational inequality framework (1.1) precisely:

e Since the operator K is linear, the data fidelity term Jyqa (1) := 3|/ Ku — y||* is a convex
quadratic functional, and its gradient VJg,, (1) = K*(Ku —y) is a globally monotone
operator.

e The regularization Z(u) (e.g., Z(u) = ||u||7v or ||u||,) is convex but non-differentiable,
requiring the set-valued subdifferential F (1) = K*(Ku—y) + A0Z%Z(u).

e For very large images, evaluating the full residual Ku — y and the back-projection K* is
costly. We can interpret the data term as a sum over the discrete set of pixel indices .#:

1K —y[I* = Y, ((Ku)i—yi)*.
ics
e Our iterative scheme (1.3) allows us to perform stochastic (sub)gradient descent: at
each step, we sample a random subset of pixels (a batch S,, C .#) to compute the partial
error, rescaled so that the resulting gradient estimate is unbiased, and update the image.
Under the assumptions of our main results, this guarantees convergence to a minimizer
of J without processing the full dataset at every iteration.

Remark 1.1. It is important to note that while non-smooth regularization functionals (such as
total variation) are often defined on Banach spaces in the continuous setting, our computational
framework operates on their finite-dimensional discretizations. In practice, continuous fields
are approximated by vectors in RV, which is naturally a Hilbert space. In this discrete setting,
the subdifferential operators are well-defined set-valued mappings, ensuring that our Hilbert
space convergence analysis remains fully rigorous for practical numerical implementations.
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A distinguishing feature of our work is the integration of these stochastic methods with a
variable-mesh strategy. Standard stochastic approximation methods typically operate on a fixed
discretization, which leads to a dilemma: coarse meshes introduce a large discretization bias,
while fine meshes make every iteration computationally expensive. Assuming that the con-
straint sets are nested (C, C C,+1) and approximate C as n — oo allows us to model a hierar-
chical refinement strategy, similar to adaptive mesh refinement in finite element methods. By
coordinating the step-size decay with the expansion of the discretization space, our algorithm
generates a sequence that converges strongly in H to the limit of the discrete solutions, and
hence to a solution of the continuous problem whenever the discretization is consistent. This
ensures asymptotic consistency and allows for significant computational savings by performing
early iterations on coarse, inexpensive grids.

The iterative schemes proposed herein fall within the broader framework of stochastic ap-
proximation. This dynamic field, initiated by the seminal work of Robbins and Monro [4],
provides a robust methodology for finding roots or extrema of functions when only noisy evalu-
ations are available. The field possesses a rich history with applications across diverse domains;
see [5, 6, 7, 8,9, 10] and the references therein. In recent years, stochastic approximation
has garnered significant renewed interest, driven largely by advancements in large-scale ma-
chine learning, stochastic gradient descent (SGD) variants, and stochastic variational inequali-
ties [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. Some recent developments can be
found in [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35].

Although the stochastic approximation framework is naturally suited for optimization prob-
lems involving noisy experimental data, suggesting strong utility for inverse and control prob-
lems under uncertainty, its application to stochastic partial differential equations (SPDEs), un-
derstood here as PDEs with random coefficients or data, is a surprisingly recent development.
Unlike traditional sample average approximation (SAA) methods, which can be computation-
ally prohibitive in high dimensions, stochastic approximation offers an efficient, iterative ap-
proach to handling the infinite-dimensional noise inherent in SPDEs. Specifically, Geiersbach
and Pflug [36] and Martin, Krumscheid, and Nobile [37] independently pioneered the stochas-
tic approximation approach to optimal control in SPDEs (see also [38, 39]). Furthermore, the
application of these methods to inverse problems involving parameter estimation in SPDEs is
detailed in [2, 3, 40, 41, 42, 43, 44, 45].

Main Contributions. In this work, we develop a unified framework for analyzing the con-
vergence of stochastic approximation schemes applied to multivalued variational inequalities.
Our analysis bridges the gap between standard mean-square error estimates and the stricter re-
quirements of almost sure convergence, with a particular focus on the challenging regime of
vanishing regularization. Notably, we extend the seminal results of Kluge and Telschow [46].
The main results are organized as follows:

e Mean-Square Convergence Analysis: We begin by establishing the fundamental L?
properties of the algorithm. In Theorem 2.1, we prove the mean-square convergence of
the sequence under general conditions on the operator monotonicity and noise variance.
We then refine this analysis in Theorem 2.2, deriving explicit algebraic convergence
rates 0 (n~9) for the well-posed case, where p and r denote the decay exponents of
the step size and the spatial discretization error: the rate ¢ = min(p,r) holds in gen-
eral, and it improves to ¢ = min(p, 2r) when the discrete solutions vary slowly between
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consecutive iterations. Finally, in Theorem 2.3, we extend the mean-square analysis to
vanishing regularization (¢, — 0), where the consistency condition on the discretization
error is replaced by a tracking condition on the increments of the evolving regularized
solutions.

e Almost Sure (Pathwise) Convergence: Moving beyond expected values, we address
the stronger requirement of trajectory-wise convergence. Theorem 3.1 establishes al-
most sure convergence under summability hypotheses on the step sizes and mesh errors.
Complementing this, Theorem 3.2 provides pathwise convergence rates, ensuring that
the error decays polynomially along almost every realization of the stochastic process,
again with improved rates when the discrete solutions vary slowly.

e Vanishing Regularization and Target Stability: A central contribution of this work
is the rigorous treatment of the shifting target problem inherent to vanishing regulariza-
tion. Theorem 3.3 proves almost sure convergence to the minimum-norm solution even
when the regularization parameter decays to zero. To make the abstract conditions of
this theorem actionable, we provide a stability analysis of the underlying determinis-
tic trajectory. Lemma 3.1 quantifies the discrete velocity of the regularized solutions,
showing that it decays as ¢'(1/n) for polynomial regularization schedules.

e Optimal Parameter Selection: Finally, we translate our theoretical findings into con-
crete guidelines for parameter selection. In Theorem 3.4, we prove that for polynomial
step sizes 1, o< nP and regularization parameters c, o« n~X, the condition p+k < 1 (with
% < p < 1) is sufficient to guarantee almost sure convergence. This result delineates a
“feasibility region” where the algorithm successfully balances noise suppression against
the drift of the moving target.

The remainder of this paper is organized as follows. Section 2 focuses on the analysis in the
mean-square sense; we establish the strong convergence of the proposed iterative scheme, derive
explicit a priori estimates for the rate of convergence, and treat the case of vanishing regular-
ization. In Section 3, we extend this framework to the almost sure setting, utilizing martingale
convergence arguments to establish analogous convergence results and rate estimates. This sec-
tion also treats vanishing regularization in the almost sure setting, analyzes the stability of the
regularized solutions with respect to the regularization parameter, and derives explicit polyno-
mial parameter schedules. Section 4 presents some concluding remarks. Appendix A collects
the auxiliary results used throughout, including recursive inequalities for real sequences and the
Robbins-Siegmund theorem.

2. ANALYSIS OF MEAN-SQUARE CONVERGENCE

In this section, we establish the convergence of the proposed stochastic approximation scheme
in the mean-square sense. Our analysis relies on controlling the error between the stochastic
iterate u, and the theoretical limit i, which is decomposed into an approximation error (arising
from the discretization w;,) and a stochastic error (arising from noisy observations). To derive
these results, we utilize a suite of recursive inequality lemmas provided in Appendix A. Specifi-
cally, we employ Lemma A.1 to establish the asymptotic convergence of the recursive sequence
and Lemma A.2 to ensure uniform boundedness in the presence of nonlinear perturbations.
Furthermore, we characterize the polynomial decay rate of the error using Lemma A.3. The
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Robbins—-Siegmund theorem (Lemma A.4) will be used in Section 3 to guarantee the almost
sure convergence of the iterative stochastic dynamics.
We now state the main convergence theorem.

Theorem 2.1 (Mean-Square Convergence). Assume that the following conditions hold:

(T) For every n € N, the multivalued operator F, has non-empty, closed, and convex val-
ues on Cy, is measurable, and is strongly monotone on C,. Specifically, there exists a
sequence of constants ¢, > 0 such that for all u,v € C, and all u* € F,(u), v* € F,(v),

(" — v u—v) > cyllu—v|>

(T) There exist constants K,£ > 0 such that, for all n € N, |v*|| < k||v||+ ¢, for all v € C,
and v* € F,(v).
(T3) The sequence of feasible sets is nested, satisfying C, C Cpy1 foralln > 1.
(Ty) For every n, the discretized problem (1.2) admits a solution wy, € C,,. Furthermore, {wy}
converges strongly to a limit it € H: lim,_,e ||w, —i1|| = 0.
(Ts5) The sequence of monotonicity constants {cy}nen is bounded. Furthermore, the step
sizes t, > 0 and the constants c, satisfy the following conditions:
Ly o
lim — =0, Z tyCp = oo,
n=1

n—eo Cp

and the discretization error decays sufficiently fast relative to the conditioning:

tim 12 = _
n—soo Cn '

(Ts) The stochastic errors {&,}nen form a martingale difference sequence in L4(Q, o/ ,P)

with respect to the filtration {.%,},>1 defined in Section 1. More precisely, there exists

a finite constant 6 > 0 such that
E[E, | Za] =0 and E[|&|*| Z] <0 as.

Then the sequence {u,} generated by the stochastic iteration (1.3) is well defined in L2, (Q, o/ | P)
and converges in mean square 1o ii:

. I S =121 —
JYim =72 = Jim E [l — %] =o0.

Proof. We first show by induction that the iterates are well defined and satisfy u,(w) € C, for
almost every @. By assumption, the initial guess u; € L%(Q, <7, P) is .%|-measurable and satis-
fies u; (@) € C) a.s. Assume that u, € L% (Q, <7, P) is .%,-measurable with u,(®) € C, C D(F,)
a.s. By hypothesis (T1), the operator F,, has non-empty, closed, and convex values on C,. Be-
cause F), is a measurable set-valued mapping and u,, is .%,-measurable with u,(®) € C, a.s., the
composition F, o u, is a measurable set-valued map with non-empty closed images. Therefore,
by the Measurable Selection Theorem (see, e.g., Aubin and Frankowska [47, Theorem 8.1.3]),
there exists an .%,-measurable selection u, € Fy,(uy,).

Furthermore, because the noise &, is %, -measurable, the vector u, —t,,(u} + &) is F11-
measurable. As O, = F¢, P, 1s a continuous mapping, it preserves measurability, and hence u,, |
is #,+1-measurable. By the linear growth condition (7>) and the square-integrability of both u,
and &,, the next iterate u, | has a finite second moment, so that u,, ;| € L%,(Q, </ ,IP). Finally,
uy+1(®) € C, C Cpyy1 by the definition of O, and the nestedness assumption (73).
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We divide the convergence proof into four steps. Throughout, 1,, = u + &, denotes the noisy
observation used in (1.3), and w} € F,(w,) is the element associated with the solution w;, of
(1.2).

Step 1. We establish three elementary estimates. Since u, € C, C H,, we have P,u, = u, and
Qn(un) = PC,, (Pnun) = PCnun = Up.

(a) Using the non-expansivity of Q,, we obtain

unr1 = ttn|| = [|Qn(un — taMn) — On(un) || < || — aMn) — || = t]| M| - (2.1)
Note that this estimate relies on the nested property (73). Without it, an additional interpolation
error term involving ||u, — Pc, (u,)|| would be required.

(b) By the characteristic property of the metric projection FPc, (which acts as the outer com-
ponent of Q, = F¢,F,), for any vector z € H and any point v € C,, the variational inequality
(Pc,z—z,Pc,z—v) < 0 holds. We apply this with z = P,(u, —t,1,) and v = w,, € C,. Utilizing
the algebraic identity (a —b,c) = (a —z,¢) + (z—b,c) with a = uy,4| and b = u,, we derive

<un+1 — Un, Un+1 _Wn> = <un+1 —Z, Up+1 _Wn> + <Z_ Un, Up+1 _Wn>

< <Pn(un _tnnn) — Up, Up+1 _Wn>-

Since P,u, = uy,, the linearity and self-adjointness of P, (noting that u,; —w, € H,) give

<un+l — Up, Up+1 _Wn> < <Pn(_tnnn)a Un+1 _Wn> = _tn<nna Un+1 _Wn>
= _ln<rln7 Up+1 — ”n> _tn<nn7 Up _Wn>-
By the Cauchy—Schwarz inequality and (2.1), —t, (N, thny 1 — ttn) < ta|| M| |1 — || < 22]|10]1%
and therefore

<un+1 — Up, Upt1 _Wn> < tr%HnnHz _tn<u:<1 + gna Un _Wn>- (2.2)

(c) By the definition of w,, in (1.2), we have (w},v—w,) > 0 for all v € C,, and in particular
(W up —wy) > 0, since u, € C,. Together with the strong monotonicity condition (77), this
yields

— (Ut — wn) = —(uy — Wity — Wy — Wy tty — wy) < —cp|un —wn||2.
Using ||y, — wy|| > | ||un — @|| — ||wn — @] |, we have
—ltn — wall* < = ||y — 1l|* + 2|, — 1| || wn — | — [|wn — 7|,

and discarding the last (negative) term, we obtain
— (Ut — W) < —cnl|ttn — @)|* 4 2¢n |ty — ||| wn — . (2.3)

Step 2. We now estimate the conditional expectation E[||u,;1 — i||> | %], where .%, is the
o-algebra generated by the history of the process up to iteration n.

We begin with the algebraic expansion of the squared norm ||u,, | — i||>. To facilitate the use
of the projection property from Step 1, we decompose the cross term relative to the auxiliary
point wy,:

[ttn1 — ﬁHz = [|(unr1 — tn) + (un — ﬁ)”z

= utn = al|? + et = an® + 2t 1 =, vn — ).
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We decompose the inner product by adding and subtracting w, and u,,+; within the second slot:
2ty 1 — sty — ) = 2{Un 1 — Uy U1 — W) +2(Up 1 — Uy Wy — U1 + Uy — i)
= 2t 1 — Uy Uy 1 — Wn) + 21 — Uy Wy — 8) = 2| tp 1 — ]|,
Substituting this back into the norm expansion yields
i1 —al* < Nt —all + [t 1 = n® + 241 =, thp1 — W)
+ 2(up1 — U, Wy — ).

We now apply (2.1) to the second term, (2.2) to the third term, and the Cauchy—Schwarz in-
equality together with (2.1) to the last term. This yields

[ttn41 — ’f_‘H2 < lun _ﬂHz“f’tr%H“jz"'énHz — 2ty Uy, tty — Wp) — 215 (s Un — Wn)
+ 205 1t + Eall® 2106+ &l wn — .
Grouping the squared norm terms, we obtain the pathwise estimate
[ _ﬂHZ < ||un _L_‘||2+3tr%||”j1+5n”2 — 2ttty tty — W) — 2t (G Uy — W)
+ 2t |16, + Gl wn — ] (2.4)

We now take the conditional expectation E[- | .%,], recalling that u,, and u}; are .%,-measurable
and w,, is deterministic. By (Tg), the noise &, has the following properties:

(1) Zero mean: E[§, | .%,] = 0. Consequently, the linear noise interaction term vanishes:
E[—2t,(Enyttn — wn) | F] = 0.

(2) Bounded variance: E[||&,||? | %] < 6. Using the inequality ||a+b|*> < 2|a||*+2||b|?,
we bound the squared norm term:

E[||u +E,||? | Zn] < 2||uk||* 4262

(3) First moment bound: By Jensen’s inequality, E[||&,|| | 7] < (E[||Ea]1% | Z))'/? < 0.
Thus,

Elllwy +Eall | ] < |lu]| + 0
Applying these properties, we have
Ellltns1 —itl|* | Fa] < llitn —al* + 367 2]luz || +207)
= 2t (s tn = W) + 20 ([|16 || + ) [wn — it
Next, we apply the structural conditions on the operator F;,. By (2.3),
— 21 (10}, Uy — W) < —2tCnl[ttn — i1]|* + At |t — ] W — it
By the linear growth condition (73) and the triangle inequality ||u,|| < ||u, — i@|| + ||i||, we have
Juj|| < Kl||un — it]| + Co, where Cp := k||| + ¢. This implies |Ju}||> < 2&2||u, — i]|> + 2C3.
Substituting these estimates into the expectation inequality, we obtain
Ellltns1 —atl|* | Fo) < |lun — a1l|* + 367 (226 ||un — 1]|* +2C5) +207)
+ (_2tnan“n - ﬁHZ + 4tnCnl|un — il || wn — L_‘H)
+2t,(x ||y, — || +Co+ o) ||wn — d]|.
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Finally, we group the terms by powers of the error norm ||, — i||. The coefficient of ||u, — ||
collects terms from the identity, the strong monotonicity (negative), and the squared operator
bound (positive, of order t,%):

El[tnr1 —i1l|* | Fu] < [1 = 2tucn + 1265 K7] [Jun — it]|*
+ [Atncnl|wn — il + 210 K| | wn — dd[]] [t — i
+ [362(20% +4C5) + 21, (Co + ©) || w, — ] - (2.5)

This inequality is now in the form required to apply Lemma A.2.
Step 3. To apply Lemma A.2, we derive a deterministic recursive inequality by taking the total
expectation of the estimate obtained in Step 2. Let s, := E[||u,, — i||?] denote the mean squared
error at iteration n.

First, we apply the law of total expectation E[-] = E[E[- | .%,]] to inequality (2.5). The term
involving the first moment of the error, E[||u, — i||], requires attention. Since the square root
function is concave, Jensen’s inequality implies

Elljun —all] < \/Elllun — al]?] = v/su.
Applying this to the result from Step 2 yields

Spa1 < (1 —2tycn + 12K2t,%) Sn+ (Btpcnl|wn — i + 2ty x||wy — dl|) /sn
+ (312(206% +4C3) +2t,(Co+ 0) | wn — ]| - (2.6)

To bring this inequality into a standard form suitable for convergence analysis, we simplify the
coefficient of s,. We analyze the contraction term 1 — 2t,¢, + 12K2t,%. We require the first-
order negative term to dominate the second-order positive term. Specifically, we seek an integer
Np such that, for all n > Ny, 1 — 2t,c, + 12k?t2 < 1 — t,c,,. This inequality holds if and only
if 121(21‘,% < tycp, or equivalently 12K2tn < ¢u. Given the assumption (75) that the step size
decays faster than the monotonicity modulus, i.e., lim,_«(#,/c,) = 0, this condition is satisfied
for sufficiently large n. Moreover, since {c,} is bounded, t,¢, = (t,/c,)c2 — 0, so that, after
enlarging Ny if necessary, t,c, € (0,1) for all n > Np.

Consequently, for n > Ny, we define the deterministic sequences corresponding to the nota-
tion in Lemma A.2:

® V, =1InCp,
® 0, :2tn(2Cn+K)”Wn_ﬁH’
o ¥, =6t2(0% +2C}) + 2t,(Co + 0)||wy — .

Substituting these definitions results in the following recursive relation for the mean squared
error:

Sn+1 < (1 _vn)sn+6nm+Yna n ZN() (27)
We are now in a position to apply Lemma A.2. We verify the requisite conditions:

(a) We examine the ratio 8,/ V,:

IhCy IhCy

K _
2+ —) |wy, — |
c

n
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Using assumption (75), specifically that the discretization error decays faster than the
conditioning parameter (lim,_c ||w, — i||/c, = 0), together with ||w, — || — 0, this
ratio tends to 0. Thus, for any 6 € (0, 1), we have &, < v, for large n.
(b) We examine the ratio %,/Vv,. The term 7, consists of two components.
e The first component is of order ¢ (¢2). Its ratio to v, is proportional to 2/ (t,c,) =
tn/cn, which tends to 0 by (T5).
e The second component is of order &'(t,||w, —i||). Its ratio to v, is proportional to
|\wn — || /cn, which also tends to 0 by (75).
Consequently, lim,,_,e ¥,/ V,, = 0, which implies sup,, %,/ V, < +ce.
Since all conditions of Lemma A.2 are satisfied, the sequence {s,},>n, is bounded. As the

finitely many terms s1,...,sy, are finite (because u, € leq (Q, o7 ,P) for every n), we conclude
that
M, :=sups;, < +oo. (2.8)
n>1

Step 4. We now combine the recursive inequality (2.6) with the bound (2.8) to prove that the
mean squared error converges to zero.

Recall inequality (2.6), written with the first moment E[||u, — i|] before the application of
Jensen’s inequality:

Snp1 < (1= 21,00 + IZKZI,%) Sn + (Atyen||wy — | 4 2tk ||wy, — i|) E[||un — ]
+362(26% +4C3) + 21,(Co + ) || w, — - (2.9)

To apply Lemma A.1, we isolate the first-order contraction term —2t,c,. The term 12k%¢2s,, is
of higher order (since t,, — 0). Using the bound s,, < M, from Step 3, we move this term into the
additive perturbation sequence to simplify the multiplicative coefficient. We also use the bound
E[||un — i|]] < \/5n < v/My. Substituting these bounds, the inequality simplifies to the standard
form

Snr1 < (1 =2t,¢p) 80 + ap, (2.10)
where the total perturbation term a,, collects all non-contractive terms:

an = 12K°2M, +312(26° +4C3)
—— ~—_——

from coefficient noise variance
+ ||wn — ] Atncn vV My + 2ty K/ My + 2t,(Co+o0) |. (2.11)
Cross terms linear grgvrvth/noise

Grouping terms by powers of #,, for clarity, we write
an =ty (12K°My + 667 + 12C5) +tu||wy — || (4cnv/My + 2K/ M +2Co+20) . (2.12)

N J/ N

=K ::K3,n

We now invoke Lemma A.1: if a sequence of non-negative real numbers {s, } satisfies s, <
(1 —04)s,+a, with i, € (0, 1) for all sufficiently large n, ¥ @, = +o0, and lim,, e (@, / 0,) = 0,
then lim,, ... s, = 0.

We verify these conditions with @, = 2f,¢,. As shown in Step 3, t,¢,, — 0, so o, € (0, 1) for
all sufficiently large n.

1. By assumption (75), Y| t,¢, = +oo. Thus, ¥ o, = +oo.
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2. We analyze the limit of the ratio a,/o,:

ay _ l‘,%Kz l‘n||wn—l/_t||K37n
2t,cn  2tucy 2t,¢n
K> [t —u
=22 (D —|—M(4cn\/Mx+2K\/Mx—|—2C0+2c7)
2 \c, 2¢,
~——
—0
K

2<C) 2\/_||w,,—u||+<”W” _H>(2K\/I\TX—1—2C0+26). (2.13)
_’n_/

—0

e The first term vanishes because of assumption (75): lim(,/c,) = 0.
e The second term vanishes because w,, — ii.
e The third term vanishes because of the consistency assumption lim(||w, —il| /c,) = 0.

Since both conditions are satisfied, Lemma A.l implies
lim s, = lim E[||u, —i|*] = 0. (2.14)
n—yoo n—yoco

This confirms that the sequence {u,} converges strongly to i in the mean-square sense. The
proof is complete. O

Remark 2.1 (On the Hypotheses of Theorem 2.1). (1) Theorem 2.1 identifies the limit of
the iterates as the limit & of the discrete solutions. Under standard consistency condi-
tions on the discretization, i is a solution of the original problem (1.1). Suppose, for
instance, that
(Cy) every v € C is the strong limit of some sequence v, € C,, and whenever {ny }ren is

a strictly increasing sequence of indices and x,, € C,, converge weakly to x, then
xeC;
(C2) whenever {n }ren is a strictly increasing sequence of indices, x,, € Cy,, converge
strongly to x, and x;, € F,, (x,, ) converge weakly to x*, then x* € F (x).
Since wy, € C,, and w,, — i strongly, we have i € C by (C}). Moreover, {w, } is bounded,
being convergent, and hence, by (73), so is {w }. Therefore, there exists a subsequence
{wy, } converging weakly to some n € H, and 1 € F(ii) by (C2). For v € C, choose
vn € Gy with v, — v by (Cy). Since w,, — 1 and vy, —wy, — v — i strongly, passing to
the limit as k — oo in (W}, , vy, —wy,) > 0 yields (n,v —i) > 0. Hence, & solves (1.1).
(2) Square-summability of the step sizes, Zt,% < +o0, is not among the hypotheses of Theo-
rem 2.1, since it is not required for mean-square convergence. It will be needed for the
almost sure convergence results in Section 3.

Remark 2.2 (Measurability and Well-definedness). The measurability of the iterates {u, } with
respect to the filtration {.%,}, as established in the proof of Theorem 2.1, serves as a foun-
dational property for the entire study. Consequently, for the subsequent convergence results
presented in this work, including those establishing almost sure convergence via the Robbins—
Siegmund lemma, we will omit the explicit verification of measurability. It is understood that
the stochastic process {u, } remains well defined in the Bochner space L%,(Q, </ ,IP) throughout
the iterative scheme.
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Remark 2.3 (Extensions to General Noise Conditions). The proof presented above utilizes
a uniform bounded variance assumption (Condition (7)) to streamline the derivation of the
recursive error bounds. However, Theorem 2.1 can be extended to broader stochastic settings
with minor modifications to the algebra in Steps 2 and 3:

(1) The uniform bound E[||&,|? | %] < 62 can be relaxed to allow the noise intensity to
grow with the iterate: E[||&,||? | Zn] < 0F + 07||un||?. Since |Jun|> < 2||u, —il|* +
2||@||?, this produces in Step 2 an additional term of order t26%||u, — i||%, which is
absorbed into the contraction coefficient in the same way as the term 12x%2 in Step 3,
together with an additional cross term of order #,01 ||u,, — i||||w,, — @||, which is handled
like the corresponding term involving k. Since f,/c, — 0 by (T5s), the dissipativity of
the operator dominates the noise growth for all sufficiently large » (i.e., t,¢,, > Ct,%c;l2 for
some constant C independent of #), and the conclusion of Theorem 2.1 remains valid.

(2) The uniform bound can also be replaced by a deterministic, possibly unbounded, se-
quence: if E[||&, ]| | .%,] < 62 a.s., then the proof carries over verbatim with ¢ replaced
by o,, provided that

1,02

lim —2 =0 and lim
n—e  Cp n—eo Cn

G| wn — |

=0.

These conditions guarantee that %,/v,, — 0 in Step 3 and a,, /o, — 0 in Step 4.

In Theorem 2.1, we established the strong convergence of the proposed scheme, confirming
that the sequence of iterates {u, } indeed approaches the limit 7. However, this result did not
provide any information regarding the speed of this convergence. The previous result relied
essentially on qualitative conditions (the divergence of ) #,c, and the vanishing of the ratios
tn/cn and ||wy, —ii|| /c,) to ensure asymptotic stability.

In the following, we advance the analysis from qualitative validity to quantitative efficiency.
We impose specific polynomial decay rates on the step size and on the mesh approximation
error, and, for a sharper estimate, on the increments of the discrete solutions, to derive explicit
asymptotic rates for the mean squared error. This analysis is crucial for understanding the
interplay between the two primary sources of error: the variance of the stochastic noise and the
bias introduced by the spatial discretization. We first isolate a one-step estimate of the iterates
relative to the discrete solutions w;, which will be used both for the rate estimates and for the
analysis of regularized schemes.

Lemma 2.1 (One-Step Estimate Relative to the Discrete Solutions). Assume that conditions
(T1)~(T4) and (Tg) of Theorem 2.1 hold, and set K := sup,cy (2(k||wa| +€)* + 62) , which is
finite since the sequence {wy,} converges by (T4). Then, for every n € N,

E(||ttny1 —wal? | Fn] < (1 =2t0cn +2K%62) ||ty — wn||> + K22 a.s. (2.15)

Proof. Recall the update u, 1 = Qp(uy, —1,N,), where n, = u; + &,. Since w, € C,, C Hy, it is
a fixed point of Q,, and the non-expansivity of Q,, yields

441 _Wn||2 = ||Qn(ttn — taMn) — Qn(""n)Hz
<l —wp =t (uy + gn)Hz

= tn = wall> = 21 (1t + &y 0 — i) + 15 |1, + & |-
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We take the conditional expectation E[- | .%,] and use (7). Since u, and u}; are .%,-measurable
and the noise has zero conditional mean, the terms that are linear in &, vanish, and in particular
Ellluy +&ll* | Za] = upl* + E[|&all* | Fa] < lluy||* + 0. Hence

Ellltnst —wall® | Za) < e —wall® = 26t 100 — w) + 13 (|l |* + 02).

Since wy, solves (1.2), we have (w},u —wy,) > 0 for all u € C,, and in particular for u = u,,
which belongs to C, (see the proof of Theorem 2.1). Together with the strong monotonicity
condition (77), this gives

— (U gy —wp) = — (=W sy — W) — (Wt — ) < — |ty — wal|?
For the squared norm term, we use the linear growth condition (73) and the triangle inequality
|tnl] < ||ttn — wal| + ||wn|| to obtain

e > < (it = wal| + Kellwall +€)* < 261t — wia|* +2(kc|[wa| + €)%

Substituting these bounds into the previous inequality and using the definition of K yields (2.15).
U

Theorem 2.2 (Asymptotic Convergence Rates). Assume that conditions (T))—(T4) and (Tg) of
Theorem 2.1 hold and that the monotonicity moduli are bounded from above and away from
zero, i.e., there exist constants 0 < ¢ < ¢ such that ¢ < ¢, < ¢ for all n € N. Suppose that the
step size and the mesh approximation error satisfy the following decay rates:

(R1) The step size sequence is given by t, =ton P with0 < p < 1 and ty > 0.
(Ry) The discrete solutions satisfy the approximation bound ||w, —i|| < Cn™" with r > 0.
Then the following assertions hold.

(a) Let g, :=min(p,r), and, in the case p = 1, assume that 2cty > q,. Then
limsupn?®E || uy, —IZHZ} < oo, e, E[||uy —IZHZ} =0 <n*min(p’r)> :
n—yoo

(b) Assume, in addition, that the discrete solutions vary slowly in the sense that
(R3) ||Wpi1 —wa|| < Cn=U*D foralln e N.
Let qp, := min(p,2r), and, in the case p = 1, assume that 2cty > qp. Then

limsupn® E [||u, — i||*] < +o0, ie, E[|u,—al*]=0 (n_min(p’2')> :
n—yoo

Proof. Throughout the proof, s, := E[||u, — i||?]. We first note that, under (R;) and (R;), all
conditions of (75) are satisfied: {c,} is bounded, #,/c, < t,/c — 0, Y.tycn > ctoY,n P = +oo
since p < 1, and ||w,, — || /c, < Cn~"/c — 0. Hence all hypotheses of Theorem 2.1 are satisfied.

Proof of (a).

Step 1: Since the hypotheses of Theorem 2.1 hold, Step 3 of its proof yields the uniform bound
(2.8),1.e., M, = SUP,> 1 Sn < oo

Step 2: We start from inequality (2.6) derived in the proof of Theorem 2.1. Since s, > 0 and
cn > ¢, we have (1 —2t,¢,)sn < (1 —2t,¢)s,. Moreover, 12k%t2s, < 12K*Myt2, \/sy < /My,
and 4¢, + 2K < 4¢ + 2k. Therefore,

Snat < (1—=2¢1,)8n + Kat® + Laty || wp — i, (2.16)



60 S. BAL A.A. KHAN, C. TAMMER, A. ZALINESCU

where

K, := 12K°M, + 667 +12C3, L, := (4c+2K)V/M,+2(Co+0).
We emphasize that the discretization error enters (2.16) linearly, through the term Lyt,||w),, — il|,
which originates from the cross term 2(u,,1 | — uy,, w, — i) in Step 2 of the proof of Theorem 2.1.

Step 3: Substituting (R;) and (R;) into (2.16), the driving terms satisfy

Kat,% = Katg n*2p, Lal‘nHWn _ L'tH < Latoé'vn*(p”).

Hence, with A, := p+ min(p,r) and a suitable constant K’ > 0,
2cty K’
Sn1 < l_n_p Sn+Ea

where 1 —2cton™" € [0,1) for all sufficiently large n. By Lemma A.3, the rate is determined
by the difference between the source decay power A, and the contraction power p, namely
qa = Aq — p = min(p, r), provided that, in the case p = 1, the contraction constant exceeds this
difference, i.e., 2ctg > g,. This proves (a).

Proof of (b).

Step 4: If p < 1, set € := %; if p =1, choose € € (0,1) so small that 2(1 — €)cty > qp, which

is possible since 2cty > gqp. Since t, — 0, there exists Ny > 2 such that 2K%t, < ec and 2ct, < 1

for all n > Ny. For such n, we have —2t,,¢c,, + 2K2t,% < —2ct, + &cty, and Lemma 2.1 yields
E(||ttny1 —wal?* | Fn] < (1= (2= €)cty) |tn — wa* + K22 (2.17)

We define e2 := E[||u, — w,,_1]|?] for n > 2. Using the relaxed triangle inequality ||a + b|*> <
(14 8)|a|*+ (1 + %)Hsz with § = &ct,, we obtain

ity — wa||? < (14 &cty)||tn — wa1 || + (1 +

)wm—ww

We insert this bound into (2.17) and take full expectations. With x := ¢, € (0, %] we have

1 12
1—2—ex)(1+ex)<1—(2—2¢ d 1-Q2—-ex)|(1+—)<14+4—< =,
(1-@-emi+en<1-@-2en md (1-C-ow (14 ) <14 <2

Consequently, for all n > Ny,
€21 < (1-2(1—¢€)cty) ez + ——|lwy_1 —wa||* + K22, (2.18)

ecty

In contrast to (2.16), the discretization now enters only through the increments ||w;,,_; — wy|| of
the moving target.

Step 5: By (R3), for n > 2 we have ||[wy_ —wy|| <C(n—1)~0+D <2r+1Cp~(r+1)_ Substituting
this and (R;) into (2.18), the driving terms satisfy

2 I? <
W1 —W
Ecty n-l = Ecty

22r+3 6\2

—2r-2 2 2 -2
n? ) Kt; = Ktgn™ “P.

Since p<1,wehave p—2r—2<—p—2r<—(p+gq) and —2p < —(p+¢qs). Hence, with a
suitable constant K" > 0,

2(1 —S)Ct() K"
2 2
€n+1 < (1_ nP en+np+qha I’ZZNO
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If p = 1, the choice of & guarantees 2(1 — €)cty > ¢,. Therefore, Lemma A.3 yields e2 =
O(n=).
Step 6. Finally, by the elementary inequality |la + b||?> < 2||a/|*> +2||b||> and (R»),

Sn < 262+ 2||wp_y —il|)? < 262427 H1CP Y n>2.
Since e2 = 0'(n~%) and 2r > gy, we conclude that s, = &(n~9). This proves (b) and completes
the proof. U

Remark 2.4 (On the Hypotheses of Theorem 2.2). (1) Condition (R3) implies condition (R;).
Indeed, since w,, — i,

o)

~ o0 ~ 1
lwn =] < Y wieer —wil| < C <n<r+1> +/ x<r+1>dx> <C (1 + —) n".
k=n n r

Thus, part (b) requires only a bound on the increments of the discrete solutions. More-
over, the proof of part (b) does not use the uniform bound (2.8).

(2) Since (Ts) does not require Y12 < oo, step sizes t, = ton ? with 0 < p < % are admis-
sible in Theorem 2.2, in contrast to the almost sure results of Section 3.

(3) More generally, if |wy41 —wy|| < Cn~P with p > p, the argument of part (b) yields the
rate 0 (n~™in(P:27.20=2p)) ‘under the condition 2cfo > min(1,2r,2p — 2) when p = I.

Remark 2.5 (Competition between Error Sources). Theorem 2.2 highlights a critical competi-
tion between two distinct error components inherent to the algorithm:

(1) The error arising from the noisy operator observations, which decays at the rate &'(n™").

(2) The structural error arising from projecting the infinite-dimensional problem onto finite-
dimensional subspaces. Its effective contribution depends on the available information
about the discrete solutions. Under (R;) alone, the discretization error enters the recur-
sion linearly, leading to the effective rate &'(n™"). If, in addition, the discrete solutions
vary slowly in the sense of (R3), the iterates track the moving target wy,, and the dis-
cretization error enters only through ||w, — i||?, leading to the effective rate &'(n=2").

Unlike the previous strong convergence result, which simply required both errors to vanish
asymptotically, this theorem demonstrates that the overall convergence rate is bottlenecked by
the slower of the two components. This implies that refining the mesh faster than required
(i.e., choosing r > p in part (a), or 2r > p in part (b)) yields no improvement in the rate, as
the convergence is then dominated solely by the stochastic noise. Conversely, an overly coarse
mesh prevents the algorithm from achieving the optimal stochastic rate &'(n~?). Condition (R3)
is natural when the discretization is refined gradually along the iteration. If the mesh is instead
refined abruptly at isolated iterations, the increments ||w,,; — w,|| may be of order n~" at those
iterations, and the general estimate of part (a) applies.

We now extend the analysis to ill-posed problems where the strong monotonicity condition
does not hold uniformly. We employ a regularization strategy (e.g., Tikhonov regularization)
characterized by a vanishing modulus ¢, — 0. In this setting, the sequence {w,} (the unique
solutions to the regularized problems on C,) acts as a “moving target” that converges to iz, which
in the Tikhonov setting is the minimum-norm solution of (1.1). In contrast to Theorem 2.1, the
condition ||w, — || /¢, — 0 is replaced by a tracking condition on the increments ||w,,—1 — wy||
of the moving target, which remains meaningful when w;,, converges slowly to i, as is typical
for ill-posed problems.
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Theorem 2.3 (Convergence for Regularized Schemes). Let the assumptions of Theorem 2.1
hold, with the modifications that the monotonicity modulus c, is now a sequence of positive
numbers decaying to zero (lim,_c, = 0), and that the conditions on the step sizes and dis-
cretization error in (Ts) are replaced by the following consistency conditions.
Let {w,} denote the sequence of solutions to the regularized variational inequalities (1.2).
Suppose the step size t, and the regularization parameter c, satisfy
Z thcp = +oo,  lim ] =0, lim HWH—_WHH =
n=1

n—eo Cp, n—yoo thCn

0. (2.19)

Then the iteration converges to i in mean square: lim, . E[||lu, — i||*] = 0.

Proof. We proceed in several steps to handle the moving target sequence {w, }. Note first that
th = (ta/cn) cn — 0, and hence t,¢,, — 0.

Step 1. By Lemma 2.1, for every n € N,
E[||lun+1 —wn||2 | 7] < (1 —2tncn+21<2t,f)||un—wn||2—|—Kt,%.

By assumption, lim,_,«#,/c, = 0. Therefore, for sufficiently large n, we have ZKZI,% <t,cn, and
the coefficient simplifies 1 — 2¢,¢, +2k?*t? < 1 — t,,¢,,. This yields the fundamental inequality
relative to the target wy,, valid for all sufficiently large n:

E(||tns1 —wall? | Fu] < (1 = tucn) ||ty — wal|> + K22 (2.20)

Step 2. We define the mean squared error relative to the previous target as e := E[||u, —
Wn—1 ||2] Consequently, after taking full expectations, the left-hand side of (2.20) becomes
.y = Elllni1 — wll).

To relate the term ||u,, —w,]||? on the right-hand side to the error metric e2, we use the relaxed
triangle inequality |la+ b|? < (14 8)||a||* + (1+ 5)||b||*. To retain a first-order contraction,

we select 6 = %z‘ncn:

||”n _Wn||2 = ||(“n _Wn—l) + (Wn—l _Wn)||2

1 2
< (1 +§tncn) ||un—wn_1||2—|— (1 +

InCy

)||wn_1—w,,||2. (2.21)
Substituting this bound into (2.20) and taking full expectations yields
1
€%+1 < (1 —tyep) [(1 + Etncn) e,% + (1 +

We simplify the multiplicative coefficient. Observing that (1 —x)(1 +x/2) =1 —x/2—x*/2 <
1 —x/2, we have

tnn

2
) W1 —wn||2} + K12, (2.22)

1 1
(1 —tyen) (1 + 51‘,,0,;) <1-— Etncn.

This allows us to write the recursive inequality as

1
eﬁH < (1 — Etncn) e,% + B, (2.23)
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where the total perturbation term 3, collects the tracking error and the noise:

B = (1= (1+

where we used t,¢, < 1 for all sufficiently large n.
Step 3. The recurrence derived in Step 2 is of the form ¢2 <= a,)e2 + B, with o, =
%tncn € (0,1) for all sufficiently large n. We now apply Lemma A.1 and verify its conditions:
(1) Since Y t,c, = oo, it follows that ) ¢, = +oo.
(2) We must show that lim,,_,e 3,/ 0, = 0. We have

2 3
Vs =l K22 < 2w+ K

tnn n-n

3

& < thcn HWnil _Wn||2+Kt’%
an B %tncn
[Wa—1—wa| ? In
— 6 W1 T Wall) g () (2.24)

Both terms on the right-hand side converge to zero by the consistency conditions (2.19):

e the first term vanishes by the target tracking condition lim,, e [|[Wy—1 — Wy || /(t,c) = 0;
e the second term vanishes by the noise control condition lim,,_,,/c, = 0.

Thus, Lemma A.1 implies 1lim, . €2 = lim, . E[||u, —w,_1||*] = 0.
Step 4. Finally, to establish convergence to i, we apply the elementary inequality ||a + b||> <
2al® +2(|]|*:

s — ] < 2Bty — w1 2] + 2w — > 225)

The first term on the right-hand side converges to 0 by Step 3, and the second term converges
to 0 by (T4). Therefore, lim,,_sc. E[||u, — ii||?] = 0. The proof is complete. O

Remark 2.6 (Parameter Selection Strategy). The conflicting requirements of noise suppression
(tn/cn — 0) and target tracking can be satisfied by choosing polynomial decay rates. Let #, =
n~“and ¢, = n~? with a,b > 0. The conditions of the theorem impose the following constraints
on the exponents:
(1) Y.tyc, = +oorequires a+b < 1.
(2) lim#,/c, = 0 requires a > b.
(3) For Tikhonov-type regularization, the regularized solutions w(c) satisfy the standard
estimate ||w(c) —w(c")|| < ||il||c —¢|/c for 0 < ¢ < ¢’. Hence, ignoring the contribution
of the changing discretization,

ns = wal) < Lnm1 =l _ ),
n

in agreement with the velocity estimate of Lemma 3.1 in Section 3. The tracking con-
dition then requires

-1

n .
—path-1 0, ie., at+b<l.
n—4n~b
Thus, a valid selection requires » < a and a+ b < 1. For example, the choice f, = n~%¢ and

Cp = I’lio'2 ensures mean-square convergence.
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Remark 2.7 (Absence of Convergence Rate). Unlike the strongly monotone case, where we
derived rates of the form &'(n~7) in Theorem 2.2, this theorem only establishes asymptotic
convergence (lim, e E[||u, — i||?] = 0). To derive a specific rate of convergence for the ill-
posed case, one would require additional source conditions (smoothness assumptions on the
solution i) to quantify the behavior of the bias term ||w,, — it||, which is beyond the scope of this
general consistency result.

3. ALMOST SURE CONVERGENCE VIA ROBBINS—SIEGMUND

In the preceding section, we established the convergence of the algorithm in the mean-square
sense. While this result guarantees that the average error over many realizations decays to zero,
it does not strictly characterize the behavior of individual trajectories. Mean-square conver-
gence allows for the theoretical possibility of rare, large deviations. To ensure the reliability of
the method for any single execution, we now strengthen our analysis to establish almost sure
convergence (convergence with probability one).

Theorem 3.1 (Almost Sure Convergence). Let the assumptions (1), (T2), (T3), (Ts), and (Tg)
be satisfied. Assume that the following variant of (Ts) holds:

(Ts) The sequence of monotonicity constants {cy }nen is bounded above by a constant ¢ > 0.
Furthermore, the step sizes t, > 0 and the constants c,, > 0 satisfy

oo =
Y tncn =0, ) 1y <Aoo,

and the mesh approximation satisfies the summability condition

(o)

n=1

Then the sequence {uy,} generated by the stochastic iteration (1.3) converges almost surely to

i:
P (hm it — ]| = 0) —1.
n—oo
Proof. We divide the proof into four steps. Throughout, V,, := ||u,, — it||*> and Cy := k||| +£.
Step 1. We start from the pathwise estimate (2.4) obtained in Step 2 of the proof of Theorem 2.1:
([tns1 — ﬁHz < [Jun — ﬂHz +3tr%||rln||2 — 2ttty tp — Wn)
— 215 (&, ttn — W) + 2| [ M| [ wn — ],

where 1, = u} + &, and u, € F,(u,). We take the conditional expectation E[- | .%,]. By the
martingale difference property (7g), the term linear in &, vanishes, and

Elnall® | Zu) = N>+ El&l? | F] < llugl* 0%, Elnall | Za] < [l + 0.

By (2.3), which follows from the strong monotonicity condition (77) and the variational char-
acterization of wy,,

—2tn Uy tty — wi) < =2t5CpViy + dtncn/Vy || Wi — il
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Finally, by the linear growth condition (7) and the triangle inequality ||u,| < ||u, — || + ||a]|,
we have |Ju}|| < kv/V, + Co, and hence ||u;||? < 2k?V}, +2C3. Combining these estimates, we
obtain

EWVur1 | Fu] < (1= 2t5cn + 6K712) Vi + (den +2K) ta || W — ]|/ Vi
+3(2C3 4 62) 12 +2(Co+ 0) ty||wn — il (3.1)

To decouple the product 1/V, ||w,, — ii||, we use the elementary inequality v < 14 v? for v > 0,
which gives \/V,, < 1+ V,,. Substituting this bound into (3.1) and grouping the terms, we arrive
at
EVir1 | Fu] < (146Kt + (de +2K)tn||wn — 1] ) Vi — 2tCa Vi

+3(2C3 4+ 62) 12 + (4c, + 2K +2C 4+ 26 ) 1y | wy — i -
Step 2. The inequality obtained in Step 1 is in the canonical form of the Robbins—Siegmund
Lemma A.4:

E[Vn—i-l | g\n] < (1 +Bn)vn +Xn— Cna

with the non-negative sequences
e (multiplicative perturbation) B, = 6x2t2 + (4c, 4 2K) t,,||w, — i,
e (additive perturbation) , = 3(2C3 + 62)t2 + (4c, + 2k +2Co +20) t, | wy — i
o (drift) &, = 2t,¢,V,.
The sequences 3, and y, are deterministic, and , is .%,-measurable.
Step 3. We verify the summability of 3, and ). Since ¢, < ¢, the terms involving ||w, — i|| are
bounded by constant multiples of #, ||w, — i||; for example,

)

Z Atyep||lwn — il < 4c Z tn||lwn — || < Heo.

n=1 n=1
Hence both f3, and y,, are bounded by linear combinations of the terms of the convergent series
Y 2 and ¥ t,,||w, — i1/, and therefore

iﬂn<+oo and i%n<+°°-

n=1 n=1
The Robbins—Siegmund Lemma A.4 thus implies:

(1) the sequence {V,} converges almost surely to a finite random variable V.. > 0;
(2) the drift terms are summable almost surely: )~ t,¢,V,, < +oo a.s.

Step 4. It remains to show that V., = 0 almost surely. Let Qg be the event of probability one on
which both assertions of Step 3 hold, and fix ® € Qq. If Veo(®) > 0, then V,,(®) > 3Vuo(®) for
all sufficiently large n, and hence Y, t,,c,V, (@) = oo, because Y t,c, = +oo. This contradicts
the second assertion of Step 3. Therefore, V.. = 0 almost surely, which completes the proof. [J

Remark 3.1. In contrast to (75), condition (75) imposes no requirement on the ratios #,/c, and
|\wy, — it]| / cn; the summability conditions compensate for them. If, in addition, these ratios tend
to zero, then Theorem 2.1 also yields mean-square convergence.

After establishing that the algorithm converges to i with probability one, a natural ques-
tion arises regarding the speed of this convergence along individual trajectories. Although the
mean-square analysis provides a rate for the average error, individual sample paths can exhibit
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significant fluctuations. The following theorem quantifies the almost sure polynomial decay
rate of the squared error. In analogy with Theorem 2.2, it explicitly links the convergence speed
to the step-size decay parameter p and the mesh approximation quality r, showing how the
“slower” of these two factors bottlenecks the pathwise performance.

Theorem 3.2 (Almost Sure Convergence Rates). Assume that conditions (T1)—(T4) and (Tg)
hold and that there exist constants 0 < ¢ < ¢ such that ¢ < ¢,, < ¢ for all n € N. Let the step size
bet, =tyn P withty >0 and% <p<L

(a) Suppose that |w, — i < Cn" withr > 1 — p, and let g satisfy
0<g<minp—1,p+r—1).
In the case p = 1, assume in addition that 2cty > q. Then
up —i||> = O(n™9)  almost surely.
(b) Suppose that ||wy41 —wy|| < Cn= Y forall n € N, with r > 0, and let q satisfy
0<g<min(2p—1,2r+1—p).
In the case p = 1, assume in addition that 2cty > q. Then

\|up —i||> = O (n*min(q’zr)> almost surely.

Proof. If p < 1, set € :=1; if p =1, choose € € (0,1) so small that (2 — &)cty > g, which is
possible since 2cty > g. Since t,, — 0, there exists Ny > 2 such that

£
6ﬁ%g§ and 261, <1  foralln> Nj. (3.2)

Step 1. For a non-negative adapted sequence {X,, }, we consider the scaled sequence Z,, := n9X,,.
Since 0 < g < 2p —1 < 1, Bernoulli’s inequality gives

1) 1\
(nt1) :<Lw> <1+,
n n

n4

Suppose that, for all n > N,
EXyt1 | 0 <(1—(2—¢€)cty) X+ Dy, (3.3)

with deterministic D,, > 0. By (3.2), we have (2 — €)ct, < 2¢t, < 1, so the coefficient of X, is
non-negative, and therefore

2 —
ElZu1 | il < puZa+ (11D, poi= (142) (1 _ ﬂ) |

npP

We have p, < 1+ % — (2_,1# If p < 1, the negative term decays more slowly than %, SO

pn < 1 for all sufficiently large n. If p =1, then p, < 1+ % (g—(2—¢€)cty) < 1 by the choice
of €. Hence, enlarging Ny if necessary, E[Z,.| | %, < Z,+ (n+ 1)ID,, for all n > Ny. If
Y, (n+1)ID,, < 400, the Robbins—Siegmund Lemma A.4 (with 8, = {, = 0) implies that {Z,}
converges almost surely to a finite random variable. In particular, sup, Z, < 4o a.s., that is,
X, = O(n~9) almost surely.
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Step 2 (proof of (a)). Let X, :=V,, = ||u, — ii||>, and set A := 4¢ + 2k, K| := 3(2C§ +02), and
L:=2(Cy+ 0). We start from (3.1). By (3.2), 6k*r2 < &t,, and by Young’s inequality,

AZ
Aty||wy — || V'V, th —|—2 thwn—uH
Since ¢, > ¢, we obtain (3.3) with
A? )
D, = Ki1> + — t,||wp — i1]|® + Lity||wy — il

2¢ec

The discretization error enters linearly through the last term. Using #, = ton? and ||w,, — ii||> <
C2n=2r < C?n~", we find a constant K’ > 0 such that D,, < K’ <n’2p + n*(l’”)) . Consequently,
(n+1)1D, < 29K’ (nq72p + anpfr) ’

which is summable if and only if g —2p < —landg—p—r < —1,1e.,g<2p—1and g <
p+r— 1. Both conditions hold by assumption, and Step 1 yields (a).

Step 3 (proof of (b)). Let X, := W, := ||u, —wy,_1]|* for n > 2, and A, := ||w,_1 — wy||. By
Lemma 2.1, ¢, > ¢, and 221, < % (a consequence of (3.2)), we have for n > Ny

E[[|tns1 _Wn”2 | Fn] < (1 - (2_ %) Ctn) ||”n_Wn||2+Ktr%-

By the relaxed triangle inequality with 6 = 5c1,,

2
ety — wa)* < (1+5cty) Wy + (1—1— )A,%

Withx:=ct, < < , we have (1 —-(2- %)x) (1+§x) <1-(2—¢)xand (1 -(2- %)x) (H_é) <
%. Hence (3.3) holds with

3
A2+ K12

D
" ect,

Since A, < 6(n — 1)_(’“) < 2r+1Cp=(r+1) there is a constant K" > 0 such that
(l’l—|— 1)an S K// (nq+p—2r—2 +nq—2p) 7

which is summable if and only if g < 2r+1—pand g < 2p—1. By Step 1, W,, = &/(n~?) almost
surely. Finally, the bound on the increments implies ||w, — || < C(1 + %)n" by Remark 2.4,
and therefore

g —ii||? < 2W, 42|l wpy — || = O(n9) + O(n~ %) = ¢ (n~™ina:27) a.s.
sn — i w2l w1 — ]
The proof is complete. O

Remark 3.2. Under the hypotheses of part (a), we have p+r > 1, so that Y1, ||w, —it]| <
+oc0 and all conditions of Theorem 3.1 are satisfied. The almost sure rates are slightly slower
than the corresponding mean-square rates of Theorem 2.2 (note that 2p —1 < p for p < 1),
which is the typical price for controlling individual trajectories. As in the mean-square case, the
additional information on the increments in part (b) allows the discretization error to enter only
quadratically.
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The previous theorem quantified the convergence rate under the assumption of persistent
strong monotonicity (¢, > ¢ > 0). Solving ill-posed problems, however, necessitates that the
regularization parameter decays to zero (¢, — 0). In this regime, the stabilizing effect of the
regularizer diminishes over time, rendering the algorithm increasingly sensitive to stochastic
noise. Consequently, establishing almost sure convergence requires stricter control over the
interplay between the step size, the regularization decay, and the trajectory of the approximating
sequence. The following theorem presents such sufficient conditions.

Theorem 3.3 (Almost Sure Convergence with Vanishing Regularization). Assume that condi-
tions (Ty)—(T4) and (Ts) hold, where the monotonicity moduli ¢, > 0 satisfy lim,_,ec, = 0.
Suppose that

Y tacn=+oo, lim = =0, Y 7 < oo, (3.4)

n—eo ),

and that the increments of the regularized solutions satisfy the summability condition
Wp_1—W
Z a1 —wnll® +o0. (3.5)
z‘ncn

Then the sequence {u,} converges almost surely to i (in the Tikhonov setting, the minimum-
norm solution):

]P’(lim Hun—ﬁH:O) ~1.
n—soo

Proof. We divide the proof into four steps.
Step 1. By Lemma 2.1 and the condition #,/c, — 0, the argument of Step 1 of the proof of
Theorem 2.3 shows that, for all sufficiently large n,

]E[H”nH _Wn||2 | tgjn] <1 _tncn)H”n —wn||2—|—Kt37 (3.6)

where K > 0 is the constant from Lemma 2.1. Note also that t, = (¢,/c,)cn — 0, so that
tycn — 0.
Step 2. Let V,, := ||u, — w,,_1]|* for n > 2. By definition, V,; | = ||t+1 — wn||?, so the left-hand
side of (3.6) is precisely E[V,,1 | Z,].

To relate the term ||u, — w,||* on the right-hand side to V;,, we expand the shift in the target
sequence. With A, := ||lw,_1 —wy||,

\|tn _Wn||2 = ||(tn —wn—1) + (Wn—1 _Wn)H2

< ot = w1+ 2llttn = w1 w1 = wall + w1 —wall®
=V, +2VV, A+ A2 (3.7)
Substituting this expansion into (3.6), we obtain
EVai1 | Fa] < (1=tacn) (Va+2VVa A+ A7) + Kty (3.8)

To handle the cross term 21/V, A,,, we apply the weighted Young inequality 2ab < €4’ + %b2
with € = %tncn, which ensures that the resulting V,, term can be absorbed by the contraction

factor:
1 2
2V, A, < (—tncn) V, + ( ) A2,
2 thCn
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Substituting this bound into (3.8) and distributing the factor (1 —#,c,), the right-hand side of
(3.8) is bounded by

1

2
) A2+ Kt2

IhCp

1 1 2 2 2 2
S (1 — Etncn — E(tncn) ) Vn + (1 + tncn> An+Ktn

We drop the negative quadratic term —%(t,,c,,)z. For the coefficient of A,%, since t,¢, — 0, we
have t,c, < 1 for all sufficiently large n, and hence 1+ % < % This yields the recursive
inequality

1
E[Vi1 | F) < (1 - Etncn) Vi + +Ki2. (3.9)

Step 3. Inequality (3.9) is of the Robbins—Siegmund form with 8, = 0 and drift {, = %tnchn:
]E[Vn+l ’ tg\n] <V + Xn — %tncnvn'

The additive term },, is summable:

2
Wp—1— W
Y xn=3) s =wall” +KY 12 < oo,
n n InCn n

where the first sum is finite by (3.5) and the second by (3.4). Therefore, the Robbins—Siegmund
Lemma A .4 implies that V,, converges almost surely to a finite random variable V.. > 0, and that
Y., thcn Vi < o0 almost surely.

Step 4. Since } ¢, = +oo, the argument of Step 4 of the proof of Theorem 3.1 shows that
Voo = 0 almost surely. Finally, by the triangle inequality,

[n = | < [Jun = w1 || + [[wn—1 —itl]| = v/ Vi + [l wn—1 — |-
Since V,, — 0 almost surely and w,,_; — @ by (74), we conclude that
lim ||u, — || =0 almost surely.
n—oo
The proof is complete. 0J

Remark 3.3. Theorem 3.3 does not require the tracking condition ||w;,_; —wy||/(t,c,) — 0 of
Theorem 2.3; it is replaced by the summability condition (3.5). If both conditions hold, the
iterates converge both almost surely and in mean square.

Although the preceding theorem provides abstract criteria for almost sure convergence, prac-
tical implementation requires specific schedules for the step size #,, and the regularization param-
eter ¢,. The most common and robust choice is polynomial decay, which allows for a straight-
forward trade-off between noise suppression and convergence speed. To verify the summability
condition (3.5) under such schedules, we must first understand the behavior of the underlying
deterministic reference trajectory {wj, }. To avoid the difficulties associated with evaluating the
discrete velocity of the target across strictly expanding constraint sets, we restrict our analysis
to the case of a fixed constraint set C. This ensures that consecutive regularized solutions can
be tested against one another in their respective variational inequalities. The following lemma
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quantifies the drift of this trajectory, showing that the discrete velocity ||w;,_; —wj|| decays at a
controlled rate.

Lemma 3.1 (Stability of Regularized VI Trajectory). Let H be a real Hilbert space and C C
H be a non-empty, closed, and convex constraint set. Consider the sequence of regularized
variational inequality problems: find w, € C such that there exists g, € S(wy,) satisfying

(gn+cnT(Wn),z—wy) >0, forallz€C, (3.10)

where S : C = H is a monotone set-valued operator, T : C — H is a single-valued, strongly
monotone operator with modulus 1 > 0, and {c,} is a positive regularization sequence given
by ¢, = con ¥ with co,k > 0. Assume that these problems admit solutions wy, such that M :=
sup,, || 7' (wn)|| < -ee.

Then, for all n > 2, the increments of the regularized solutions satisfy

M :ﬁ(l>. (3.11)
n

[Wa—1 —wal < —
Proof. Let w,,_1 and w, be the solutions to the regularized VI at steps n — 1 and n. Because the
constraint set C is fixed, both w,_; and w, belong to C, so each can be used as a test function
in the other’s variational inequality. By definition, there exist elements g,_; € S(w,_;) and
&n € S(wy) such that for all z € C,

Cn—1—Cn

Cn

(gn—1+cn1T(Wy—1),2—wy—1) >0, (3.12)
(n+cnT (Wn),z—wy) > 0. (3.13)
We test the inequalities against each other’s solutions. Substituting z = w,, € C into (3.12) gives
(gn—1+Cn1T (Wn—1),Wn —Wn—1) >0, (3.14)
and substituting z = w,_1 € C into (3.13) gives

(gn+cnT (Wy),wy—1 —wy) > 0. (3.15)
Summing (3.14) and (3.15) and rearranging the terms (noting that w, —w,_1 = —(w,_1 —wy))

yields

—(&n—1—8nsWn—1—wn) = (a1 T (Wp—1) — cnT (Wp),Wp—1 —wn) >0,
that 1s,

<gn71 —8nsWn—1— Wn> + <Cn71T(Wn71) - CnT(Wn)aanl - Wn) <0. (3.16)
By the monotonicity of S, the first term is non-negative: (g, — gn,Wn—1 —wp) > 0. Therefore,
the second term must be non-positive:

(cna1T (Wn—1) = cuT (Wn),Wn—1 —wp) < 0.
We decompose the operator difference by adding and subtracting ¢, T (w,—1):
(en—1—=cn){T(Wn—1);Wn—1 = wn) +cn{T(Wp—1) =T (Wn),wy—1 —wy) <0.
Using the strong monotonicity of 7 (with modulus 1) in the second term,
(T (Wn—1) = T (Wn), Wn—1 — Wn) > | wn_1 —wal|*,
and isolating the squared norm, we obtain

Cn.uHanl _WnH2 < _(Cnfl - Cn)<T(Wn71)aWn71 _Wn>-
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Taking absolute values of the right-hand side and applying the Cauchy—Schwarz inequality
gives
Cnlt|[Wn—1 _Wn||2 < len—1 = calIT (Wn— )| [[Wn—1 = wall.
If w,—1 = wy, there is nothing to prove. Otherwise, dividing by ¢, t||w,—1 — wy||, we get
17 wWni)ll [en—1—cal _ M

H Cn u
Finally, for the polynomial decay ¢, = con and n > 2, the mean value theorem gives

—k k-1 ket 1
:(1_1> _1g’£(1_1) k2 :ﬁ(l).
n n n n n

This completes the proof. UJ

Ch—1—Cn

||Wn—1 _WnH <

Cn

Ch—1 —Cn

Cn

We can now translate the abstract conditions of Theorem 3.3 into explicit conditions on poly-
nomial schedules.

Theorem 3.4 (Sufficient Conditions for Almost Sure Convergence). Let conditions (Ty)—(Ty)
and (Tg) hold with a fixed constraint set C,, = C (so that C C H, for all n) and regularized
operators F, = S+ c,T for all n, where S, T, and |1 are as in Lemma 3.1 and sup, || T (w,)|| <
+oo, Let t, = ton—P and ¢, = con ¥ with to,co > 0. If the exponents satisfy

1
S<p<l 0<k<l-p, (3.17)

(which implies p+k < 1), then the sequence {u, } converges almost surely to i (in the Tikhonov
setting, the minimum-norm solution):

PQggmm—ﬁn=0)=1. (3.18)

Proof. Since T is strongly monotone with modulus ¢ and S is monotone, the operator F, =
S+ ¢, T is strongly monotone with modulus ttc,. Thus (77) holds with tc, in place of ¢,, and
we verify the hypotheses of Theorem 3.3 for this modulus. Since all conditions in (3.4) and
(3.5) are invariant under multiplication of ¢, by a positive constant, it suffices to verify them for

cp = con_k.

Step 1. Since p > 1, we have | — p < p, and hence k < p. Therefore, #,,/c, = (tg/co) n* 7 — 0.
Moreover, Y, t,c = toco Y, n~(Pt%) = 40 since p+k < 1, and Y, 12 = tg Y, n~ 2P < 4o since
p> % The latter condition controls the accumulated variance of the stochastic noise. Thus, all
conditions in (3.4) hold, and lim,,_,..c;, = O.

Step 2. By Lemma 3.1, which applies since the constraint set is fixed, there exists a constant
C3 > 0 such that ||w,_; —w,|| < C3n~! for all n > 2. Consequently,

[Wn—1 — wa|? < G a2
then ~ Tpco
The series ¥, n” %2 converges if and only if p+k—2 < —1, i.e., p+k < 1. Hence (3.5) holds;
this 1s the origin of the upper bound on the regularization decay rate k.

Step 3. All hypotheses of Theorem 3.3 are satisfied, and the assertion follows. We note that,

in addition, ||wy,—1 —wyl|/(tscn) < toc_go nP+k=1 5 0, so that the conditions of Theorem 2.3 also

hold and the iterates converge in mean square as well. U
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Remark 3.4. The case p = 1 is excluded in Theorem 3.4, since the conditions k > 0 and k <
1 — p are then incompatible. This reflects the fact that, with vanishing regularization, the step
sizes must decay more slowly than #n~! in order to maintain the divergence of ¥ 1,c,,.

4. CONCLUDING REMARKS

In this paper, we presented a comprehensive study on the convergence of stochastic approx-
imation schemes for solving multivalued variational inequalities. By analyzing the interplay
between stochastic noise, spatial discretization errors, and regularization parameters, we estab-
lished a unified framework that guarantees convergence in both the mean-square and almost
sure senses. Our analysis progressed from the well-posed setting, where we derived explicit
polynomial convergence rates, with improved rates when the discrete solutions vary slowly,
to the more challenging ill-posed regime requiring vanishing regularization. A key contribu-
tion of this work was the derivation of precise consistency conditions—specifically the tracking
requirement p + k < 1—that ensure the algorithm successfully pursues the shifting set of regu-
larized solutions. We further supported these theoretical results with a stability analysis of the
deterministic trajectory, proving that the discrete velocity of the target solutions decays suffi-
ciently fast to permit tracking. Several avenues for future research naturally emerge from this
framework. On the theoretical side, it would be of interest to extend the stability analysis of the
regularized solutions to expanding constraint sets C,, thereby combining vanishing regulariza-
tion and mesh refinement in explicit parameter schedules. Regarding numerical applications,
we plan to conduct extensive numerical experiments applying the proposed scheme to stochas-
tic inverse problems and optimal control models. These simulations will serve to validate the
theoretical convergence rates and demonstrate the practical robustness of the algorithm under
varying noise levels. Furthermore, investigating iterate averaging (Polyak—Ruppert) and adap-
tive step-size rules could further enhance practical performance and robustness compared to
fixed polynomial schedules.
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APPENDIX A. AUXILIARY LEMMAS

To rigorously establish the convergence of the proposed stochastic approximation scheme, we
rely on the following fundamental lemmas regarding recursive inequalities. These results pro-
vide the essential analytical tools to characterize the asymptotic behavior of the error sequence,
allowing us to disentangle the deterministic contraction properties from the accumulation of
stochastic noise. Since the conclusions of Lemmas A.1-A.4 are asymptotic, it suffices that the
respective inequalities and conditions hold for all n > Ny, for some fixed Ny € N; this is how
they are applied in the main text.

Lemma A.1 (Convergence of Recursive Inequalities [46]). Let {s,},>1 be a sequence of non-
negative real numbers satisfying the inequality s, < (1 — 04,)s, + &, n € N, where {a,}
and {&,} are non-negative sequences. Assume that o, € [0,1) and Y.;7_| 0, = +oo. If either
Y1 & < +oo, or 0, > 0 for all n and lim,, e €,/ 0, =0, then lim,_,o s, = 0.

Lemma A.2 (Boundedness of Nonlinear Recursive Inequalities [46]). Let {s,},>1 be a se-
quence of non-negative real numbers satisfying s,11 < (1 —V,)$y + 8u\/Sp + Yo, n € N, where
v, € (0,1) and 6, %, > 0. Assume that there exists a constant 0 € (0, 1) such that 8, < 0v,, for
all sufficiently large n, and that sup,, ¥,/ V, < +oo. Then the sequence {s,} is bounded.

Lemma A.3 (Rate of Convergence [46]). Let {s,},>1 be a sequence of non-negative real num-
bers satisfying sy41 < (1—an=P)s,+bn~P+9 ne N, wherea>0,b>0, p € (0,1], and g > 0.
Then s, = O(n~1), provided that a > q whenever p = 1.

Lemma A.4 (Robbins-Siegmund [48]). Let {%,} be a filtration on the probability space
(Q, 7, P). Let Vy,, B, Xn, and &, be non-negative .%,-measurable random variables such that

EVii1 | Zn) <A +B)Vat+xn— Gy neN.

IfYr  Bn < 4ooand Y, | xn < +oo almost surely, then:

(i) V, converges almost surely to a random variable Vo, with Voo < +00 a.s.;
(ii) Y| §n < 4-oo almost surely.
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