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VECTOR OPTIMIZATION

L. HUERGA∗, B. JIMÉNEZ, V. NOVO
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Abstract. In this paper, we introduce several variants of the most known notions of vector DC mappings
defined on normed spaces, and we study their main properties and the relationships between them. These
new variants are weaker than the usual concepts of vector DC mappings and involve DC decompositions
interesting from a practical point of view. Then, we provide a characterization of approximate and exact
proper efficient solutions, respectively, of a constrained vector DC optimization problem through linear
scalarization and in terms of the classical subdifferential of Convex Analysis. The characterizations
are also particularized to the finite dimensional setting, where the feasible set of the multiobjective DC
optimization problem is given by inequality constraints. These results are generalizations to the vector
case of the well-known characterizations of approximate and exact global minima of an unconstrained
scalar DC optimization problem due to Hiriart-Urruty [J.B. Hiriart-Urruty, Generalized differentiability,
duality and optimization for problems dealing with differences of convex functions, In: J. Ponstein, (eds)
Convexity and Duality in Optimization, Lecture Notes in Econom. and Math. Systems, vol. 256, pp.
37-70, Springer, Berlin, Heidelberg, 1985].

Keywords. Approximate proper efficiency; DC mapping; Scalarization techniques; Vector DC optimiza-
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1. INTRODUCTION

Many of the optimization problems that appear in practice do not fall within the framework of
Convex Analysis. Even in the scalar optimization case, the difficulty of solving such problems
increases considerably when they are defined by means of nonconvex functions or conditions.
A special class within the family of nonconvex scalar optimization problems consists of those
in which the objective function is defined as the difference of two convex functions. These
functions are called DC (Difference of Convex functions), i.e., a scalar function h : X → R is
DC if there exist two convex functions h1,h2 : X → R such that

h(x) = h1(x)−h2(x), (1.1)

being X a real linear space.
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Although a DC function is not convex in general, its representation as a difference of two
convex functions allows the use of the set of tools from Convex Analysis, which is very useful
to derive optimality conditions for an optimization problem defined by means of DC functions.

Then, over the last three decades, the branch of DC Optimization has attracted great interest
in the field of scalar optimization, both at the theoretical level and in algorithm design (the so
called DCA, Difference of Convex Algorithms). To acquire an overview of the properties of DC
functions and the many applications in DC optimization, see, for instance, [2–5].

From the very definition, it is clear that the class of DC functions is given by the linear
space generated by the class of convex functions. It should be emphasized that the set of scalar
functions that can be represented as the difference of two convex functions is quite broad. In
fact, it contains the set of lower C 2 functions, introduced and studied by Rockafellar in [6],
which in particular includes the class of C 2 functions, and the class of differentiable functions
whose gradient is locally Lipschitz (the class C 1,1) (see [6, 7]).

Therefore, the literature on scalar DC Optimization is very extensive. The following addi-
tional references [8–16] constitute a small sample of recent studies on these problems.

In [1], Hiriart-Urruty derived a characterization of exact and approximate global minima
of an unconstrained scalar DC optimization problem through the classical subdifferential of
Convex Analysis. Later, other authors provided different characterizations for the solutions
of this problem. For instance, Toland [17] and Singer [18], independently, derived the same
characterization by means of conjugate functions, Flores-Bazán [19] established one in terms of
a generalized subdifferential, and another results in this line were also given by Horst, Pardalos
and Thoai [20], Horst and Thoai [2], and Martı́nez-Legaz and Seeger [21].

Regarding vector DC optimization problems and, in particular, multiobjective ones, the lit-
erature is not as extensive compared to the scalar case. At this point, the first question that
arises is how to extend the notion of DC function from the scalar to the vector case. In the finite
dimensional setting, the most natural extension is the one given by components, i.e., a function
is DC if its components are all DC. In [22], Hartman considered this notion in one of his results
about composition of DC functions.

With respect to mappings defined between infinite dimensional spaces, the most important
notions of DC mapping known from the literature can be found in the works by Veselý and
Zajiček (see [23–25]).

Herein, we will introduce several new variants of the notions of DC mappings from [23–25],
and we study their properties, as well as the connections between them. These variants are
interesting from a practical point of view, since it is easier to derive a DC decomposition for
them.

Note that Gadhi and Metrane [26] derived sufficient optimality conditions for local weak
efficient solutions of a DC vector optimization problem defined in Banach spaces. These con-
ditions were obtained via a linear scalarization approach, and in terms of approximate strong
vector subdifferentials.

Later, Guo and Li [27] derived necessary and sufficient optimality conditions for local ap-
proximate weak and proper (in the sense of Henig [28]) solutions of a DC vector optimization
problem, defined in more general vector spaces, following the line of [26]. However, in [29],
Shafie and Bozorgnia provided several counterexamples to refute the main results by Guo and
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Li, and they corrected the mistakes. In [30], Shafie obtained alternative necessary and sufficient
optimality conditions for local approximate weak efficient solutions of the problem.

Another interesting reference is the one by Taa [31], in which the author provided a neces-
sary optimality condition for local weak efficient solutions of a DC multiobjective optimization
problem by means of a scalarization approach, in terms of the oriented distance function due
to Hiriart-Urruty (see, for instance, [32]). In [33], Gadhi, Laghdir and Metrane also studied
optimality conditions for weak efficient solutions a DC vector optimization problem defined in
Banach spaces through this scalarizing function.

In this paper, we study a DC constrained optimization problem defined in normed spaces,
by considering a new variant of DC notion, and we characterize the approximate and exact
proper solutions in the sense of Henig of this problem through linear scalarization, in terms of
the classical subdifferential. The results presented here extend to the vector case the classical
characterization of global minimality for an unconstrained scalar DC optimization problem due
to Hiriart-Urruty [1].

The paper is structured as follows. In Section 2, we present the main notations, previous
notions and results needed along the paper. In Section 3, we introduce several variants of DC
notion, and we study their main properties as well as the connections between them. In Section
4, we focus on a constrained DC vector optimization problem defined in Banach spaces, whose
objective mapping satisfies a specific DC condition. For this problem, we characterize the
approximate and exact proper solutions through linear scalarization. In particular, we study the
case of a DC multiobjective optimization problem with inequality constraints. In Section 5, we
state the main conclusions and, finally, we indicate the references.

2. PRELIMINARIES

Let X be a real normed linear space and Y be a Banach space. We denote by Y ∗ the topological
dual space of Y . The norm in Y will be denoted by ‖ · ‖ and the dual norm in Y ∗ by ‖ · ‖∗. The
topological closure and interior with respect to the norm topology of a nonempty set A⊂Y will
be denoted by clA and intA, respectively. We say that A is solid if intA 6= /0.

On the other hand, we define the cone generated by A as coneA :=
⋃

α≥0 αA.
The closed unit ball in Y will be denoted by BY and the nonnegative orthant of Rm by Rm

+.
We consider a preference relation in Y , defined by means of a proper cone E ({0} 6= E ⊂ Y )

in the usual way: y1 ≤E y2⇐⇒ y2− y1 ∈ E, ∀y1,y2 ∈ Y. In what follows, we suppose that E is
closed, convex and pointed (E ∩ (−E) = {0}).

The positive and the strict positive polar cone of E, are defined, respectively, in the following
way:

E+ = {ξ ∈ Y ∗ : ξ (e)≥ 0, ∀e ∈ E},
Es+ = {ξ ∈ Y ∗ : ξ (e)> 0, ∀e ∈ E\{0}}.

Remark 2.1. (i) It is clear that E+ and Es+∪{0} are convex cones. Also, it is known that E+

is closed with respect to the weak* topology, i.e., E+ = clw∗ E+, where clw∗ denotes the closure
with respect to this topology (see, for instance, [34, Chapter 1]).

In particular, if Y is reflexive, then the weak* topology coincides with the weak topology on
Y ∗, and by a classical Mazur result we have that E+ is closed with respect to the strong topology
as well, i.e., E+ = cl(E+).
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(ii) On the other hand, if Y is reflexive, then (see [35, Lemma 3.21(d)])

int(E+) 6= /0⇒ int(E+) = Es+.

Definition 2.1. (a) It is said that a nonempty convex set B⊂ E is a base of E if coneB = E
and 0 /∈ clB. If E has a base, we say that E is based.

(b) We say that E is well-based if it has a bounded base B.
(c) It is said that E is normal (with respect to the norm topology) if there exists δ > 0 such

that δ‖x‖ ≤ ‖y‖, whenever 0≤E x≤E y.

The following implications hold (see, for instance, [35, 36]):

int(E+) 6= /0⇔ E well-based⇒ E normal⇔ E+−E+ = Y ∗⇒ E pointed, (2.1)

Es+ 6= /0⇔ E based⇒ E pointed. (2.2)

The strict right implications in (2.1) and (2.2) become equivalences if Y is a finite-dimensional
space.

We also remind that a mapping H : X → Y is E-convex on a nonempty convex set W ⊂ X if

H(αx1 +(1−α)x2)≤E αH(x1)+(1−α)H(x2), ∀x1,x2 ∈W, ∀α ∈ [0,1].

Along the work, we consider that a scalar mapping h : X → R is DC if the mappings h1,h2
of the DC decomposition (see (1.1)) are continuous in addition to being convex, and we want to
work with extensions of this scalar DC notion to the vector case. So, from now on, we consider
a continuous mapping F : X→Y , which is DC in some sense. The most known concepts of DC
mapping were introduced by Veselý and Zajiček in [23–25]. We recall them in the following
definition.

Definition 2.2. Let F : X → Y . It is said that

(a) F is weakly DC if ξ ◦F is a DC function for each ξ ∈ Y ∗.
(b) F is delta convex if there exists a continuous convex function ϕ : X → R (called the

control function) such that ξ ◦F +ϕ is continuous and convex for each ξ ∈ BY ∗ .
(c) F is order DC if it can be represented as the difference of two continuous E-convex

mappings, F1,F2 : X → Y , i.e., F = F1−F2.

Remark 2.2. The three notions given in Definition 2.2 are equivalent when Y = Rm and E =
Rm
+, and coincide with the concept of DC function by components (see, for instance, [24, 25]).
Indeed, let Y = Rm, E = Rm

+, and F := f = ( f1, f2, . . . , fm), fi : X → R, i ∈ {1,2, . . . ,m}.
Suppose first that f is delta convex. Then, there exists a continuous and convex function ϕ :
X→R such that ξ ◦ f +ϕ is convex, for all ξ ∈BRm (we consider the Euclidean closed unit ball
in Rm). Thus, in particular, we have that ei ◦ f +ϕ = fi +ϕ is convex, for all i ∈ {1,2, . . . ,m},
where ei denotes the i-th vector of the canonical basis, so fi is DC, for all i ∈ {1,2, . . . ,m}
( fi = ( fi +ϕ)−ϕ).

Reciprocally, suppose that fi is DC, for all i ∈ {1,2, . . . ,m}. Then, for each i, there exists a
continuous and convex function ϕi : X → R such that fi +ϕi is convex. Let

ϕ(x) :=
m

∑
i=1

( fi +2ϕi).
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It is clear that ϕ is continuous and convex, since it is given by a sum of continuous convex
functions. Let ξ ∈ BRm . We have that

ξ ◦ f +ϕ =
m

∑
i=1

ξi fi +
m

∑
i=1

fi +2
m

∑
i=1

ϕi

=
m

∑
i=1

(1+ξi) fi +
m

∑
i=1

ϕi +
m

∑
i=1

ξiϕi−
m

∑
i=1

ξiϕi +
m

∑
i=1

ϕi

=
m

∑
i=1

(1+ξi)( fi +ϕi)+
m

∑
i=1

(1−ξi)ϕi.

Since |ξi| ≤ 1, for all i ∈ {1,2, . . . ,m}, we have that 1+ξi,1−ξi ≥ 0, for all i, so (1+ξi)( fi +
ϕi) and (1− ξi)ϕi are convex functions for all i and, hence, ξ ◦ f +ϕ is a continuous convex
function. Since ξ is a general vector of BRm , we deduce that f is delta convex, as we wanted to
see.

The other two equivalences, i.e., f weakly DC if and only if fi is DC, for all i, and if and only
if f is Rm

+-order DC, follow straightforward (for the last equivalence, take into account Remark
2.3(i)).

On the other hand, it is clear that the first two concepts of vector DC mapping given in
Definition 2.2 are based on scalarization, in terms of compositions of F with continuous linear
functionals, while the third one is stated in terms of vector mappings. Nevertheless, we can also
characterize the order DC mappings through scalarization, taking into account the following
proposition, whose proof is easy to check.

Proposition 2.1. Let W ⊂X be a nonempty convex set and H : X→Y . The following statements
are equivalent:

(a) H is E-convex on W.
(b) ξ ◦H is convex on W, for all ξ ∈ E+.

Remark 2.3. (i) Note that if Y = Rm and E = Rm
+, then H is Rm

+- convex on W if and only if
each component of H is convex on W .

(ii) Observe that, taking into account Proposition 2.1, we have that F is order DC if and
only if it can be represented as the difference of two continuous mappings, F = F1−F2, with
F1,F2 : X → Y , such that ξ ◦F1 and ξ ◦F2 are convex for all ξ ∈ E+.

In [25], the authors studied the relationships between the three concepts given in Definition
2.2, that we collect in the next result, for the convenience of the reader.

Proposition 2.2. Let F : X → Y .
(a) If F is delta convex, then it is weakly DC.
(b) Suppose that E is solid. If F is delta convex, then it is order DC.
(c) Suppose that E is well-based. If F is order DC, then it is delta convex.
(d) Suppose that E is normal. If F is order DC, then it is weakly DC.

We finish this section by recalling a special family of dilating cones for E that we are going
to use along the whole paper.

Suppose that E has a closed base B, and let δ := inf{‖b‖ : b ∈ B}. Then, we define

Eρ := cl(cone(B+ρBY )), (2.3)
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for 0 ≤ ρ < δ . These cones are known as Henig dilating cones, and satisfy the properties
collected in the following proposition (see, for instance, [37, Theorem 1.1], [36, Lemma 3.2.51]
and [38, Remark 2.2]).

Proposition 2.3. (a) Eρ is a solid closed convex pointed cone, for all 0 < ρ < δ .
(b) E\{0} ⊂ Eρ1\{0} ⊂ intEρ2 , for all 0 < ρ1 < ρ2 < δ .
(c) E =

⋂
ρ∈(0,δ )

Eρ =
⋂

n∈N
Eρn , where {ρn} ⊂ (0,δ ) converges to 0.

In the next lemma, we study an additional property of the family of cones {Eρ}0<ρ≤δ . We
have not found its proof explicitly, so we add it for the convenience of the reader.

Lemma 2.1. Suppose that Y is reflexive and B is bounded. Then,

Es+ =
⋃

ρ∈(0,δ )
Es+

ρ =
⋃

n∈N
Es+

ρn
, (2.4)

where {ρn} ⊂ (0,δ ) converges to 0.
The equalities also hold by replacing Es+

ρ by E+
ρ \{0}.

Proof. Since Y is a Banach space and E is a closed convex cone with a closed base B, by [37,
Theorem 1.1(1)], for all ρ ∈ (0,δ ), we have that

Eρ = cone(cl(B+ρBY )).

The set B+ρBY is closed, since BY is weakly compact by the reflexivity of Y , and B is closed,
hence

Eρ = cone(B+ρBY ) (2.5)

and B+ρBY generates Eρ . It is a base, since 0 /∈ B+ρBY . By (2.2), Es+
ρ 6= /0, for all ρ ∈ (0,δ ),

and taking into account that E ⊂ Eρ , we have Es+
ρ ⊂ Es+, for all ρ ∈ (0,δ ), so inclusions “⊃”

in (2.4) are proved.
Now, consider ξ ∈ Es+ and suppose by reasoning to the contrary that ξ /∈ Es+

ρn
, for all n.

Then, by (2.5), for each n ∈ N, there exists bn ∈ B and yn ∈ BY such that ξ (bn +ρnyn)≤ 0.
Since B is a bounded closed set in the reflexive space Y , it is weakly compact and without loss

of generality we can assume that {bn} converges weakly to b̄ ∈ B. Also {yn} ⊂ BY converges
weakly to ȳ ∈ BY . Hence, {bn +ρnyn} converges weakly to b̄ and ξ (b̄) ≤ 0, but ξ ∈ Es+, so
ξ (b̄) > 0, and we obtain a contradiction. Hence,

⋃
n∈N

Es+
ρn
⊂ Es+ and both equalities in (2.4)

follow straightforward. �

3. NEW VARIANTS OF DC MAPPING

In this section, we introduce several variants of the notions of DC mapping given in Definition
2.2 and study the connections between all of them.

If in the notions of Definition 2.2 we only consider functionals in E+, we obtain new concepts
of vector DC mapping, which are collected in the following definition.

In what follows, we suppose that Y is reflexive, and that E is based (which is equivalent to
say that Es+ 6= /0 by (2.2)) and has a closed base B.

Definition 3.1. It is said that
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(a) F is E+-weakly DC if ξ ◦F is a DC function for each ξ ∈ E+.
(b) F is E+-delta convex if there exists a continuous convex function ϕ : X → R such that

ξ ◦F +ϕ is convex for each ξ ∈ E+∩BY ∗ .

On the other hand, in view of Remark 2.3(ii), to highlight that the definition of order DC
mapping only involves functionals of E+, we will use the terminology “E+-order DC” instead
of just “order DC”.

Remark 3.1. From Definitions 2.2 and 3.1, it follows immediately that
(i) F is weakly DC⇒ F is E+-weakly DC,

(ii) F is delta convex⇒ F is E+-delta convex,
(iii) F is E+-delta convex⇒ F is E+-weakly DC,
(iv) F is E+-order DC⇒ F is E+-weakly DC.

Next, in relation to the above concepts, we define two notions of DC mapping that depend
on a vector (q ∈ E\{0})∩BY . Their study is interesting in order to find more specific DC
decompositions of a mapping.

Definition 3.2. Let q ∈ (E\{0})∩BY . We say that
(a) F is (q,E+)-delta convex if there exists a continuous convex function ϕ : X→R (called

q-control function) such that ξ ◦F +ξ (q)ϕ is convex for all ξ ∈ E+∩BY ∗ .
(b) F is (q,E+)-order DC if F admits a DC decomposition of the form

F1(x) = F(x)+ϕ(x)q, F2(x) = ϕ(x)q, ∀x ∈ X , (3.1)

where ξ ◦F1 is convex on X , for all ξ ∈ E+, and ϕ : X → R is a continuous convex
function.

Remark 3.2. Let us observe that, according to Proposition 2.1:
(i) If F is (q,E+)-order DC, then it is E+-order DC, for all q ∈ (E\{0})∩BY .

(ii) F2 in (3.1) verifies that ξ ◦F2 is convex on X , for all ξ ∈ E+.

In the next proposition, we study more connections between the notions given in Definitions
2.2, 3.1 and 3.2.

Proposition 3.1. Let q ∈ (E\{0})∩BY .
(a) F is (q,E+)-delta convex if and only if it is (q,E+)-order DC.
(b) If F is (q,E+)-delta convex, then it is E+-delta convex.
(c) Suppose that E is solid and q ∈ intE. If F is delta convex, then it is (q,E+)-order DC.

If additionally we suppose that int(E+) 6= /0, then the reciprocal implication also holds.
(d) Suppose that E is normal. If F is E+-weakly DC, then it is weakly DC.
(e) Suppose that int(E+) 6= /0. If F is E+-delta convex, then it is delta convex.

Proof. (a) From the definition and Proposition 2.1, it follows that F is (q,E+)-order DC if
and only if there exists a continuous convex function ϕ : X → R such that ξ ◦ (F +ϕq) : X →
R, defined as ξ ◦ (F +ϕq)(x) := ξ (F(x)+ϕ(x)q), is convex, for all ξ ∈ E+, if and only if
ξ ◦ (F +ϕq) is convex, for all ξ ∈ E+ ∩BY ∗ , if and only if F is (q,E+)-delta convex, with
q-control function ϕ .

(b) Suppose that F is (q,E+)-delta convex. Then, by definition, there exists a q-control
function ϕ such that ξ ◦F + ξ (q)ϕ is convex for each ξ ∈ E+ ∩BY ∗ . Thus, since |ξ (q)| =



140 L. HUERGA, B. JIMÉNEZ, V. NOVO

ξ (q)≤ ‖ξ‖∗‖q‖ ≤ 1, it follows that ξ ◦F +ϕ = (ξ ◦F +ξ (q)ϕ)+(1−ξ (q))ϕ is convex, for
each ξ ∈ E+∩BY ∗ , so F is E+-delta convex.

(c) Suppose that F is delta convex and let ϕ be an associated control function. Since q∈ intE,
there exists γ > 0 such that q + γBY ⊂ E, i.e., q− γ

y
‖y‖
∈ E, for all y ∈ Y\{0}, which is

equivalent to say that

y≤E
‖y‖
γ

q, ∀y ∈ Y. (3.2)

Let ϕ̂ := ϕ

γ
and F2(x) := ϕ̂(x)q. It is clear that F2 is E-convex. By statement (3.2) we have, for

every x1,x2 ∈ X and λ ∈ (0,1),

F(λx1 +(1−λ )x2)−λF(x1)− (1−λ )F(x2)

≤E ‖F(λx1 +(1−λ )x2)−λF(x1)− (1−λ )F(x2)‖
q
γ

= ‖λF(x1)+(1−λ )F(x2)−F(λx1 +(1−λ )x2)‖
q
γ

≤E (λϕ(x1)+(1−λ )ϕ(x2)−ϕ(λx1 +(1−λ )x2)
q
γ

(3.3)

= λF2(x1)+(1−λ )F2(x2)−F2(λx1 +(1−λ )x2),

where inequality (3.3) is due to [23, Proposition 1.13].
Therefore, by the inequalities above, we deduce that

(F +F2)(λx1 +(1−λ )x2)≤E λ (F +F2)(x1)+(1−λ )(F +F2)(x2),

for every x1,x2 ∈ X and λ ∈ (0,1), i.e., F1 := F +F2 = F + ϕ̂q is E-convex, so by Proposition
2.1 we have that ξ ◦F1 is convex on X , for all ξ ∈ E+, i.e., F is (q,E+)-order DC.

Suppose additionally that int(E+) 6= /0, i.e., E is well-based (see (2.1)), and that F is (q,E+)-
order DC. Then, by Remark 3.2(i) we have that F is E+-order DC and by Proposition 2.2(c) we
deduce that F is delta convex.

(d) Suppose that F is E+-weakly DC. By statement (2.1), we have that Y ∗ = E+−E+. Let
ξ ∈ Y ∗. Then, there exist ξ1,ξ2 ∈ E+ such that ξ = ξ1− ξ2, so ξ ◦F = ξ1 ◦F − ξ2 ◦F . Since
ξ1 ◦F and ξ2 ◦F are DC by hypothesis, we conclude that ξ ◦F is DC as well, so F is weakly
DC.

(e) Suppose that F is E+-delta convex and let ϕ be an associated control function. Then, it
follows that ξ ◦F +ϕ is convex for all ξ ∈ E+∩BY ∗ . Let ξ̂ ∈ int(E+), with ‖ξ̂‖∗ ≤ 1. Then,
there exists γ > 0 small enough such that ξ̂ +γBY ∗ ⊂E+. Therefore, since F is E+-delta convex,
we have that 1

1+γ
(ξ̂ + γy∗)◦F +ϕ is convex, for all y∗ ∈ BY ∗ , i.e., γ

1+γ
y∗ ◦F + 1

1+γ
ξ̂ ◦F +ϕ is

convex for all y∗ ∈ BY ∗ , which is equivalent to say that y∗ ◦F + ϕ̂ is convex, for all y∗ ∈ BY ∗ ,
where ϕ̂ := 1

γ
(ξ̂ ◦F +(1+ γ)ϕ). It is clear that ϕ̂ is convex, so F is delta convex, and the proof

is complete. �

Remark 3.3. We can extract more conclusions from the results above, by considering the fam-
ily of cones {Eρ}0<ρ<δ . Let q ∈ (E\{0})∩BY . Then, in particular, it follows, according to
Proposition 2.3(b), that q ∈ intEρ for all ρ ∈ (0,δ ). Thus, by Proposition 3.1(c) we deduce that
if F is delta convex, then it is (q,E+

ρ )-order DC, for all ρ ∈ (0,δ ).
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The reciprocal implication holds if we suppose that int(E+) 6= /0. Indeed, note that, by state-
ment (2.1), we can assume without loss of generality that base B of E is bounded, additionally to
being closed. In particular, B+ρBY is a bounded base of Eρ , for all ρ ∈ (0,δ ), i.e., Eρ is well-
based too, so int(E+

ρ ) 6= /0. Hence, by Proposition 3.1(c) we deduce that if F is (q,E+
ρ )-order

DC, then it is delta convex, for all ρ ∈ (0,δ ).

Taking into account Propositions 2.2 and 3.1, Remarks 3.1 and 3.3 and statement (2.1), we
deduce the following corollary. In Figure 1 we collect all the connections between the different
notions of DC mapping.

Corollary 3.1. Suppose that int(E+) 6= /0 and let q ∈ (E\{0})∩BY . It follows that

(a) F is weakly DC if and only if it is E+-weakly DC.
(b) F is delta convex if and only if it is E+-delta convex.
(c) Let ρ ∈ (0,δ ). It follows that F is delta convex if and only if F is (q,E+

ρ )-order DC, if
and only if F is E+

ρ -order DC. If, in addition, E is solid, then the equivalences also hold
for ρ = 0 and q ∈ intE.

(d) Let ρ ∈ (0,δ ). It follows that F is delta convex if and only if it is (q,E+
ρ )-delta convex.

Proof. (a) Weakly DC
Rem. 3.1(i)⇒ E+-weakly DC

Prop. 3.1(d), (2.1)⇒ weakly DC.

(b) Delta convex
Rem. 3.1(ii)⇒ E+-delta convex

Prop. 3.1(e)⇒ delta convex.

(c) Delta convex Rem. 3.3⇔ (q,E+
ρ )-order DC

Rem. 3.2(i)⇒ E+
ρ -order DC

Prop. 2.2(c),(2.1)⇒ delta
convex.

Analogous reasoning if E is solid and q ∈ intE, taking into account Proposition 3.1(c).
(d) It follows by part (c) and Proposition 3.1(a). �

Remark 3.4. (i) Suppose that int(E+) 6= /0 and let q ∈ (E\{0})∩BY . Then, observe that Corol-
lary 3.1(c) means that if F is E+

ρ -order DC, for any ρ ∈ (0,δ ), then we can ensure the existence
of Eρ -convex mappings F1 and F2 satisfying (3.1), and that F is delta convex if and only if
such a DC decomposition exists. This is interesting since mapping F2 in (3.1) is easy to handle.
Moreover, by Corollary 3.1(b) it is enough to consider functionals in E+ ∩BY ∗ when dealing
with delta convex mappings, which is also interesting from a practical point of view.

(ii) If F is delta convex with control function ϕ , and we consider q ∈ B∩BY , then for each
ρ ∈ (0,δ ) we have that q+ρBY ⊂ Eρ , so following an analogous reasoning as in the proof of
Proposition 3.1(c), we deduce that F is (q,E+

ρ )-order DC, for F2 := ϕ

ρ
q.

(iii) If X is a Hilbert space and F is of the class C 1,1(X) (the class of functions T : X→Y such
that the Fréchet derivative T ′(x) exists for all x and the mapping T ′ is Lipschitz on X), then F is
delta convex with control function ϕ(x) := L‖x‖2, where L denotes the Lipschitz constant of F ′

(see, for instance, [23, Proposition 1.11]). Thus, in this case, given q ∈ B∩BY and ρ ∈ (0,δ )
and taking into account part (b), we have the following DC decomposition for F in terms of
Eρ -convex mappings:

F2(x) :=
L
ρ
‖x‖2q, F1(x) := F(x)+F2(x), ∀x ∈ X .
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(iv) Suppose that E1 and E2 are two pointed closed convex cones such that int(E+
1 ) 6= /0 and

int(E+
2 ) 6= /0. Then, by Corollary 3.1(a)-(b) we have that

F is E+
1 -delta convex⇔ F is delta convex⇔ F is E+

2 -delta convex,

F is E+
1 -weakly DC⇔ F is weakly DC⇔ F is E+

2 -weakly DC.

(v) Suppose that Y =Rm. Then, by (2.1) and the comment below, we have that int(E+) 6= /0 and
E is normal. Thus, taking into account Proposition 3.1(d) and Remark 2.2, we have that

F is E+-weakly DC⇔ F is weakly DC⇔ F is Rm
+-weakly DC

⇔F is E+-delta convex⇔ F is delta convex⇔ F is Rm
+-delta convex

⇔F is Rm
+-order DC⇐ F is E+-order DC,

where the single left implication holds by Proposition 2.2(c). Moreover, if E is additionally
solid, then this implication becomes an equivalence, by Proposition 2.2(b).

_

(q,E+)- or. DC //
OO

��

E+-or. DC

int(E+)6= /0

��

E normal

(( ""
(q,E+)-δ c.

int(E+)6= /0
,,
δ c.

--

q∈(intE)∩BY

nn

��

weakly DC
Y=Rm

ll

��

Y=Rm
E solid

hh

// E+-δ c.

int(E+)6= /0

SS

// E+-weakly DC

E normal

KK

oo

FIGURE 1. Connections between the different generalized DC notions. Nota-
tions: “-δ c.” refers to “delta convex”, and “or. DC” refers to “order DC”.

4. OPTIMALITY CONDITIONS FOR APPROXIMATE PROPER EFFICIENT SOLUTIONS OF A

DC VECTOR OPTIMIZATION PROBLEM

In this section we are going to focus on a type of approximate solutions of the following
vector optimization problem

MinE{F(x) : x ∈ S}, (V OPDC)

where F : X → Y is the objective mapping, which is going to satisfy a type of DC condition,
and S 6= /0 is the feasible set, that we suppose to be closed and convex.

As in the previous section, we suppose that Y is reflexive and F is continuous. Also, to deal
with solutions of problem (V OPDC), we consider again that E has a closed base B. By (2.2)
we also have that Es+ 6= /0.

Specifically, we focus on a notion of approximate proper efficiency, which is an approximate
version of the concept of proper efficiency due to Henig in [28].
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Given a nonempty set C ⊂ Y\{0}, we define the set-valued mapping with the same name
C : R+→ 2Y as follows:

C(ε) =

{
εC if ε > 0

(coneC)\{0} if ε = 0.

Definition 4.1. Let ε ≥ 0, /0 6=C ⊂ Y\{0} and x0 ∈ S.
(a) Suppose that C∩ (−E) = /0. It is said that x0 is a (C,ε)-efficient solution of (V OPDC)

if

(F(S)−F(x0))∩ (−C(ε)) = /0.

The set of (C,ε)-efficient solutions is denoted by AE(F,S,C,ε).
(b) Suppose that cl(coneC)∩ (−E\{0}) = /0. It is said that x0 is a (C,ε)-proper efficient

solution of (V OPDC) in the sense of Henig if there exists a solid pointed convex cone
E ′ ⊂ Y such that E\{0} ⊂ intE ′, C∩ (− intE ′) = /0 and

x0 ∈ AE(F,S,C+ intE ′,ε).

The set of (C,ε)-proper efficient solutions of (V OPDC) is denoted by He(F,S,C,ε).

Remark 4.1. (i) The concept of (C,ε)-efficiency was introduced in [39]. As it can be seen
in this reference, this notion extends and unifies the most important concepts of approximate
efficiency known from the literature.

On the other hand, the notion of (C,ε)-proper efficiency in the sense of Henig was given in
[40]. It is clear that

He(F,S,C,ε)⊂ AE(F,S,C+E\{0},ε).
Conditions C∩(−E) = /0 and C∩(− intE ′) = /0 in the definitions of (C,ε)-efficiency and (C,ε)-
proper efficiency, respectively, are given to avoid superfluous notions (see, for instance, [40]).

(ii) It is easy to see that if we consider C = E\{0} or ε = 0 and C⊂Y\{0} such that coneC =
E, then the notions given in Definition 4.1 reduce to their respective exact versions of efficiency
and proper efficiency in the sense of Henig. Indeed, we remind that x0 ∈ S is an exact efficient
solution of (V OPDC) if

(F(S)−F(x0))∩ (−E\{0}) = /0.

On the other hand, it is said that x0 is an exact proper efficient solution of (V OPDC) in the
sense of Henig if there exists a solid pointed convex cone E ′ ⊂ Y such that E\{0} ⊂ intE ′ and

(F(S)−F(x0))∩ (− intE ′) = /0.

In what follows, we denote by He(F,S,E) the set of exact proper efficient solutions.
Also, let us note that when Y =Rm and E =Rm

+, the concept of proper efficiency in the sense
of Henig is equivalent to the notion of proper efficiency in the sense of Geoffrion [41], probably
better known in the setting of finite dimensional spaces (see, for instance, [42, 43]).

(iii) Let

HE(C) := {E ′ ⊂ Y : E ′ solid convex pointed cone, E\{0} ⊂ int(E ′),C∩ (− intE ′) = /0}.
From the definition, it is clear that

He(F,S,C,ε) =
⋃

E ′∈HE(C)

AE(F,S,C+ intE ′,ε).
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Suppose that base B of E is compact. Then, by [44, Proposition 2.4.6(iii)] and Proposition 2.3,
it follows that

He(F,S,C,ε) =
⋃

0<ρ<δ

AE(F,S,C+ intEρ ,ε) =
⋃

0<ρ<δ

AE(F,S,C+Eρ\{0},ε), (4.1)

where {Eρ}0<ρ<δ is the family of dilating cones defined in (2.3). The equalities given in
(4.1) are interesting from a practical point of view, since they imply that the set of proper
efficient solutions can be expressed only by means of the specific family {Eρ}0<ρ<δ , so it is
not necessary to deal with the abstract family HE(C).

(iv) Sets Cρ,q := q+Eρ , where q ∈ E\{0} and ρ ∈ (0,δ ), are especially interesting to ob-
tain approximate proper solutions. The reason is twofold: On the one hand, they are easy to
construct and, on the other hand, the set of (Cρ,q,ε)-proper efficient solutions approximates
suitably the set of exact proper solutions for ε > 0 small enough. Indeed, if x0 ∈ S and there
exist sequences {xn} ⊂ X and {εn} ⊂ R+\{0} such that xn ∈ He(F,S,Cρ,q,εn) for all n, and
εn ↓ 0, then x0 ∈ He(F,S,E) (see [45, Theorem 4.6(a)]).

The latter property is not as evident as it seems. Although it seems to be natural that the set of
approximate solutions represents the set of exact solutions with a small error, there exist simple
examples for which, for instance, the set of exact efficient solutions is a singleton and the set of
approximate solutions is unbounded, with any precision error (see, for instance, [45, Example
4.1]).

(v) With respect again to sets Cρ,q, let us note that

x0 ∈ He(F,S,Cρ,q,ε)⇔ (F(S)−F(x0)+ εq)∩ (− intEρ) = /0.

Indeed, suppose that x0 ∈ He(F,S,Cρ,q,ε). Then, there exists E ′ ∈HE(Cρ,q) such that

(F(S)−F(x0))∩ (−Cρ,q(ε)− intE ′) = /0. (4.2)

By definition, one has Cρ,q(ε) = εq+Eρ , if ε > 0, and Cρ,q(0) = intEρ . Indeed, inclusion “⊂”
of the last equality is clear. For the reciprocal inclusion, let e ∈ intEρ . Then, there exists η > 0
such that e+ηBY ⊂ Eρ , and there exists α > 0 small enough such that −αq ∈ ηBY . Hence,

e = e−αq+αq ∈ e+ηBY +αq = α

(
q+

1
α
(e+ηBY )

)
⊂ α(q+Eρ)⊂Cρ,q(0).

Thus, it is not difficult to check that

εq+ intEρ = εq+ intEρ +E\{0} ⊂Cρ,q(ε)+ intE ′,

so statement (4.2) implies that (F(S)−F(x0)+εq)∩(− intEρ) = /0. In fact, it is an equivalence,
since the left implication follows directly from the definition of approximate proper efficiency
and the properties of the family of cones {Eρ}0<ρ<δ . Indeed, it is enough to choose E ′ = Eρ to
see that E ′ ∈HE(Cρ,q) and x0 ∈ AE(F,S,Cρ,q + intE ′,ε).

In Theorem 4.1, we provide a characterization through scalarization for a feasible point x0
to be an approximate proper efficient solution of problem (V OPDC). To motivate this result,
we need to introduce some preliminaries concerning an unconstrained scalar DC optimization
problem, defined in the following way:

Min{ f (x) : x ∈ X}, (S OPDC)
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where f := f1− f2, and f1, f2 : X → R∪{+∞} are proper convex and lower semicontinuous
functions. By convention, we suppose that +∞− (+∞) = +∞. We also suppose that dom f1 ⊂
dom f2, so in this way function f does not take the value−∞ (we remind that dom f := {x ∈ X :
f (x)<+∞}).

Besides, a well-known result from Hiriart-Urruty (see [46, Theorem 4.4]) establishes that
given x0 ∈ dom f with ∂ f2(x0) 6= /0, it follows that x0 is a δ -global minimum of (S OPDC)
(i.e., f (x0)≤ f (x)+δ , for all x ∈ X) if and only if

∂ε f2(x0)⊂ ∂ε+δ f1(x0), ∀ε ≥ 0,

where ∂εh is the classical ε-subdifferential of Convex Analysis of a convex function h : X →
R∪{+∞}, given for any x̄ ∈ domh by

∂εh(x̄) := {x∗ ∈ X∗ : h(x)≥ h(x̄)− ε + x∗(x− x̄), ∀x ∈ domh},

and ∂h(x̄) := ∂0h(x̄). It follows that ∂εh(x̄) is not empty for all ε > 0 if and only if h is lower
semicontinuous at x̄, and that ∂h(x̄) is nonempty if h is continuous at x̄ (see, for instance, [34,
Theorems 2.4.4 and 2.4.9]).

In what follows, we fix q ∈ (E\{0})∩BY , and we focus on approximate proper efficient
solutions with respect to the approximation sets Cρ,q, due to the reasons exposed in Remark
4.1(iv).

We recall that the indicator function IA : X →R∪{+∞} of a nonempty set A⊂ X is given by
IA(x) = 0 if x ∈ A, and IA(x) = +∞, otherwise.

Theorem 4.1. Let ε ≥ 0, ρ ∈ (0,δ ) and x0 ∈ S. Suppose that F is (q,E+
ρ )-order DC, with

q-control function ϕ . Then, x0 ∈ He(F,S,Cρ,q,ε) if and only if

∂γϕ(x0)⊂
⋃

µ∈E+ρ \{0}
µ(q)=1

∂γ+ε(µ ◦F +ϕ + IS)(x0), ∀γ ≥ 0.

Proof. Suppose that x0 ∈ He(F,S,Cρ,q,ε). Fix γ ≥ 0 and let x∗ ∈ ∂γϕ(x0). Also, let

H(x) := F(x)+ϕ(x)q−F(x0)−ϕ(x0)q− x∗(x− x0)q+(ε + γ)q.

Note that H is Eρ -convex because H1(x) := F(x)+ϕ(x)q is Eρ -convex, H2(x) :=−x∗(x−x0)q
is Eρ -convex and H is of the form H = H1 +H2 + y0, with y0 ∈ Y .

It follows that H(x) ∈ − intEρ has no solution in S. Indeed, suppose that there exists x̄ ∈ S
such that

H(x̄) ∈ − intEρ . (4.3)

Then, since x∗ ∈ ∂γϕ(x0) we have in particular that

[ϕ(x̄)−ϕ(x0)+ γ− x∗(x̄− x0)]q ∈ E. (4.4)

Thus, as
H(x̄) = F(x̄)−F(x0)+ [ϕ(x̄)−ϕ(x0)+ γ− x∗(x̄− x0)]q+ εq,

by (4.3) and (4.4) we deduce that

F(x̄)−F(x0)+ εq = H(x̄)− [ϕ(x̄)−ϕ(x0)+ γ− x∗(x̄− x0)]q ∈ − intEρ −E =− intEρ ,
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which contradicts that x0 ∈ He(F,S,Cρ,q,ε) (see Remark 4.1(v)). Therefore, we have that

(H(S)+Eρ)∩ (− intEρ) = /0.

Since H is Eρ -convex and S is a convex set, we have H(S) +Eρ is a convex set. Thus, by
applying a standard separation result (see, for instance, [35, Theorem 3.16]), there exist µ̄ ∈
Y ∗\{0} and α ∈ R such that

µ̄(−e1)≤ α ≤ (µ̄ ◦H)(x)+ µ̄(e2), ∀x ∈ S,∀e1,e2 ∈ Eρ , (4.5)

µ̄(−e1)< α, ∀e1 ∈ intEρ . (4.6)

By (4.6) we deduce that µ̄ ∈ E+
ρ \{0}. On the other hand, by (4.5), with e1 = e2 = 0, we derive

(µ̄ ◦F)(x)+ϕ(x)µ̄(q)− (µ̄ ◦F)(x0)−ϕ(x0)µ̄(q)

− x∗(x− x0)µ̄(q)+(ε + γ)µ̄(q)≥ 0, ∀x ∈ S,

i.e., µ̄(q)x∗ ∈ ∂µ̄(q)(γ+ε)(µ̄ ◦F + µ̄(q)ϕ + IS)(x0) or, equivalently,

x∗ ∈ ∂γ+ε(µ ◦F +ϕ + IS)(x0),

with µ := 1
µ̄(q) µ̄ (observe that q ∈ E\{0} ⊂ intEρ , so µ̄(q) > 0), and the right implication is

proved.
For the reciprocal implication, suppose that x0 /∈ He(F,S,Cρ,q,ε). Then, by Remark 4.1(v),

there exists x̄ ∈ S such that

F(x̄)−F(x0)+ εq ∈ − intEρ ,

which implies that

(µ ◦F)(x̄)+ IS(x̄)< (µ ◦F)(x0)+ IS(x0)− εµ(q), (4.7)

for all µ ∈ E+
ρ \{0}.

Let x∗ ∈ ∂ϕ(x̄) (this subdifferential is nonempty, since ϕ is convex and continuous on X).
Then, in particular,

ϕ(x0)≥ ϕ(x̄)+ x∗(x0− x̄).

Let

γ := ϕ(x0)−ϕ(x̄)− x∗(x0− x̄)≥ 0. (4.8)

It follows that
x∗ ∈ ∂γϕ(x0).

On the other hand, by (4.9) we deduce that

(µ ◦F)(x̄)+ IS(x̄)+µ(q)ϕ(x̄)−µ(q)ϕ(x̄)

< (µ ◦F)(x0)+ IS(x0)+µ(q)ϕ(x0)−µ(q)ϕ(x0)− εµ(q)+ x∗(x0− x̄)µ(q)+ x∗(x̄− x0)µ(q),
(4.9)

and taking into account (4.8) we derive that

(µ ◦F)(x̄)+ IS(x̄)+µ(q)ϕ(x̄)

< (µ ◦F)(x0)+ IS(x0)+µ(q)ϕ(x0)− εµ(q)− γµ(q)+ x∗(x̄− x0)µ(q),
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for all µ ∈ E+
ρ \{0}, i.e.,

µ(q)x∗ /∈ ∂µ(q)(γ+ε)(µ ◦F +µ(q)ϕ + IS)(x0), ∀µ ∈ E+
ρ \{0}.

Then, x∗ /∈
⋃

µ∈E+ρ \{0}
µ(q)=1

∂γ+ε(µ ◦F +ϕ + IS)(x0), and the proof is complete. �

In the next result we characterize the exact proper efficient solutions of problem (V OPDC).
For this aim, we need the following lemma. We denote

H := HE(E\{0}) = {E ′ ⊂ Y solid convex pointed cone, E\{0} ⊂ E ′}.

Lemma 4.1. It follows that
Es+ =

⋃
E ′∈H

(E ′+\{0}).

Proof. Inclusion “⊃” is clear, since E\{0} ⊂ intE ′, for all E ′ ∈H and so, if y∗ ∈ E ′+ \ {0}
one has y∗(e)> 0 for all e ∈ intE ′, so y∗(e)> 0 for all e ∈ E \{0} and y∗ ∈ Es+.

On the other hand, let y∗ ∈ Es+ and let

Ê := {y ∈ Y : y∗(y)> 0}∪{0}.
It is clear that Ê ∈H and y∗ ∈ Ê+\{0}, so the proof is complete. �

Theorem 4.2. Let x0 ∈ S. Suppose that F is (q,E+)-order DC, with q-control function ϕ . Then,
x0 ∈ He(F,S,E) if and only if

∂γϕ(x0)⊂
⋃

µ∈Es+
µ(q)=1

∂γ(µ ◦F +ϕ + IS)(x0), ∀γ ≥ 0. (4.10)

Proof. Suppose that x0 ∈ He(F,S,E). Then, by definition, there exists E ′ ∈H such that

(F(S)−F(x0))∩ (− intE ′) = /0.

Thus, we reason in analogous way as in the proof of the right implication of Theorem 4.1, by
considering ε = 0 and by replacing Eρ by E ′ in (4.3), to deduce that

(H(S)+E)∩ (− intE ′) = /0.

If we continue following the proof of the right implication of Theorem 4.1, we conclude that
(4.10) holds (note that (E ′)+\{0} ⊂ Es+).

For the reciprocal implication, suppose that x0 /∈ He(F,S,E), and let E ′ ∈H . Then, there
exists x̄ ∈ S such that F(x̄)−F(x0) ∈− intE ′. Thus, reasoning in analogous way as in the proof
of the left implication of Theorem 4.1 (for ε = 0 and for E ′ instead of Eρ ), we deduce that

∂γϕ(x0) 6⊂
⋃

µ∈(E′)+\{0}
µ(q)=1

∂γ(µ ◦F +ϕ + IS)(x0), ∀γ ≥ 0.

Since the statement above holds for any cone E ′ ∈H , by Lemma 4.1 we deduce that

∂γϕ(x0) 6⊂
⋃

µ∈Es+
µ(q)=1

∂γ(µ ◦F +ϕ + IS)(x0), ∀γ ≥ 0,

and the proof is finished. �



148 L. HUERGA, B. JIMÉNEZ, V. NOVO

Remark 4.2. (i) By Remark 3.3, we know that if F is delta convex, then it is (q,E+
ρ )-order DC,

for all ρ ∈ (0,δ ), and it is (q,E+)-order DC if E is solid and q ∈ intE by Corollary 3.1(c).
(ii) Since in Theorem 4.1 we have that µ ◦F +ϕ is convex and continuous for all µ ∈ E+

ρ ,
with µ(q) = 1, and IS is convex, then we can apply the classical sum rule for approximate
subdifferentials (see, for instance, [34, Theorem 2.8.7]) to obtain that

∂γ+ε(µ ◦F +ϕ + IS)(x0) =
⋃

γ1,γ2≥0
γ1+γ2=γ+ε

{
∂γ1(µ ◦F +ϕ)(x0)+Nγ2(S;x0)

}
,

where Nγ2(S;x0) := ∂γ2IS(x0) = {x∗ ∈ X∗ : x∗(x− x0)≤ γ2, ∀x ∈ S}, is the γ2-normal cone of S
at x0. The above also applies to Theorem 4.2.

To finish, we consider the particular case of a classical multiobjective optimization prob-
lem with inequality constraints, and characterize its approximate proper solutions. Indeed, we
consider Y = Rm and E = Rm

+, so we have the following problem:

Min{ f (x) : x ∈ S},
S = {x ∈ X : g(x) ∈ −Rp

+}, (MOPDC)

where f = ( f1, f2, . . . , fm) : X → Rm, and g = (g1,g2, . . . ,gp) : X → Rp is Rp
+-convex on X .

We also suppose that each gi is continuous, for i ∈ {1,2, . . . , p}, and that the Slater constraint
qualification holds, i.e., there exists x̄ ∈ X such that g(x̄) ∈ − intRp

+.
We consider the ∞-norm in Rm, i.e.,

‖(y1,y2, . . . ,ym)‖∞ := max
i∈{1,2,...,m}

{|yi|}, ∀(y1,y2, . . . ,ym) ∈ Rm.

Let q= (1,1, . . . ,1)∈Rm
+∩BRm , and denote Rρ := (Rm

+)ρ , for ρ ∈ (0,δ ). By Proposition 3.1(c),
it follows that f is delta convex (i.e., by Remark 2.2, each component fi is a DC function, for
all i = 1,2, . . . ,m) if and only if it is (q,R+

ρ )-order DC, for any ρ ∈ (0,δ ).
Thus, for the following result, we suppose that f is delta convex and that ϕ is a control

function of f .

Corollary 4.1. Let x0 ∈ S. Suppose that f is delta convex with control function ϕ .
(a) Let ε ≥ 0 and ρ ∈ (0,δ ). It follows that x0 ∈ He( f ,S,Cρ,q,ε) if and only if

∂γϕ(x0)⊂
⋃

µ∈R+ρ \{0}
∑

m
i=1 µi=1

⋃
γi≥0

∑
m+1
i=1 γi=γ+ε


m

∑
i=1

µi∂ γi
µi
( fi +ϕ)(x0)+

⋃
α j ,β j≥0

∑
p
j=1 η j=γm+1

∂β j(α jg j)(x0)

 ,

for all γ ≥ 0, where η j = β j−α jg j(x0), j = 1,2, . . . , p.
(b) It follows that x0 ∈ He( f ,S,E) if and only if

∂γϕ(x0)⊂
⋃

µ∈intRm
+

∑
m
i=1 µi=1

⋃
γi≥0

∑
m+1
i=1 γi=γ


m

∑
i=1

µi∂ γi
µi
( fi +ϕ)(x0)+

⋃
α j ,β j≥0

∑
p
j=1 η j=γm+1

∂β j(α jg j)(x0)

 ,

for all γ ≥ 0.
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Proof. First, observe that, by Lemma 4.1 for E = Rm
+, we have that R+

ρ \{0} ⊂ intRm
+, so for

any µ ∈ R+
ρ \{0} we have in particular that µi > 0, for all i ∈ {1,2, . . . ,m}.

On the other hand, for all µ ∈ R+
ρ \{0}, with ∑

m
i=1 µi = 1, it follows that

µ ◦ f +ϕ = µ1 ( f1 +ϕ)+µ2 ( f2 +ϕ)+ . . .+µm ( fm +ϕ) .

Also, since f is delta convex, we have that fi +ϕ is convex, for all i ∈ {1,2, . . . ,m}. Then, the
proof of part (a) follows directly by Theorem 4.1 and Remark 4.2(ii), applying the sum rule for
approximate subdifferentials to

∂δ (µ1 ( f1 +ϕ)+µ2 ( f2 +ϕ)+ . . .+µm ( fm +ϕ))(x0),

for some δ ≥ 0, and taking into account that

∂ζ IS(x0) = Nζ (S;x0) =
⋃

α j ,β j≥0

∑
p
j=1 η j=ζ

∂β j(α jg j)(x0),

where ζ ≥ 0, and η j := β j−α jg j(x0), j = 1,2, . . . , p (see, for instance, [47, Lemma 2]). The
proof of part (b) follows the same reasoning, taking into account in this case Theorem 4.2. �

Remark 4.3. Note that the characterizations obtained in Theorems 4.1 and 4.2, and in Corol-
lary 4.1 are generalizations to the vector and, in particular, the multiobjective case of the clas-
sical characterization of approximate and exact global minima, for unconstrained scalar DC
optimization problems, due to Hiriart-Urruty [1]. Moreover, our results also cover constraint
optimization problems, as well as unconstrained ones.

We illustrate the results of this section with the following example.

Example 4.1. Let f : R→ R2 be given by f = ( f1, f2), where f1(x) = x2, f2(x) = x− x2,
S = R. We are going to compute the set of exact proper efficient solutions of (MOPDC) with
respect to the Pareto cone, i.e., set He( f ,R,R2

+). First of all, observe that f is delta convex with
associated control function ϕ(x) = 2x2 (see, for instance, Remark 3.4(iii)).

Let a ∈ R. By Corollary 4.1(b) it follows that a ∈ He( f ,R,R2
+) if and only if

∂γϕ(a)⊂
⋃

µ1,µ2>0
µ1+µ2=1

⋃
γ1,γ2≥0
γ1+γ2=γ

{
µ1∂ γ1

µ1
( f1 +ϕ)(a)+µ2∂ γ2

µ2
( f2 +ϕ)(a)

}
, ∀γ ≥ 0,

which is equivalent to

∂γϕ(a)⊂
⋃

0<µ1<1

⋃
0≤γ1≤γ

{
µ1∂ γ1

µ1
( f1 +ϕ)(a)+(1−µ1)∂ γ−γ1

1−µ1
( f2 +ϕ)(a)

}
, ∀γ ≥ 0.

Let

Ia(γ) :=
⋃

0<µ1<1

⋃
0≤γ1≤γ

{
µ1∂ γ1

µ1
( f1 +ϕ)(a)+(1−µ1)∂ γ−γ1

1−µ1
( f2 +ϕ)(a)

}
.
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We have that ( f1 +ϕ)(x) = 3x2 and ( f2 +ϕ)(x) = x2 + x. Then, given ε ≥ 0, it is not difficult
to check that

∂εϕ(a) = [4a−2
√

2ε,4a+2
√

2ε],

∂ε( f1 +ϕ)(a) = [6a−2
√

3ε,6a+2
√

3ε],

∂ε( f2 +ϕ)(a) = [1+2a−2
√

ε,1+2a+2
√

ε].

Therefore, given γ ≥ 0, 0 < µ1 < 1 and 0≤ γ1 ≤ γ , we have that

µ1∂ γ1
µ1
( f1 +ϕ)(a)+(1−µ1)∂ γ−γ1

1−µ1
( f2 +ϕ)(a) =

µ1

[
6a−2

√
3

γ1

µ1
,6a+2

√
3

γ1

µ1

]
+(1−µ1)

[
1+2a−2

√
γ− γ1

1−µ1
,1+2a+2

√
γ− γ1

1−µ1

]
=

[ha(µ1)− ra(µ1,γ1),ha(µ1)+ ra(µ1,γ1)],

where ha(µ1) := 6aµ1 +(1+ 2a)(1− µ1), and ra(µ1,γ1) := 2(
√

3γ1µ1 +
√

(γ− γ1)(1−µ1)).
Then, for γ ≥ 0, it follows that

cl(Ia(γ)) = [ψ1a(γ),ψ2a(γ)],

where

ψ1a(γ) := inf
0<µ1<1
0≤γ1≤γ

(ha(µ1)− ra(µ1,γ1)),

ψ2a(γ) := sup
0<µ1<1
0≤γ1≤γ

(ha(µ1)+ ra(µ1,γ1)).

Then, ψ1a and ψ2a are obtained by solving a standard constrained scalar optimization problem
with two variables, depending on parameter a ∈ R. To avoid increasing the length of the paper
and making it tedious, we only show the final result for Ia(γ). Indeed, let ∆ := (4a−1)2

4 . Then,

Ia(γ) =


(6a−2

√
3γ,1+2a+2

√
γ) 0≤ γ ≤ ∆(

6a−2
√

3γ, 3
2 +

2γ

1−4a

]
∆ < γ < 3∆

(6a−2
√

3γ,6a+2
√

3γ) γ ≥ 3∆

, if a <
1
4

Ia(γ) =

{ (3
2 −2

√
3γ, 3

2 +2
√

3γ
)

γ > 0{3
2

}
γ = 0

, if a =
1
4

Ia(γ) =


(1+2a−2

√
γ,6a+2

√
3γ) 0≤ γ ≤ ∆[

3
2 −

2γ

4a−1 ,6a+2
√

3γ

)
∆ < γ < 3∆

(6a−2
√

3γ,6a+2
√

3γ) γ ≥ 3∆

, if a >
1
4

It follows that ∂γϕ(a) ⊂ Ia(γ), for all γ ≥ 0 if and only if a < 0. The calculus to check the
assertion above are easy but too long, so we do not show them here (as a small sample, for
instance, if a = 0, then ∂0ϕ(0) 6⊂ I0(0); if a = 2 then ∂14ϕ(2) 6⊂ I2(14)). Thus, by virtue of
Corollary 4.1(b), we deduce that He( f ,R,R2

+) = (−∞,0), as it can be easily seen following the
definition of exact proper efficiency in the sense of Henig.
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5. CONCLUSIONS

We introduced several variants of the most known concepts of vector DC mapping defined
on Banach spaces, and we studied their main properties and connections between them. A DC
decomposition associated with each one of these variants is easier to handle and thus more in-
teresting computationally. After that, we provided a characterization of approximate and exact
proper efficient solutions, respectively, in the sense of Henig, of a constrained vector DC op-
timization problem, whose objective mapping satisfies one of these variants of DC condition.
These results were derived through linear scalarization and in terms of the classical subdif-
ferential of Convex Analysis, extending to the vector case the celebrated characterization of
approximate and exact global minima of unconstrained scalar DC optimization problems due
to Hiriart-Urruty [1]. The results were particularized to the finite dimensional setting, as well,
where the feasible set is given by inequality constraints.

In a forthcoming paper, we will study alternative characterizations of efficient solutions of a
vector DC optimization problem, through nonlinear scalarization. Moreover, in the finite dimen-
sional setting, we will also focus on the case when one of the mappings of a DC decomposition
is polyhedral, which is one of the most interesting cases in DC (and DCA) Optimization, due to
its great practicality.
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