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1. INTRODUCTION

Throughout this paper, the following notation will be used: H is a real Hilbert space with inner product
(-,-) and induced norm ||-||; C C H is a nonempty, closed and convex set; 7 : C — C is a noexpansive
Tx—Tyl| <|lx—yl, Vx,y € C, with fixed points set Fix(T) ={z € C: Tz =z}. We

always assume that Fix(7') is nonempty in this article.

mapping, that is,

Iterative methods approximating fixed points for nonexpansive mappings can be applied to solve vari-
ous problems in mathematics, for instance to find a solution for a variational inequality, zeros of accretive
operators and a minimizer of a convex function. In light of this connection, in the recent years the con-
vergence analysis for these methods has received a great deal of attention.

One of the most investigated methods in litterature dates back to 1953, due to Mann [11]. Let C be a
nonempty, closed and convex subset of a Banach space X. Mann’s scheme is defined by

xg €C, (L
Xpi1 = OpXp + (1 —04)T (xa), n2>0,
where (Q, )N is a real control sequence in (0, 1).

A well known result (in [13]) states that if }'» ; ¢&t,(1 — o,) = +o0 and C is a subset of a uniformly

convex Banach space X with Fréchet differentiable norm, then the sequence generated by (1.1) weakly

converges to a fixed point of 7. On the other hand, the convergence, in general, is not strong even in the
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framework of Hilbert spaces, as was showed in a celebrated counterexample by Genel and Linderstrauss
[4]. Ever since, several modifications have been proposed for the original method in order to get strong
convergence (just to mention some of the most relevant, see [3], [6] and[12]).

In this paper, we continue to carry out the research along the same direction. In particular, we follow
the investigation line introduced by Alghamdi ef al. in [1]: the construction of iterative methods ap-
proximating fixed points of nonlinear mappings in an infinite-dimentional space, starting from numerical
schemes approximating the solution of an initial value problem in a finite-dimensional space.

In detail, let us consider the initial value problem (IVP)

(1.2)
x(0) = xo,
where @ : R* — R’ is a continuous function.
Given a time interval [0, 7] and fixed N € N, let
e {t,}Y_ the mesh of time nodes obtained subdividing [0, 7] in N subintervals of length 1 = L,

e v, the approximed value of the soluton x to (1.2) at #,,,

the numerical Implicit Midpoint Rule (IMR) generates the set of values {y, }\_, through the finite differ-

ence scheme

Yo = Xo,

(1.3)
Y+l =yn+h‘1>(y”+%), n=0,---,N—1.

Connecting each pair of consecutive nodes (¢,yn), (ts+1,Yn+1) by straight line, a polygonal function Yy
(called Euler polygonal) is obtained. If, in addition, & is a Lipschitz continuous and sufficiently smooth
function, then sequence {Yy}nen converges to the exact solution of (1.2), as N — oo, uniformly on
t € [to, T], for any fixed T > 0, (see [7, Theorem 7.3]).

If ®(x) = x — g(x), then scheme (1.3) can be rewritten as

Yo = Xo,

Vil = Yn _i_h[yn""%’wrl _ q)(yn-i-%‘nﬂ )]’ n= 0’ . ,N -1

and the problem of finding the critical points for @ can be traited as the fixed point problem for g,
g(x) = x. This fact motivated Alghamdi, Alghamdi and Shahzad [1] to employ the finite difference
scheme (1.3) for the construction, by formal analogy, of an iterative method approximating fixed points
for a nonexpansive mapping 7 : H — H.

The proposed method is given by

X0 € H,
1.4

Xpil = Xp — tn[x)l+;n+l _ T(xn+;n+l )]’n 2 0’

where (f,)nen is a sequence in (0,1).
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It can be seen that this scheme is equivalent to the following one

xo € H,
(1.5)

Xna1 = (1 —1,)x, +tnT(%),n >0,
where (t,)nen € (0,1).
This second formulation is a Mann type scheme and it is known as IMR for nonexpansive mappings.

For the sequence (x,),cn generated by (1.5), the authors proved the following convergence result:

Theorem 1.1. [1, Theorem 2.6] Let H be a Hilbert space and T : H — H a nonexpansive mapping
with Fix(T) # 0. Let (xn)nen be the sequence generated by (1.5), with (t,)nen € (0,1) satisfying the

conditions

2
s tn+1

e liminf, ,.t, > 0.

<at,, Yn>0andsomea >0,

The sequence (x,)nen weakly converges to a fixed point of T.

As for the case of Mann’s iterative process, with the aim to obtain strong convergence, a serie of
variations provided to (1.5), generate a number of successive methods. We recall some of the most
significant: the Viscosity Implicit Midpoint Rule (VIMR), with the introduction of a contraction mapping
(Xu, Alghamdi and Shahzad [14]), the Generalized Viscosity Implicit Midpoint Rule (GVIMR), using a
double convex combination (Ke and Ma [9]).

In this paper, following the same modification line of [8], we propose a modified IMR for nonex-
pansive mappings which differs from the previous ones available in literature. The proposed algorithm
differs from scheme (1.5) for the introduction of a term o, i, (u — x,,) that can also be infinitesimal. The
addition this term, that at first glance could appear non-significant, ensure the strong convergence of the
method to a fixed point of the mapping.

In detail, let (04,)nen and (U, )nen be sequences in (0, 1], we introduce a modified implicit midpoint
algorithm generating a sequence (x,),cn via the iterative procedure:

Xxo,u € H,
(1.6)

Xn+Xnt1

Xpp1 = OpXy + (1 — 06,) T (550 ) 4 Oy (u — x,), 1> 0,

where T : H — H is a nonexpansive mapping.
Assuming suitable conditions on the sequences of parameters (;),en and (U, )nen, We get strong

convergence of the sequence (x,),cn generated by (1.6) to the fixed point g, of T nearest to u, that is,

| —qull = minxeFix(T) |t — x]].

In particular, if u = 0 € H, then we get strong convergence of the sequence (x,),cn generated by

X0 € H,

Xnt1 = 04Xy + (1 — Otn)T(%) — Oy lpXny, n>0

to the fixed point g of 7 with minimum norm, namely ||g|| = min,c () [|X]|-
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Moreover, as a consequence of the main convergence result, if g, = 1 then algorithm (1.6) can be

rewritten as
Xo,u € H,

X1 = Ou+ (1 — o) T(252L), >0,

that is a Halpern type Method ([6]).

Going back to the idea born by Alghamdi et al. in [1], a different situation occurs if the starting point
is the numerical Explicit Midpoint Rule (EMR), employed for numerically integrating an IVP of type
(1.2). The finite difference scheme defining the EMR is given by:

Yo = Xo,
Ynt1 =Yn+ hq)()’n)a (L.7)
Ynt1 =Yn+ hq)(yn-??”“ )s

where y,,1,,h are defined as in the formulation of IMR (1.3).

Again, if function @ is Lipschitz continuous and sufficiently smooth, then the polygonal functions
sequence (Yy)yen, identified by values {y,}\_,, converges to the exact solution of (1.2), as N — oo,
uniformly on ¢ € [to, T], for any fixed T > 0.

If function @ is written as ®(x) = x — g(x), then (1.7) becomes

Yn +)_’n+1 Yn +)7n+1
—g( )

> ) (1.8)

Yn+1 = Yn +h(

and the critical points of IVP (1.2) are the fixed points of the function g, x = g(x).
Therefore, as in the previous case, by formal analogy with (1.8), a recursive scheme for the Fixed

Points Problem x = T'x, is obtained:

XxXo € H,
Tnr1 = (1 —ty)xn +1,T (x) (1.9

Xn+1 = Xn _tn(% - T(X”Jr%))7
where (f,)nen € (0, 1). It can bee seen that this algorithm is equivalent to the following one:

X0 € H,
X1 = (1 —ty)xn +1,T (x) (1.10)

Xnr1 = (1 —ty)x, —I—I,,T(%), n>0,

with (#,)nen € (0,1), known as Explicit Midpoint Rule (EMR) for nonexpansive mappings.
With the purpose of obtaining strong convergence, Marino, Scardamaglia and Zaccone [10] modified
the EMR for nonexpansive mappings (1.10). They introduced a viscosity term and considered a double

convex combination in the evaluation point of 7.
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As we have done for (1.6), we provide a modification for (1.10), on the same line of modification in

[8], obtaining the following iterative scheme:
Xo,u € H,
Xni1 = Buxn+ (1= PBu)Txn, n=>0 (1.11)
X1 = OpXy + (1= 06,)T (8X0 + (1 = 8,) % 41) + Ol (U —x,), n>0,

where (04,)nen, (Un)neN, (Bn)neN, (Sn)nen are sequences in (0,1]. Under suitable assumptions on the

sequences (0 )neN, (Un)neNs (Bn)neN, (Sn)nen, We prove that (x,),en generated by (1.11) strongly con-
verges to the fixed point x,* of T nearest to u. If u = 0, then we obtain strong convergence of (x,),ecN

generated by

Xxo € H,

Fnp1 = Buxn+ (1= Bu)Txn, n>0

Xpa1 = Oy + (1= 04) T (5520 + (1 = $p)%n1) — CulnXn, 120,
to the fixed point with minimum norm.

Moreover, as in the previous case, if u, = 1, then the sequence generated by

X0, u € H
X1 = Buxn + (1 = Bo) Txn,
Xn1 = O+ (1 — 0,)T (spx + (1 — 5p)%pg1), n>0,
strongly converges to the point x,* € Fix(T') nearest to u.
The paper is structured as follows. In Section 2, we collect some lemmas, which are essential to
prove our main results. In Section 3, we claim the convergence results for the modified implicit midpoint

method (1.6). In Section 4, we give the proofs of the convergence theorems holding for the modified

explicit midpoint rule (1.11).

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and induced norm ||-||. Let T : H — H be a
nonexpansive mapping with fixed points set Fix(T) = {z € H : Tz = z}. In the remainder of the paper,
we will always assume Fix(T) # 0.

The weak and strong convergence will be denoted with — and —, respectively.

Recall that, for each x,y € H and A € [0, 1], the following relations hold:
[Ax+ (1= 2A)y[ = Alell? + (1= 2) Iy 1> = A (1= ) [lx =y, 2.1)

e+ 3117 < x| + 209,20+ ) (2:2)
Moreover, if C is a nonempty, closed and convex subset of H, for any x € H the nearest point projection
Pc(x) is defined as the unique point of C which is nearest to x; that is y = Pc(x) if and only if y € C and
=yl = inf{Jlx—2] : z € C}.
The metric projection F¢ from the Hilbert space H to C is characterized by the following:
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Lemma 2.1. [5]y = Pc(x) if and only if (z—y,y —x) > 0 for each z € C.
In the proof techniques of the next section, we require the following lemma:

Lemma 2.2. [15] Assume (a,)nen is a sequence of real numbers for which a,1 < (1 — ¥%,)a, + 6y,
n >0, where (V) is a sequence in (0,1) and J, is a sequence in R such that

Y, Y=o

o ]imsupnﬁw% <0or Yoy |0 <oo

then lim,_...a, = 0.

Lemma 2.3 (Demiclosedness Priciple [2]). Let C be a nonempty, closed and convex subset of a Hilbert
space H, and let T : C — H be a nonexpansive mapping. Assume that (x,),cn is a sequence in C such

that x, — x weakly and (I — T)x,, — 0 strongly. Then (I —T)x =0 (i.e., Tx = x).

3. MODIFIED IMPLICIT MIDPOINT METHOD

If T : H— H is a nonexpansive mapping, y,z,w are given points in H and o € (0, 1), then the mapping

T : H — H defined
Tx=ay+(1- OC)T(HTX) +w
is a contraction with constant lfT‘x. Therefore it has a unique fixed point.
Then it is possible to define a sequence (x,),cn through the implicit algorithm:
xo,u € H,
3.1

XpA-Xn41

Xn+1 :(ann-l-(l—Otn)T(f)+anun(u—xn), n>0,

where (o,;)qen and (U, )qen are sequences in (0, 1].

First of all we prove the following

Lemma 3.1. The sequence (x,),cn generated by (3.1) is bounded.

Proof. Let p € Fix(T). For arbitrary n € N, we compute:

Xp+X
[Xns1 —pll = Han(l_“n)xn"‘(l_an)T(%M)+0‘nﬂnu—PH
Xp+X
(Eo(1—pn)p) = Han(l—Nn)(xn—P)+(1—O‘n)(T(%"H)—P)+06nlvln(u—P)H
. Xn + Xpt1
(T nonexpansive) < Oc,l(l—,un)Hxn—pH+(1—aﬂ”i—pH—i—anunHu—pH
1-o,
< (1= )= pll + ==l = pll
l-a,
e Pt = pll+ enttallu = pll.

Thus, for n > 0, we have that

14+ o

1+ 0o,
(—— 5

2

)‘|xn+1_pH S( _an.un)Hxn_pH+O‘n.unH”_PH7
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and hence

204, 20,y
_ < (1= _ _
e =pll < (= e b=l T el
< max{|lx, — p|,|Ju—p|}.
Therefore, it results
%1 = pll < max{[[x, — pl|, [lu—p|}
< max{|x,—1 — p|,[Ju—pll}.

Hence, we have

11— pll < max{[lxo — pl|, [lu—pll}, VneN.

Then (x,)nen is bounded. O

For sequence (x,),en generated by (3.1), the following convergence result holds.

Theorem 3.2. Let H be a real Hilbert space and T : H — H a nonexpansive mapping with Fix(T) # 0.
Assume that the sequences (0 )neN, (Un)nen € (0, 1] satisfy the conditions

(1) lim, e 04, =0,
(2) ZZO:O Oy Uy = 00,

. Oy — Oty
(3) limy, e ﬁ =0,
(4) lim, .. Hetotl — g,

Then (xp)nen, generated by (3.1), strongly converges to the point q, € Fix(T) nearest to u, that is,

[l = qull = minepixr [ —x]|.

Proof. From the previous lemma, it is known that (x,),cy is bounded.

We are going to prove that (x,),cn is asymptotically regular, that is, (x,),cn Vverifies

lim ||x,41 — X, || = 0.
n—soo
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Indeed, it results that

Xn+X
e =l = 0 (1= ) - (1= ) T (=570 + e
Xpn—1+X
~ 01 (1= a1 51— (1= 0T (F5) = e
(ian(l_un)xn—l) = Han(l_.uvn)(xn_xn—l)"i‘an(.un—l_.un>xn—l
Xp—1+X
(j:an(l _.un—l)xn—l ) +(an_an—l)((1 _.un—l)xn—l _T(%))
Xn +X Xp—1+x
(£, T(25) (1) (T(F") = T(F=)
(0t Uy —11) +an<.un_.un—l)u‘f'.un—l(an_an—l)uH
(T nonexpansive) < (1 — ty)|[xn — Xn— 1] + 0|t — L1 | (|01 [] + [ 2e]])
Xp—1+X
10 = Gt [ (11 = )ty =T (=) 4 o ]
Xn+Xpt1  Xp—1+Xn
1— _
Ho- a2 i
< 0 (1 — ) |30 — X1 ||+ Q| — fn— 1 | ([l 1 ||+ [Jue]])
Xp—1+X
+|06n—06n—1|(H(1—Hn—l)xn—l—T(%)\Hun—l\\ul!)
1—o, 1—o,
A+ U
Thus we obtain
14+ oy 14+ o
( 2 M —xall < ( 2 — O ) || — X1 || =+ Q[ — 1 | ([l 1 ||+ [Jue]])

Xn—1+ X,

) ),

0t — 1| (|| (1 = pp—1)Xn—1 = T(

from which it follows that

200, Uy 20,
T e e T[S R 1

X1 =2 < (1

2 Xp—1+X
[0y — 01 ([ (1= 1)1 — T(F=0

o ) )

(3.2)
Since (x,)nen is bounded, there exist two positive constants M and L such that

[eal| < M,

H(l - ,un—l)xn_l — T(i
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for n > 0. Therefore, inequality (3.2) becomes

20 20,
vt —all < (1 e sl — [ ]
2
e |0y — Op—1 | (L + M1 [[u]]).

From hypotheses (1), (2) and since (a,)nen and (Uy)nen are sequences in (0, 1], it follows that

. (04
o lim, o 7 j;‘é;l =0,

0o Ofln __
e Y ) 110& = o0,

These last, added to hypotheses (3) and (4), allows us (Lemma 2.2) to conclude that
lim [|xps 1 — x| = 0. (3.3)
n—yoo

By definition of (3.1), it can be noticed that

Xp + Xpt1

Xp + Xnt1
S| = on(1 = Hn)Xn + ot = T (=)

s =T (2

Since lim,, ., o, = 0, we have that

Xn + Xnt1

Tim [, — () =0, (3.4)
On the other hand, the following estimation holds
X+ X1 X+ Xpe1
[Xne1 = Txnp1l] < |Pngr — T(%)H + ”T(%) —Txpy1|
Xp+X X —X
< sy -7ty Bt 20l
Therefore, from (4.2) and (3.4), we get that
lim ||x,4+1 — Txy41]] =0, (3.5)
n—yoo

that is, (x,)nen is an approximating fixed point sequence for 7. From the Demiclosedness Principle and
(3.5), follows that that every weak cluster point of (x,),e is a fixed point for 7, i.e. @, (x,) C Fix(T).

The next goal is to prove that

i gl =0,
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where g, is the point of Fix(T) nearest to . In this direction, we compute:

X, + X
vt —gull® = o1 = ) - (1= )T (570 - bty — g
X+ X
@0 (1)) = (01— ) (0 — ) + (1= @) (T(F57) ~ )
+O‘n“n(”_QM)H2
X+ X
22) < (=) (o =) + (1= ) (T(-—) =) |
+200, 1n (U — Gus Xn+1 — Gu)
Xp+ X,
1) < ol(1 = ) (= ) [P 4 (1= o) | T (5
+200, (. — Guiy X1 — qu>
. X, +Xx
(T nonexpansive) < Oc,,(l—un)szn—qqu—F(l—an)||"Tn+1—qu||2
+206, Uy <u_41u7xn+1 - qu>
1—aq,
Hn <1 < 01— ) n = qul* + (=) v =l
1—o,
+( 3 n)Hxn-‘rl_QMH2+2anun<u_QM7-xn+l_QM>
1+«
< 2 n_anﬂn)Hxn_qMHz
1—o 5
+( ) )||xn+1_‘1u|| +2O‘n.un<”_CIu7xn+1_QM>’

from which it follows that

200U,

1+ o,
40, Uy
14+ o

||xn+l_quH2 < ( )||xn_qu||2

(U= Gus Xnt1— qu)-
In order to apply Lemma 2.2 to the real sequence (||x,+1 — gul|*)nen, we claim that

limsup(u — gy, Xn+1 —qu) < 0.
n——+oo

First of all, we designate with (x,, )xen the subsequence of (x;),ecn, such that

limsup<u —qu;Xn+1 — %4) = lim <u —GusXnp+1 — CIu>-
n—y oo k—>—+o0

)~ qull?

(3.6)

Since (x,)nen is bounded, there exists a subsequence, for semplicity of notation denoted with (xy, )ren,

such that x,, — X € H, for k — co. In particular, cosidering that @,,(x,) C Fix(T), ¥ € Fix(T).

Therefore, we have that

imsup(u —qu,Xn1 —qu) = Hm (U —qu,Xn+1—qu)
n—s+o0 k—roo
= (u—qu,*—qu)

(Lemma2.1) < 0.
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Finally, we get from Lemma 2.2 that lim, e ||Xy4+1 — qu|| = 0. O
Remark 3.3. If u =0 € H, under the same hypotheses of Theorem 3.2, we get that (x,),cn generated by

X0 € H,

Xnt+1 = Opxp + 0, T(

XntX,
Tnﬂ) — Oy lpx, n >0

strongly converges to the point g € Fix(T) nearest to 0 € H, that is, the fixed point of 7" with minimum

norm ||g|| = minxeFix(T) [R4[8
A particular case of Theorem 3.2 is obtained when ,, = 1, and it is given by the following:

Corollary 3.4. Let H be a real Hilbert space and T : H — H a nonexpansive maping with Fix(T) # 0.
If the sequence () nen, € (0,1] satisfies the conditions

(1) limy, 0o 0ty =0,

(2) Lo On = +oo,

(3) lim, . 12—t —

Then the sequence (x,),cN generated by

Xo,u € H,
(3.7)
X1 = O+ (1= 0)T(552), n>0

strongly converges to the point q, € Fix(T) nearest to u, that is, ||u — qy|| = min,e gz [Ju — x||

Remark 3.5. Also in this case, it is considered the eventuality u = 0 € H. Therefore, we get, under the

same assumptions of Corollary 3.4, that sequence (x,),cn generated by
xo € H,
Xn+1 :(I*O‘n)T(m—%)a n=>0
strongly converges to the point ¢ € Fix(T) nearest to 0 € H, that is, the fixed point of 7 with minimum
norm [|g[| = minepix(r) [l x]]-
4. MODIFIED EXPLICIT MIDPOINT METHOD
Let (x,),en be the sequence generated by
Xo,u € H,

Xnt1 = Buxn+ (1 =B)Tx,, n>0, “4.1)

Xnp1 = OuXn + (1= 06) T (50X + (1 — 8)Xnt1) + Ol (u —x,), n>0,

with (an>n€N7 (.un)neN7 (Bn)neNy (sn)neN € (07 1]
First of all we prove the following lemma.

Lemma 4.1. The sequence (x,)qcn generated by (4.5) is bounded.
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Proof. Letting p € Fix(T) and n € N, let us compute:

i1 =pll = 101 = o)X + (1= 06) T (50X + (1 = 50)Tn s 1) + Ot — |

(Fan(1=p)p) = [10(1 =) (X0 — p) + (1 = @) (T (50X + (1 = $0)%ns1) — p)
+ 0t (u = p) ||

< 0 (1 = ) [Ixn = Pl =+ (1 = 06) | T (s 4 (1 = 52)%n41) = Pl

+ 04 || — pl|

(T nonexpansive) < 0, (1 — wy)|[x, — p|| + (1 — ) ||$5xn + (1 — 5)Xng1 — p||

+ 0| Ju— p|
< (1= )l — Pl + (1= @a)snllxa — pll + (1= @) (1 = 50) || %1 — P
+ 0ty ||t — p|
< (1= ptn) [lxa — Pl + (1 = Q) snllxa — |
(1= a) (1= 50)Ballxn — p
(1 =) (1 =s0) (1= Bu) | Txa —
< (1= Ol [|xn = Pl 4 0|10 — p|

< max{[|x, — pl|,[lu—pll}-

Consequently, it results that

[0 = pll < max{|lxo — pl|, [lu = pl|}-

Therefore the sequence (x;),cn is bounded. O
The following is the main convergence result for the sequence (x,),en generated by (4.5):

Theorem 4.2. Let H be a real Hilbert space and T : H — H a nonexpansive mapping with Fix(T) # 0.
Under the assumptions (1), (2),(3), (4) of Theorem 3.2, if the sequences (0)neN, (Un)neN, (Bn)nen, (Sn)neN €

(0, 1] satisfy also the hypotheses
(5) Tim, o0 P21l =

(6) lim, .., BBl g

Oy iy

(7) limsup,,_,., B (1 —s,) + s, > 0,

then (x,)nen generated by (4.5) strongly converges to the point x,* € Fix(T) nearest to u, that is

lu =2l = min_flu—x].
x€Fix(T)

Proof. An example of parameters sequences satisfing conditions (1) — (7) is given by o, = s, = U, = ﬁ
n
dp,=——:.
and f, n+1
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The first goal is to prove that sequence (x,),cn, defined by (4.5), is asymptotically regular. Indeed, let

us compute

|1 = |

:l:an(l _/Jn)xn—l
ian(l _.un—l)xn—l
+06, T (sp—1xn—1 + (1 — $p—1)%n)

Ty 1u

(E£SpXn—1)

(& (1 = 50) Bpxn—1)

(£(1 = s0) (1= Bu)Txn—1)
(EBuSn—1%n-1)
(EBnsn—1Txn-1)

IN

(1 — )+ (1 — 0 (500t (1 — 52)%011)

+ 0ttt — Oy 1 (1 — Mp—1)Xp—1

—(I =0ty 1)T (Sn—1Xn—1+ (1 — $p—1)Xn) — Cty—1 tn—114]|
1106 (1 = ) (X — Xn—1) + O (Hn—1 — Hn)Xn—1

(0 = Q1) (1 = tho—1)%n—1 = T ($p—12%0—1 + (1 = $n—1) %))
(1 = 06)(T (s0Xn + (1= 80)Fn1) = T (Sn—1Xn—1 + (1 = 54-1)%n))
-1 ( 0 — 01 )t ~+ Oy (W — M1 ]|

0 (1 = ) [0 — X1 || =+ Q-1 —= B[l 01 |
+t — a1 [[| (1 = n—1)xn1

—T (sp—1Xn—1 4 (1 = sp—1)%n) |+ (1 = 0) [[ X0 + (1 = 50) %41
—Sn—1%n—1+ (1 = $p—1)%) || + Mn—1] 0t — Ctp—1 || ]|

+ 00| — 1| [[u]

0 (1= )20 = X1 || + Q| pr — L—1 | (M + ||ua])

10— G| (L4 B )+ (1= ) s+ (1= 5B
(1 =5,)(1 = B)Txy — Sp—1Xn—1 — (1 = $—1) Bu—1Xn—1
—(1=sn-1)(1 = Bp—1) Txp—1 |

0 (1= phn) |10 = Xn—1[| + Otn |t — 1| (M =+ ||ue])

+l 0t = 0yt (Lt [|ual]) + (1 = 06,) [ (¥ — 20 -1)

+(1 = 50) B (tn — Xn—1) 4 (1 = s2) (1 = Bu) (T — Tx—1)
+(sn—Sn—1+ Bn = Bu—1+ Bu(sn—1 — 5n)

+8n—1(Bu—1 = Bu))Xn—1+ (Sn—1 — $p + Bu—1 — Bn

+Bi (80— Sn—1) +Sn—1(Bn — Ba—1)) TXn—1]|.
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Hence, we have

1 = |

IN

(06 (1= ) + 1= 06,)||xw — X1 || + 0|y — 1 [ (M + [[ue]])

+0t — Q1 [(L+ a1 [[ul]) + (1= 50—1)|Ba = Bu—1| + (1 = Bu)lsn — su—1)M
F((1=sn-1)|Bn = Ba—1| + (1 = Bu)|sn — sn—1)N

= (1= 04ty [0 — X1 || + O |ty — 1 | (M + [|u])

+ 0t — 1 [ (L+ a1 [[ul]) + (L = s5-1)1Bp = Bu—t1 ]+ (1 = Ba) s — sn—11) (M +N),

where L and M are positive constants defined as in the previous section, and N > 0 is such that | Tx, || <N

for all n > 0. From conditions (1) — (6), thanks to Lemma 2.1, we finally get that
lim x4 — x,]| = 0. 4.2)
n—oo
Moreover, it results that
oen = Txall < o0 = Xt |+ (1001 — T (5020 + (1 = s50) %1 |

T (snxn + (1 = 80)%n41) — Txn|

< o = X ]+ 0l (1= )0 + ppse = T (80 + (1 = 50) %1 |
Flsnn + (1 = 50) %1 — X |

< =t Ol (1~ ) st — T s+ (1= 52)5001)|
+ (1 =) X1 =l

< [l = X || 4 @l [ (1 — )0 + e = T (5020 + (1 = 50) X1 |

+(1 = 52) (1 = B) llxn — Txn -

It follows that

(Bu(1=5n) )|l = Txall - < 30— Xn1 || 4 Q|| (1 — )0 + st — T (S0 + (1 = 50) F1) |-

Since condition (1) holds, and from (4.2), we deduce that
limsup(B,(1 —s,) + ) [|20 — Tx,|| <O.
n—oo
By hypothesis (7), it follows that lim,,_,. ||x, — Tx,|| = 0. Consequently, in light of the Demiclosedness
Principle, we have that @,,(x,) C Fix(T).
Next purpose is to claim that lim,, . ||x, — x,*|| = 0, where x,,* is the unique point of Fix(T) with the
property

lu=x,"[| = min_ju—x].
x€Fix(T)
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Indeed, it holds that
2641 _XM*HZ =[]0t (1 = ) + (1 = 0) T (5% + (1 _Sn)xn-i-l)"‘anun”_xu*uz
(T (1= p)x™) = [[@(1— ) (X0 —24") + (1 = &) (T (X0 + (1 = 50)Xn1) —Xu")

+an”n(u_xu*)”2

< ot (1 = pa) (= x™) 4 (1= 0 (T (s + (1 = ) %n1) =) ||
204 (= %" X1 — X ")

< (1= ) [Pon =" [17 4 (1= @) [IT (s 4+ (1= ) 1) =20
+20, Uy (1t — X, Xpp1 — X"

<0 (1= ) e =¥ |17 4+ (1= o) [l + (1 = 5) g1 — 212
+204 4 (0 — X0 ", X1 — Xu”)

< (1= bt [0 = " |1? 4 200 (1 — 2, 1 — 27

Argumenting as in the proof of Theorem 3.2, we are going to claim that

limsup(u — x,*, x,+1 — x,") <O0.
n—so0

First of all, there exists a sunsequence (X, )ren € (X,)nen such that

limsup(u —x,", X1 — X, ) = lim (u —x,", x,, —x,").
n—oo k—seo

On the other hand, from Lemma 4.1, it is known that (x,),cn is bounded. From reflexivity of H it
follows that there exists a subsequence, that we still denote with (x,, )xen, for semplicity of notation,
such that x,, — x € H, as k — co. Since every weak cluster point of (x,),cy is a fixed point, it follows

that x € Fix(T). Therefore, we have that

hmjupw _xu*axn-‘r] _xu*> = ]}E?O<u_xu*7xnk _xu*>
n—>c0
= (u—x,"x—x,")

(Lemma2.1) < 0.

From Lemma 2.2, we finally conclude that lim,, e [|x,41 —x,*|| = 0. O

Remark 4.3. In case u = 0, under the same assumptions of Theorem 4.2, we obtain strong convergence
of the sequence (x,),ecn, generated by

xo € H,

X1 = Buxn+(1—=B)Tx,, n>0,

Xnr1 = OpXp + (1 — )T (5020 + (1 — 5,)Xn11) — CullnXn, n>0,
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to the point xx € Fix(T) nearest to 0 € H, that is the fixed point of 7 with minimum norm ||x*|| =
minxeFix(T) [R4[8

As in the previous section, in the particular case L, = 1, for all n € N, the following result holds.
Corollary 4.4. Let H be a real Hilbert space and T : H — H a nonexpansive mapping with Fix(T) # 0.

Assume that conditions (1), (2),(3) of Corollary 3.4 hold and that the sequences () nen, (Bn)neNs (Sn)neN
satisfy also the hypotheses:

(4) lim, o, P2—2ntl = g,
(5) limye0 Bfetl — g,
(6) limsup,_... Bn(1—s,)+s, >0,
then the sequence (x,),cN generated by
Xxo,u € H
Xpyl = ﬁnxn + (1 - ﬁn)Txna (43)
Xnt1 = O+ (1 — 04) T (spxn + (1 — $p)%ps1), n>0,
strongly converges to the point x,* € Fix(T) nearest to u.
Remark 4.5. For u = 0, under the same assumptions of Corollary 4.4, we obtain strong convergence of
the sequence (x,),cN, generated by
X0 € H,
Xnt1 = ann + (1 - Bn)Txna n>0,
X1 = (1= 06)T (syxn + (1 —5,)%p41), n>0,
to the point xx € Fix(T) nearest to 0 € H, that is, the fixed point of 7 with minimum norm ||x*|| =
minxeFix(T) HXH
5. OPEN PROBLEMS

(1) Do the results hold in the setting of a more general Banach space?
(2) Do the proposed algorithm converge also for a family of mapping?
(3) Is it possible to obtain convergence results of the proposed schemes for the more general class of

quasi-nonexpansive mappings?

Acknowledgement
The paper has been performed under the auspices of GNAMPA, CNR, Italy.

REFERENCES

[1] M.A. Alghamdi, M.A. Alghamdi, N. Shahzad, H.K. Xu, The implicit midpoint rule for nonexpansive mappings, Fixed
Point Theory Appl. 2014 (2014), Article ID 96.

[2] EE. Browder, Semicontractive and semiaccretive nonlinear mappings in Banach spaces, Bull. Amer. Math. Soc. 74 (1968),
660-665.



ON STRONG CONVERGENCE OF SOME MIDPOINT TYPE METHODS 175

[3] S. Ishikawa, Fixed points and iteration of a nonexpansive mapping in a Banach space, Proc. Amer. Math. Soc. 59 (1976),
65-71.

[4] A. Genel, J. Lindenstrauss, An example concerning fixed points, Israel J. Math. 22 (1975), 81-86.

[5]1 K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge Stud. Adv. Math., vol. 28, Cambridge Univ. Press,
1990.

[6] B. Halpern, Fixed points of nonexpanding maps, Bull. Am. Math. Soc. 73 (1967), 957-961.

[7] E. Hairer, S.P. Ngrsett, G. Wanner, Solving Ordinary Differential Equations I: Nonstiff Problems, Springer Series in Com-
putational Mathematics, 2nd edn. Springer-Verlag, 1993.

[8] N. Hussain, G. Marino, L. Muglia, L. Alamri, On some Mann’s type iterative algorithms, Fixed Point Theory Appl 2015
(2015), Article ID 17.

[9] Y. Ke. C. Ma, The generalized viscosity implicit rules of nonexpansive mappings in Hilbert spaces, Fixed Point Theory
Appl. 2015 (2015), Article ID 190.

[10] G. Marino, B. Scardamaglia, R. Zaccone, A general viscosity explicit midpoint rule for quasi-nonexpansive mappings, J.
Nonliner Convex Anal. in press.

[11] W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953) 506-510.

[12] A. Moudafi, Viscosity approximation methods for fixed-points problems, J. Math. Anal. Appl. 241 (2000), 46-55.

[13] S. Reich, Weak convergence theorems for nonexpansive mappings in Banach spaces, J. Math. Anal. Appl. 67 (1979),
274-276.

[14] H.K. Xu, M.A. Alghamdi, N. Shahzad, The viscosity technique for the implicit midpoint rule of nonexpansive mappings
in Hilbert spaces, Fixed Point Theory Appl. 2015 (2015), Article ID 41.

[15] H.K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. 66 (2002), 240-256.



	1. Introduction
	2. preliminaries
	3. Modified Implicit Midpoint Method
	4. Modified Explicit Midpoint Method
	5. Open problems
	References

