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1. INTRODUCTION-PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let C be a nonempty
closed convex subset of H. Let T : C — C be an operator. We use Fix(T') to denote the fixed point set of
mapping 7, i.e., Fix(T) = {x € C: x = Tx}.

Recall that T : C — C is said to be nonexpansive iff

ITx—=Ty[| <[x—yl, Vx,yeC.
T : C — C is said to be quasi-nonexpansive iff Fix(T) # 0 and
ITx—pll < |x—pl, VxeC, peFix(T).

T : C — C is said to be asymptotically nonexpansive iff there exists a sequence {l,} C [1,+eo) with
[, — 1 such that

IT"x=T"y| <LJx—yl, VvxyeC.
T : C — C is said to be quasi-asymptotically nonexpansive iff Fix(7T) # 0 and
|\ T"x—p|| < L||x—p|, VxeC,peFix(T).
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T : C — C is said to be pseudo-contractive if
(Tx—Ty,x—y) < |x—y|*, Vx,yeC.
It is easy to know that T is pseudo-contractive iff
ITx =Tyl < [[x—y|P+ [ (1= T)x— (1= TP, ¥ryec.
T : C — C is said to be quasi-pseudo-contractive iff Fix(T) # @ and
|Tx—p||> < ||x—pl|* +||Tx—x||*, Vx&C,Vpe Fix(T).

T : C — C is said to be asymptotically pseudo-contractive iff there exists a sequence {/,} C [1,+4o0) with
[, — 1 such that
17" = T"y| 2 < L= yIP + 11 = T")x = (I =T" %,
for all x,y € C and for all n > 1.
It is well known that T is asymptotically pseudo-contractive iff

Ih+1
2

<Tnx7Tny7x7y>§ ||x7y|‘2,

forallx,ye Candn > 1.
T : C — C is said to be quasi-asymptotically pseudo-contractive iff Fix(T) # @ and there exists a
sequence {/,} C [1,4o0) with [, — 1 such that
17"x = plI* < bl lx— pl|” +[|T"x — ]I,
forallx € C,p € Fix(T) and for all n > 1.
Next we give an example of quasi-asymptotically pseudo-contractive mapping.
Example 1.1. [10] Let C be a unit ball in a real Hilbert space /2 and let S : C — C be a mapping defined
by
S (x1,x2,0 ) = (0,x7,a2x2, @33, ).
It is proved in [10] that
(@) [ISx—Sy[]? <22[lx—y|P?, Vx,y € C:
(i) [|$"x—S$"y|[* < (21Tj-pa;)*[lx—yI]*, ¥x,y €C, n > 2.
1
Takinga; =2 2", j>2,itis easy to see that [Tj_,a; = 1. Lettingly =4, I, = (2[Tj=» aj)?, vn>2,

then we have

n—oo n—yoo

lim I, = lim 2] [2777)? = 1,
=2
and
18" = 8"y[1> < Lallx = y[[* < Lalpe = Y[+ [|(1 = 8")x — (I = 8")y|[*, Vx,y,€ C.

This shows that S : C — C is an asymptotically pseudo-contractive mapping with Fix(S) = {(0,0,0,---)},

so it is also a quasi-asymptotically pseudo-contractive mapping.
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Recall that T : C — C is said to be uniformly L-Lipschtzian iff there exists some L > 0 such that
| T"x = T[] < L|lx=yll;

forall x,y € C and foralln > 1.

The split equality fixed point problem, which is a generalization of the split feasibility problem and of
the convex feasibility problem, has been extensively investigated recently due to its extraordinary utility
and broad applicability in many areas of applied mathematics. Let C and Q be nonempty closed and
convex subsets of real Hilbert spaces H; and H,, respectively, and A : Hy — H, be a bounded linear
operator.

Recall that the split feasibility problem (SF P) is formulated as to find a point ¢ € H; such that:

g €C and Aq € Q. (1.1)

Let Pc and Py be the metric projections from Hy and H; to C and Q, respectively. It is easy to see that

q € C solves equation (1.1) iff it solves the following fixed point equation
q="Fc(I—yA"(I-Pp)A)q,

where ¥ > 0 is a real constant and A* is the adjoint of A.

In 1994, Censor and Elfving [5] first introduced the (SFP) in finite-dimensional Hilbert spaces for
modeling inverse problems which arise from phase retrievals and in medical image reconstruction [1]. It
has been found that the (SFP) can also be used in various disciplines such as image restoration, computer
tomograph and radiation therapy treatment planning [6, 7, 8]. The (SFP) in an infinite dimensional
Hilbert space can be found in [2, 3, 14, 15, 16].

Recently, Moudafi [11], Moudafi and Al-Shemas [12] and Moudafi [13] introduced the following split
equality feasibility problem (SEFP):

tofind xe€C, yeQ suchthat Ax= By, (1.2)

where A : Hl — H3 and B : H — H3 are two bounded linear operators. Obviously, if B = I ( identity
mapping on H,) and H3 = H;, then (1.2) reduces to (1.1).
In order to solve split equality feasibility problem (1.2), Moudafi [11] introduced the following simul-
taneous iterative algorithm:
X1 = Po(xx — YA™(Axg — Byx)),
Yir1 = Po(yk + BB (Axi1 — Byk)),

and under suitable conditions some weak convergence of the sequence {(x,,y,)} to a solution of (1.2) in

(1.3)

Hilbert spaces is proved.

In order to avoid using the projection, recently, Moudafi [12] introduced and studied the following
problem: Let T : H; — H, and S : H, — H, be nonlinear operators such that Fix(7) # 0 and Fix(S) # 0.
If C = Fix(T) and Q = Fix(S), then the split equality feasibility problem (1.2) reduces to:

find x € Fix(T) and y € Fix(S) suchthat Ax = By, (1.4)
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which is called split equality fixed point problem (in short, (SEFPP)). In the sequel, we denote by I" the
solution set of split equality fixed point problem (1.4).
Recently Moudafi [13] proposed the following iterative algorithm for finding a solution of (SEFPP)
(1.4):
Xna1 =T (xn — YA" (Axy — Byn)),
Ynt1 =S+ BuB" (Axni1 — Byn)).

He also studied the weak convergence of the sequences generated by scheme (1.5) under the condition

(1.5)

that 7 and S are firmly quasi-nonexpansive mappings.

In 2015, Che and Li [9] proposed the following iterative algorithm for finding a solution of (SEFPP)
(1.4):

;

Uy = X, — A" (Ax, — Byy),

Xnt1 = Opxp+ (1 — aty) Tuy, 16
Vi = Yn + YuB* (Axy — Byp),

L Va1 = Opyn + (1 - Otn)SVn.
They also established the weak convergence of scheme (1.6) under the condition that the operators T and
S are quasi-nonexpansive mappings.

Recently, Chang, Wang and Qin [4] proposed the following iterative algorithm for finding a solution
of (SEFPP) (1.4):
(u, A" (Ax, — Byn),

X1 = QX + (1= 0 (1 = &)+ & T (1 = )T + 1, T) )t
Vn =Yn+ '}/nB* (Axn Byn)
Y1 = OYn + (1= ) (1= &) + EuS((1 = M) + 1) v

They established the weak convergence of scheme (1.7) under the condition that operators 7 and §

1.7

are quasi-pseudo-contractive mappings which is more general than the classes of quasi-nonexpansive
mappings, directed mappings and demi-contractive mappings.

Motived by above results, the purpose of this paper is to consider split equality fixed point problem
(1.4) for a class of quasi-asymptotically pseudo-contractive mappings which is more general than the
classes of quasi-nonexpansive mappings and quasi-pseudo-contractive mappings. Under suitable condi-
tions, some weak and strong convergence theorems are proved.

To prove our main results, the following definitions and tools are essential.

Recall that an operator 7' : C — C is said to be demiclosed at 0 if, for any sequence {x,} C C which
converges weakly to x and ||x, — T'(x,)|| — 0, then Tx = x.

T : H — H is said to be semi-compact if, for any bounded sequence {x,} C H with ||x, — Tx,|| — 0,

there exists a subsequence {x,,} C {x,} such that {x,, } converges strongly to some point x € H.

Lemma 1.1. Let H be a real Hilbert space. For any x,y € H, the following conclusions hold:

[+ (L= )y|* = 1][x] >+ (L =) [yl —1(1 =) [[x =%, 7 € [0,1]; (1.8)
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e+ 3] < (1] P + 20, x+ ). (1.9)

Recall that a Banach space X is said to satisfy Opial’s condition, if for any sequence {x,} in X which

converges weakly to x*, we have
liminf||x, —x*|| < liminf||x, —y||, Vy € Xwith y # x,
n—oo n—soo
which is equivalent to

limsup ||x, —x*|| < limsup ||x, —y||, ¥y € Xwith y # x*.

n—yoo n—yoo

Lemma 1.2. Let {p,},{qn} and {r,} be the nonnegative real sequences satisfying the following condi-

tions

Pn+1 < (1+Qn)pn+rn7 n 207 ZQn < oo, and
n=1

5

n=1

Then (i) lim,_.. p, exists; (ii) if liminf,_. p, = 0, then lim,_. p,, = 0.

Lemma 1.3. Let H be a real Hilbert space, T : H — H be a uniformly L-Lipschitzian and {1, } — quasi-
asymptotically pseudocontractive mapping with L > 1, {l,} C [1,%) and lim, 1, = 1. Let {K, : H —
H} be a sequence of mappings defined by:

Ky, :=ET"(NT"+(1—m))+ (1 =&)I. (1.10)

If0<&E<n< ———A—— where M = sup,~ I, then the following conclusions hold:
UZSERYUUES IS =
(i) Fix(T) = Fix(T"((1 =m)I+nT")) = Fix(K,) foralln > 1;
(ii) If T is demiclosed at O, then K is also demiclosed at O;

(iii) For alln > 1 and for all x € H,u* € Fix(T) = Fix(K,),
|| Knx = || < hen = a7,
where ky =14+ & (L, — 1)(1+n,),{k,} C [1,40) and lim, ek, = 1.
Proof. (1) If x* € Fix(T), i.e., x* = Tx*, we have
T"(1—m)I4+nT")x* =T"((1 —n)x"+nT"x*) =T"x* =x".
This shows that x* € Fix(T"((1—n)I+nT")). Conversely, if x* € Fix(T"((1—n)I[+nT")) foralln > 1,

ie, x* =T"((1—n)I+nT")x*, letting U" = (1 —n)I+nT", we have T"U"x* = x*. Put U"x* = y*,
then T"y* = x*. Now we prove that x* = y*. In fact, we have
b =yl =" = U = [l = (L =)L+ nT")x|
=n|}x" =T = n[[T"y" = T"x"|| < Ln[lx" = y7|.
Since 0 < Ln < 1, we have x* = y*, i.e..x* € Fix(T). This shows that Fix(T) = Fix(T"((1 —n)I[+nT"))
for all n > 1. It is obvious that x € Fix(K,) if and only if x € Fix(T"((1 —n)I+nT")). The conclusion

(1) is proved.
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(ii) For any sequence {x,} C H satisfying x, — x* and ||x, — Kx,|| — 0. Next we show that x* €

Fix(K). From conclusion (i), it suffices to prove x* € Fix(T).

In fact, since T is L-Lipschizian, we have
E|xn — Taxa|| <ENT((1 —MI+N0T )xy — T[4+ &30 — T (1 =) +1T )xy|
<ELN||xn — Toxu|| + 30 — (1 = &)xn = ST ((1 = M)+ 1T )x]|
=ELN |0 — Toxu|| + |22 — K12
Simplifying it, we have

[0 — Txn|| < [|x, — Kix,|| — 0.

B S
&(1—Ln)

Since T is demiclosed at 0, we have x* € F(T) = F(K). The conclusion (ii) is proved.
(iii) For all u* € Fix(T), we have

17" (L =) +nT")x—u"|?

<lpl[(T=n)x+nT"x — | P+ [[ (1= m)I +0T")x = T"((1 =)l +nT" )|

=nT")x—T"((L =M +0T")x|]” + Ll |(1 = 1) (c—u*) + (T —u*) [P+ [|((1 =n)!
and

1T"x = |2 < Bl e — [P + []x = T
Since T is L-Lip and x — ((1 — n)x+n7T"x) = n(x — T"x) we have
T =T"((1 =mx+nT"x)|| < Llx— (1 =mx+nT"x)|| = Ln|}x - T"x]|.

From (1.8) and (1.14), we have

(1 =m)(r =)+ (T"x — )P
=(1=n) e —u* [P+ n|T"x = u|* = n (1 —n)|}e— 77|
(U =)k = w2 41 (| = 0[P + [ = T ) = (1 =) || — T2
=(1+n (= 1))[lx—u|* +n?[]x = T"x] .

From (1.8) and (1.14), we have
(U= 4+ 0T =T"((1 =) +nT")x|?
=(1L=m)|e=T"((1 =)x+nT"%) | +n||T"x = T"((1 - n)x+nT"x)||?

—n(1—mn)|}x—T"x|
<(1=n)|x—=T"((1=n)x+nT"x)||* —n (1 —n —n*L?)||x— T"x||*.

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)
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Substituting (1.15) and (1.16) into (1.12), we obtain
7" (L= +nT")x—u"|?
(141 (= 1) lx = |+ L |7 — |
+(L =)= T"((1=n)x+nT"0)| =0 (1 =1 —n°L?)[|T"x— || (1.17)
=ly(1+ 1 (b= D)l =[P+ (=) [lx = T"((1 = n)x+T")|
M+ 0L+l — 1)||T .

Since n < %, we find from (1.17) that
#_"_ (le) +L2

17" ((1=n)x+nT"x) —u’|]® (1.18)
<1+ (l = 1) [x = |P+ (1 =)= T"((1 = n)x+nT"x)[>.
Combine (1.8) and (1.18) we have that

|| Kox — a2
=(1 =)l =[P+ T (1 =m)x+nT"x) | = E(1 = )|l T"((1 = n)x+nT"x)|
(=) be—u*|]? + Ly (L0 (L — 1)) [x —u"|?

+(EA=1) =& =E))llx—T"((1=mx+nT"x)|?
=(L+ &l — DA +n8) | — | = &(n = &)[lx = T" (1 —m)x+nT"x)| .

This together with & < 1 implies that
|| K — u*||* < kil [x — [
for all x € H,u* € Fix(K,) and n > 1, where
kn=&(ln—1)(1+nl) +1.
In view of that {l,} C [1,+oc0) and lim,_,./, = 1 we have {k,} C [1,4o0) and lim,_ .k, = 1. The
conclusion (iii) is proved. O
2. MAIN RESULTS

Now we are in a position to give the following main result.

Theorem 2.1. Let H|,H, and H3 be three real Hilbert spaces, A : Hy — Hs, B:H, — H3 be two bounded
linear operators, A* and B* be the adjoint operators of A and B, respectively. Let T : H — Hy and S :
H> — H, be two uniformly L-Lipschitzian and {1, }-quasi-asymptotically pseudo-contractive mappings
with L>1, I, € [1,00), I, = 1 and £°_, (12 — 1) < oo, Fix(T) # 0, and Fix(S) # 0. Let {,;} be the

sequence in (0, 1) satisfying the following conditions:

n =)
(i) Z On; =1, foreachn>1; hrrlgiilfa"’i >0, Z Oy, < oo, foreachi> 0.
i=0 n=1
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Suppose further that for any given xo € Hy,yo € Ha, {(x4,yn)} is the sequence generated by:
(@) un = xp — VA" (Axp — Byn),

n
(b) Xn+1 = an,Oxn + Z an,iKiunv
i=1

2.1
(€) va = Yn + 1uB" (Axy — Byn),
(d) Yns1 = G oyn + i 04,i GV,
where
Ki=(1=&I+ET(1-m)I+nT"); and Gi=(1-EI+ES(1-n)I+nS). (22
If T and S are demiclosed at 0, and the solution set " of problem (1.4)
I'={(x",y") € Fix(T) x Fix(S) such that Ax* = By*} (2.3)

is nonempty, and the following conditions are satisfied:

(ii) W € (O,min(w, ﬁ)), Vn > 1 with liminfy, > 0;

e % >

(iii) 0<a<&<n<b< @M/W, Vn>1,
where M = sup,~ I, then the following conclusions hold:

(I) the sequence {(xn,y,)} converges weakly to a solution of problem (1.4);

(I) In addition, if S,T both are semi-compact, then {(x,,y,)} converges strongly to a solution of
problem (1.4).

Proof. First we prove the conclusion (I).
For any given (p,q) € I, then p € Fix(T),q € Fix(S) and Ap = Bg. From (2.1) (a) and Lemma 1.1,
we have
|l — pII* =0 — %A (Ax, — Bya) — pl|*

=Y2||A* (Axy, — Byn)||> = 2% (xa — p,A* (Axy — Byn)) + [ 1x0 — p||> (2.4)
§7’3| Al |2| |Ax, — By, |2 — 2% (Axy — Ap,Axy — By,) + [|xn — p| ‘2-

Similarly, from (2.1) (c) and Lemma 1.1, we have
v —4l1> < % |IBIIP A%, — Byal > + 2% (Byn — Bg, Axy — Bya) + ||yn — gl (2.5)

By condition (iii) and Lemma 1.3, the mappings {K;} and {G;} have the following properties:
(a) Fix(T) = Fix(K;) and Fix(S) = Fix(G;) for each i > 1;
(b) K; and G, are demiclosed at O;

(c) Foreachi>1andforallx € Hy, y € Hy,u* € Fix(T) = Fix(K;),v* € Fix(S) = Fix(G;),

[|Kix —u™|| < kil|x —w*[[, ||Giy = v7[| < killy =7l
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where k; = 1+&(L;—1)(1+nl;), {ki} C [1,+0) and lim;_,e. k; = 1. By the assumption that Y'5° | (17 — 1) <

oo, we have

(I —1) < oo. (2.6)

oF

Il
—

s

(ki—1) < ié(li—l)(lﬂrl) <
i=1

On the other hand, it follows from (2.1) (b), (2.4) and a well-known result that for any positive integer
1 <1 <n we have

Il
—_

n
[n1 = pIIP < ol ln = pII* + Y 0t il [Kittn = pII* — 0tn.0 00,1l — Kot

i=1

n
< O 0] |xn _sz + Z an,ikizH”n _pHZ - an,OanJHXH - Kl”nHz 27
i=1 .

n
< 0ol Pin — pI* + Y 0 ik? {130 — pII” + % 1|Al*||Ax, — Byl
i=1

- 2yn<Axn _Ap7Axn _Byn>} - an,Oan,len - Klun| |2-

Similarly, it follows from (2.1) (d) and (2.5) that for any positive integer 1 <[ <n
n
[[yn+1 _CIHZ < 0| [yn _pH2 + Z amikiz{Hyn _CIHZ + Yr%HB”ZHAxn —BYnHZ
i=1 (2.8)

+ 2Yn<Byn _B‘LA-xn _Byn>} - an70an,l| ’yn - lenHz‘

Adding up (2.7) and (2.8) and noting Ap = Bg, we have that
Vet = IR+ [ = al? < (0o + Y 06k {lPon — pII* + [yn — ql*}
i=1

+ Y 0 ki 1 ([|AI1* + 11BI?) | Axs — Byal[*

n
i=1

n
— 2% Z Ot,,’iki2 (Ax, —Ap — By, + Bq,Ax,, — By,)
i=1

~ i — Kit >+ 1y — G} 22
= (1Y, s = D{] =PI+ 1y — all?}
) i=1
+, lan,ik,-z?’n(?’n(llAl\ZJrHBHZ)—Z)HAxn—BynHZ
-
— 0,0 Gt {| [ — Kittn| > + [[yn — Gyval|*}-
Since 7y, € (O,min{w, W}) %||Al|? < 1 and 3,||B||? < 1. This implies that
w(Al* +1B|]*) =2 < 0.
Therefore (2.9) can be written as
Doss =0l + s = pIP < (15 L o= Dl plP 4 bl
i= )

= (146 (I[xn = pI* + [y — 4l 1),
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where 6, =Y | @, ;(k? —1). Since k, — 1 and by (2.6) ¥, (k; — 1) < oo, this implies that Y'7° , (k? — 1) <

oo, Again since

i(kz—l)

1 i=1

gk
Q

(1)

1 n

s

) © N
ZG”:ZZ n1k2_1 S
n=1 n=1li=1

0, — 0. By virtue of Lemma 1.2 and (2.10), it gets that the limit lim,, o (||x, — p||> +||yx — g||?) exists,

i

so the limits lim,, e ||x, — p|| and lim,_e ||y, — ¢|| exist for all (p,q) € I'. Now rewrite (2.9) as

Y 0iki (2 = Y (JAI* + ||BI*)l|Ax, — Byal[?
i=1

+ 01,001 {| ¥ — Kytan| > + ||y — Gyl P}

(2.11)
< (1402 ([} = plI* + [lya = al*) = ([%ws1 = pl?
—(||%at1 = PIP + |yns1 — ql)?) = 0 (as n — o) (since o, — 0).
It follows from conditions (i), (ii) and (2.11) that foreach [ =1,2,3,---
lim ||Ax, — By,|| =0, lim ||Kju, —x,|| =0, lim ||Gv, —y,|| =0. (2.12)
n—oo n—roo n—oo
This together with (2.1) and the condition (i) shows that
lim ||u, — x| =0
n—eo
lim ||v, —yu|| =0
n—yoo
r}gl}onn-s-l — Xl = ’}gg; O i || Kty — 2|
< lim sup ||Kjup, — x,|| =0 (2.13)
n—oo ;1
Tim [yt — v :,}ggizzlamucivn =0
< lim sup||Giv, — yu|| =0
= i>1
From (2.12) and (2.13) we have
[|K vty — || < [[ Kyt — X[ + [0 — || — 03
(2.14)

||G1Vn_Vn|| < ||G1Vn_yn||+||)’n_vn|| — 0.

Since {x,} and {y,} are bounded sequences, there exist some weakly convergent subsequences, say
{xn;} € {xn} and {yn,} C {yn} such that x,, — x* and y,, — y*. Since every Hilbert space has the Opial’s
property which guarantees that the weak limit of {(x,,y,)} is unique. Therefore we have x,, — x*, and
Yn =Y.

On the other hand, it follows from (2.13) that u, — x* and v, — y*. Since K; and G; both are
demiclosed at 0 (by Lemma 1.3 (ii), from (2.14) it gets Kjx* = x* and G;y* = y*. This implies that
x* € Fix(T) and y* € Fix(S).



ON A CLASS OF SPLIT EQUALITY FIXED POINT PROBLEMS IN HILBERT SPACES 211

Now we show that Ax* = By*. In fact, since Ax, — By, — Ax* — By*, by using the weakly lower

semi-continuity of norm, we have
||Ax* — By*||* < liminf||Ax, — By,||* = lim ||Ax, — By,||* = 0.
n—soo n—soo

Thus Ax* = By*. This completes the proof of the conclusion (I).

Now we prove the conclusion (II).

In fact, since K is uniformly continuous, we have lim_, || Kju, — K1 x,|| = 0. Hence from (2.13), we
have ||K1x, — x| < ||xn — Kittn|| + || K1un, — K1x||- It follows that

lim ||K;x, —x,|| = 0. (2.15)
n—soo
Similarly, we can also prove that
lirorgHGlyn—ynH =0. (2.16)
By virtue of (1.11), (2.14), (2.15) and (2.16), we have
1
—Tx,|| < ———]|x,— K 0 o0);
|[xn = Toxa|| < 5(1—Ln)”x" 1Xn|| = 0 (n — o)
! (2.17)
Syl < 77— -G — 0 (n — o).
w301 < =gy 10w = Gl =0 (n = )

Since S,T are semi-compact, it follows from (2.17) that there exist subsequences {x,,} C {x,} and
{¥n;} € {yn} such that x,, — x (some point in Fix(7')) and y,, — y (some point in Fix(S)). Since x, — x*
and y, — y* and the limits lim, . ||, — p|| and lim, . |[y, — ¢|| exist for all (p,q) € T, it follows from
(2.12) that x, — x* and y, — y* and Ax* = By*. This completes the proof of Theorem 2.1. O

Remark 2.1. Theorem 2.1 is an improvement and generalization of the corresponding results in Chang,
Wang and Qin [4], Che and Li [9], Moudafi [11], Moudafi and Al-Shemas [12], Moudafi [13].
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