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Abstract. In this paper, a general concept around converging descent methods for unconstrained nonsmooth optimization prob-
lems is introduced. This concept is of constructive nature. Based on the subdifferential according to Clarke or Mordukhovich,
respectively, a general approach to €-subdifferentials, a kind of continuous outer approximations, is given in an axiomatic way.
This leads to a constructive way to create a converging descent method for a given locally Lipschitz continuous objective func-
tion. Hence, from a theoretical point of view, convergence is established through the construction of e-subdifferentials. This is
in contrast to other approaches which are usually based on the assumption of semismoothness of the objective function. The
proposed framework generalizes some other approximation concepts for various types of subdifferentials. Furthermore, based

on these continuous outer approximations an algorithm is presented and its global convergence to stationary points is proved.
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1. INTRODUCTION
In this paper, we are focussing on optimization problems of the type
min f(x) subjectto x¢€R", (1.1)

where the objective function f : R" — R is supposed to be locally Lipschitz continuous. Note that no
semismoothness or convexity assumptions for f are made.

The purpose of this paper is to give a constructive concept to achieve converging descent methods
for problems of the type (1.1). In general, information about the behavior of the objective function f
is needed to compute descent directions, such information can be obtained by so-called subdifferentials
df. The reader can find more information on the theory of subdifferentials in [5, 6, 16, 25, 27]. Descent
methods, which depend on a subdifferential for a convex or locally Lipschitz continuous function, are
described in detail in e.g. [4, 13, 14, 15, 18, 21]. However, to achieve converging methods information
about the local behavior of the graph of f is needed. This was observed in e.g. [7, 14, 28], where
examples were considered showing the non-convergence working with the subdifferential of convex
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analysis. The background of this phenomenon is the lack of continuity of the set-valued mapping J f.
For this reason, a kind of outer approximation is introduced to remedy this lack, by the so-called &-
subdifferential for the subdifferential of convex analysis. Concepts around outer approximations to the
Clarke subdifferential are described in e.g. [8, 10, 11]. Particulary, A.M. Bagirov took and elaborated this
idea by Hausdorff continuous approximations to the Clarke subdifferential, see [2, 3]. But to guarantee
convergence of the corresponding algorithm the objective function f has to be semismooth, that is more
restrictive than locally Lipschitz continuity, see [22] for detailed information about semismoothness.
Methods based on semismooth functions are studied in e.g. [12, 17, 20, 23]. But in applications there is
often no exact information about the whole Clarke subdifferential, like e.g. for marginal functions, see
e.g. [9]. In this case, the semismoothness of the cost functions cannot be proved or is violated.

Here, the concept on outer approximations to the Clarke and Mordukhovich subdifferential is intro-
duced in an axiomatic way, see Definition 3.1 below. By this means, it is possible to construct a suitable
continuous subdifferential. Due to the simple fact that in practice the optimization problems are explicit-
ly given, these theoretical constructions are realizable in practice. Moreover, this is also realizable in the
case if, for instance, the Clarke subdifferential is not known completely, see Remark 3.1 below. On the
whole, this leads to a constructive approach around converging descent methods. Hence, from a theoret-
ical point of view, convergence is established through the construction of generalized €-subdifferentials.
This is in contrast to other approaches which are usually based on the assumption of semismoothness.

This paper is organized as follows. Section 2 provides preliminary material from set-valued analysis
and nonsmooth analysis needed in the subsequences. In section 3, generalized e-subdifferentials are
introduced in an axiomatic way. Based on these subdifferentials directional derivatives are defined and
relevant properties are studied. Section 4 describes a descent method corresponding to a generalized &-
subdifferential. The global convergence to stationary points of this method is proved for locally Lipschitz

continuous functions. Finally, section 5 concludes this paper.

2. PRELIMINARIES

In this section we recall some terms and facts for set-valued mappings between finite-dimensional
normed vector spaces, in which the Euclidean norm ||x|| := v/x7x is always used in this paper. Also,
we recall the definitions of the subdifferentials according to Clarke and Mordukhovich, and give some
properties on these subdifferentials needed in the subsequences.

The notation S : R” == R™ is used for set-valued mappings. Throughout the paper we use standard
notations of set-valued analysis, e.g. dom(S) := {x € R": S§(x) # 0} for the domain of S or gph(S) :=
{(x,y) e R" xR™:y e S(x)} for the graph of S. Moreover, recall that the closed ball with center x € R”
and radius 8 > 0 is denoted by Bs(x). For a given subset A of R”, we denote the boundary of A by bdA,
the convex hull of A by convA and the closure of A by clA. The Minkowski sum of subsets A, B of R” is
defined as always by A+ B:={a+b:acA,bc B}.

The following definition is extracted from [27]. It describes the continuity concept of a set-valued

mapping in the sense of Painlevé-Kuratowski, cf. also Fig. 1 below.
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Definition 2.1. Let §: R" = R and X € dom(S).

(i) The mapping S is called outer semicontinuous (osc) at x, if

{g e R™: Ix; — ¥ g — g with g, € S(x;) Vk} C S(%).
(i) The mapping S is called inner semicontinuous (isc) at x, if

{g e R":Vxy — X Igx — g with g € S(x¢) Vk} D S(%).

(iii) The mapping S is called Painlevé-Kuratowski continuous (PK-continuous) at %, if S is osc and

isc at x.
R R R
(%,5(%)) (x,8(x))
‘4\ / o (%,5(x)) o
e _—
% R x R % R
S is isc at X, fails to be osc S 1s osc at x, fails to be isc S is PK-continuous at x

F1G. 1 Illustrations of inner and outer semicontinuity of S : R = R, respectively

Definition 2.2. A set-valued mapping S : R” = R" is called locally bounded at x € R”, if there exists a
neighborhood Nk of ¥ such that the set {y € R” : 3x € Ng s.t. y € S(x)} is bounded.

In this paper we are interested in the subdifferential concepts of Clarke and Mordukhovich, see Re-

mark 3.4 below (the reader finds more information on these subdifferentials in [6, 25]).

Definition 2.3. Let f: R" — R be a function.
(i) The Clarke subdifferential dc f : R" = R" is defined by

dc f(x) := conv {klim Vf(xe) : Fxx — x s.t. VF(xg) exists Vk} :
—>00
(ii) The limiting subdifferential di f : R" = R" is defined by
— —ol(y—
) = 10w gl =) _ o, k} |

aLf(x):=¢geR": Ix ENg Jgr — g s.t. liminf
Tk 1y = xll

VAR

where x I, x means X — x with f(xx) — f(x).

(iii) The symmetric subdifferential ds f : R" = R" is defined by
s f(x) == —=0L(—f)(x) UdLf (x).

Throughout this paper, we will represent each of the above defined subdifferentials by 0, f with x €
{C,L,S}. The following results collect several well-known properties of d, f with purpose to design a

descent method.
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Theorem 2.1. Let f : R" — R be locally Lipschitz continuous and x € {C,L,S}.

(a) If x € R" is a local minimizer of f, then X is a x-stationary point of f, i.e. 0 € d, f(%).
(b) If max{g’d : g € 0, f(X)} <0 at (¥,d) € R* x R", then d is a descent direction of f at %, i.e.

there exists T > 0 such that f(¥+td) < f(%) for allt € (0,T).

Proof. (a). In the case of x = C see [21, I. Theorem 5.1.1] and of x € {L,S} see [24, Theorem 5.6].
(b). In the case of x = C see [21, I. Theorem 5.2.5]. Now, let x € {L,S}. Then, by [25, Theorem 3.57]
we have immediately

convd, f(x) = de f(x) VxeR"

Thus, for (¥,d) with max{g’d : g € 9, f(X)} < 0, we obtain
max{gTd_: gEISf(X)}= max{gTd_: gE€convd, f(X)} = max{gTaT: gEeIf(X)} <0,

in which the last equality follows by [26, Theorem 32.2]. Hence, the proof is similar to that with the
Clarke subdifferential. U

Also, the mapping d, f : R” = R" is locally bounded and outer semicontinuous with dom(d, f) = R".
But as described in Section 1, in general, the mapping d, f is not inner semicontinuous, cf. also Remark
3.1 below, which is the main reason for non-convergence of descent methods for nonsmooth optimization
problems. However, we use for our algorithmic concept, as described in Section 4 below, a property of

0, f which allows to approximate the function values of f:

Theorem 2.2 (Mean-Value Theorem). Let x,y € R" with x #y, f : R" — R Lipschitz continuous on an
open set containing the line segment |x,y| and x € {C,S}. Then there exists 6 € (0, 1) such that

fO)—fx) e{g v—x):g€dfx+6(y—x))}.
Proof. In the case of x = C see [21, I. Theorem 3.2.7] and of x = S see [25, Theorem 3.47]. O

In general, the Mean-Value Theorem is not satisfied for the limiting subdifferential. A counterexample
is already given by the simple function R > x +— —|x|. For this reason, we are not interested in the limiting

subdifferential in the following sections.

3. GENERALIZED €-SUBDIFFERENTIALS AND CORRESPONDING DIRECTIONAL-DERIVATIVES

The construction of generalized €-subdifferentials is based on the Clarke subdifferential or the sym-
metric subdifferential of a real-valued and locally Lipschitz continuous function. Also, this concept is
meaningful for other subdifferentials satisfying certain properties, see Remark 3.4 below.

We start with the definition of a generalized e-subdifferential, which is given in an axiomatic way:

Definition 3.1. Let x € {C,S},& > 0 and let d, f : R” = R” be a x-subdifferential of a locally Lipschitz
continuous function f : R" — R. A mapping G{ig : R" = R" is called a (¢&)-subdifferential of f (or a
generalized e-subdifferential of f), if the following conditions hold:
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(0S)) d.f(x) C G{ﬁ (x) for all x € R",

(0S,) Giig is convex-valued and locally bounded on R”,

(0S3) G{_}s is PK-continuous on R”,

(0S4) GLy(x) S GLe(x) forallx e R",if0<n <&,

(0S5) VxeR" n>038€(0,6),6>0: U Gl(y) Caf(x)+By(0).

YEB; (%)
Condition (OS4) and (OSs) are needed to generate *-stationary points via the algorithm introduced in

Section 4. Whereas in this section, the results depend only on the conditions (OS;), (OS;) and (OS3).

Remark 3.1. The idea behind the axiomatic approach of generalized e-subdifferentials can be con-
strued as follows: Usually the challenge to achieve convergence in nonsmooth optimization is to have
a semismooth objective function, respectively to investigate if the considered problem has this property,
which can be impossible, as explained in the introduction. Now, the challenge to achieve convergence
is to construct a suitable outer approximation of a given x-subdifferential. Hence, the difficulty is trans-
formed from investigation to construction. This approach is also applicable, when just a superset of a
*-subdifferential is given. The lack of information of a subdifferential, as described in the introduction,
is to be closed by (OS;) and (OS3). Note that an outer semicontinuous mapping is also closed-valued.
Therefore, condition (OS;) and (OS3) imply that the set argmin{||g|| : g € Gig (x) } is singleton for every

x € R", cf. also Theorem 3.1 below.

Typically, a descent direction of a locally Lipschitz continuous function f is computed via the pro-
jection of the origin onto d, f(x). We keep this approach for computing descent directions in this paper,
but now by the projection onto the set G{}E (x). In this case the projection is continuous, where x is the

subject to perturbation:

Theorem 3.1. Let x € {C,S},& > 0, and let G, : R" = R" be a (&)-subdifferential of f. Then the
function 7t : R" — R" defined by

e (x) := nig(x) :=argmin{||g|| : g € Gf’g(x)} 3.1

is continuous on R".

Proof. Since the mapping G{ ¢ 18 closed-valued, convex-valued and PK-continuous, the assertion follows

immediately by [27, Proposition 4.9]. U

To become more familiar with the concept of Definition 3.1, we like to indicate how to derive calculus
rules for generalized e-subdifferentials at the beginning and on the general case. The basic idea is to
transfer existing calculus rules from a subdifferential. We demonstrate this in the following remark at
hand of the sum rule with the Clarke subdifferential and for Clarke regular functions, that is when the

Clarke directional-derivative coincides with the usual directional-derivative.
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Remark 3.2. For given locally Lipschitz continuous Clarke regular functions f,g : R” — R and scalars
A, 1 >0 we obtain, see [21, I. Theorem 3.2.6],

Ac(Af+ug)(x) = Adcf(x) + pdcg(x)  VxeR". (3.2)
For a C(¢€)-subdifferential of f and g, respectively, the mapping
R" = R", xr—>kG£8(x)+uGég(x)

is a C(¢&)-subdifferential of the function A f + ng or more precise of the pair (Af + ug,dc(Af + ug)),
see the sketch of proof below. Thereby, we can use the following calculus rule for generalized &-
subdifferentials:

Gé,{j“g (x) = AGL o(x) + uGE (x)  VxeR" (3.3)

Note that generalized £-subdifferentials are not necessarily uniquely determinated. But there is always
the possibility to design new generalized €-subdifferentials on the basis of already designed ones, as
introduced in (3.3).

Sketch of proof of formula (3.3): The proof is straightforward for the conditions (OS;) till (OS4). To
prove condition (OSs) choose arbitrary x € R" and 1) > 0. Then there exist &7,&, € (0,€) and 67,6, > 0
such that

U Gé,gf (y) COcf(x) +Bopy(0) and | G‘égg (v) € dcg(x) + Bay, (0). 3.4)
yEBs,(x) YEBs, (x)

Define € := min{¢y, &} and 6 := min{dy, 5, }. It follows

(0S4)
U (Gl +uGi,) S U (AGL,0)+rGE, ()
y€Bs(x) yEB5(x) '
C U AGL 0+ U uGi ()
YEBs(x) YEBs(x)
C U AGL 0+ U uG, ()
yEBs,(x) ' YEBs, (x)
(3.4)
C  Adcf(x)+udcg(x) + AByy, (0) + UByp, (0)
= ac(Af+ug)(x)+ By (0),
and & € (0,¢). O

We discuss some candidates for x(€)-subdifferential of a locally Lipschitz continuous function f at
the end of this section. In advance, we study the properties of the support function of the set Gis (x),
hereby, the perturbation behavior of x is of special interest.

Every non-empty closed convex set in R” is uniquely determined by the support function of this
set, and vice versa. This well-known concept in convex analysis can be used to introduce a directional-
derivative. Next, we adapt and generalize familiar techniques for establishing the calculus of a directional-
derivative. It is necessary to check, however, that these techniques work also in our general framework

of generalized e-subdifferentials.
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Definition 3.2. Let x € {C,S},€ > 0, and let Gf,g :R" = R” be a +(¢&)-subdifferential of f. The *(¢&)-
directional-derivative of f at x € R" in direction d € R" is defined by

ffg (x,d) :=max{g’d:g e Gf,g(x)}. (3.5)

Due to the concept of Gf,g the *(¢&)-directional-derivative is only interesting for locally Lipschitz
continuous functions f : R” — R. For this reason we will generally assume that f is locally Lipschitz

continuous.

Theorem 3.2. Let x € {C,S},€ >0, and x € R".

(a) The value fC,(x,d) is finite for each direction d € R".

(b) The function fgg (%,) : R* — R is lower semicontinuous and sublinear.

Proof. The support function o ® (+) :R" — R of the non-empty compact convex set Giis (%) is given
by
o (d) =sup{g’d: g€ GLe()} = fC(%.d
GGig(j)( ) Sup{g ‘8 € *,S(X)} f*7£(x7 )
Thereby, the assertions follow from [27, Theorem 8.24]. |

It follows that the x(€)-directional-derivative of f can be considered as a function from R” x R” onto

R. The next result gives some properties on this function:

Theorem 3.3. Let fC, : R" X R" — R be a *(€)-directional-derivative of f : R" — R.

(a) The function fgs is continuous on R" x R",
(b) Suppose that 0 ¢ Gig (%) for x € R". Then there exists a neighborhood Nx of X such that the
function dg : Ny — R”" given by

: g (x)
de(x) :=d! o(x) = — =2 3.6
5( ) *,8( ) Hﬂs(X)H ( )
is well-defined and continuous on Ni, where Tt; is defined as in (3.1). Moreover, we have
ffe(x,dg(x)) = e (x) T de (x) = — || 7 () Vx € N;. (3.7)

Proof. (a). The main idea of the proof is based on the results of [1, Theorem 1.4.16]. Therefore, we
consider the set-valued mapping S : R” x R” = R" x R"” with
S(x,d) := GL¢(x) x {0}, (3.8)

and the functions % : gph(S) — R, ¥ : R” x R" — R with

h(x,d,g,y) = (d,x)T <§) and U(x,d) :=max{h(x,d,g,y): (gy) € S(x,d)}.

Due to the fact that
gph(S) = {(x,d.,0) : g € GL (%)},
we obtain

h(x,d,g,y)=g'd  V(x.d,g)y) € gph(S).
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Hence, the function 4 is continuous on gph(S). Moreover, the mapping S is PK-continuous and locally

bounded, since Gi ¢ has these properties. Consequently, the identity
O (x,d) = fle (x,d)

and [1, Theorem 1.4.16] prove the assertions, cf. also Remark 3.3 below.
(b). For x € R" with 0 ¢ Gie (¥) we obtain m¢(x) # 0. Thus, by Theorem 3.1 there is a neighborhood N5k

of x such that

Te(x) #0 Vx € N;.
In the following let x € N;z. By the projection theorem we have
()" (g~ Me(x)) >0 Vg€ Gle(x).

Due to || 7 (x)|| > 0 it follows

e (x)” <— 7e (%) ) <g’ ( e (%) > Vg € GLe(x).

17 (x) RO

Finally, we obtain
Gxd X)) = max de‘ E(;j X —7th —7€() = —||Te(X
f*,e( ’ 8( )) {g 8( )g *,S( )} 8( ) ( Hn-g( )H) || 8( )”
O

Thus, the continuity property of G{_’ ¢ transfers to the continuity of the directional-derivative fgg with

respect to both variables (x,d).

Remark 3.3. The referred results of [1] depend on the continuity term according to Bouligand, Kura-
towski and Wilson. In general, this definition is not equivalent to the PK-continuity which we introduced
in this paper and used to prove the theorem above. However, the set-valued mapping in (3.8) is locally

bounded. Therefore, both continuity terms are equivalent in this situation, see [27, Theorem 5.19].

Next, our interest is focussing on the computation of descent directions of f. The first theorem
describes a sufficient condition for a descent direction at the point x, which follows immediately by

the separation theorem on the disjoint non-empty compact sets {0} and G{ﬁ(x).

Theorem 3.4. Let ffs :R" X R" — R be a x(¢€)-directional-derivative of f : R" — R. If (x,d) € R" x R"
is a point with ffe (x,d) <O, then d is a descent direction of f at x. O

The following result is an immediate consequence of Theorem 3.3.

Corollary 3.1. Let fgg :R" X R" — R be a x(€)-directional-derivative of f : R" — R, and let x € R" be
a point with 0 ¢ Gig (x). Then £, (x,de(x)) <O, where dg is defined as in (3.6), i.e. de(x) is a descent
direction of f at x. ]

Due to the properties and assumptions on d, f and Gig, respectively, the local behavior of the graph

of f is completely known, see also Remark 3.4 below. The following key result describes this in detail:
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Lemma 3.1. Let £, : R" x R" — R be a (&)-directional-derivative of f : R" — R, c € (0,1), and let
(x,d) € R" x R" with ||d|| = 1 be a point satisfied

£l (x,d) <O0. (3.9)

Then there exists 8 > 0 such that for all x € Bg(%), d € B5(d) N B;(0), 1 € [0, 8] the inequality

flx+td) < f(x) +1(1 =) 2 (%,d) (3.10)
holds.

Proof. Our proof starts with the observation that for —c ffg (x¥,d) > 0 there exists §; > 0 such that for all

(x,d) € Bs,(X) x B, (d) the inequality

fE(x,d) < —cfCu(®,d) + fCo(%,d) = (1 —c) fC,(%,d) (3.11)

holds, cf. Theorem 3.3 (a). Moreover, since the subdifferential d, f satisfies the Mean-Value Theorem,
see Theorem 2.2, there exists &, > 0 such that for all y;,y, € B, (%) there exists 6 € (0, 1) such that

FO1)=f2) €{8" 1 —2) :8€0f(r2+ 001 —y2)) }- (3.12)
Define
6= ;min{8;,5,}.
For all x € B5(%), d € Bs(d) N B;(0) and € [0,5), we obtain

|(x+tAd) — x| < |lx—x||+1A||d|| < min{;, 5} VA €(0,1).

Thus, inequality (3.11) holds for (x+tAd,d), and property (3.12) holds for x +td and x. Hence, for
every (x,d) € B5(x) x (B5(d)NB;(0)) and 1 € [0, 8] there exist 6 € (0,1) and g € d,f(x+16d) such

that
(3.11 _

@312y 0S) . ) .
fx+td)—f(x) ="tggd < tfl(x+10d,d) < t(1—c)fs(%,d).
U

Remark 3.4. Basically, the main tools to prove the result of Lemma 3.1 are the Mean-Value Theo-
rem, valid for the Clarke and the symmetric subdifferential, and the Painlevé-Kuratowski continuity
of the x(&)-subdifferential, requested in condition (OS3). Thereby, the construction of generalized &-
subdifferential is also meaningful for other subdifferentials, which satisfies the Mean-Value Theorem. A
general concept of subdifferentials, which can possibly be used to build the basis, in the sense of (OSy),

of the construction of a generalized €-subdifferential, is discussed in detail in [19].

Corollary 3.2. Let ffs :R" X R" — R be a x(¢&)-directional-derivative of f : R" — R, ¢ € (0,1), and let
0¢ Gf,g(f) for % € R". Then there exists 8 > 0 such that

fx+ed) < f(x) —1(1 —¢)||me (%) Vx € Bs(x)Vd € Bg(de(X))NB(0)Vt € [0,5], (3.13)
where dg is defined as in (3.6). In particular,

Frttde(x) < fx) —1(1—0)||me(R)]|  Vx € Bs(¥) V1 € [0,5]. (3.14)
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Proof. The proof of assertion (3.13) is straightforward by Lemma 3.1 and representation (3.7). It follows
from (3.13) and Theorem 3.3 (b) that assertion (3.14) holds. O

We conclude this section by discussing the concepts of the e-subdifferential of convex analysis and the
Goldstein-g-subdifferential in relation to the concept of generalized e-subdifferentials. Note that every
convex function is also locally Lipschitz continuous and that the subdifferential of convex analysis is
identical with the Clarke subdifferential.

Theorem 3.5. Let f: R" — R be convex, and € > 0. Then the €-subdifferential of f, dcef : R" = R"
defined by

deef(x):={g €R":g" (y—x) < f() — f(x) +eVy e R"},
is a C(&)-subdifferential.

Proof. The conditions (OS;) and (OS;) follow from [21, Theorem 3.3.1.4 and Theorem 3.3.1.5]. Im-
mediately, by definition we have (OS4). The inner semicontinuity of dc ¢ f follows from [13, Theorem
4.1.3 and the subsequent comments]. To prove the outer semicontinuity of dc¢f on R”, and thus to
complete the proof of the (OS3) condition, choose an arbitrary x € R” and sequences x; — x, gy — g with
8k € de.e f(xx) for every k € N. Hence, for all k € N we have

gk (v —x) < f(v) = fa) +e.
By letting k — oo on both sides, we obtain g € dc ¢ f(x). Finally, the condition (OSs) follows essentially

by [13, XI. Theorem 4.1.2] and [21, I. Theorem 2.1.5]. O

Thus, the e-subdifferential fits in our concept. Thereby, we obtain a well-known formula for a C(¢€)-

directional-derivative of a convex function:

Example 3.1. For a convex function f : R” — R and € > 0 we have
G - Sfltid) - f(x)+e
d) =inf
Jeelnd) = nf t
see Theorem 3.5 and [13, XI. Theorem 2.1.1].

V(x,d) e R" xR",

Remark 3.5. The e-subdifferential of convex analysis shows that there does not have to exist a smallest

*(€&)-subdifferential with respect to the partial order C: For a convex function f : R” — R and for every
x € R" we have Ngwodee f(x) = de f(x).

However, the Goldstein-g-subdifferential does not satisfy the (OS3) condition, which is needed, for

instance, to guarantee the result of Lemma 3.1. We discuss the Goldstein approach in the following

remark:
Remark 3.6. For the simple function f : R — R with f(x) := —|x| and € > 0 the Goldstein-¢e-subdifferential
of f is given by
{—1} for x> ¢,
Qggf(x) ‘= conv U def(y)=19 [-1,1] for —e<x<eg,
YEBe (x)

{1} for x < —¢,
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see Figure 2 below. In general, the (OS3) condition is not satisfied for this mapping.

I ef(x)
1
-2 -1 e & 1 2
-
F1G. 2 Goldstein-g-subdifferential of the function f(x) := —|x]|

Obviously, this mapping is not inner semicontinuous at the points +¢&, since
{g €R:Vxp — +e Igr — g with g € 9, f(x) Yk} = {F1} 2 [~1,1] = Z f(Le).
4. CONCEPTUAL ALGORITHM FOR THE CALCULATION OF x-STATIONARY POINTS

Let Gig : R" = R” be a generalized e-subdifferential of a locally Lipschitz continuous function
f:R" - R, and * € {C,S}. In this section, we are focussed on a descent method based on *(¢€)-
subdifferentials to achieve convergence to x-stationary points, i.e. points X with 0 € d, f(X). In contrast
to the previous section, here the conditions (OS,4) and (OSs) are essential. However, it is possible to
achieve convergence to €-stationary points, i.e. points X with 0 € G{;s (%), by descent methods based
on «(€)-subdifferentials just satisfying the conditions (OS;), (OS;), and, (OS3). Such algorithms are

discussed in detail in [19].

Algorithm 4.1 (Conceptual algorithm).
Input: xog € R” and & > 0
1: Setk:=0
2: while 0 ¢ G/, (x;) do
3:  Compute the unique solution 7, (x;) of the problem min { lgll: g€ Giigk (k) }, cf. Theorem 3.1

4: Setd; := —M
172, (xi) |
5: Compute a step size f; > 0 such that f(x; +1dy) < f(xx), e.g. with (4.1) or (4.9)
6:  Update xpy1 1= xp + frdy
7. Choose €. withO < &) < &g andsetk+1—k
8: end while
9: return Xx;

Due to Corollary 3.2 the vector dy, is a descent direction of f at x;. Thus Step 5 is well-defined. Similar
to descent methods for smooth objective functions we need a requirement on the step size #; to guarantee

convergence. On this account, we precise Step 5 in the following theorems.
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Theorem 4.1. Let (xi)ken, be generated by Algorithm 4.1 and let the sublevel set {x € R" : f(x) < f(xo)}
be bounded for every xo € R". Furthermore, specify Step 5 by the following condition:

d7 > 0Vk € Ny such that f(xk —l—l‘kdk) < f(xk) —l‘kHﬂ'gk (xk)|| NT< 1t “4.1)
Then Algorithm 4.1 either terminates after finitely many iterations at some k € Ny with 0 € G{,E; (xz) or

every accumulation point of the sequence (xXi)reN, is a *-stationary point of f.

Proof. If the algorithm terminates, then there exists an index k such that the assertion holds, by construc-
tion. To prove the more interesting part of the theorem, let £ be an accumulation point of (xi)ien,, i.€

there exists a subsequence (xg, )cn, such that

lim x;, = X. “4.2)
[—o0

By condition (4.1) there exists T > 0 such that
FOo) < f ) = f g+t diy) < f (o) =t || e, (o)l and - T<n,  VIeNy.  (4.3)
Since the sublevel set is bounded and f is continuous, we have
inf{f(y) :y € R"} =min{f(y) : y € {x: f(x) < f(x0)}} > —ee,

i.e. the sequence (f(xx,))icn, is bounded from below. By construction this sequence is also monotonical-

ly decreasing, and therefore, it is a Cauchy sequence. It follows that for each a > 0 there exists L; € Ny

such that
JOo) = flag,,) = () = flog, )| < V=L 4.4)
Hence, we obtain
(4.3) (4.4) 1
I7e, ()l < - (Fv) = Flo,0) < gra<—a VIxL, (4.5)
i.e.
min{llgll:g € Gl ()} < T Vi1, 45
Moreover, by condition (OSs) for £ and for each 1 > 0, we can find € := ¢(£,17) >0and § := 6(£,7) >0
such that
U Gle(x) Ca.f(%) + By 0). (4.7)
XEBg (%)

Due to (4.2) and Step 7 of the algorithm there exists an index L, € Ny such that
Xi, € Bg(ﬁ) and &, <e Vi> L. 4.8)
Finally, by (4.6), (4.7), (4.8), and the (OS4) condition, for all / > max{L;,L,} we obtain

minlgl : 8 € . £()+ By (0)} < @

and thus |
min{Jgl|: g € ()} < —a+.
By letting o \, 0 and 11 \, 0 we have

min{|[g]| : g € d.f(%)} =0,
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i.e. X is a x-stationary point of f. U

The boundedness assumption on the sublevel set implies that problem (1.1) has at least one minimal
solution. Note, that this assumption is also common for problems of type (1.1) with a smooth objective

function. Therefore, we do not require more than usually demanded.

Theorem 4.2. Let (x;)ken, be generated by Algorithm 4.1 and let the sublevel set {x € R" : f(x) < f(xo)}
be bounded for every xo € R". Furthermore, specify Step 5 by the following condition:

39 > 0Vk € Ng such that f(x,+trdi) < f(xx) — 0|7, (x0) || 4.9)

Then Algorithm 4.1 either terminates after finitely many iterations at some k € Ny with 0 € G{’gl_( (xz) or

every accumulation point of the sequence (xi)ken, is a *-stationary point of f.

Proof. If the algorithm terminates, then there exists an index k such that the assertion holds, by construc-
tion. To prove the more interesting part of the theorem, let £ be an accumulation point of (xi)ken,. For

simplicity denote the associated subsequence by (xx)ken, i-e.

lim x; = X. 4.10)
k—yoo

Analogously, to the prove of Theorem 4.1 we have that (f(x¢))en, is a Cauchy sequence. Therefore, for
each a > 0 there exists K; € Ny such that

fo) = fa) = [fOa) = fla) | <o VE> K. (4.11)
Hence, we obtain
(49) | (“.11) g
|7, (i)l < 5 (f () = fxrgr)) < 5 Vk2K, (4.12)
1.€.
. o
m1n{\|g|| :gEGI,sk(xk)} < 5 Vk>K;. (4.13)

Moreover, by condition (OSs) for £ and for each 11 > 0, we can find € := €(%,17) >0and § :=§(%,n) >0
such that
U Gle(x) Ca.f(%)+By(0). (4.14)

x€Bg (f)
Due to (4.10) and Step 7 of the algorithm there exists an index K, € Ny such that

X; € B5(XA) and g <e¢ Vk>K,. 4.15)

Finally, by (4.13), (4.14), (4.15), and the (OS4) condition, for all kK > max{K;,K,} we obtain
o

min{lg] : g € 0. f(£) + By (0)} < 5

and thus
) R o
min{llg||: g € f(%)} < 5 +7.
By letting o \, 0 and 1) \, 0 we have
min{|[g|| : g € df(%)} =0,

i.e. X is a x-stationary point of f. U
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Note that Theorem 4.1 is a corollary of Theorem 4.2, since condition (4.1) implies condition (4.9).
But from a theoretical point of view, the condition (4.1) is a generalization of the well-known efficient
step size rule. On this account, the result of Theorem 4.1 is more familiar to the results of unconstrained
smooth optimization problems. In particular, for a deeper understanding of this result we like to present

the corresponding proof separately.

5. CONCLUSION

In this paper a general theory for the realization of converging descent methods for nonsmooth opti-
mization problems is described with an approach of generalized e-subdifferentials. Since the algorithm
framework requires neither semismoothness nor calculation of exact subgradients, this theory is appli-
cable for a broader class of locally Lipschitz continuous functions than other methods usually used in
nonsmooth optimization, as described in the introduction. In particular, the proposed approach is al-
so useable for semismooth functions, and thus also for convex ones. From a theoretical point of view
convergence is established through the construction of generalized €-subdifferentials. Thus, the chal-
lenge lies in the design of it. In general, we have shown that for a convex function the e-subdifferential
fulfills all the required properties. This fact emphasizes the approach of our theory. Nevertheless, we
have also discussed that for a locally Lipschitz continuous function the Goldstein-¢€-subdifferential is
not inner semicontinuous. For this reason, we propose for future applications to design a generalized
e-subdifferential particularly for the problem of current interest. The construction can be done by mean-
s of the calculus rules, given supersets or exact formulas of the Clarke subdifferential or the limiting

subdifferential, respectively.
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