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1. INTRODUCTION

Throughout this paper we denote by N the set of all positive integers and by R the set of all real
numbers. Let A be an arbitrary set. Then we denote by #A the cardinal number of A. We define a subset
A(k) of Ak as follows: (a1,a2, · · · ,ak) ∈ A(k) iff (a1,a2, · · · ,ak) ∈ Ak and a1,a2, · · · ,ak are all different.

The following concept is recently called a semimetric space.

Definition 1.1. Let X be a nonempty set and let d be a function from X ×X into [0,∞). Then (X ,d) is
said to be a semimetric space if the following hold:

(N1) d(x,y) = 0 ⇔ x = y.
(N2) d(x,y) = d(y,x).

This concept has been much important recently; see [3] and others. However, this concept is too weak.
So we human beings have been studying this concept under some additional assumptions. ν-generalized
metric space introduced by Branciari in 2000 is one of them. This concept is weaker than that of metric
space and stronger than that of semimetric space. To study ν-generalized metric spaces is very important
in order to understand the possibility and the impossibility of semimetric spaces.

Definition 1.2 (Branciari [1]). Let X be a nonempty set, let d be a function from X ×X into [0,∞) and
let ν ∈ N. Then (X ,d) is said to be a ν-generalized metric space if (N1), (N2) and the following hold:

(N3)ν d(x,y)≤ D(x,u1,u2, · · · ,uν ,y) for any (x,u1,u2, · · · ,uν ,y) ∈ X (ν+2), where

D(x,u1,u2, · · · ,uν ,y) = d(x,u1)+d(u1,u2)+ · · ·+d(uν ,y).

It is obvious that (X ,d) is a metric space iff (X ,d) is a 1-generalized metric space. We have studied
the topological structure of this space. Indeed, recent studies tell the following:
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• 1- and 3-generalized metric spaces have the compatible topology (see [8]).
• For any ν ∈ N \{1,3}, there exists a ν-generalized metric space which does not have the com-

patible topology (see [4, 8]).
• All ν-generalized metric spaces have the strongly compatible topology (see [6]).
• 2-generalized metric spaces have a sequentially compatible topology (see [7]).

In this paper, motivated by the above, we introduce the strongest sequentially compatible topology on
a ν-generalized metric space. We also discuss separation axioms for this topology.

2. PRELIMINARIES

In this section, we give some preliminaries.

Definition 2.1. Let X be a topological space with topology υ . Let d be a function from X×X into [0,∞).

• υ is said to be compatible with d if the following are equivalent for any net {xα} in X and x ∈ X :
∗ limα d(x,xα) = 0.
∗ {xα} converges to x in υ .

• υ is said to be sequentially compatible with d if the following are equivalent for any sequence
{xn} in X and x ∈ X :
∗ limn d(x,xn) = 0.
∗ {xn} converges to x in υ .

Let X be a nonempty set and let d be a function from X ×X into [0,∞). Define a subset S(x,δ ) of X
by

S(x,δ ) = {y ∈ X : d(x,y)< δ} (2.1)

for x ∈ X and δ > 0.

Theorem 2.1. Let (X ,υ) be a topological space and let d be a function from X×X into [0,∞). Then (i)
⇒ (ii)⇒ (iii) holds:

(i) υ is sequentially compatible with d.
(ii) For any open subset U of X, the following (A) holds:

(A) For any x ∈U, there exists δ > 0 satisfying S(x,δ )⊂U.
(iii) If a net {xα} satisfies limα d(x,xα) = 0 for some x ∈ X, then {xα} converges to x in υ .

Proof. We first prove (i) ⇒ (ii). Arguing by contradiction, we assume that there exist an open subset
U of X and x ∈U satisfying S(x,δ )\U 6= ∅ for any δ > 0. Then we can choose a sequence {xn} in X
satisfying xn ∈ S(x,1/n)\U . It is obvious that limn d(x,xn) = 0 holds. However, {xn} does not converge
to x in υ because {xn : n ∈ N}∩U = ∅ holds. So υ is not sequentially compatible with d. This is a
contradiction.

We next prove (ii)⇒ (iii). Let {xα} be a net satisfying limα d(x,xα) = 0 for some x ∈ X . Let U be an
open neighborhood at x. Then from (ii), there exists δ > 0 satisfying S(x,δ )⊂U . From limα d(x,xα)= 0,
there exists α0 such that α ≥ α0 implies d(x,xα)< δ . Thus, α ≥ α0 implies xα ∈ S(x,δ )⊂U . Therefore
{xα} converges to x in υ . �

Lemma 2.1 (Proposition 4.1 in [5]). Let (X ,d) be a ν-generalized metric space. Then (N3)k ν holds for
any k ∈ N. Thus, (X ,d) is a (k ν)-generalized metric space.
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Lemma 2.2. Let {xn} be a sequence in a ν-generalized metric space (X ,d). Then there exist a subse-
quence {yn} of {xn} and a subset Z of X such that either (a) or (b) holds:

(a): (a1)–(a3) hold.
(a1) liminfn d(u,yn)> 0 for any u ∈ X \Z.
(a2) limn d(z,yn) = 0 for any z ∈ Z.
(a3) #Z < ∞.

(b): (b1)–(b2) hold.
(b1) limn d(z,yn) = 0 for any z ∈ Z.
(b2) #Z = ∞.

Proof. Define a subsequence {x(1)n} of {xn} by x(1)n = xn and a subset Z1 of X by Z1 =∅. We assume
that we have defined a subsequence {x(k)n} and a subset Zk of X for some k ∈ N. We consider the
following two cases:

• liminfn d(u,x(k)n)> 0 for any u ∈ X \Zk.
• liminfn d(v,x(k)n) = 0 for some v ∈ X \Zk.

In the first case, we define {x(k+1)
n} and Zk+1 by

x(k+1)
n = x(k)n and Zk+1 = Zk.

In the second case, we choose a subsequence {x(k+1)
n} of {x(k)n} satisfying limn d(v,x(k+1)

n) = 0 and
we define Zk+1 by Zk+1 = Zk ∪{v}. By induction, we can define a sequence {x(k)n} of subsequences of
{xn} and a sequence {Zk} of subsets of X . Define a subsequence {yn} of {xn} and a subset Z of X by

yn = x(n)n and Z =
⋃
{Zk : k ∈ N}.

Then in the case where #Z < ∞, (a1)–(a3) obviously hold. In the other case, where #Z = ∞, (b1)–(b2)
obviously hold. �

Lemma 2.3. Let (X ,d) be a ν-generalized metric space and let {yn} and Z satisfy (b1)–(b2) of Lemma
2.2. Let x,y,z ∈ X satisfy z ∈ Z and

d(x,y)< inf
{

d(x,v) : v ∈ {yn : n ∈ N}∪{z}
}
.

Then

inf
{

d(y,v) : v ∈ {yn : n ∈ N}∪{z}
}
> 0 (2.2)

holds.

Proof. In the case where y = x, the conclusion obviously holds. So we assume y 6= x. Then it is obvious
that (x,y,z) ∈ X (3) holds. Arguing by contradiction, we assume that the left hand side of (2.2) equals 0.
From the assumption, we have y 6∈ {yn : n ∈N}∪{z}. So there exists a subsequence {y f (n)} of {yn} such
that y f (n) (n ∈ N) are all different and limn d(y,y f (n)) = 0 holds. Since #Z = ∞ holds, we can choose
z2, · · · ,zν ∈ Z satisfying (x,y,z1, · · · ,zν) ∈ X (ν+2), where we put z1 = z. Fix ε > 0. Then we can choose
µ ∈ N satisfying

{x,y,z1, · · · ,zν}∩{y f (m) : m≥ µ}=∅,

max{d(z j,y f (n)) : j = 1, · · · ,ν}< ε and d(y,y f (n))< ε
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for any n ∈ N with n≥ µ . By Lemma 2.1, we note that (N3)2ν holds. Since

(x,y,y f (µ+1), · · · ,y f (µ+ν),z1, · · · ,zν) ∈ X (2ν+2)

holds, we have by (N3)2ν

d(x,z)≤ D(x,y,y f (µ+ν),zν , · · · ,y f (µ+2),z2, f f (µ+1),z1)< d(x,y)+2ν ε.

Since ε > 0 is arbitrary, we obtain d(x,z)≤ d(x,y), which implies a contradiction. Therefore we obtain
(2.2). �

3. MAIN RESULTS

Throughout this section, we let (X ,d) be a ν-generalized metric space with ν ≥ 2. Let F be the set of
all functions from X into (0,∞). Define S(x,δ ) and T (x,δ ) by (2.1) and

T (x,δ ) = S(x,δ )\{x}

for x ∈ X and δ > 0. Define S(x, f ,δ ) and T (x, f ,δ ) by

S(x, f ,δ ) = S
(
x,min{ f (x),δ}

)
and T (x, f ,δ ) = S(x, f ,δ )\{x}

for x ∈ X , f ∈ F and δ > 0. Define U(x, f ,δ ,n) and U(x, f ) by

U(x, f ,δ ,n) =

S(x, f ,δ ), if n = 1,

S(x, f ,δ )∪
⋃{

U
(
y, f ,δ −d(x,y),n−1

)
: y ∈ T (x, f ,δ )

}
, if n > 1,

and
U(x, f ) =U

(
x, f , f (x),ν

)
for x ∈ X , f ∈ F , δ > 0 and n ∈ N. Let τ be a topology on X induced by a subbase

{U(x, f ) : x ∈ X , f ∈ F}.

Lemma 3.1. Let x ∈ X and f ,g ∈ F. Then the following hold:

(i) If f ≤ g holds, then U(x, f )⊂U(x,g) holds.
(ii) If the restrictions of f and g to U(x, f ) coincide, then U(x, f ) =U(x,g) holds.

Proof. Obvious. �

Lemma 3.2. Define V (x, f ,n) and V (x, f ) by

V (x, f ,n) =

S
(
x, f (x)

)
, if n = 1,

S
(
x, f (x)

)
∪
⋃{

V
(
y, f ,n−1

)
: y ∈ T

(
x, f (x)

)}
, if n > 1,

and
V (x, f ) =V

(
x, f ,ν

)
for x ∈ X, f ∈ F and n ∈ N. Then U(x, f )⊂V (x, f ) holds.

Proof. Obvious. �

Lemma 3.3. Let x ∈ X and f ∈ F. Then the following hold:

(i) For any z ∈U(x, f ), there exists ε > 0 satisfying S(z,ε)⊂U(x, f ).
(ii) For any z ∈U(x, f ), there exists g ∈ F satisfying U(z,g)⊂U(x, f ).
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Proof. We first show (i). We fix z ∈ U(x, f ). Then there exist k ∈ N∪ {0} and (u0, · · · ,uk) ∈ Xk+1

satisfying x = u0, z = uk,

d(u0,u1)< f (x),

d(u1,u2)< min{ f (u1), f (x)−D(u0,u1)},

d(u2,u3)< min{ f (u2), f (x)−D(u0,u1,u2)},
...

d(uk−1,uk)< min{ f (uk−1), f (x)−D(u0, · · · ,uk−1)}.

We consider the following four cases:

• k = 0 holds.
• 1≤ k < ν holds.
• k = ν holds and there exist i, j satisfying i < j and ui = u j.
• k = ν and (u0, · · · ,uν) ∈ X (ν+1) hold.

In the first case, we have S
(
z, f (z)

)
= S
(
x, f (x)

)
⊂U(x, f ). In the second case, we have

S
(
z,min{ f (z), f (x)−D(u0, · · · ,uk)}

)
⊂U(x, f ).

In the third case, since either the first or the second case holds for another (u0, · · · ,uk), there exists ε > 0
satisfying S(z,ε)⊂U(x, f ). In the fourth case, we put

ε := f (x)−D(u0, · · · ,uk)> 0.

Let w ∈ S(z,ε). In the case where w ∈ {u0, · · · ,uk}, it is obvious that w ∈U(x, f ). In the other case,
where w 6∈ {u0, · · · ,uk}, we note that u0, · · · ,uk,w are all different. So we have by (N3)ν

d(x,w)≤ D(u0, · · · ,uν ,w)< D(u0, · · · ,uν)+ ε = f (x).

Thus w ∈ S
(
x, f (x)

)
⊂U(x, f ). We have shown (i).

Let us prove (ii). By (i), there exists g ∈ F satisfying S
(
y,g(y)

)
⊂U(x, f ) for any y ∈U(x, f ). For

z ∈U(x, f ), we have U(z,g)⊂U(x, f ). �

Lemma 3.4. Let U be an open subset of (X ,τ). Then the following hold:

(i) For any x ∈U, there exists δ > 0 satisfying S(x,δ )⊂U.
(ii) For any x ∈U, there exists f ∈ F satisfying U(x, f )⊂U.

Remark 3.1. From (ii), {U(x, f ) : f ∈ F} is a neighborhood basis at x.

Proof. There exist k ∈ N, y j ∈ X and g j ∈ F ( j = 1, · · · ,k) satisfying

x ∈
k⋂

j=1

U(y j,g j)⊂U.

By Lemma 3.3 (ii), there exists f j ∈F satisfying U(x, f j)⊂U(y j,g j). Define f ∈F by f (u)=min{ f j(u) :
j = 1, · · · ,k}. Then we have

U(x, f )⊂
k⋂

j=1

U(x, f j)⊂
k⋂

j=1

U(y j,g j)⊂U.

We have shown (ii). It is obvious that (i) follows from (ii). �
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Lemma 3.5. Let U be a subset of X. Then U is open in τ iff (A) holds.

Proof. We assume that U is open in τ . Then by Lemma 3.4 (i), (A) holds. Let us prove the converse
implication. We assume that (A) holds, that is, there exists f ∈ F satisfying S

(
x, f (x)

)
⊂U for any x∈U .

Then it is obvious that U(x, f )⊂U for any x ∈U . Thus we obtain⋃
{U(x, f ) : x ∈U}=U.

Therefore U is open in τ . �

Let f be a function from X into R and define f̄ ∈ F by

f̄ (x) =

 f (x), if f (x)> 0,

1, if f (x)≤ 0.

We extend the domain of U as follows: For x ∈ X , we define U(x, f ) by U(x, f ) = U(x, f̄ ) provided
f (y) > 0 holds for any y ∈U(x, f̄ ). By Lemma 3.1 (ii), we note that the characteristics of U does not
change at all. Similarly we extend the domain of V .

The following two lemmas play a very important role in the proof of our main result.

Lemma 3.6. Let x ∈ X, let {yn} be a sequence in X and let Z be a subset of X satisfying (b1)–(b2) of
Lemma 2.2. Fix z ∈ Z. Define a function f from X into [0,∞) by

f (u) = inf
{

d(u,v) : v ∈ {yn : n ∈ N}∪{z}
}
/2.

Then the following hold:

(i) If f (x)> 0 holds, then f (y)> 0 holds for any y ∈ S
(
x, f (x)

)
.

(ii) If f (x)> 0 holds, then f (u)> 0 holds for any u ∈U(x, f ) and {yn : n ∈N}∩U(x, f ) =∅ holds.

Proof. We first prove (i). Fix y ∈ S
(
x, f (x)

)
. Since

d(x,y)< f (x)< inf
{

d(x,v) : v ∈ {yn : n ∈ N}∪{z}
}

holds, by Lemma 2.3, we have

2 f (y) = inf
{

d(y,v) : v ∈ {yn : n ∈ N}∪{z}
}
> 0.

Thus, (i) holds.
Let us prove (ii). Define V as in Lemma 3.2. From (i), f (u1) > 0 holds for any u1 ∈ S

(
x, f (x)

)
. So

by (i) again, f (u2)> 0 holds for any u2 ∈ S
(
u1, f (u1)

)
. Continuing this argument, we have f (u)> 0 for

any u ∈V (x, f ). Also, we have shown that (x, f ) belongs to the extended domain of V . By Lemma 3.2,
we have f (u) > 0 holds for any u ∈U(x, f ), which implies ({yn : n ∈ N}∪{z})∩U(x, f ) = ∅. Hence
{yn : n ∈ N}∩U(x, f ) =∅ holds. �

Lemma 3.7. Let x ∈ X, let {yn} be a sequence in X and let Z be a subset of X satisfying (a1)–(a3) of
Lemma 2.2. Define a function f from X into [0,∞) by

f (u) = inf
{

d(u,v) : v ∈ {yn : n ∈ N}∪Z
}
/2.

Then the following hold:

(i) If inf{d(x,yn) : n ∈ N}> 0 holds, then f (x)> 0 holds.
(ii) If f (x)> 0 holds, then f (y)> 0 holds for any y ∈ S

(
x, f (x)

)
.
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(iii) If inf{d(x,yn) : n ∈ N} > 0 holds, then f (u) > 0 holds for any u ∈U(x, f ) and {yn : n ∈ N}∩
U(x, f ) =∅ holds.

Proof. In order to prove (i), we assume inf{d(x,yn) : n ∈ N} > 0. Then x ∈ X \Z holds. From (a3), we
have f (x)> 0. Thus, we have shown (i).

We next prove (ii). Assume f (x)> 0 and fix y ∈ S
(
x, f (x)

)
. Then since

d(x,y)< f (x)< inf
{

d(x,v) : v ∈ {yn : n ∈ N}∪Z
}

holds, y 6∈ {yn : n ∈ N}∪Z holds. Since y ∈ X \Z holds, from (a1), we have liminfn d(y,yn)> 0. Hence
inf{d(y,yn) : n ∈ N}> 0 holds. So by (i), we obtain f (y)> 0. Thus (ii) holds.

Let us prove (iii). Assume inf{d(x,yn) : n ∈ N} > 0. Then by (i), we have f (x) > 0. Using (ii), we
can obtain the desired result as in the proof of Lemma 3.6. �

Now we can prove our main result.

Theorem 3.1. τ is sequentially compatible with d.

Remark 3.2.

• By Theorem 2.1 and Lemma 3.5, τ is the strongest topology that is sequentially compatible with
d.
• Theorem 3.1 is independent of Lemma 9.3 in [2] because in page 426 of [2] we assume that X is

regular and T1.

Proof. Let {xn} be a sequence in X and let x ∈ X . Let us prove that the following are equivalent:

(i) limn d(xn,x) = 0.
(ii) {xn} converges to x in τ .

We first prove (i)⇒ (ii). We assume limn d(xn,x) = 0. Let U be an open subset of (X ,τ) containing x.
Then by Lemma 3.4 (i), there exists δ > 0 satisfying S(x,δ )⊂U . From (i), there exists µ ∈ N such that
n≥ µ implies d(xn,x)< δ . So

xn ∈ S(x,δ )⊂U

holds for n ∈ N with n≥ µ . Therefore {xn} converges to x in τ .
Next, in order to prove (ii) ⇒ (i), we assume that limsupn d(xn,x) > 0. We choose a subsequence

{xg(n)} of {xn} satisfying inf{d(x,xg(n)) : n ∈N}> 0. By Lemma 2.2, there exists a subsequence of {yn}
of {xg(n)} and a subset Z of X satisfying either (a1)–(a3) or (b1)–(b2) hold. We note that {yn} is also a
subsequence of {xn}. We will show the following:

(B) There exists a function f from X into [0,∞) satisfying U(x, f )∩{yn : n ∈ N}=∅.

In the case where (a1)–(a3) hold, define a function f as in Lemma 3.7. Then since inf{d(x,yn) : n∈N}>
0 holds, we obtain (B) by Lemma 3.7 (iii). In the other case, where (b1)–(b2) hold, since #Z = ∞ ≥ 2
holds, we can choose z ∈ Z with z 6= x. Define a function f as in Lemma 3.6. Then f (x) > 0 obviously
holds. So, by Lemma 3.6 (ii), we obtain (B). Therefore we have shown (B) in all cases. Since U(x, f ) is
a neighborhood of x, {xn} does not converge to x in τ . Therefore we have shown (ii)⇒ (i). Thus, τ is
sequentially compatible with d. �

Theorem 3.2. Every ν-generalized metric space (X ,d) has a sequentially compatible topology with d.
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Theorem 3.3. Let (X ,d) be a ν-generalized metric space. Then the following are equivalent:

(i) X has the compatible topology with d.
(ii) τ is the compatible topology with d.

(iii) For any x ∈ X and δ > 0, there exists an open neighborhood U at x in τ satisfying U ⊂ S(x,δ ).

Proof. (i) ⇒ (ii): We assume that a topology υ is compatible with d. Then since τ is the strongest
topology that is sequentially compatible with d, we note that τ is stronger than υ . Let {xα} be a net
converging to x ∈ X in τ . Then {xα} converges to x in υ . From (i), limα d(x,xα) = 0 holds. On the other
hand, by Theorem 2.1 (iii), we obtain the converse implication. Thus, τ is compatible with d.

(ii)⇒ (i): Obvious.
(ii)⇒ (iii): Arguing by contradiction, we assume that (iii) does not hold. Then there exist x ∈ X and

δ > 0 such that for any open neighborhood U at x in τ , there exists xU ∈U \S(x,δ ). Then the net {xU}
converges to x in τ . So we have by (ii)

0 < δ ≤ limU d(x,xU) = 0,

which implies a contradiction.
(iii)⇒ (ii): Let {xα} be a net converging to x in τ . Fix δ > 0. Then from (iii), there exists an open

neighborhood U at x in τ satisfying U ⊂ S(x,δ ). There exists α0 such that for any α ≥ α0, we have
xα ∈U ⊂ S(x,δ ) and hence d(x,xα)< δ . Therefore we obtain limα d(x,xα) = 0. On the other hand, by
Theorem 2.1 (iii), we obtain the converse implication. Thus, τ is compatible with d. �

4. SEPARATION AXIOMS

In this section, we discuss separation axioms.
We recall that a topological space X is said to be a T1 space if for any two distinct points x and y in X ,

there exist open subsets U and V of X satisfying x ∈U , y ∈V , y 6∈U and x 6∈V . A T1 space is also called
an accessible space or a Fréchet space. It is well known that X is T1 iff for any x ∈ X , the singleton set
{x} is closed.

We recall that X is said to be a T2 space if for any two distinct points x and y in X , there exist open
subsets U and V of X satisfying x ∈U , y∈V and U ∩V =∅. A T2 space is also called a separated space
or a Hausdorff space.

Theorem 4.1. Let (X ,d) be a ν-generalized metric space and let υ be a topology on X which is sequen-
tially compatible with d. Then (X ,υ) is T1.

Proof. Fix x ∈ X and define a sequence {xn} in X by xn = x. Then we have limn d(y,xn) = d(y,x)> 0 for
any y ∈ X \{x}. Hence {xn} does not converge to y in υ . There exist an open neighborhood Vy at y and
a subsequence { f (n)} of {n} satisfying x f (n) 6∈Vy. Thus, x 6∈Vy holds. We have

X \{x}=
⋃{

Vy : y ∈ X \{x}
}
.

Hence X \{x} is open. We have shown that {x} is closed. �

Theorem 4.2. Let (X ,d) and υ be as in Theorem 4.1. Then (i)⇒ (ii)⇔ (iii) holds:

(i) (X ,υ) is T2.
(ii) If limn d(xn,x) = 0 holds for some x ∈ X, then liminfn d(xn,y)> 0 holds for any y ∈ X \{x}.
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(iii) If limn d(xn,x) = limn d(xn,y) = 0 holds for some x,y ∈ X, then x = y holds.

Proof. We first show (i)⇒ (ii). We assume (i), limn d(xn,x) = 0 and y ∈ X \{x}. Then we note that from
the assumption, {xn} converges to x in (X ,υ). From (i), there exist open subsets U and V of X satisfying
x ∈U , y ∈ V and U ∩V = ∅. By Theorem 2.1 (ii), we can choose δ > 0 satisfying S(y,δ ) ⊂ V . Since
xn ∈U holds for sufficiently large n ∈ N, we have xn 6∈ S(y,δ ) for sufficiently large n ∈ N. Thus

liminf
n→∞

d(xn,y)≥ δ > 0.

We have shown (i)⇒ (ii). We can easily prove (ii)⇔ (iii). �

In the case where ν ≤ 3 and υ = τ , (i)–(iii) of Theorem 4.2 are equivalent. See [7, 8]. Motivated by
this fact, we will show that there exists a counterexample in the case where ν ≥ 8.

Lemma 4.1. Let X be a set. Let a,b ∈ X and let A and B be two nonempty subsets of X with

X = {a}t{b}tAtB,

where ‘t’ represents ‘disjoint union’. Let S be a mapping from B into A. Let M be a positive real number
and let f be a function from A into (0,M]. Let g and h be functions from B into (0,M]. Define a function
d from X×X into [0,∞) by

d(x,x) = 0,

d(a,x) = d(x,a) = f (x), if x ∈ A,

d(b,y) = d(y,b) = g(y), if y ∈ B,

d(Sy,y) = d(y,Sy) = h(y), if y ∈ B,

d(x,y) = M, otherwise.

Then (X ,d) is a ν-generalized metric space for ν ≥ 8.

Remark 4.1. Let (a,b,y1,y′1,y2,y3,Sy1,Sy2,Sy3) ∈ X (9) satisfy {y1,y′1,y2,y3} ⊂ B and Sy′1 = Sy1. Then
we have

D(y1,Sy1,y′1,b,y2,Sy2,a,Sy3,y3)

= h(y1)+h(y′1)+g(y′1)+g(y2)+h(y2)+ f (Sy2)+ f (Sy3)+h(y3).

So, there is possibility that (X ,d) is not a ν-generalized metric space for ν ≤ 7.

Proof. Fix ν ∈N with ν ≥ 8. From the above observation, for any (u1, · · · ,uν+2)∈ X (ν+2), we can easily
prove

d(u1,uν+2)≤M ≤ D(u1, · · · ,uν+2),

though its proof is not short. Thus, (X ,d) is a ν-generalized metric space for ν ≥ 8. �
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Example 4.1. Put X = {a}t{b}t
(
(0,1]× [0,1]

)
. Define a function d from X×X into [0,∞) by

d(x,y) = d(y,x) =



0, if x = y,

s, if x = (s,0), y = a,

s+ t, if x = (s, t), y = b,

t, if x = (s,0), y = (s, t),

2, otherwise,

where s, t ∈ (0,1]. Then the following hold:

(i) (X ,d) is a ν-generalized metric space with ν ≥ 8.
(ii) U(a, f )∩U(b,g) 6=∅ for any f ,g ∈ F .

(iii) (X ,τ) is not T2, where τ is the topology defined in Section 3.
(iv) (X ,υ) is not T2 for any sequentially compatible topology υ with d.
(v) (iii) of Theorem 4.2 holds.

(vi) U(a, f )⊂ S(a,1) does not hold for any f ∈ F .
(vii) The compatible topology with d does not exist.

Proof. By Lemma 4.1, (i) holds. (iii) follows from (ii). Also (iv) follows from Remark 3.2. We can
easily prove (iii) of Theorem 4.2. (vii) follows from (vi) and Theorem 3.3.

Let us prove (ii). Fix f ,g ∈ F . Then by Lemma 3.3 (i), there exist δ1,δ2 ∈ (0,1) satisfying S(b,δ1)⊂
U(b,g) and S(a,δ2)⊂U(a, f ). Fix s with 0 < s < min{δ1,δ2}. Using Lemma 3.3 (i) again, there exists
δ3 ∈ (0,s) satisfying S

(
(s,0),δ3)⊂U(a, f ). We have

{s}× (0,min{δ1− s,δ3}) = S(b,δ1)∩S
(
(s,0),δ3)

⊂U(b,g)∩U(a, f ).

We have shown (ii). We also obtain (vi). �

Remark 4.2. We do not know whether (i)–(iii) of Theorem 4.2 are equivalent in the case where 4≤ ν ≤ 7
and υ = τ .

5. OBSERVATION

We finally observe how f of U(x, f ) works.
Let (X ,d) be as in Example 4.1 and define a topology τ as in Section 3. Define W (x,δ ) by

W (x,δ ) =
⋃{

S
(
y,δ −d(x,y)

)
: y ∈ S(x,δ )

}
for x ∈ X and δ > 0. W (x,δ ) seems to be more natural than U(x, f ), however W (x,δ ) does not work in
our purpose. Indeed, let {sn} and {tn} be sequences in (0,1] converging to 0. Define a sequence {yn}
in X by yn = (sn, tn). Then d(a,yn) = 2 holds. However, for any δ > 0, there exists µ ∈ N satisfying
yn ∈W (a,δ ) for n≥ µ because

D
(
a,(sn,0),yn

)
= sn + tn

holds. On the other hand, let f ∈ F satisfy f (a) = s1, f
(
(s, t)

)
< t and

f
(
(s,0)

)
< min

{
s,s1− s,min{tn : sn ≥ s}

}
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for s ∈ (0,s1) and t ∈ (0,1]. Then we have

U(a, f ) = S(a,s1)∪
⋃{

S
(
(s,0), f (s,0)

)
: 0 < s < s1

}
.

Therefore U(a, f )∩{yn : n ∈ N}=∅ holds.
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