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A NEW ITERATIVE SCHEME FOR THE SUM OF INFINITE M-ACCRETIVE MAPPINGS
AND INVERSELY STRONGLY ACCRETIVE MAPPINGS AND ITS APPLICATIONS
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Abstract. In this paper, a new iterative scheme for approximating zero points of the sum of infinite m-accretive mappings
and p;-inversely strongly accretive mappings in Hilbert spaces is presented. A strong convergence theorem is established.
Computational experiments are conducted to verify the effectiveness of the iterative scheme. The applications of the new
iterative scheme to nonlinear p;-Laplacian parabolic and elliptic systems are demonstrated.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we always assume that H is a real Hilbert space, whose inner product and norm
are denoted by (-,-) and || - ||. It is easy to check that, for Vx,y € H and A € [0,1],

1A+ (1= )yl = AlJxl + (1= A)y]* = A (1= A) e =y

We denote by ” — ” and ” — ” strong and weak convergence in H, respectively. It is well-known that
Hilbert space satisfies the Opial’s condition [6] in the sense that

liminf ||x, —x|| < liminf jx, — y||,
n—>o0 n—oo

for {x,} C H withx, — xand y # x.
Let C be a nonempty closed convex subset of H. For Vx € H, there exists a unique element in C,
denoted by Pcx, such that
= Pex|) < Jx—yll, Vyec.
In this case, Fc is called the metric projection from C onto H.
Assume A : D(A) C H — H is a mapping. Then A is said to be
(i) a contraction if there exists a constant k € (0, 1) such that

|Ax —Ayl| < kllx—yl[, Vx,y € D(A);
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(i1) nonexpansive if
[Ax—Ay|| < [lx—yll, Vx,y € D(A);

(iii) accretive if for x,y € D(A), (x —y,Ax —Ay) > 0;

(iv) m-accretive if A is an accretive mapping and R(I + AA) = H, VA > 0;

(v) strongly accretive if (x —y,Ax —Ay) > u|lx—y||?, Vx,y € D(A) and u > 0;

(vi) p-inversely strongly accretive if (x —y, Ax — Ay) > u||Ax —Ay||?, Vx,y € D(A) and u > 0;
(vii) strongly positive ([4]) if there exists 7 > 0 such that

(x,Ax) > 7|x[?, VxeD(A).

In this case,

lal = bA| = sup [{(al —bA)x,x)],

lxll<1
where [ is the identity mapping, a € [0,1] and b € [—1,1].
For nonlinear mapping A, we denote by N(A) the set of zero points of A, that is, N(A) = {x € D(A) :
Ax =0}. We denote by F(A) the set of fixed points of A, that is, F(A) = {x € D(A) : Ax = x}.
Many practical problems can be reduced to finding the solution of the following inclusion problem

Ax+Bx >0,

where A is m-accretive and B is p-inversely strongly accretive. In other words, finding zero point of
the sum of an m-accretive mapping and a u-inversely strongly accretive mapping. Later, this problem is

extended to the following one:

Ax+Bix>0,
where A; is m-accretive and B; is ;-inversely strongly accretive, fori=1,2,--- ;mori € N={1,2,---}.
Related work can be found, e.g., [5, 7, 8, 9, 10, 11, 12]. Inspired by these work, we shall present a

new iterative scheme in this paper, do computational experiment to verify the feasibility of the iterative
scheme and discuss the applications of the iterative scheme.

2. MAIN RESULTS

Lemma 2.1. [1] If H is a Hilbert space and f : H — H is a contraction, then there exists a unique
element u € H such that f(u) = u.

Lemma 2.2. [13] For Vx € H and Vy € C,
[Pex =y + | Pex —x||* < [ly — x|,

Lemma 2.3. [13] If A : H — H is m-accretive, then (I +rA)~" is nonexpansive and F((I+rA)~") =
N(A).

Lemma 2.4. [2] Let C be a nonempty closed and convex subset of Hilbert space H. Let T,,, : C — C be a
nonexpansive mapping for eachm € N. Let {a,, } be a real number sequence in (0,1) such that} . _, ay =
1. Suppose that (,,_, F(T,,) # 0. Then the mapping Y, am Ty, is nonexpansive with F (Y, anTy) =
=1 F (Tn)-
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Theorem 2.1. Let H be a Hilbert space. Let A; : H — H be m-accretive mappings and let B; : H — H be
W-inversely strongly accretive mappings, fori € N. Let f : H — H be a contraction with k € (0,1) and let
T : H — H be a strongly positive linear bounded operator with coefficient y. Suppose (- N(A; + B;) #
0. Let {x, } be generated by the following iterative scheme:

.
x1 € H is given arbitrarily,

up = N f(xn) + ([ — 0, T)xp,
Yn = ﬁnun + 0, Z(z)ozl an,i(l'i‘rn,iAi)il(l_ rn,iBi)(@) +A'n8n7
H1 = H,

14 Bu—n
Hyrr = {v € Hy: [lyn—v|? < 2852wy — vl + 25 [len —vI2),

2.1)

Xp+1 :PHH.(Xl); neN.

Suppose that {€,} C H is the error sequence, {,},{Bn},{0:} and {A,} are four sequences in (0,1),
{rni} and {u;} are two sequences in (0,+o0). Furthermore, the following conditions are satisfied:

() B+ +A=1;

(ii) o, =+ 0, A, — 0, 6, = 0,

(i) 0 < m < X

(iv) Y2 jani=1,n€N; (v) rp; <21, i € N, n € N; (vi) ||&,|| < M, where M > 0 is a constant. Then
Xn = PO, Un = PO, Yo — P0, aS 1 —> o0, where po = P n(a,+8,) (*1)-

Proof. We split the proof into nine steps.
Step 1. Show that Y7 ; a, (I + r,u-A,-)*1 (I — ryB;) is nonexpansive.
Since r,,; < 2u; we find that, for x,y € H,
[(1 = riBi)x — (I = raBi)y||> = [|(x = y) = rai(Bix — Biy)||>
= |lx = y||* = 2rni{x — y,Bx — Biy) + 17 ;| Bix— Biy|®
< [be=yI1* + 7 il|Bix = Biyl|* = 2r,itti || Bix — Biy||?
< [yl
which ensures that (I — r,,;B;) is nonexpansive, Vi,n € N. Using Lemma 2.3 and Lemma 2.4, one sees
that }'7° ; a, i (I+ r,,,,-A,-)_l (I —ry;B;i) : H— H is nonexpansive since } ;- a,; = 1, foralln € N.

Step 2. Show that {y, } is well defined.
Assume that U : H — H is nonexpansive. Define W : H — H by

W(x):sy—HU(%)—k(l—s—t)v.
For Vx,z € H and t,s € (0,1), we have
xX+y z+y t
— <t||—— — —|| = = — .
W) Wl <52 -2 = D

It follows that W is a contraction, which implies from Lemma 2.1 that there exists a unique x € H such
that W (x) = x. From Step 1, we know that {y, } is well defined.
Step 3. Show that {x, } is well defined.
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It suffices to prove that H, is nonempty closed and convex subset of H, for all n € N. In fact, one has

1+B,— A 22,

L A e e &
& I3l = 2030,9) + ]2

1+B,— 4 22,

< LB (2~ 2+ V1) + 5l — 240, + )

2—9, 2-9,
- — > -2
B a2+ 52 el — ol 2 (4 2 PR ),

which implies that H,, is closed and convex subset of H foralln € N.
Next, we shall use the inductive method to show that @ # (., N(A; + B;) C H,, foralln € N.
Note that ;2 N(A; + B;) # 0. Taking p € (= N(A; + B;), we find from Step 1 that

oo

Iv1 = pII* < Bulluy — pl> + 61 Y, arill(T+ riAi) ™' (I — riiBi)(
i—1

=

up+yi
2

)= plI? +Aillen - pl?

21+ 6 4l
< Sl = plIP+ v = Pl + Aaller = .
Thus ||y, — p||* < %Hm -pl*+ 22_/1(‘31 ller — p||?, which implies that p € H>.

Suppose that p € H,, ;. From (2.1), one has

||yn+l _pH2 S Bn+l||un+l _p||2+ln+l||8n+l _pH2

Upt1 +)’n+1)

+5n+1HZan+1,i(1+rn+1,iAi)7l(1—rn+1,iBi)( >

i=1

nt i (T4 Fus1 iAD) (1= ras1,iBi) Pl
1

(=)

=

2Bns1 + Onsi Ont1
< 5 " i1 — p|I*+ n2 Va1 =PI+ Aus1 || €041 — P>
It follows that
14+ Bous1 — Anti 2041
ner = pl? < —5s— H'” n1 —p||2+72_'g+1 l&ns1 — plI?,
n n

which implies that p € H,.». Therefore, by induction, one has @ # (= ; N(A; + B;) C (- H,. All of
the above ensures that {x,} is well defined.
Step 4. Show that {x, },{y,} and {u,} are all bounded.
Note that x,, | = Py, (x1). From definition of the metric projection, we have, for Vp € N N(A; +
B;) C (- Hy, that ||x,1 —x1]| < ||p —x1]|, which implies that {x, } is bounded. Since
[lun = Pl = [ f (xa) = ) f(P) ]| + [ S (P) ]|+ [%n ]l + 00| T 0] +- | P
< ounkllxn = pll 4 0 £ ()1 + [1xall 4 0l Toxa || + [[ 2]

one obtains that {u, } is bounded. Since

14+ B, — Ay
2—94,
< lun = plI*+ & — P,

An

2 2
up —p||~+ &—p
ln =PI+ 55 llen =

lyn = pII* <

one obtains that {y,} is bounded.
Step 5. Show that x,, —x,+1 — 0, u, —x, = 0, y, —u, — 0, as n — oo,
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Since x,, = Py, (x1) and x,11 € H,+1 C H,, one sees that ||x, —x; || < |[x,+1 —x1]| for all » € N. Com-
bining with the fact that {x,} is bounded, we have that lim,,_,c ||x, — x; || exists. Using lemma 2.2, we
find that

e = g 12 o = x| < s = |2
Thus lim, e [[X, — X4+1]] = 0. Since o, — 0 and both {x,} and {Tx,} are bounded, then u, —x, =
o, (N f(xy,) —Tx,) — 0as n — oo. Since A, — 0 and u, — x,, — 0, we find from 2.1 that

1—A+ 2,
e Y
n n
as n — oo. Thus lim,, . ||x, — yu|| = 0.
Step 6. Show that {x, } is a Cauchy sequence.
Lemma 2.2 implies that,
10 = Xl > < [Xpm = 51|12 = [0 =21 [|>,  VmeEN. 2.2)

If, {x,} is not a Cauchy sequence, then there exists & > 0 and two subsequences {n;} and {my;} of {n}
such that
Hxnk—Hm _xnkH > &, VkeN.
Noticing (2.2) and the fact that lim,_,. ||x, — x; || exists, we have
||xnk _xnk+1nk||2 < ||xnk+mk —X1H2 - ||x”lk —X ”2 = ”xnk+mk —X ||2 _]}E;[; Hxnk+mk —X ||2

+ lim [|x,, —x; H2 — [|xn, — 21 ||2 — 0,
k—yoo

as k — oo. This makes a contradiction! Thus {x,} is a Cauchy sequence.

Step 7. Show that x, — po € (i~ N(A; + B;) as n — oo.

Since {x,} is a Cauchy sequence, one sees that there exists a unique py € H such that x, — po as
n— oo, If, (A; 4+ B;) po # 0, then Lemma 2.4 implies that po # Y.;° | a, (I + r,,,iAi)_l (I—rniBi)po,n €N.
Since A, — 0, y, —u, — 0, and &, —~ 0, we find from (2.1) that

2

]

3 - +u A’
[Zan’i(l_'_rn’iAi) l(l_rn:iBi)(yn 'l) _yn] = &(yn_un)—F—n()}n_sn) — 0,
i=1 2 5, 5.
as n — oco. Combining with Step 5, we arrive at
y - tu +u
i (1 + riAd) " (I = By (B tmy — 20T g

i 2

as n — oo, Moreover,

y - Xn+ Xn+
Y a0 i)™ (= B) () = 22|
i=1
3 -1 Xpn+Yn = » -
< H Zan7i(1+rn7iAi) (1— }’miBi)( 2 ) - Za"7i(l+rn,iAi) (1_ rn,iBi)( 5 )”
i=1 =
3 - +u u, +
+||Zanai(l+rn,iAi) 1(I—rn?iBi)(y” 5 ny_ n2)’nH

i=1
Uy, +y Xn+Y
- -1
< 1xn — un || + || Zdn,i(1+rn,iAi) (I —rniBi)(
i=1

yn+un)_ Up +Yn

; 2o,
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as n — oo. Using the Opial’s condition, we have

liminf]| 2% _ g
n—oo

S = _
< liminf|| Ty — ¥ @i+ 1 iAd) (= riB) po
i=1

n—o

oo

— Zam(l—i- rmAi)*l (I - rn7iBi)(
i=1

Xn+Yn
2

xn +)7n)H
2

< liminf |
n—soo

Xn+Yn
2

)= Y ani(I+ raiAi) ™ (I = rniBi)pol|

—{—llr{I_lil;lf” Zan,i(l—}— r,u'A,-)_l (I— rmiB,-)(
i=1 i=1

Xn+Yn

< liminf | —poll,
n—oo

which makes a contradiction! Thus

Po= Zan,i(lJrrn,iAi)_l(I* rn,iBi)po,n € N.
i=1

Then po € ;2 N(A;i + Bi).
Step 8. Show that pg = Pn=, n(a,+8,) (1), Where py is the same as that in Step 7.
Since H; C H;, for Vj > i > 0, one has

i, (1) =0 1 < 1P er) =] < - < 1Pagy (1) =0 1 < 1B, (1) =
Since N~ N(A; + B;) C\,—; Hy, one has
|po—x1]| = lim [lx, —x1|[ = Lim || Py, (x1) — x|
n—roo Nn—oo

<|Pre m,(x1) —xill = min - lx—x]]

n=14n
< HPﬂ}m:]N(AhLBi) (xl) — X1 ||

Since po € Ni—; N(A; + B;), we find from Lemma 2.2 that
2 2 2 2
1P v (1) = poll™ + 1Phz weagsy (61) = x| < [l = poll™ < l1Ph a8 (1) — x|

Thus po = Pn= |, na+8;) (X1)-
Step 9. Show that u, — po and y, — po, as n — oo, where po = Pn=, n(4,+8;)(x1) is the same as that in
Step 7 or Step 8.
It follows from the results of Step 5, Step 7 and Step 8.
This completes the proof.
O

Remark 2.1. Three sequences are proved to be strongly convergent to the zero point of the sum of A; 4 B;
for i € N. Compared with [5, 7, 8, 9, 10, 11], different iterative scheme is constructed, which leads to
different proof techniques. Compared with [12], computational experiment is conducted and {u,} is
concerned in the iterative scheme which makes the difference between ours and that in [12] although the
proof technique is similar.

Remark 2.2. Next, we shall provide numerical experiments to show our iterative scheme is effective. In

our numerical experiment, we consider the case of H = (—oo,+0). Take f(x) = 5, Tx = 7, Aix = Bix =
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2ix, forx € H and i € N. Then N N(A; + B;) = {0}. Take ot, = 1, B, = A,
1
2n+27k_ 2 Y_ 6’" =

n+1

1 .
7291 = i)

= —— ]/'nJ-:

2"+2)

ﬁandui—wwherez neN.

351

2l .
O = 3ri7:6n =

Then, for iterative scheme (2.1), if choose x; = 4.5, we can see the results of convergence of the
sequences {x, },{y},{un} in Table 2.1 and Figure 2.1.

Table 2.1 Numerical Results of {x,}, {y,} and {u, } with Initial x; = 4.5

n Xn Y U

1 4.50000000000000  1.09183673469388  3.69642857142857
2 2.68624509511462  1.10580819987444  2.44640178305081
3 2.17785721635672  1.26813714353246  2.04822285824025
4 4.19596077779728  3.05684824566802  4.00864110021705
5 —0.5302647763283 —0.4414336267721 —0.5113267486023
6 —0.0428134368121 —0.0383095512662 —0.0415392273832
7 —0.00279357484097 —0.002562130789  —0.0027233101767
8 —0.00023431533088 —0.000209846019 —0.00022908507796
9 —0.00015530415628 —0.000146987446 —0.00015222272460
10 —0.00002993534751 —0.000028310736 —0.00002940078773
11 —0.00001736305066 —0.000016801977 —0.00001708118296
12 —0.00000372243073 —0.000003603064 —0.00000366703741

Figure 2.1 Convergence of {x,}, {y,} and {u, } with Initial x; = 4.5

Remark 2.3. All codes are written in Visual Basic Six in the numerical experiments.

3. APPLICATIONS

In this section, we have two purposes: one is to show that the topic to discuss the zero point of the sum

of infinite m-accretive mappings and infinite (;-inversely strongly accretive mappings is meaningful. The

other is to show the effectiveness of our proposed iterative scheme.

Now, suppose that E is a real Banach space with E* its dual space. Let (-,

duality pairing between E and E*.

-) denote

the generalized

Definition 3.1. [3] Recall that J : E — 2F is called the normalized duality mapping if Vx € E,

Jx={fE€E" : (x.f) =

lel* =

17117}

Definition 3.2. [3] Recall that B: E — E* is said to be a monotone operator if Vx; € D(B),i = 1,2,

Monotone operator B is said to be maximal monotone if R(J + rB)

(X1 — x2,Bx]

— BXQ> Z 0.

=E*,Vr>0.
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Definition 3.3. [3] Recall that B: E — E* is said to be coercive if {x,} C D(B) with lim,,_,c ||, || = 4o,

(%n,Bxy) = 4oo

then lim,,_ 0 o

Definition 3.4. [3] F : D(F) = E — E* is said to be a hemi-continuous mapping if F(x+1ry) — Fx, as
t—0,Vx,y€E.

Definition 3.5. [3] @ : E — (—oo,+o9] is said to be a proper convex functional if there exists ug € E
such that ®(up) < +oeoand @((1 —A)u+Av) < (1 —A)P(u) +AP(v), Vu,v € Eand A € [0,1]. P: E —
(—o0,4-00] is said to be lower-semi-continuous: liminf,_,, ®(y) > ®(x),Vx € E. d® : E — E* is called
the subdifferential of & if

0P(u)={weE" :Pu)—o(v)<{(u—v,w), WeE}, VYuckE.
Example 3.1. The following p;-Laplacian parabolic systems can be found in [12]:

QD) _ iy [(C(x,1) + [ValD[2) ¥ [Vu® =1 vy 0]

el 97200 4 g (v, u (x,1), VD (x,0)) = f(x,1), (x,1) € (0, T),
— <, (Ci(x,0) + |[VuD Y2 | Va1Vl > Be(u®(x,1)), (x,6) €T x (0,T),
u®(x,0) = u)(x,T), i €N.

In (3.1), Q is bounded conical domain in RV with I" € C!. ¥ is the the exterior normal derivative of .

3.1

€ is a nonnegative constant and 7 is a positive constant.
ou® 9uld ou)
e owm
x=(x1,x2, - ,xy) € Q. B, is the subdifferential of ¢,, where ¢, = @(x,-) :R— R, Vx €. 0 < Ci(x,1) €
V= LPi(0,T;WhPi(Q)), 0 4 f(x,1) €W :=L*(0,T;L%(Q)), mi+s;+1 = p;and m; > 0,i € N.

The discussion of (3. l) is based on the following assumptions:

(O {pi}z o satisfies ;2 N+1 < pi < oo, {ui Y, € (0,1], {gi ), satisfies 2 N+1 < gi <min{p;, pi} < +oo.
E+17f_ 1, 5+q7_ 1,i e N.

(2) Green’s formula is available.

vul) =

B)VxeT, ¢, = @(x,-) : R— R is a proper and lower-semi-continuous mapping and ¢,(0) = 0.

4) 0 B.(0),Vt €R, x T — (I+AB;)~'(¢) €R is measurable for A > 0.

(5) g : Q x RN*! 5 R satisfies the following:

(5.1) Carathéodory’s condition;

(5.2) |g(x,r1,-,rne1))? < |h(x,1)|? +b|ri|?, where (r1,72,-- ,rne1) € RVTL, x € Q, h(x,t) €W, b
is a positive constant;

(5.3)g(x, 71, rne1) —g(x,ty, - s tn1) > (1 —t1), Vx € Qand (ry, -+~ ,rv 1), (t1, -+ ,tv1) €RVTL

(5.4) g(x,0,---,0) =0, Vx € Q.

Lemma 3.1. [12] Define B; : V; — V;* by
(w, Biu) / / i(x, 1) + | Vul?) 2 '|Vu]m"_1Vu,Vw)dxdt

+8/ /|u\q"72uwdxdt, Yu,w e V.
0 JQ

Then B; is everywhere defined, hemi-continuous, monotone and coercive, fori € N.
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Definition 3.6. [12] Define ®; : V; — R by ®;(u) = fOT Jr @« (u|r(x,1))dl(x)dz Yu(x,t) € Vi, i € N.

Definition 3.7. [12] Define S; : D(S;) = {u(x,r) € Vi : 9 € V;",u(x,0) = u(x,T)} — V;" by Siu = 9 for
i€N.

Definition 3.8. [12] Define A; : W — W by
D(A;)) ={uecW|3 feWsuchthat f € Biu+ dP;(u)+ Siu}.
Forue D(A;),Au={f €W | f € Bu+dP;(u)+ Siu}.
Lemma 3.2. [12] A; : W — W is m-accretive, i € N.
Definition 3.9. [12] Define C; : D(C;) = L™{Piri} (0, T, Wmax{piri} (Q)) c W — W by
(Citd) (x,1) = g, ul? VD) — f(x,1),  Vuld(x,1) € D(C)),
where f(x,1) is the same as that in (3.1) for i € N.

Lemma 3.3. [12]C;: D(C;) CW — W is continuous and strongly accretive. Moreover, if g(x,r1,-+ ,rN+1) =
r1, then C; is W;-inversely strongly accretive, fori € N.

Lemma 3.4. [12]If g(x,r1,--- ,rny1) = r1 and f(x,1) = k+ ek% 'sgnk, then u') (x,1) = k is the unique
solution of (3.1). Moreover, {k} = N~ N(Ai +C;).

Theorem 3.1. If g(x,ri, -+ ,ry4+1) =11, f(x,t) = k + k9~ 'sgnk, where k is a constant, then define
the following iterative sequence:

uy(x,t) € W is given arbitrarily,

V(X 1) = 01 f (un) + (I — 0T ) (un (x,1)),

Yn(2,8) = Bava (x,8) + 8 Xy i (I + 1 iAi) ™ (I = 1 iCi) (252) + A,
Hi =W,
Hyor = {v € Hy Iy —vIP < 5255 v —vIP + 525 llew —vIP),
Upt1(x,1) = Py, (u1),n €N.

Under the assumptions of Theorem 2.1 and from Lemma 3.4, we know that {u,(x,t)}, {v,(x,t)} and
{yn(x,1)} converge strongly to Pz n(a,+c,)(u1) as n — oo, which is the unique solution of (3.1).

Example 3.2. The following p;-Laplacian elliptic systems are extended from the p-Laplacian elliptic
boundary problem in [10]:

—diV[(Ci(X)+!Vu(")\z)p'%zw( - elu? %20 4 g (x,u (x), V) (x)) = h(x), x € Q,

| (32)
— <0, (Ci(x) + V) )" Vul) >€ B (ul)(x)), x€T, i €N,

In(3.2),Q,T, ¥, ¢, B, and ¢, are the same as those in Example 3.1. 0 < C;(x) € LP (Q), h(x) € L*(Q).
The discussion of (3.2) is based on the following assumptionS‘

(D {pi}, satisfies +2 N+1 < pi < +oo, {gi}7 satisfies = N+1 < i < oo, = —i-pi; =1, %4—% =1,ieN.

(2) Green’s formula is available.

(3) g: Q@ x RN*! — R satisfies
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(3.1) Carathéodory’s condition;

(32) ]g(x,rl,--‘ ,I"N.t,.])_g(XJ],"' 7tN+1)| S ‘rl —t1|,Vx€Qand (r17r27”' ,I"N.H),(t],"' 7tN+1) €
RNJrl;

(33) (g(xvrlv"' arNJrl) _g(xatlv"' 7tN+1))(r1 _tl) > 07 Vx € Q and (rlv"' 7rN+1)7(t1>"' atN+1) S
RN+].

Lemma 3.5. [10] Define B; : W'7i(Q) — (WPi(Q))* by
p;—2
(w, Butt) — / (Cix) + [VuP) "F Vi, Vw)dx + € / | uwdx, Vi, w € WP(Q).
Q Q
Then B; is everywhere defined, hemi-continuous, monotone and coercive, fori € N.

Definition 3.10. [10] Define ®; : W'7i(Q) — R by ®;(u) = [ @(u|r(x))d(x),Vu(x,t) € WP (Q),
i€N.

Definition 3.11. [10] Define A, : L*(Q) — L*(Q) by

D(A) = {ue [*(Q)| 3 f € L*(Q) such that f € Biu+ 0®;(u)}.
For u € D(A;), A= {f € L*(Q) | f € Biu+0®;(u)}.
Lemma 3.6. [10] A; : L*(Q) — L*(Q) is m-accretive, i € N.
Lemma 3.7. [10] Define S; : D(S;) C L*(Q) — L*(Q) by

(Siu)(x) = g(x,u,Vu) —h(x), Vu(x) € D(S;),

where h(x) is the same as that in (3.2) for i € N. Then S; is W;-inversely strongly accretive, for i € N.
Lemma 3.8. [10] u')(x) € L2(Q) is the solution of (3.2) if and only if u') (x) € N(A;+S;), for i € N.
Lemma 3.9. [10] For h(x) € L*(Q), (3.2) has a unique solution u) (x) € L*(Q), fori € N.

Lemma 3.10. [10] If g(x,r(,--- ,ry+1) = r1 and h(x) = k+ k% 'sgnk, then u') (x) = k is the unique
solution of (3.2). Moreover, {k} =N N(A; +5S;).

Proof. The following proof is similar to that of Lemma 3.4.

In view of Lemma 3.9, if g(x,r,---,ry+1) = r1 and h(x) = k + ek~ 'sgnk, then (3.2) has a unique
solution. Since u!)(x) = k satisfies (3.2) in this case, one sees that ul)(x) = k is the unique solution
of (3.2). It follows from Lemma 3.8 that u) (x) = k € N(A; +S;), for i € N, which implies that k €
N2 N(A+S).

To finish the proof, it suffices to prove that (;—; N(A; + ;) is a singleton.

In fact, if Aju+ S;u =0and A;v+ S;v =0, then A;u +u = A;v+ v, which implies that

0<(u—v,Au—Apw)=(u—v,v—u) <0.

Thus u(x) = v(x), that is, ;= N(A; + S;) is a singleton.
This completes the proof. U
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Theorem 3.2. If g(x,r1, -+ ,ry+1) = r1, h(x) = k+ k%~ 'sgnk, where k is a constant, then define the
following iterative sequence:
ui (x) € L*(Q) is given arbitrarily,
Va(x) = 01 f (un) + (I = 06, T) (un(x)),
V() = Bava (x) + 80 T2y i (1 + 1)~ (1= 1niSi) (5 ) + A,
H =W,
Hypr = {v € Hy : [yn =] < 252 fon —vIP + P [len — ],
Uny1(x) =Py, (u1),n €N.

Under the assumptions of Theorem 2.1 and from Lemma 3.10, we know that {u,(x)}, {v,(x)} and {y,(x)}

converge strongly to Pry=  na,+s,)(#1) asn — oo.
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