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STRONG CONVERGENCE OF A CYCLIC ITERATIVE ALGORITHM FOR SPLIT
COMMON FIXED-POINT PROBLEMS OF DEMICONTRACTIVE MAPPINGS
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Abstract. In this paper, A new cyclic iterative algorithm for split common fixed-point problems of demicontractive mappings
is investigated. A strong convergence theorem with no compactness assumptions on the spaces or the mappings and with no
extra conditions on fixed-point sets is established in real Hilbert spaces.
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1. INTRODUCTION

In 1994, Censor and Elfving [4] first introduced the split feasibility problem (SFP) for modelling
inverse problems formulated as follows:

Find x* € C such that Ax* € Q, (1.1)

where C and Q are respectively closed convex subsets of Hilbert spaces H; and H», and A : Hy — H»
is a bounded linear mapping. There are a number of significant applications of the SFP in intensity-
modulated radiation therapy, signal processing, image reconstruction and so on. An efficient algorithm
for solving the SFP (1.1) is the Byrne’s CQ algorithm. For any xo € H;, the CQ algorithm generates an
iterative sequence as
Xip1 = Pe(I+yA* (Pp —1)A)xy,

where 0 < v < 2/||A||?, Pc and Py are the metric projections from Hj onto C and from H, onto Q,
respectively. It is known that the CQ algorithm converges weakly to a solution of the SFP (1.1) if such a
solution exists; see [1, 3, 11, 12] and the references therein.

In the case that C and Q in the SFP (1.1) are the intersections of finitely many fixed-point sets of non-
linear operators, problem (1.1) is called by Censor and Segal [5] the split common fixed-point problem
(SCFP). More precisely, the SCFP requires to seek an element x* € H satisfying

x" €N F(U;) and Ax" € N5_ F(Tj), (1.2)

where p,s > 1 are integers, F(U;) and F(7T;) denote the fixed-point sets of two classes of nonlinear
operators U; : Hy — Hy (i=1,2,---,p), Tj: Hy — H, (j=1,2,--- ,s). In particular, if p = s = 1, then
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problem (1.2) is reduced to find a point x* with the property:
x*€F(U) and Ax" € F(T), (1.3)

which is usually called the two-set SCFP. To solve the two-set SCFP (1.3), Censor and Segal [5] proposed
the following iterative method: for any initial guess x; € Hj, define {x,} recursively by

X1 = Ux, — AA(I = T)Ax,),

where U and T are directed operators. The further generalization of this algorithm was studied by
Moudafi [10] for demicontractive operators. Under suitable conditions, he proved that the sequence {x, }
converges weakly to a point of the two-set SCFP (1.3). Recently, many authors investigated problem 1.2
and problem 1.3 with iterative methods in Hilbert or Banach spaces; see [2, 7, 14, 16] and the references
therein.

Recently, Wang and Xu [19] proposed the following cyclic algorithm:

Xn+1 = U[n] (xn —AA" (I - T[n] )Axn)7

where U; and 7; are directed operators fori = 1,2,---, p, [n] = n (mod p). They proved that the sequence
{x,} generated by this algorithm converges weakly to a solution of problem (1.2) if p =s.
Very recently, Shehu and Ogbuisi [13] used a modified Mann iterative algorithm

X1 € Hy,

wi = (1 — og)xx,

Vi = wi + YA* (T — I)Awy,
X1 = (1= Be)ye + BUyx

to approximate solutions of the two-set SCFP (1.3) for demicontractive mappings in a real Hilbert space.

1.4)

They obtained a strong convergence result with no compactness assumptions; see [13] and the references
therein.

In this paper, motivated by the above results, we introduce a new cyclic iterative scheme for solving
the SCFP (1.2):

X1 EH],

wp = (1 — o) xn,

Yn =Wn+ YA*(T[n] —I)Awy,
Xn+1 = (1 _Bn)yn‘i‘BnU[n}yn-

We obtain a strong convergence result with no compactness assumptions on the spaces or the mappings

(1.5)

and with no extra conditions on the fixed-point sets in the framework of Hilbert spaces.

2. PRELIMINARIES

Throughout this paper, let N and R be the set of positive integers and real numbers, respectively. Let
H be a real Hilbert space with inner product (-,-), and norm | - ||. Let {x,} be a sequence in H. We
denote the strong convergence of {x,} to x € H by x,, — x and the weak convergence by x,, — x, and use
@, (x,) = {x: 3 x,; — x} to stand for the weak @-limit set of {x,}. Let T be a mapping of C into H. We
denote by F(T) the fixed-point set of T'.

In order to facilitate our main results in this paper, we recall some definitions as follows.
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Definition 2.1. A mapping 7 : H — H is said to be
(i) nonexpansive iff ||7x—Ty|| < ||[x—y|, Vx,y € H;
(ii) quasi-nonexpansive iff

ITx—qll <llx—qll, V(xq)€HxF(T);
(iii) directed iff
I1Tx—ql* < llx—qll* — [lx = Tx|*, ¥ (x,q) € Hx F(T);
(iv) u-demicontractive iff there exists a constant t € (—oo, 1) such that
1T —q||* < lx— gl +pllx = Tx|%, ¥ (x,q) € H x F(T),
which is equivalent to

u—1

(Tx—x,x—q) < e — Tx|)?. @.1)

It is worth noting that the class of demicontractive mappings contains important mappings such as
quasi-nonexpansive mappings and directed operators.

Recall that the metric (or nearest point) projection from H onto C is the mapping P : H — C which
assigns to each point x € H the unique point Pex € C satisfying the property ||x — Pcx|| = infyec ||x —y||.
It is well known [15] that Pcx is characterized by the inequality

(x—Pex,y—Pex) <0, YyeC. 2.2)

Let us also recall that I — T is said to be demiclosed at origin, if for any sequence {x,} C H and

x* € H, we have

X, — x*

=x"=Tx".
(I—T)xn—>0} e

As a special case of the demicloseness principle on uniformly convex Banach spaces given by [6], we
know that if C is a nonempty closed convex subset of a Hilbert space H, and T : C — H is a nonexpansive
mapping, then / — T is demiclosed on C.

Now the following question is naturally raised: if 7 : C — H is quasi-nonexpansive, is I — T still
demiclosed on C? The answer is negative even at 0 as follows.

Example 2.1. ([18]; see Example 2.11). The mapping T : [0,1] — [0, 1] is defined by

1
Tx= %7.)66[0’2}7 1
xsinzx, x € (5,1].

Then T is a quasi-nonexpansive mapping, but / — 7" is not demiclosed at 0.
In fact, F(T) = {0}. For any x € [0, 1], we have
ITx— 0] = ];ﬁ—o} <|x—0],
and for any x € (1, 1], we have
|Tx—0] = |xsintx— 0| < |x—0].
Thus T is quasi-nonexpansive. Taking {x,} C (1,1] and x, — 1(n — o), we have

|(I—T)xp| = |x4][1 —sin7x,]| — 0(n — o).
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But 73 = 5 # 3, i, (I—T)5 #0,s0I—T is not demiclosed at 0.
In what follows, we give some lemmas which are needed to prove our results.

Lemma 2.1. [15] Assume that {a,} is a sequence of non-negative real numbers such that

api1 < (1 - '}/n)an + }/nbna

where {V,} is a sequence in (0,1) and {b,} is a real sequence such that
(ii) limsup,,_,., by <0 0r 7 % |by| < co.

Then lim, . a, = 0.

Lemma 2.2. [9] Let C be a closed convex subset of a Hilbert space H. Let T : C — C be a self-mapping
of C. If T is a U-demicontractive mapping (which is also called |L-quasi-strictly-contraction in [9]), then
the fixed-point set F(T) of T is closed and convex.

Lemma 2.3. [8] Let {I',} be a sequence of real numbers that does not decrease at infinity in the sense
that there exists a subsequence {I',. } of {I'y} which satisfies T, <Tp+1 for all i € N. Define the sequence
{7(n) }nzn, of integers as follows:

T(n) =max{k <n:T} <Dy},
where ng € N such that {k <ng: Ty <Tiy1}} # 0. Then, the following hold:
(i) ©(no) < t(np+1) <--- and t©(n) — oo,
(ll) FT(,,) S rr(n)+1 and Fn S Fr(n)-Ha Vn Z nop.
3. MAIN RESULTS

In this section, let H; and H> be two real Hilbert spaces. We consider the SCFP (1.2) with p = s: find
an element x* € H; such that

x* e n?_F(U;) and Ax* € N?_F(T;), (3.1)
where p is a positive integer. Denote the solution set of the SCFP (3.1) by Q, i.e.,
Q= (N F(UN) AT (L F(T),

Note that problem (3.1) is a special case of problem (1.2). However, this is not restrictive. In view of
the idea in [19], one can easily extend the results to the general case.
For fixed positive integer p and each n > 1, the p-mod function [r] is defined by

[n]:{ P

r, ifO<r<p.

whenever n = kp + r for some k > 0.

Lemma 3.1. [17] Let {uy} be a bounded sequence of a Hilbert space H. Let p be a positive integer
and I = {1,2,---,p}. If limy_e ||ug+1 — uk|| = 0 and x* € @, (ux), then, for any i € I, there exists a
subsequence {uy, } of {uy} such that [ky] =i and uy,, — x*.

m m
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Proof. For any i € I, since limy_,o ||tg1 — ug|| = 0, we have
etgi — || < Nt — i1 |+ Nttgio1 — wyi-al| 4+ + [l — uel| = 0.

It follows from the boundedness of {u;} and x* € ®,,(ux) that there exists a subsequence {u;, } of {u}
such that u,, — x*. Due to ||ug+; — ux|| — 0, we obtain u,; — x* for all i € I. For any i € I, there exists

nh+ie{n+1,41+2,--- .61 +p}
such that i(¢; +i;) = i. We choose k; =t +i1. There exists
th+ip € {t2+1,t2+2,~- ,t2+p}

such that i(t +iz) = i. If to +ix > ki, we choose ky =ty +ia; if to +i» < ky, we skip it and go to the .
Repeating this process continuously, we can choose a subsequence {k,, } such that i(k,,) =i and 1y, — x*.
This completes the proof. 0

Theorem 3.1. Let U; and T; be t;-demicontractive and L;-demicontractive, respectively. Let I — U; and
I —T; be demiclosed at origin for everyi=1,2,---  p. Assume that Q # 0 and A : Hl — H, is a bounded
linear operator. Let {a,} C (0,1),{B,} C [0,1] satisfy the following conditions:

(i) B € (a,1 —V), for some a > 0;

(i0) 1My oo Oy = 0, ¥ 0y = o0

(iii) y € (0, h; al

where V = maxi<<, T;, L = maxi<j<p l;. Then the sequence {x,} defined by (1.5) converges strongly to
Pq(0).

Proof. It is obvious that U; and T; are v-demicontractive and p-demicontractive(l < i < p), respectively.
From Lemma 2.2, for every i € {1,2,---, p}, we notice that F(7;) and F (U;) are closed and convex. Thus

P F(T;) and ?_, F (U;) are also closed and convex. Since A is bounded and linear, A~'(N_, F(T;)) is
closed and convex. Therefore, Q is closed and convex. Put x* = Pq(0). It follows from (1.5) and (2.1)
that

e =x* 17 = (1= B2) on = %) + Ba(Upgyn — <) |I?
= (1B llyn =22+ B2 Uy "
+2B5 (1 = Ba) (Upgyn — X", 30 — X7)
= (1= Bu)*llyn =17+ B [ Uppyn —x*|I?
+2Ba(1 = Ba) (Upnyn = ¥ns Y = x*) + 2B (1 = Ba) [y — ||

< (1= B)?llyn =X+ B llyn — x> + B VIYn — Upgynl?

+Bu(1 = Ba) (V= D) |Upgyn = yull* +2Bu(1 = B) lyn — x|
= |y =217+ Ba(v = 14 B) | Upiyn = yull? (3.2)
< =22, (3.3)
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I =2+ YA* (T — DAw |
[0 = 2|2 2907 (T = DA, = 2°) + PIIA* (T — DA |

lyn ="

< wa =P 4+ 27((Th) — D AW, Awy — Ax*) + 7| AP (| (Tjy — D AW >
< wa =2 P 4 v = V(T = DAWAl? + P IAIP 1 (T — D Aw |
= [lwa =2y = L+ YIAIP) (T — DA (3.4)
< fwa— x| (3.5)
By (1.5), we have
([Wn _X*Hz = [[(1—04)(xn —x") — OWC*H2
< (1= ) [0 — X2+ o ||| (3.6)
Substituting (3.4) and (3.6) into (3.2), we obtain from conditions (i) and (iii) that
et =22 < (1= 0 = [P BV — 1B [V 3l
00 |1+ (i — 1+ VIAIP) (T — DAW, | (3.7)
< (1= 0) [l — x|+ o "2
< max{ [leg — 1%, x|}
Therefore, {x,} is bounded. So are {y,} and {w,}.
Next, we prove that x,, — x*. To see this, let us consider two possible cases.
Case 1. Suppose that {||x, —x*||} is monotonically decreasing. In this case, {||x, —x*||} must be
convergent. From (3.7) and the conditions (i)-(iii), we have
1 [[Upyyn = yal| = T [[(Tfy) — D) Aw,[| = 0. (3.8)
Using (3.8) and the condition (ii), we obtain
[yn=xull = [1VA™(Tju) = D)Awn 4w — x|
< VAT (Tj) — DAWn| + [ 0taxal|
< YIANKT) — DAW || + O |xa ]| — 0. (3.9)
Furthermore, we have
X1 =xnll = [yn—Xn + Ba(Upyn — )|l
< lyn =2l + BullUpagyn = yull — 0. (3.10)
It follows from (3.3) and (3.5) that
[ 2 N (P
= [[(1 =) (o0 —x") — o’
= (1- O‘n)z”xn _X*HZ + Oc,%”x*”z =20, (1 — o) (0 —x",x7)
< (1= 0) [ — X [|* 4 0 (06| [[2 421 — 0 (X" — 20, x7)). (3.11)

Take a subsequence {x,, } of {x,} such that

limsup(x* —x,,x*) = lim (x" — x,,,x¥).
n—yoo 1—o0
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Without loss of generality, we assume that {x,, } converges weakly to an element x. Then x € w,,(x,). Let
anindex i € {1,2,---,p} be fixed. From the fact that the pool of indexes is finite and (3.10), by Lemma
3.1 we can find a subsequence {x,, } C {x,} such that x,,, — X and [m;] =i for all k > 1. From (3.9), we

obtain y,, — X. Since
HUiymk _ymk” = HU[mk]ymk _ymk” —0
and U; — I is demiclosed at origin, we obtain that x € F (U;). It follows from w,, = (1 — &, )x,, and the weak
continuity of A that Aw,, — AXx. Furthermore, since / — 7; is demiclosed at origin and || (7; —I)Awy,, || — O,
we have AX € F(T;). Since the index i is arbitrary, we have X € N_ F(U;) and x € A~ ("_, F(Ty)), i.e.,
X € Q. Thus by (2.2) and x* = Po(0), we obtain
limsup(x* —x,,x") = (x* —x,x*) <0. (3.12)

n—soo
Now for (3.11) since all the hypotheses of Lemma 2.1 are fulfilled, we conclude that x,, — x*.

Case II. Assume that {||x, —x*||} is not a monotonically decreasing sequence. Set I, = ||x, —x*||%.

Then there exists a subsequence {I';,} C {I',} such thatI',, <T,,4, foralli€ N. Let T: N — N be a
mapping for all n > ng (for some ng large enough) by

t(n) =max{k <n:T} <Dy}

Using Lemma 2.3, we find that I';(,) < T)41, I < Tg)41 and {7(n)} is a nondecreasing sequence
such that 7(n) — o0 as n — o. By (3.7) and the condition (ii) we have

Bey (1 =V = B N Upeuye(n) — Yoo I?
+y(1 = = AP (Treny) — DAW( I
< (1= 0g()Te(n) = Doy 1 + ooy 16712
< O |IX]1F = 0, (3.13)

which together with the conditions (i) and (iii) implies that ||Ujz(,)Yz(n) = Yz(n) | a0d || (Tjz(n) — AW () |
converge to zero. As (3.9), (3.10)and (3.12) are in Case I, we have

im [l 41 — 2o | =0, (3.14)
limsup(x* — x¢(,),x") < 0. (3.15)
n—soo

It follows from (3.11) and I'y(,) < I';(,)4 that
F‘L'(n) < () ||x*H2 + 2(1 — OCT(,,))<X* —xf(n),x*>,

which together with (3.15) and the condition (ii) implies that limsup,,_,., I'z(,;) = 0. Hence I';(,) — 0.
From (3.14) and I';(,,) — 0, we get

ot < Tem)41 = Doyl + Do

< xemy1 = Xl Ueegmy o1 =X+ [xp(n) = X*I]) + Ty — 0.
Therefore, it follows from I, < Iy, 4 that T, — 0, i.e., {x,} converges strongly to x* = Pq(0). O

tU;=U,T,=T,i=1,2,---,p in Theorem 3.1, we obtain the following results.
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Corollary 3.1. Let U and T be v-demicontractive and [L-demicontractive, respectively. Let I —U and
[ —T be demiclosed at origin. Assume that @ = F(U)NA~Y(F(T)) # 0 and A : H, — H, is a bounded
linear operator. Let {a,} C (0,1),{B,} C [0,1] satisfy the following conditions:

(i) B € (a,1 —V), for some a > 0;

(ii) lim, 00 0, = 0, Y07 | Oy = 005

(iii) 7 € (0, h; "2‘ )

Then the sequence {x,} defined by (1.4) converges strongly to Pg(0).

Corollary 3.2. Let U and T be quasi-nonexpansive. Let | —U and I — T be demiclosed at origin.
Assume that Q = F(U)NA"Y(F(T)) # 0 and A : H| — H, is a bounded linear operator. Let {0y} C
(0,1),{Bn} C [0,1] satisfy the following conditions:

(i) B € (a,1), for some a > 0;

(1) 1My en Oy = 0, X5, 0ty = o0

(iii) y € (0, W)
Then the sequence {x,} defined by (1.4) converges strongly to Pg(0).

Remark 3.1. (i) Theorem 3.1 extends and improves Theorem 3.1 [13] from the two-set SCFP (1.3) to
the SCFP (1.2); (ii) In Theorem 3.1 [13], there is a gap. They obtained a strong convergence result, i.e.,
the sequence {x,} defined by (1.4) converges strongly to p € Q, however, p should be P5(0). Corollary
3.1 modifies the gap.
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