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SELF-ADAPTIVE ITERATIVE ALGORITHMS FOR THE SPLIT COMMON FIXED
POINT PROBLEM WITH DEMICONTRACTIVE OPERATORS
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Abstract. In this paper, we use the dual variable to propose two self-adaptive iterative algorithms for
solving the split common fixed point problem with demicontractive operators. Under suitable conditions,
the weak and strong convergence results of the algorithms are obtained. Primary numerical experiments
illustrate the performance and advantage of the proposed algorithms.
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1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and norm || -||. We use — and —
to denote the strong convergence and weak convergence, respectively. We use @, (x;) = {x:
Jxg; — x} to stand for the weak @-limit set of {x;}. Let T be a mapping. Recall that T is
said to be demiclosed at the origin if, for any sequence {x, } which weakly converges to x, the
sequence {Tx,} strongly converges to 0, then Tx = 0. Further, recall the following definitions.
T is said to be nonexpansive if ||Tx — Ty|| < ||lx —y|| for all x,y € H. T is said to be quasi-
nonexpansive if F(T) # 0 and ||Tx —g¢|| < |[x—¢|| forallx € H and g € F(T). T is said to be
firmly nonexpansive if ||Tx — Ty||> < [|x —y||> — ||(x —y) — (Tx — Ty)||? for all x,y € H. T is
said to be firmly quasi-nonexpansive (also said to be directed) if F(T) # @ and ||Tx — g||* <
|x — gl||? — ||x — Tx||? for all x € H and ¢ € F(T). T is said to be k-strictly pseudocontractive if
there exists a constant k € (0, 1) such that ||Tx — Ty|> < ||lx —y||? +k||(I = T)x— (I - T)y||? for
all x,y € H. T is said to be B-demicontractive if F(7) # 0 and there exists a constant € (0, 1)
such that ||Tx — ¢||*> < ||x—¢ql||> + B||x — Tx||> forall x € H and ¢ € F(T).

For a B-demicontractive operator 7', we also have that the following equivalent expressions

[1]:
1-p

5 |lx—Tx||>, geF(T),xcH

<x—Tx,x—q> >

and
1

+

(x—Tx,q—Tx) < |x—Tx||>, g€ F(T),xcH.

B
2
Setting Ty, = (1 — )+ oT, for a € (0,1). Then we have

*Corresponding author.
E-mail addresses: ahwang1980@163.com (A. Wang), zhaojing200103@163.com (J. Zhao).
Received September 11, 2020; Accepted May 17, 2021.

(©2021 Journal of Nonlinear and Variational Analysis

573



574 A. WANG, J. ZHAO,

20
||x— Topc||2 <

<15

(x—q,x—Tyx). (1.1)

Indeed,

1-B
2o
Recall that a mapping T : H — H is said to be an averaged if it can be written as the average
of the identity 7 and a nonexpansive mapping, that is, 7 = (1 — @)l + aS, where « is a number
in (0,1) and S : H — H is nonexpansive.
Let H and H; be two real Hilbert spaces and let A : Hy — H» be a bounded linear operator.
Let U : Hy — Hy and T : H, — H; be two mappings. The split common fixed point problem
(SCFP) studied in this paper consists of finding

(1-8)
2

(04
(=g x=Tox) = alx—g,x—Tx) > b —Tx||? = e — Toux .

x* € F(U) such that Ax™ € F(T), (1.2)

where F(U) and F(T) stand for the fixed point sets of U and T, respectively. The SCFP finds a
number of real applications in medical imaging, signal processing, etc; see, e.g., [2, 3,4, 5, 6, 7]
and the references therein. From [2], one knows that the SCFP has received much attention due
to its applications in the verse problem of intensity-modulated radiation therapy and in the
dynamic emission tomographic image reconstruction.

It is known that the SCFP was first proposed by Censor and Segal [8]. They introduced the
original algorithm for directed operators U and T as follow:

X+ = U(xk — pA*(I— T)Axk), Vk > 0,

where the step size satisfies 0 < p < W and they obtained that {x;} weakly converges to a
solution of the SCFP if the solution set of the SCFP is nonempty. It is obvious that the choice of
the step size p depends on the norm of operator A, which is the disadvantage of this algorithm.

Recently, many authors studied and extended the SCFP in order to overcome this disadvan-
tage. In 2014, Cui and Wang [9] proposed the following algorithm:

Xi+1 = Ua(xk — pkA*(I— T)Axk), Vk > 0, (1.3)

where T is a T-demicontractive operator on Hy, Uy = (1 — a)I+ aU (where U is a k-demicontractive
operator on H; and o € (0,1 — 1) , the step size p is chosen by

(1=9)||(I=T)Ax|*
Or = { ZHA*(I—T)AxkﬁZ ) AXk 7& T(Axk>7

0, otherwise.

They proved that the sequence {x; } converges weakly to a solution of the SCFP of demicontrac-
tive operators. The advantage of this algorithm is that the step size p is searched automatically
and does not depend on the norm of the operator A.

Let C and Q be nonempty closed convex subsets of H; and H», respectively. If U and T
are projection operators in the SCFP, then the SCFP is reduced to the following split feasibility
problem (SFP) [10, 11], which can mathematically be formulated as the problem of finding a
point x* € C with the property

Ax* € Q. (1.4)
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Recently, many algorithms have been introduced to solve the SFP; see, e.g., [12, 13, 14, 15, 16,
17, 18] and the references therein. Note that the SFP can be written as a convex separable min-
imization problem [4, 19, 20]. In [4], Chen, Huang and Zhang considered finding a minimizer
of the sum of two proper lower semi-continuous convex functions, i.e.,

X = arg)}}el}el}fl ()C) +f2(x>7

where f1, f> € To(R") (all proper lower semi-continuous convex functions from R” to (—oo, +co])
and f> is differentiable on R" with 1/f-Lipschitz continuous gradient for some f3 € (0, +o0). To
solve the convex separable problem, they obtained the following fixed point formulation: the
point x* is a solution of the convex separable problem if and only if there exists v* € R” such
that

v = (I—prox%f])(x* — VL) + (1 =AW,
X =xF—yViH(x*) — A,

where A and ¥ are two positive numbers. They also introduced the following iterative sequence:

{vkﬂ = (I = proxy ;) (% — YV f2 () + (1= A)wi),
X1 =Xk — YV () — Aviyr

It was shown [4] that, under appropriate conditions, the sequence {x;} converges to a solution
of the convex separable problem. Since x is the primal variable related to the convex separa-
ble problem, it is very natural to ask which role the variable v plays in above algorithm. They
showed that v is actually the dual variable of the primal-dual form related to the convex separa-
ble problem.

Inspired and motivated by the results mentioned above, for solving the SCFP (1.2) with demi-
contractive operators, we use the dual variable to propose a weak convergence algorithm where
the stepsize does not depend on the operator norm ||A||. We also use the viscosity approximation
method to modify the proposed algorithm and prove a strong convergence result. The contents
of this paper are as follows. Some useful lemmas are presented for the convergence analysis of
the iterative algorithms in Section 2. A weak convergence theorem of the proposed algorithm
with the dual variable is established in Section 3. A strong convergence theorem with the aid of
viscosity approximation method is obtained in Section 4. Finally, in Section 5, we give some
numerical experiments to illustrate the efficiency of the proposed iterative algorithms.

2. PRELIMINARIES

Lemma 2.1. [16] Let H be a real Hilbert space. Let T : H — H be B-demicontractive operator
with F(T) # 0 and let Ty, = (1 — @)l + aT. Then Ty is quasi-nonexpansive provided that
ac[0,1—-B]and

|Tux—qlP < |x—q|> — (1 - B — )| Tx—xP, VxeH,qeF(T).

Lemma 2.2. [21] Let H be a real Hilbert space. Let K be a nonempty closed convex subset of
H and let T : K — K be a nonexpansive mapping. Then I — T is demiclosed at origin.

Lemma 2.3. [22] Let H be a real Hilbert space. Let K be a nonempty closed convex subset of
H and let {x; } be a bounded sequence which satisfies the following properties:

(a) every weak limit point of {x;} lies in K;
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(b) limy o, ||xx — x|| exists for every x € K.

Then {x; } weakly converges to a point in K.

Lemma 2.4. [23] Assume that {s;} is a sequence of nonnegative real numbers such that

Sk1 < (1= Ag)si + A b,
Sk1 < Sk — Mk + Uy,

for each k > 0, where {A} is a sequence in (0,1), {M} is a sequence of nonnegative real
numbers and {8} and {} are two sequences in R such that

(a) Yy Ak = oo;

(b) limy_o0 e = 0;

(c) limy_e Ny, = O implies limsup,_,., &, < 0 for any subsequence {k;} C {k}.
Then limy_,o. 5 = 0.

3. THE WEAK CONVERGENCE THEOREM

In this paper, we make use of the following assumptions:

(A1) A : Hy — H, is a bounded linear operator such that A = 0;

(A2) I denotes the solution set of the SCFP (1.2) and I" is nonempty.

Now, we use the dual variable to introduce a new self-adaptive iterative algorithm for solving
the SCFP (1.2) with demicontractive operators.

Algorithm 3.1. Let H; and H; be two real Hilbert spaces. Let xg and v be two arbitrary vectors
in H;. Let U be a B;-demicontractive operator on H; and let T be a 3,-demicontractive operator
on H,. Define
Vi = Xk — WA (I — T )Axy,
Vi1 = (I = Uq) i+ (1 = A)wi),
Xep1 = Yk — AVirt,
where 0 < A < 1,0< ax < %&, the stepsize 7 is chosen in such a way that
Pill (I=Te)Axy |2
Yoi= {W (7= Te)Axe]| #0,
Y, I(F = Tor)Ax|| = O

(3.1)

with 0 < py < =22 and y > 0.

We remark here that the choice of the stepsize ¥ is independent of ||A|| in Algorithm 3.1.
Next, we will see that ¥ is well-defined.

Lemma 3.1. The stepsize v, defined in Algorithm 3.1 is well-defined.
Proof. Fixx* €T, i.e.,x* € F(U) and Ax* € F(T). From (1.1), we have
—{xp — X" AT (I — Ty)Axy) =(Axy — Ax™, To (Axy) — Axy)

1—
< By, pax.
Hence,
* * %A% 1— 2
[|A™ (1 = T )Axe |||l — 2" || = (e —x*, A" (I — To )Axye) > B |(I — To)Axe ||

20
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Consequently, we have ||A*(I — Ty )Axy|| > 0 when || (I — T )Axy || # 0. This leads that y; is well
defined. U

Theorem 3.1. Let H, and H; be two real Hilbert spaces. Let U be a By-demicontractive op-
erator on Hy and let T be a Br-demicontractive operator on Hy such that [ —U and [ — T are
demiclosed at origin. Let {(vi,xi)} be the sequence generated by Algorithm 3.1. Assume that

0<A<1,0<a< P and

1—
0 < lim inf pg < lim suppy < Bz.
k—yo0 k—yo0 o

Then {x;.} weakly converges to a point X, where £ € I, and {(vy,x;)} weakly converges to the
point (0,%) as k — oo,

Proof. First, we show that limy_,. ||x; —x*|| exists for any x* € I'. Taking x* € T', we have
x* € F(U) and Ax* € F(T). From (1.1), we can get

et ll? = 10T = Us) (e + (1= A)w) |
20

<
1-pB

Vk+ (1 =2A)ve —x",viepr)
and
X1 — X)) 2 = vk — Avigr — x|
= [y — 2% = 2 (g — X", i) + A2 i |12
It follows that
X1 — x|+ Ay |*
=|lyk —x*||1* = 24 O — X% vie1) + A2 s |2+ A i |12

* * 1— 1 1 - 1
i = 22— ven) 4P A2~ AP 1) P

<y = X)) * =22 (v — X v 1) + 24 e+ (1= A)vg — x*, v 1)

1—
AP e

* 1-pB;
eI 42200~ Ao AP A2
Since
_ 2 2 >
2t 1,vk) = Vit 17 = v — el =+ el =
‘We obtain

3k — x|+ A [vipa |2

* 1—py
e =x 12+ A0 = 2)[all® = A (1= A) it — vl = A( aﬁ —2) vt |1
From Lemma 3.1, we include that
* Ak 1 -
— (g — 1 AN (I — Ty)Axy) < — ﬁzH(I—Ta)Akaz,

20
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which in turn yields that
Iy — 7|2
=l = %A* (I = To)Axg —x*|?
v — 22— 2ok — AT~ Ta)Ax) + B2 A ([~ Ta)Axs

1—pB
TH(I— To)Axe||* + %2|A* (I — To) Axy |2

1-5

(04

S

(1 = To)Axi || > — Wl A* (I — To)Axe||%).

=|[|re —x*||* = %(
Hence,

Potest =31+ A v |2

1B

o

<l =217 = e 107 — Te) A ||* = el A (1 — Tar) A |IP) + A (1 = A) v

1—
A=A P - AP ) P 62
1-p>

(04

=[x — 2|12+ A vl * = 10 = Ta)Axil|* = wl|A* (I — Ter) A %)

1—
B YU S AR L KM Yees L ST

Let s; = ||xx — x*||? 4 A ||vi]|?. For the case of (I — Ty )Ax; = 0, we have

1—py
Skt < s — A2l [F = A (1= A) [[vigr —viell* — A( aﬁ —2)|[vi]% (3.3)
otherwise,
1-B; (1 — To)Axi ||
Skt Ssk— Pr(— —Pk)”A*(I_O}a)Axk”z—12||Vk||2—7t(1—7t)||vk+1—Vk||2

(3.4)

1B 2
A( p 2)[[vis1]”-

From the assumption on p; and A, we get s;; | < sg, which implies that {s;} is non-increasing
and lower bounded by 0. Hence limy_,., s; exists. It follows that {s;} is bounded, so is {x;}.
From (3.3) and (3.4), we have A2 ||v||? < sg — si41, which implies that

lim |[v¢| = 0. (3.5)
k—ro0

S0 limy_seo [|xx — x*||2 = limg o0 (s5x — A ||Vi]|?) = limg_,e0 5 eXists.
Next, we show that limy_,e || (I — Tor )Axg || = limy—yeo |[xx — yi|| = 0. If || (1 — T )Axy || = O, then

X —yi = NA (I — Ty )Axy = 0. (3.6)
Otherwise, it follows from (3.4) that
1-pB (7 — Ter) Ay ||
_ < g —
pk( o pk)”A*(I_Ta)Axk”z > Sk — Sk+15
which implies
[ —Ty)Axy|[*
- TAx

koo [|A* (I — Ty )Axg||2
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Hence, we have

- TaAwlP
i AT (I — To)Ax]|

(3.7)

which implies that

[[(7 — To ) A |
AN — Tor ) Ao
[(7 — o) Axy |
[|A* (1 — T ) Ax|

_ U — Ta)Axe|?

— —0
[|[A*(1 — To )Ax||

1

I = Tor ) A

as k — oo. We obtain
1
lim ||(I — T)Axi|| = — lim || (I — Ty )Axi || = 0. (3.8)
k—soo O k—oo

On the other hand, we also have

(7 — Tor) A ||?

k —0
14*(1 = To ) Axi |

[k = yiell = %A (I — Ta)Axi|| = p
as k — oo, It follows from (3.6) that
li — =0.
Jim [l — il (3.9)
In view of (3.5), we have
klijgﬂykJr (1= = U+ (1=2)v)||

o1
=lim — [y + (1 = A)vg = U (yx + (1 = A)v) || (3.10)
k—yoo O
1
= — 1' :O
ak1_f>£1°||vk+1||

Now, we prove that @, (x;) C I'. Assume that ¥ € m,,(xz), i.e., there exists a subsequence
{xkj} of {x;} such that Xg; — ¥ as j — oo. Then, we have Ax;; — AX. From (3.5) and (3.9), we
have

Yij+ (1 =A)vy; = %
as j —oo. Since I —U and I — T are demiclosed at origin, it follows form (3.8) and (3.10) that
f€F(Uy)=F(U)and A% € F(T,) = F(T), which implies ¥ € I". So @,,(x) C T

Finally, it follows from Lemma 2.3 that x; — £, where X is a solution of the SCFP (1.2). Thus,

it follows vy — O that {(vg,xx)} — (0,%£). This complete the proof. O

4. THE STRONG CONVERGENCE THEOREM

In this section, we modify Algorithm 3.1 and prove the following strong convergence theo-
rem.

Theorem 4.1. Let H; and H, be two real Hilbert spaces. Let U be a Bi-demicontractive op-
erator on Hy and let T be a Br-demicontractive operator on Hy such that I —U and I — T are
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demiclosed at origin. Let f : H — Hy be a p-contractive mapping with 0 < p < % and xqy and
vo be two arbitrary vectors in Hy. Let {(vi,x¢)} be a sequence generated by

(Vi = X — NA* (I — To)Axy,

Ve = (I —Uq)(yx+ (1 —A)wg),
X = yk — AV,

Vi1 = O f (Vi) + (1 = 61w
(Xk+1 = O f (xx) + (1 — O ) Xk

where {6} C (0,1) such that 6 — 0 ask — oo, Y77 (6 =0, 0 < a0 < % The stepsize Y

is chosen by (3.1) with 0 < limy_,.. inf py < limy_.., sup py < ﬁ 2. Then the sequence {(vi,xi)}
strongly converges to (0,x*), where x* is a solution of the SCFP (1.2) and x*solves the following
variational inequality problem:

(I—f)x",x—x") >0, VxeTl. 4.1)

Proof. Let x* € I be the solution of variational inequality (4.1). From (3.2), one has
1% — (1> + Al 5%
Bz

<l =224+ Al =

(I — To)Axe|)> = Wl A*(I - To)Axe]?)  a.2)

—Ml—l)||‘7k—vk||2—/IZHVkHZ—M aﬁ1—2)||‘71<||2~
Hence,
15 — 1% + A1l * < e — X[ 4 A v (4.3)
It follows that
bt =7 4+ A e |
<O £ (k) = X7 + (1= ) 15 — x*[[> + A (Ol £ (i) 1>+ (1 = 6) [ %)
<20 (I1f (xie) — LN+ £ () = x*1P) + (1 — 6 |17 — x|
+A126([1F (vi) = £O) |1 + £ (O)1P) + (1 — 6) |17 ]1%]
<2610 [l —x*||* + 26| f (x*) — x| + (1 — 6) [ 7 — x*|1?
+ 22600 Vel >+ 26| £ (0) >+ A (1 — 6,) |||
<(1=6) (e — x> + A vl *) + 260> ([ — 1 + Al el |*)
+20c(1f () —x*[>+ Al £ (0)]17)
=[1=6c(1 =207 (fle —x*[[* + A e )

252 (1) = I+ AL FO)).

+ 60(1 —2P2)1

*||2 2, we have

Setting sy = ||xx — x

S < (1= 0(1=2p%)]si + 6(1 - 2p) (FGs) = x>+ A[L£0)]%).

2p2



SELF-ADAPTIVE ITERATIVE ALGORITHMS 581

It follows that

2
sk < max{so, 1——W(||f(x*) —x* |2+ A0 (0)]1%)}

for each k > 0. That implies that {x;} and {v;} are bounded. Hence {%}, {Vx}, {f(xx)} and
{f(v¢)} are all bounded. Note that

bt =12 4+ A e |1

=67 1.1 (k) = x*[|” + 260 (1 — 6) (f (i) — x*, % — x*) + (1 — )| B — x|
+ A (OZ1 £ (i) 1P + 26k (1 — 6) (£ (vi), k) + (1 — 6¢) (|7 |?)

=OF 1 (o) — X" [1* + 260 (1= B ((f () — f(x*), B —x)
+ (") =2 B —x) 4+ (1= 0)? | % — x* 1> + A 62| £ (vie) ||
+2A6(1— 6) ((f (vi) = £(0), 7%) + (£(0), %)) + A (1 — 6| e |

<O/ (o) —x*[1* + (1= 6) (IL.f (o) — f ()P + 11 — x*[|) (4.4)
+20c(1— 8 (f () —x*, % —x°) + (1 = 6) [ % — x>+ A67 || f (vi) 1P
+26(1=6) (I1.£ (vi) = £O) 1> + [15] %)
+2A6(1 = 6) (£(0), %) + A (1 — 6)* |||

<OFNf (ok) = x* |17 + (1 = 6)p? [ e — x| + (1 — 60) | & — x*|?
+26(1— 0) ((f (") —x* B —x*) + A6 || £ (vi) 1>
+ A6c(1 = )P [[vil|* + A (1 = 6) |91 > + 226 (1 — 6,) (£ (0), ).

From (4.3) and (4.4), we have

skt <[1— 6 (1— (1= 6)p?)]sk + B[ (Il f () — x| 2+ A £ (vi) 1)
+2(1 = 6 ) ((f(x") —x", X —x") + A(f(0),7%))]
=(1— A)sk + Ay,

where A, = 6;(1 — (1 — 6;)p?) and

5, = 21— 0 (&) —x" % = x") + 2 (£(0), 7))

' 1—(1-6y)p?

Ok (|| f (x) —x* |2+ AL £ (vi) 1)
1—(1—6)p? '

+
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On the other hand, form (4.2) and (4.4), we see that
Skt <[1 = 6(1 = (1= 6)p™) s+ O (11 f (i) —x*[I>+ A F (o) )
+29k(1—9k)(<f( ") =X % —x") + A(f(0), k)

—(1—9k)[?’k( B2||(1 To)Axe||* = Wl A™(I = To)Axe*)

FAQ =) 5wl 4 A%l AP )

<+ B2 f (o) = [P+ A F ) 1)
+26k(1—6k)((f( ) =X =)+ A(f(0), 7))
— (- el BZHU To)Axe||* — Yl A* (I — To)Axi||?) 43)

—Bi
o

2= 27— vl A2 e 2+ A
s+ 6 (|1 (o) = 2|1 + AL F (i) P)

+260,(1 = 6) ((f (x7) —x", 5 —x7) + A(f(0), 7))
—B (7 = To)Acce|*

=2)|171?]

1
_(l_ek)[pk( — Pk )HA*(I Ta)Akaz
P DBl A2+ AP ) )
Set
e =67 (11f () = x*|> + A f () 17)
+26,(1 = 0 ((f(x") =", T —x™) + A(f(0), V%))
and
— B (7 — Tor)Axi|*
Nk (1_9k)[pk( — Pk )||A*(I—Ta)A)Ck||2

A (L= )17k = vl + A% v + A =2) |71,

one has sg11 < s — M + Wy for each k > 0. From the assumptions on {6;} and {p;}, we
have }';” (A = oo, and limy_,. tty = 0. To use Lemma 2.4, it suffices to verify that, for all
subsequence {k;} C {k}, lim;_,c, 1y, = O implies

1B
o

limsup 6kl < 0. (46)

[0

In view of lim;_,.. My, = 0, we have
1-B (7 — Ter)Ax ||*
o - pkz)

_ 2
||A*(I— Ty 2 A= T = vl
1

lim py, (
[—o0

ﬁl _
+12HVIHZ+7L( = 2) |7 | =
From the assumptions on A and { pk}, we obtain

(I = Ta)Axg, [|*
im =0,
1ses [[A* (I — Ty ) Axy, |2

4.7)
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and

li = lim ||V, || = 0.
lggHVle ll_{?oHvk’H
In a similar way as in Theorem 3.1, we find that

lim || (I — Ty )Axy, || = o lim || (I — T)Axy, || =0,
[—yoo [—o0

and @, (x¢,) C I'. In addition, from (4.7), (4.8) and

kaz — X, H :kal — Xk, + YklA* (I - TO‘)Axkl +2’ka ”
=|17,A" (I — Ty )Axy, + Ay, ||
<Y |AN[[(1 — To ) A, || + A9 [

we obtain
lim [Jx, — 3 || = 0.
Note that
lim (1—(1-6;)p*) =1-p
and

lim 6, (|1 (v, ) =71 + A1/ (v)[[*) = 0.
To see (4.6), we only need to verify

limsup({f(x*) —x", %, —x*) + A(f(0),¥,)) < 0.

[—o0

583

(4.8)

4.9)

From (4.9), we can take subsequence { (v, ,xx, )} of {(vk,, v, )} such that x;, —Xxas j — coand
J J J

limsup((f(x*) —x", %, —x*) + A (f(0),7,))

[—o0
= lim ((f(x) =2 %, — ") +A(£(0). 7 )
= lim (f(x") =", x5, —x7)
Jreo !

=(f(x") —x",x—x").

(4.10)

Since a)w(xkl) C I and x* is a solution to variational inequality (4.1), it follows from (4.10) that

limsup((f(x") —x", %, —x") + A(£(0),7,)) < 0.

[0

In view of Lemma 2.4, we conclude that

lim s, = lim (|joxg —x*||* + A ||v||*) = 0,
k—yo0 k—roo

which implies that x; — x*, vy — 0 and (vg,x;) — (0,x*), where x* is a solution of the SCFP

(1.2), which solves variational inequality (4.1). This completes the proof.

0
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5. NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments and show the performance of the
proposed self-adaptive iterative algorithms for solving SCFP (1.2). All the codes are written in
Matlab and are performed on a personal Thinkpad computer with Pentinum(R) CPU@ 1.6GHZ
and RAM 4.00GB.

In the following examples, we take the stopping criteria is:

Error:= (I —U)xi|| + || (I — T)Axi ||+ < 1077,
Example 5.1. Define the operators U : R> — R3 and T : R® — RS as follows:
U(X) = (Z17Z27Z3)T7 T(y) = <W17W27W37W47W57W6)T7

where x = (x1,x2,%3)7,y = (y1,¥2,¥3,Y4,¥5,6) " »
X, X< O,
zi=
—2x;, x>0

Wi — Yijs yj<o7
/ —3yi, y;j=>0

for1 <i<3and1 < j<6. Note that U is %— demicontractive and T is %— demicontractive.
Let

and

A 0V =N
(oI \S TE N N SN @ )
A NP ONW

2 41
We consider the following SCFP which consists of finding a point

x* € F(U) such that A* € F(T).

We apply the proposed self-adaptive iterative Algorithm 3.1 to solve this example. We take
o= % and py = 1.4 in the experiment. We take different initial points xy = (10, —20,10)7,
vo = (0,0,0)7 and xo = (5,—10,5)7, vo = (0,0,0)7 for this example. Since the parameter
A € (0, 1] is important in the algorithm 3.1, we try different values of A for solving this example.
The numerical results are given in Table 1. Denote x;, as the kth iterative sequence.

In Figure 1, we compare Algorithm 3.1 for A = 0.95 with algorithm (1.3). We take o0 =
2% pr = 1.4, initial point xg = (30,—30,30)7 and vy = (5,5,5)7. We observe that Algorithm
3.1 behaves better than algorithm (1.3) for suitable parameter 0 < A < 1.

Example 5.2. Define the operator U : R> — R? and T : R> — R? as follows:
V) = (1,30 T = (21,22)"

where x = (x1,x2)7 and
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TABLE 1. Numerical results for solving Example 5.1 with different A.

Initials A Tterations Error X,
0.5 7 0 (—0.0149, —25.3506, —0.0595)7
0.6 7 0 (—0.0140, —25.3506, —0.0562)7
xo = (10,—20,20)" 0.7 7 0 (—0.0059, —25.3506, —0.0234)7
vo=(0,0,007 0.8 8 0 (—0.0004, —25.3506, —0.0016)"
0.9 25 3.5618e-10 (—0.0000, —25.3506, —0.0000)"
1 28 4.143e-10  (—0.0000, —25.3506, —0.0000)"
0.5 7 0 (—0.0159,—11.2062, —0.0111)7
0.6 7 0 (—0.0150,—11.2062, —0.0104)7
xo = (5,—10,5)7 0.7 7 0 (—0.0063, —11.2062, —0.0044)"
vo = (0,0,007 08 8 0 (—0.0004, —11.2062,—0.0003)"
0.9 23 9.3210e-10  (0.0000,—11.2062,0.0000)"
1 26 8.1677e-10  (0.0000, —11.2062,0.0000)"
10*
Alg.3.1
> alg.1.3
10
= 10°
i 1072 |
% 107
é 10°°
107°%
! 0_100 5 1‘0 1‘5 2‘0 25

Iteration number

FIGURE 1. Comparison of the number of iteration of Algorithm 3.1 with algo-
rithm (1.3).

for 1 <i < 2. Obviously, U and T are O-demicontractive and F(U)(F(T) = {(0,0)}7. Let

35
A= (_6 3) |
We consider the following SCFP which consists of finding

x€ F(U) suchthat Ax € F(T).

We apply the proposed iterative Algorithm 3.1 and the algorithm (1.3) to solve the above
SCFP. In Figure 2, we compare Algorithm 3.1 for A = 0.8 with algorithm (1.3). We take
o= %,pk = 0.8, the initial point xo = (5,—5)7 and vy = (0,0)”. We observe that Algorithm
3.1 behaves better than algorithm (1.3) for suitable parameter 0 < A < 1 in this example.
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15

10 u
Alg.3.1
alg.1.3
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5 10° | 1
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107"°
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FIGURE 2. Comparison of the number of iteration of Algorithm 3.1 with algo-
rithm (1.3).
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