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1. INTRODUCTION

The simulation of processes in feedback control systems by means of differential inclu-
sions and variational inequalities of various types in finite-dimensional and infinite-dimensional
spaces is an actual problem of contemporary mathematics. In particular, the investigation of
control systems whose dynamics are described by some differential or functional-differential
equations or inclusions with a control parameter in an infinite-dimensional Banach space is
very relevant. In numerous cases, the feedback restrictions imposed on the choice of control
are considered as solutions of so called sweeping processes in Hilbert spaces depending on the
state of the systems.

Fundamental results on the existence, uniqueness, and continuous dependence of solutions
of sweeping processes were obtained by Monteiro Marques [1], Valadier [2], Adly and Le [3],
Brogliato and Thibault [4], Castaing and Monteiro Marques [5], and Paoli [6].

Let H1 and H2 be Hilbert spaces. We consider a system governed by the following differential
equation and the sweeping process

x′(t) = Ax(t)+ f (t,x(t),u(t)), t ∈ R, (1.1)
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−u′(t) ∈ NC(t)(u(t))+g(t,x(t),u(t))+ γu(t), t ∈ R, (1.2)
where C : R( H2 is a multimap with closed convex values, A : D(A) ⊂ H1 → H1 is a linear
closed operator generating a C0–semigroup {eAt , t ≥ 0} in space H1, γ > 0 is a positive number,
NC(t)(u) denotes a normal cone defined for closed convex C(t)⊂ H2 as

NC(t)(u) =

{
{ξ ∈ H2 : 〈ξ ,c−u〉 ≤ 0 for anyc ∈C(t)}, if u ∈C(t),
/0, if u /∈C(t),

(1.3)

and functions f : R×H1×H2→ H1, g : R×H1×H2→ H2 are nonlinear Lipschitz maps with
respect to the second and third arguments. We prove the existence and uniqueness of an almost
periodic solution for system (1.1)-(1.2).

The paper is organized in the following way. In the second section, we prove preliminary
results on the existence and uniqueness of an almost periodic solution of a sweeping process in
a Hilbert space. In the third section, which is also the last section, we prove the main results
(Theorem 3.3) on the existence and uniqueness of an almost periodic solution of system (1.1)-
(1.2).

2. SWEEPING PROCESS IN A HILBERT SPACE

Let M be a closed and nonempty subset of a Hilbert space H, and let x ∈ H. A distance of
x to M, denoted by d(x,M), is defined as d(x,M) = inf{‖x− z‖|z ∈M}, and the set of nearest
points to x in M as prM(x) = {z∈M|d(x,M) = ‖x−z‖}. If z∈ prMx and α ≥ 0, then the vector
α(x− z) is called a proximal normal to M at z. The set of all such vectors forms a cone called
the proximal normal cone to M at z. It is denoted by NP

M(z). The limiting normal cone, denoted
by NL

M(z), is defined as

NL
M(z) = {η ∈ H|ηn ⇀ η , ηn ∈ NP

M(z), zn→ z}.
For a fixed r > 0, the set M is said to be r-prox-regular (or uniformly prox-regular with

constant 1
r ) if, for any z ∈M and any η ∈ NL

M(z) such that ‖η‖ < 1, z = prM(z+ rη). If M is
r-prox-regular, then (see [7]):

(i) for each z ∈M, all the normal cones defined above coincide. In such a case, they will
be denoted by NM(z);

(ii) for each z ∈ H such that d(z,M)< r, the set prM(z) is a singleton.
In the sequel, we use the following notation. The collection of all nonempty and closed

subsets of H is denoted by C(H), Cb(H) = {A ∈ C(H) : A is bounded}; and Cv(H) = {A ∈
C(H) : A is convex}. Let a multifunction C : [a,b]→C(H) be such that
(H1) for every t ∈ [a,b], the set C(t) is an r-prox-regular;
(H2) C(t) varies in an absolutely continuous way, i.e., there exists an absolutely continuous

function µ : [a,b]→ R such that, for each x ∈ H and s, t ∈ [a,b],

|d(x,C(t))−d(x,C(s))| ≤ |µ(t)−µ(s)|.

Theorem 2.1. (see [7]) Assume that the multifunction C(·) satisfies (H1) and (H2). Let h :
[a,b]→ H be an integrable map. Then, for each u0 ∈C(a), the sweeping process with pertur-
bation

−u′(t) ∈ NC(t)(u(t))+h(t) a.e.t ∈ [a,b],
u(a) = η0,
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has a unique absolutely continuous solution u. Moreover, the following inequality holds true

‖u′(t)+h(t)‖ ≤ ‖h(t)‖+ |µ ′(t)|a.e.t ∈ [a,b]. (2.1)

Theorem 2.2. (see [7]) Assume that the multifunction C(·) satisfies (H1) and (H2). Let f :
[a,b]×H→ H be a map such that

(i) for each x ∈ H, the function f (·,x) : [a,b]→ H is measurable;
(ii) for every δ > 0, there exists a non-negative function kδ ∈ L1[a,b] such that, for each

(x,y) ∈ Bδ (0)×Bδ (0),

‖ f (t,x)− f (t,y)‖ ≤ kδ (t)‖x− y‖, a.e.t ∈ [a,b];

(iii) there exists a non-negative function β ∈ L1[a,b] such that, for each x ∈ ∪s∈[a,b]C(s),

‖ f (t,x)‖ ≤ β (t)(1+‖x‖), a.e.t ∈ [a,b].

Then, for each u0 ∈C(a), the following perturbed sweeping process

−u′(t) ∈ NC(t)(u(t))+ f (t,u(t)), a.e.t ∈ [a,b],

u(a) = η0,

has a unique absolutely continuous solution u.

For a multifunction C : R→ Cv(H), we consider the following sweeping process with per-
turbation

−u′(t) ∈ NC(t)(u(t))+h(t)+ γu(t), (2.2)
where h : R→ H is a bounded measurable function and γ > 0.

We assume that the multifunction C satisfies the following properties
(H2′) C is Lipschitz, i.e., there exists LC > 0 such that, for all t1, t2 ∈ R, dH(C(t1),C(t2)) ≤

LC|t1−t2|, where the Hausdorff distance dH(C1,C2) between two closed sets C1,C2⊂H
is defined as

dH(C1,C2) = max{ sup
u∈C2

d(u,C1), sup
u∈C1

d(u,C2)};

(H3) the set
⋃

t∈RC(t) is a respectively compact.
Notice that condition (H2′) is a particular case of (H2) when v(t) = LCt.
Under condition (H2′) for each initial condition u(t0) ∈C(t0), sweeping process (2.2) admits

a unique absolutely continuous solution u(t) satisfying (2.2) for almost all t ≥ t0 (Theorem 2.2).

Remark 2.1. If u0 is a solution to (2.2) defined on t ≥ t0, then u(t)∈C(t), for all t ≥ t0, because
NC(t)(u(t)) is undefined otherwise. In particular, if ‖C(t)‖ ≤ K for some K > 0 and all t ∈ R,
then ‖u(t)‖ ≤ K, for any solution u to (2.2) with initial condition u(t0) ∈C(t0) and t ≥ t0.

Theorem 2.3. Let h : R→ H be a bounded measurable function. Assume that a multifunction
C : R→Cv(H) satisfies conditions (H1),(H2′), and (H3). Then sweeping process (2.2) admits
an absolutely continuous bounded solution u0 defined on R.

Proof. First, we construct a solution u0 defined on R. Let {ηm}∞
m=1⊂H be a sequence such that

ηm ∈C(−m), m ∈N. Let um(t) be the solution to (2.2) with the initial condition um(−m) = ηm.
Extend each xm from [−m,∞) to R by defining um(t) = um(−m) for all t ≤−m. By Theorem 2.1
and Theorem 2.2, the functions of the sequence {um(t)}∞

m=1 are subject to the same Lipschitz
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constant Lk > 0 on each interval [−k,k],k ∈ N. Indeed, by Remark 2.1 ‖um(t)‖ ≤ K and by
using (2.1), we have

‖u′(t)‖−‖h(t)+ γu(t)‖ ≤ ‖u′(t)+h(t)+ γu(t)‖ ≤ ‖h(t)‖+ γK + |µ ′(t)|= ‖h(t)‖+ γK +LC.

Thus
‖u′(t)‖ ≤ 2(‖h(t)‖+ γK)+LC, a.e. t ∈ [−k,k].

Let {u0
m}∞

m=1 = {um}∞
m=1. For every k ∈ N, by using (H3), we can extract a subsequence

{uk
m(t)}∞

m=1 from {uk−1
m (t)}∞

m=1 which converges uniformly on [−k,k]. By using this family of
subsequences, we introduce a sequence {u∗m}∞

m=1 by u∗m(t) = um
m(t). {u∗m}∞

m=1 converges uni-
formly on any fixed interval [−k,k],k ∈ N. Define u0(t) by u0(t) = limm→∞ u∗m(t).

Now we verify that u0 is the desired solution. Let τ ∈ R, and let ξ be a solution to (2.2) with
ξ (τ) = u0(τ). Assume ξ (t0) 6= u0(t0) for some t0 > τ, i.e., limm→∞ u∗m(t0) 6= ξ (t0). Then there
exists ε0 > 0 such that, for each m ∈ N, we can find mk > m with ‖u∗mk

(t0)−ξ (t0)‖ ≥ ε0.
On the other hand, by continuous dependence of solutions to (2.2) on the initial condition

(see [7, Proposition 2]), one sees that there exists δ > 0 such that if ‖u∗m(τ)−ξ (τ)‖ ≥ δ , then
‖u∗m(t)−ξ (t)‖ ≥ ε0 for all m ∈ N with −m < τ (which ensures that u∗m(t) is a solution to (2.2)
for t ≥ τ) and t ∈ [τ, t0]. Since ξ (τ) = u0(τ) = limm→∞ u∗m(τ), one sees that there exists N ∈ N
such that ‖u∗m(τ)− ξ (τ)‖ ≥ δ for each m > N. Then ‖um(t)− ξ (t)‖ ≥ ε0 for all m > N and
t ∈ [τ, t0]. This contradicts to limm→∞ u∗m(t0) 6= ξ (t0). Therefore ξ (t) = u0(t) for each t ≥ τ.
Hence u0 is a solution to (2.2). The solution u0 is globally bounded by Remark 2.1. �

We next consider Cb(H) as the metric space endowed with the Hausdorff metric dH .

Definition 2.1. A continuous multifunction Φ : R→Cb(H) is almost periodic if, for any ε > 0,
there exists a number p(ε) > 0 with the property that each interval of length p(ε) > 0 of the
real line contains at least one point s such that dH(Φ(t + s),Φ(t))< ε a.e. t ∈ R.

The concept of a single-valued almost periodic continuous function φ : R→ H is introduced
in a similar way.

Theorem 2.4. (Bochner’s theorem) (see [8]) Let X be a metric space. A continuous function
φ : R→ X is almost periodic if and only if a family of shifts {φs} = {φ(t + s)},s ∈ R, is a
compact set in the space of continuous and bounded functions C(R,X).

Theorem 2.5. Let the conditions of Theorem 2.3 hold, and let u0 be the absolutely continuous
bounded solution of inclusion (2.2) given by Theorem 2.3. If both the functions h(t) and C(t)
are almost periodic, then u0 is the unique almost periodic solution.

Proof. By Theorem 2.4, it is sufficient to prove that the family of shifts {u0(t + s)},s ∈ R, is a
compact set in space C(R,H). In order to simplify the calculations, we use the same notation
for indices of sequences and their subsequences. Let { jm}∞

m=1 be a sequence in R, we prove
that there exists a subsequence {qm}∞

m=1 ⊂ { jm}∞
m=1 such that the sequence of shift functions

um(t) = u0(t + qm), m ∈ N, t ∈ R, uniformly converges as m→ ∞. Since h is almost peri-
odic, then Theorem 2.4 yields the existence of a subsequence {lm}∞

m=1 ⊂ { jm}∞
m=1 such that

the sequence of shift functions {hm}∞
m=1,hm(t) = h(t + lm), uniformly converges to a function

h. By Theorem 2.4, we see that there exists a subsequence {qm}∞
m=1 ⊂ {lm}∞

m=1 such that the
sequence of shifts {Cm(t)}∞

m=1,Cm(t) =C(t+qm) is a Cauchy sequence in C(R;Cb(H)). Since
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C(R;Cb(H)) is complete (see [9]), the sequence of multifunctions {Cm(·)} converges to a mul-
tifunction C(·). C(t) = limm→∞Cm(t).

Given ε > 0, we fix m0 > 0 such that dH(Cm(t),Cm∗(t))< ε/2 for all m > m0,m∗ > m0, and
t ∈ R. For each t ∈ R, we select m∗(t)> m0 such that dH(Cm∗(t),C(t))< ε/2. Then

dH(Cm(t),C(t))≤ dH(Cm(t),Cm∗(t))+dH(Cm∗(t),C(t))< ε/2+ ε/2 = ε,

for all m > m0 and t ∈ R. Notice that um are solutions to the sweeping process

−u′(t) ∈ NCm(t)(u(t))+hm(t)+ γu(t). (2.3)

As (2.3), we consider the inclusion

−u′(t) ∈ NC(t)(u(t))+h(t)+ γu(t). (2.4)

Both C and h are globally bounded. By Theorem 2.3, one has that sweeping process (2.4) has
the unique bounded absolutely continuous solution u on R. Let t ∈ R be such that both u′m(t)
and u′(t) exist and satisfy respectively relations (2.3) and (2.4). Define

ym(t) = u′m(t)+hm(t)+ γum(t), y(t) = u′(t)+h(t)+ γu(t)

such that

ym(t) ∈ −NCm(t)(um(t)), y(t) ∈ −NC(t)(u(t)).

Furthermore, introducing ψm(t) = dH(Cm(t),C(t)), we have

um(t) ∈Cm(t)⊂C(t)+Bψm(t)(0), u(t) ∈C(t)+Bψm(t)(0),

for each t ∈ R. Therefore, um and u can be decomposed as

um(t) = d(t)+ sm(t), u(t) = dm(t)+ s(t),

where d(t) ∈C(t),dm(t) ∈Cm(t),‖sm(t)‖ ≤ ψm(t), and ‖s(t)‖ ≤ ψm(t). Let

wm(t) = ‖um(t)−u(t)‖2.

Then

1
2

w′m(t) = 〈u′m(t)−u′(t),um(t)−u(t)〉

= 〈ym(t)−hm(t)− γum(t)− y(t)+h(t)+ γu(t),um(t)−u(t)〉
= 〈ym(t)− y(t),um(t)−u(t)〉−〈hm(t)−h(t),um(t)−u(t)〉− γ〈um(t)−u(t),um(t)−u(t)〉
= 〈ym(t),um(t)−dm(t)− s(t)〉+ 〈y(t),u(t)−d(t)− sm(t)〉

−〈hm(t)−h(t),um(t)−u(t)〉− γ‖um(t)−u(t)‖2.

By (1.3) we have 〈ym(t),um(t)−dm(t)〉 ≤ 0 and 〈y(t),u(t)−d(t)〉 ≤ 0. Therefore, for a.e. t ∈R,

1
2

w′m(t)≤−〈ym(t),s(t)〉−〈y(t),sm(t)〉−〈hm(t)−h(t),um(t)−u(t)〉− γ‖um(t)−u(t)‖2

≤ ‖ym(t)‖‖s(t)‖+‖y(t)‖‖sm(t)‖−〈hm(t)−h(t),um(t)−u(t)〉− γ‖um(t)−u(t)‖2.
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Given ε > 0, we can take m0 > 0 such that ‖s(t)‖ ≤ ε, ‖sm(t)‖ ≤ ε, and ‖hm(t)− h(t)‖ ≤ ε,
for all m≥ m0, t ∈ R. By using Remark 2.1, we have ‖u‖ ≤ K. From Theorem 2.2, we see that
there exists L0 such that ‖ym(t)‖ ≤ L0, y(t)‖ ≤ L0. Then, we can estimate w′m(t) as

1
2

w′m(t)≤ 2εL0−〈hm(t)−h(t),um(t)−u(t)〉− γ‖um(t)−u(t)‖2

≤ 2εL0 +2εK− γ‖um(t)−u(t)‖2

= 2ε(L0 +K)− γwm(t),

for all m≥ m0, and a.e. t ∈ R. The Gronwall–Bellman lemma now allows to conclude that

wm(t)≤ wm(τ)e−2γ(t−τ)+4ε(L0 +K)
∫ t

τ

e−2γ(t−s)ds

= wm(τ)e−2γ(t−τ)+2ε
L0 +K

γ
(1− e−2γ(t−τ)), t,τ ∈ R, m≥ m0.

By passing to the limit as τ → ∞, one obtains

wm(t)≤ 2ε
L0 +K

γ
, t,τ ∈ R, m≥ m0.

Thus ‖um(t)− u(t)‖ → 0 as m→ ∞ uniformly in t ∈ R, so u0 is almost periodic by Theorem
2.4. Notice that u0 is the unique absolutely continuous almost periodic solution of inclusion
(2.2). Indeed, let û0 be also an absolutely continuous bounded solution (2.2). Then,

1
2
(
‖u0(t)− û0(t)‖2)′ ≤−γ‖u0(t)− û0(t)‖2.

It follows that ‖u0(t)− û0(t)‖2→ 0 as t→∞ which is impossible for almost periodic functions.
�

3. THE EXISTENCE OF A SOLUTION TO A SYSTEM GOVERNED BY A DIFFERENTIAL

EQUATION AND A SWEEPING PROCESS

Consider, in a Hilbert space H1, the following differential equation

y′(t) = Ay(t)+ϕ(t), t ∈ R, (3.1)

where A satisfy the condition
(A) A : D(A)⊂H1→H1 is a linear closed operator generator of a C0-semigroup {eAt , t ≥ 0}

in space H1 there exists a constant α > 0, such that 〈Ax,x〉 ≤ −α‖x‖2 for each x ∈ H1

and ϕ is an almost periodic function. It is known (see [10]) that differential equation (3.1) has
the unique almost periodic solution

y(t) =
∫ t

−∞

eA(t−s)
ϕ(s)ds.

A space of almost periodic functions on R with values in a Hilbert space H is denoted by
AP(R;H).

Definition 3.1. A function p : R×H→H is called uniformly almost periodic if, for each ε > 0
and r > 0, there exists l(ε,r)> 0 such that, in every interval [t0, t0+ l(ε,r)], there exists at least
one τ for which ‖p(t + τ,ξ )− p(t,ξ )‖H < ε , t ∈ R, ‖ξ‖H < r.



ON A FEEDBACK CONTROL SYSTEM 419

It is known (see, e.g., [11]) that if a function p : R×H → H is uniformly almost periodic
and a function k : R→ H is an almost periodic, then the superposition function p̂ : R→ H
p̂(t) = p(t,k(t)) is almost periodic.

We next assume that the following conditions for a system (1.1)-(1.2) hold true:
(f1) the function f : R×H1×H2→ H1 is uniformly almost periodic;
(f2) there exists constants k1,k2 > 0 such that, for all t ∈ R and x1,x2 ∈ H1, u1,u2 ∈ H2,

‖ f (t,x1,u1)− f (t,x1,u1)‖H1 ≤ k1‖x1− x2‖H1 + k2‖u1−u2‖H2.

(g1) the function g : R×H1×H2→ H2 is uniformly almost periodic;
(g2) there exists constants m1,m2 > 0 such that, for all t ∈ R and x1,x2 ∈ H1, u1,u2 ∈ H2,

‖g(t,x1,u1)−g(t,x1,u1)‖H2 ≤ m1‖x1− x2‖H1 +m2‖u1−u2‖H2 .

From these assumptions, it is clear that the corresponding superposition functions f (t,x(t))
and g(t,u(t)) are almost periodic provided x and u are almost periodic.

Definition 3.2. A pair (x,u)∈AP(R;H1)×AP(R;H2) is called a solution to problem (1.1)-(1.2)
if functions x and u satisfy relations (1.1)-(1.2).

Now, let us introduce the following notion (see [12]).
The set X is called a generalized metric space if each pair of elements (x,y) from this space

is associated with a vector ρ(x,y) = (ρ1(x,y),ρ2(x,y), ...,ρn(x,y))T from a real n-dimensional
space Rn and for which all the usual properties of the metric

(1) ∀ x,y ∈ X : ρ(x,y)≥ 0, and ρ(x,y) = 0⇔ x = y, where 0 = (0,0, ...,0)T ,
(2) ∀ x,y ∈ X : ρ(x,y) = ρ(y,x),
(3) ∀ x,y,z ∈ X : ρ(x,y)≤ ρ(x,z)+ρ(y,z)

are fulfilled in the component-wise sense. The function ρ : X×X→ Rn is called a vector
metric. The basic definitions and facts from the theory of ordinary metric spaces are naturally
transferred to generalized metric spaces.

Definition 3.3. An operator F : X→ X is called a generalized contraction map if, for every
x,y ∈ X, it satisfies the following condition

ρ(Fx,Fy)≤Qρ(x,y),

where Q is a real square non-negative n×n-matrix, whose spectral radius spr Q < 1.

Theorem 3.1. ( [12]) If an operator F : X→ X is a generalized contraction map, then it has a
unique fixed point.

Theorem 3.2. (see [13]) Assume that Γ = diag(λi),λi > 0, i = 1, ...,n is a diagonal matrix and
M = (mi, j)

n
i, j=1 is a matrix with non-negative elements. A spectral radius spr (Γ−1M) < 1 if

and only if a matrix −Γ+M is exponentially stable.

Notice that AP(R;H1)×AP(R;H2) can be considered as generalized metric space with the
vector metric

ρAP((x1,u1);(x2,u2)) = (‖x1− x2‖AP(R;H1);‖u1−u2‖AP(R;H2))
T .

In order to solve problem (1.1)-(1.2), we introduce the operator W : AP(R;H1)×AP(R;H2)→
AP(R;H1)×AP(R;H2) of the form W (x,u) = (y,v). Here y is a solution of (3.1) with ϕ(t) =
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f (t,x(t),u(t)) and v is a solution of (2.2) with h(t) = g(t,x(t),u(t)). A solution to problem
(1.1)-(1.2) is a fixed point of operator W . In what follows, we verify the existence of a fixed
point of W.

We need the following statement for almost periodic function.

Lemma 3.1. Let φ : R→R+ and ψ : R→R+ be bounded continuous functions such that there
exist a bounded derivative φ ′(t) a.e. t ∈ R and (φ 2(t))′ ≤ −λφ 2(t)+ψ(t)φ(t), for a.e. t ∈ R
and λ > 0. Then

sup
t∈R

φ(t)≤ 1
λ

sup
t∈R

ψ(t).

Proof. Since φ : R→ R+ and ψ : R→ R+ are bounded functions, we see that there exists a
bounded function ν : R→ R+ such that (φ 2(t))′ =−λφ 2(t)+ψ(t)φ(t)−ν(t), for a.e. t ∈ R.
If we denote φ 2(t) = ϑ(t), then a solution of the last equation is the following function

ϑ(t) =
∫ t

−∞

e−λ (t−s)(ψ(s)φ(s)−ν(s))ds.

Then
φ

2(t)≤
∫ t

−∞

e−λ (t−s)
ψ(s)φ(s)ds≤ 1

λ
sup
t∈R

ψ(t)sup
t∈R

φ(t),

which implies

sup
t∈R

φ
2(t)≤ 1

λ
sup
t∈R

ψ(t)sup
t∈R

φ(t).

Thus
sup
t∈R

φ(t)≤ 1
λ

sup
t∈R

ψ(t).

�

Lemma 3.2. Let y1,y2 be solutions to differential equation (3.1) and let v1,v2 solutions to
sweeping process (2.2). Under conditions (A),(H1),(H2′),(H3), ( f 1)− ( f 2),(g1)− (g2) for
each functions x1,x2 ∈ AP(R;H1) and u1,u2 ∈ AP(R;H2), it holds that

ρAP((y1,v1);(y2,v2))≤QρAP((x1,x2);(u1,u2)),

where

Q =

(
2k1
α

2k2
α

2m1
γ

2m2
γ

)
.

Proof. Let y1,y2 be solutions to differential equation (3.1). For all functions x1,x2 ∈ AP(R;H1)
and u1,u2 ∈ AP(R;H2), we have

1
2

d
dt
(‖y1(t)− y2(t)‖2

H1
)

= 〈A(y1(t)− y2(t)), y1(t)− y2(t)〉H1 + 〈 f (t,x1(t),u1(t))− f (t,x2(t),u2(t)), y1(t)− y2(t)〉H1

≤−α‖y1(t)− y2(t)‖2
H1

+‖ f (t,x1(t),u1(t))− f (t,x2(t),u2(t))‖H1‖y1(t)− y2(t)‖H1

≤−α‖y1(t)− y2(t)‖2
H1

+
(
k1‖x1(t)− x2(t)‖H1 + k2‖u1(t)−u2(t)‖H2

)
‖y1(t)− y2(t)‖H1.

By using Lemma 3.1, we have

‖y1− y2‖AP(R;H1) ≤
2k1

α
‖x1− x2‖AP(R;H1)+

2k2

α
‖u1−u2‖AP(R;H2). (3.2)
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For each functions x1,x2 ∈ AP(R;H1), u1,u2 ∈ AP(R;H2), and solutions to sweeping process
(2.2) v1,v2, we have the following estimates

1
2

d
dt
(‖v2(t)− v1(t)‖2

H2
)

= 〈γ(v1(t)− v2(t)), v2(t)− v1(t)〉H2 + 〈g(t,x1(t),u1(t))−g(t,x2(t),u2(t)), v2(t)− v1(t)〉H2

≤−γ‖v2(t)− v1(t)‖2
H2

+‖g(t,x1(t),u1(t))−g(t,x2(t),u2(t))‖H2‖v2(t)− v1(t)‖H2

≤−γ‖v2(t)− v1(t)‖2
H2

+
(
m1‖x1(t)− x2(t)‖H1 +m2‖u1(t)−u2(t)‖H2

)
‖v2(t)− v1(t)‖H2.

Using Lemma 3.1, we have

‖v1− v2‖AP(R;H2) ≤
2m1

γ
‖x1− x2‖AP(R;H1)+

2m2

γ
‖u1−u2‖AP(R;H2). (3.3)

Estimates (3.2) and (3.3) yield(
‖y1− y2‖AP(R;H1)

‖v1− v2‖AP(R;H2)

)
≤

(
2k1
α

2k2
α

2m1
γ

2m2
γ

)
·
(
‖x1− x2‖AP(R;H1)

‖u1−u2‖AP(R;H2)

)
.

�

From Theorems 3.1 and 3.2 and the last lemma, we obtain the following main result.

Theorem 3.3. Under conditions (A),(H1),(H2′),(H3), ( f 1)− ( f 2), and (g1)− (g2), if

M =

(
2k1−α 2k2

2m1 2m2− γ

)
is exponentially stable, then problem (1.1)-(1.2) has an unique almost periodic solution.

We can obtain an analogous result for the systems of higher dimensions of the form

x′i(t) = Aixi(t)+ f (t,x1(t),x2(t), ...,xp(t),u1(t),u2(t), ...,uq(t)), t ∈ R, (3.4)

−u′j(t)∈NC j(t)(u j(t))+g(t,x1(t),x2(t), ...,xp(t),u1(t),u2(t), ...,uq(t))+γ ju j(t), t ∈R, (3.5)

where i = 1, ...p, j = 1, ...,q, Ai : D(Ai)⊂H1→H1 are linear closed operators satisfying condi-
tion (A), numbers γ j > 0. Assumptions ( f 1)−( f 2) and (g1)−(g2) can be formulated similarly
for the vectors x = (x1,x2, ...,xp) and u = (u1,u2, ...,uq).

If the corresponding (p+q)× (p+q)-matrix Q satisfies the condition sprQ < 1, then prob-
lem (3.4)-(3.5) has an unique solution.
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