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1. INTRODUCTION

The simulation of processes in feedback control systems by means of differential inclu-
sions and variational inequalities of various types in finite-dimensional and infinite-dimensional
spaces is an actual problem of contemporary mathematics. In particular, the investigation of
control systems whose dynamics are described by some differential or functional-differential
equations or inclusions with a control parameter in an infinite-dimensional Banach space is
very relevant. In numerous cases, the feedback restrictions imposed on the choice of control
are considered as solutions of so called sweeping processes in Hilbert spaces depending on the
state of the systems.

Fundamental results on the existence, uniqueness, and continuous dependence of solutions
of sweeping processes were obtained by Monteiro Marques [1], Valadier [2], Adly and Le [3],
Brogliato and Thibault [4], Castaing and Monteiro Marques [5], and Paoli [6].

Let H; and H; be Hilbert spaces. We consider a system governed by the following differential
equation and the sweeping process

xl(t):Ax(l)+f(t7x(t)7”(t))7 1 eR, (L.1)
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— (1) € Neqy (u(r)) +g(1,x(1), u()) + yu(t), t € R, (1.2)
where C : R — H, is a multimap with closed convex values, A : D(A) C H; — H] is a linear
closed operator generating a Cy—semigroup {e’,¢ > 0} in space Hy, ¥ > 0 is a positive number,
Ne(r) (u) denotes a normal cone defined for closed convex C(t) C H, as

New () = {{g €y (§,c—u) < Oforanyc €C(0)},  ifueCl), 13
0, ifué¢C(t),

and functions f: R x H; x Hy — Hy, g : R x H; x Hy — H, are nonlinear Lipschitz maps with

respect to the second and third arguments. We prove the existence and uniqueness of an almost

periodic solution for system (1.1)-(1.2).

The paper is organized in the following way. In the second section, we prove preliminary
results on the existence and uniqueness of an almost periodic solution of a sweeping process in
a Hilbert space. In the third section, which is also the last section, we prove the main results
(Theorem 3.3) on the existence and uniqueness of an almost periodic solution of system (1.1)-
(1.2).

2. SWEEPING PROCESS IN A HILBERT SPACE

Let M be a closed and nonempty subset of a Hilbert space H, and let x € H. A distance of
x to M, denoted by d(x, M), is defined as d(x,M) = inf{||x —z|||z € M}, and the set of nearest
points to x in M as pry(x) = {z € M|d(x,M) = ||x—z||}. If z € pryx and ¢ > 0, then the vector
o(x — z) is called a proximal normal to M at z. The set of all such vectors forms a cone called
the proximal normal cone to M at z. It is denoted by NAI,)I (z). The limiting normal cone, denoted
by NL(z), is defined as

Nyi(z) = {n € H| My — 1, N € Nig (2), 20 — 2}

For a fixed r > 0, the set M 1is said to be r-prox-regular (or uniformly prox-regular with
constant % ) if, for any z € M and any 1 € Ni,(z) such that ||n|| < 1, z= pry(z+rn). If M is
r-prox-regular, then (see [7]):

(i) for each z € M, all the normal cones defined above coincide. In such a case, they will
be denoted by Ny(z);
(ii) for each z € H such that d(z,M) < r, the set pry(z) is a singleton.

In the sequel, we use the following notation. The collection of all nonempty and closed
subsets of H is denoted by C(H), Ch(H) = {A € C(H): Ais bounded}; and Cv(H) = {A €
C(H): Ais convex}. Let a multifunction C : [a,b] — C(H) be such that

(H1) forevery t € [a,b], the set C(¢) is an r-prox-regular;

(H2) C(t) varies in an absolutely continuous way, i.e., there exists an absolutely continuous

function u : [a,b] — R such that, for each x € H and s, € [a,b],

|d(x,C(1)) = d(x,C(s))| < |pu(t) — p(s)]-

Theorem 2.1. (see [7]) Assume that the multifunction C(-) satisfies (H1) and (H2). Let h :
la,b] — H be an integrable map. Then, for each ug € C(a), the sweeping process with pertur-
bation

—u'(t) € Ney(u(t)) +h(t) a.e.t € [a,b],

u(a) = Mo,
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has a unique absolutely continuous solution u. Moreover, the following inequality holds true
1 () +h(@)| < [|A@)]| + |1 (1)] a.e.t € [a,b]. 2.1)
Theorem 2.2. (see [7]) Assume that the multifunction C(-) satisfies (H1) and (H2). Let f :

[a,b] x H— H be a map such that

(i) for each x € H, the function f(-,x) : [a,b] — H is measurable;
(ii) for every & > 0, there exists a non-negative function ks € L'[a,b] such that, for each
(x,y) € B5(0) x B5(0),

1/ (t,0) = f (£, 9)| < ks (@)[lx =], a.e.t € [a,];
(iii) there exists a non-negative function B € L'[a,b] such that, for each x € Usela,p)C(5),
1F &) < B@)(1+[x[]), a.e.r € [a,b].
Then, for each ug € C(a), the following perturbed sweeping process
_u/(t) € NC(t)(u(t)) +f(t7u(t))a ae.tc [avb]v
u(a) = Mo,

has a unique absolutely continuous solution u.

For a multifunction C: R — Cv(H), we consider the following sweeping process with per-
turbation
— /(1) € Neg) (u(t)) +h(r) + yu(t), (2.2)
where i : R — H is a bounded measurable function and y > 0.
We assume that the multifunction C satisfies the following properties
(H2') C is Lipschitz, i.e., there exists Lc > 0 such that, for all 71,1, € R, du(C(t;),C(12)) <
Lc|t; —tp|, where the Hausdorff distance dy (Cy,C;) between two closed sets C1,Cr C H
is defined as
dy(C1,Cy) = max{sup d(u,Cy), sup d(u,>)};

ueC, ueC
(H3) the set | J,cr C(¢) is a respectively compact.

Notice that condition (H2') is a particular case of (H2) when v(t) = Lct.
Under condition (H2') for each initial condition u(ty) € C(to), sweeping process (2.2) admits
a unique absolutely continuous solution u(z) satisfying (2.2) for almost all # > #o (Theorem 2.2).

Remark 2.1. If ug is a solution to (2.2) defined on ¢t > 1, then u(z) € C(¢), for all > ¢y, because
Ne)(u(t)) is undefined otherwise. In particular, if ||C(z)|| < K for some K > 0 and all € R,
then [|u(z)|| < K, for any solution u to (2.2) with initial condition u(zy) € C(tp) and t > 1.

Theorem 2.3. Let h: R — H be a bounded measurable function. Assume that a multifunction
C: R — Cv(H) satisfies conditions (H1),(H2'), and (H3). Then sweeping process (2.2) admits
an absolutely continuous bounded solution uq defined on R.

Proof. First, we construct a solution ug defined on R. Let {n,,}',_, C H be a sequence such that
Nm € C(—m), m € N. Let u,,() be the solution to (2.2) with the initial condition u,,(—m) = ny,.
Extend each x,, from [—m, ) to R by defining u,,(¢) = u,,(—m) for all t < —m. By Theorem 2.1
and Theorem 2.2, the functions of the sequence {u,,(f)}’,_, are subject to the same Lipschitz
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constant L; > 0 on each interval [—k,k],k € N. Indeed, by Remark 2.1 [ju,,(¢)|| < K and by
using (2.1), we have

[l ()] = [17(2) +yu() | < [|u’ (2) +h(e) +yu(e) | < ()| + VK + |0 ()] = [2(E)]| + vK + Le.
Thus
' ()| < 2(|lA()[| +VK) +Lc, ae.r € [—k,k].

Let {ud}_, = {un}>_,. For every k € N, by using (H3), we can extract a subsequence
{uk,(£)}yeo_, from {uk; 1(¢)}°>_, which converges uniformly on [—k,k]. By using this family of
subsequences, we introduce a sequence {u;,}>_; by u;,(t) = uy(t). {u;,}_, converges uni-
formly on any fixed interval [—k,k|,k € N. Define uo(t) by uo(t) = limy,;—eo i), (7).

Now we verify that u is the desired solution. Let T € R, and let £ be a solution to (2.2) with
E(7) = up(7). Assume & (fy) # up(tp) for some 79 > 7, i.e., limy, ot (f0) # & (f9). Then there
exists & > 0 such that, for each m € N, we can find my > m with ||uy, (to) —&(t0)[| > €.

On the other hand, by continuous dependence of solutions to (2.2) on the initial condition
(see [7, Proposition 2]), one sees that there exists 6 > 0 such that if ||u}},(7) — &(7)|| > 8, then
|, (1) — E(2)|| > & for all m € N with —m < T (which ensures that u,(¢) is a solution to (2.2)
fort > 1) and 1 € [1,10]. Since &(T) = up(7) = limyy,—u,(T), one sees that there exists N € N
such that [|u},(7) — &(7)|| > 8 for each m > N. Then |ju,,(1) — &(¢)|| > & for all m > N and
t € [1,19]. This contradicts to lim,, . u,(to) # &(f9). Therefore & (1) = up(¢) for each t > 7.
Hence uy is a solution to (2.2). The solution ug is globally bounded by Remark 2.1. ]

We next consider Ch(H) as the metric space endowed with the Hausdorff metric dp.

Definition 2.1. A continuous multifunction @ : R — Cb(H) is almost periodic if, for any € > 0,
there exists a number p(€) > 0 with the property that each interval of length p(€) > 0 of the
real line contains at least one point s such that dgy (®(r +5),P(¢)) < € a.e. t € R.

The concept of a single-valued almost periodic continuous function ¢ : R — H is introduced
in a similar way.

Theorem 2.4. (Bochner’s theorem) (see [8]) Let X be a metric space. A continuous function
¢ : R — X is almost periodic if and only if a family of shifts {¢s} = {¢(t+5)},s € R, is a
compact set in the space of continuous and bounded functions C(R,X).

Theorem 2.5. Let the conditions of Theorem 2.3 hold, and let uy be the absolutely continuous
bounded solution of inclusion (2.2) given by Theorem 2.3. If both the functions h(t) and C(t)
are almost periodic, then ug is the unique almost periodic solution.

Proof. By Theorem 2.4, it is sufficient to prove that the family of shifts {uo(z +5)},s € R, is a
compact set in space C(R,H). In order to simplify the calculations, we use the same notation
for indices of sequences and their subsequences. Let {j,}_, be a sequence in R, we prove
that there exists a subsequence {q}_; C {jm};_, such that the sequence of shift functions
um(t) = up(t + qm), m € N, t € R, uniformly converges as m — co. Since h is almost peri-
odic, then Theorem 2.4 yields the existence of a subsequence {l,,}_; C {jm}m_; such that
the sequence of shift functions {/,,}r_,/m(t) = h(t + 1,y), uniformly converges to a function
h. By Theorem 2.4, we see that there exists a subsequence {gm}_; C{ln};_, such that the
sequence of shifts {C,, () }r_, Cu(t) = C(t + g ) is a Cauchy sequence in C(R;Cb(H)). Since
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C(R;Cb(H)) is complete (see [9]), the sequence of multifunctions {Cy(-) } converges to a mul-
tifunction C(-). C(t) = limy_ye Gy ().

Given € > 0, we fix mg > 0 such that dy (Cy,(7),Cy, (t)) < €/2 for all m > mg,m,. > mg, and
t € R. For each t € R, we select m,(t) > myg such that dy (C,,, (t),C(t)) < €/2. Then

di (Cn(1),C(t)) < du(Cu(t),Cm. (1)) +du(Cn, (1),C(t)) < €/2+€/2 =,
for all m > mg and r € R. Notice that u,, are solutions to the sweeping process
—u'(1) € Ng, () (u(t)) + hun (1) + yu(2). (2.3)
As (2.3), we consider the inclusion
— (1) € Ny (u(1)) +h() + yu(r). (2.4)

Both C and 4 are globally bounded. By Theorem 2.3, one has that sweeping process (2.4) has
the unique bounded absolutely continuous solution % on R. Let € R be such that both u,(7)
and 7 (1) exist and satisfy respectively relations (2.3) and (2.4). Define

Yin(t) = ty (£) + P (£) + Yum(2),  $(e) = (¢) +h(t) + va(r)

such that
y(t) € ~Ney o tm (D)), 3(6) € —Negy (@)

Furthermore, introducing (1) = du (G (1), 5( 1)), we have

n(t) € Cn(t) CC(t) + By, 1)(0), u(r) € C(t) + By, (0),
for each t € R. Therefore, u,, and u can be decomposed as

un(t) = d(t) +sm(1),  (t) = dn(r) +5(1),
where d(t) € C(t), dn(t) € Calt), (1) | < Win(), and [[5(2)]| < Wi(1). Let
Win(1) = [l (1) — (1) .

Then
SWl0) = (i, (0) (6, n(6) (1)
= (1)~ (1) — P (6) —0) (0 + Y1), (1) — 1)
= (1)~ ), (1)~ () — (o (0) (), 0 (0) ~(0)) — Pl (6) — 00) 1) — 1)
O 0) ) d©) =50+ (50)710) ~0) 30

m(t) —u(0)]|*.
¥(t),u(t) —d(t)) <0. Therefore, fora.e. t € R,

%W;n(t)S_<ym(t)a§(t)>_<y(t)7sm(t)>_<hm(t)_ﬁ<t)7um(t>_”( 1)) — Yt (1) = u(0)[|?

< YOS+ 3@ sl = Prm(t) = B0 (1) = 7(0)) — Vet (1) = 7(0)[|.
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Given € > 0, we can take mg > 0 such that ||5(¢)|| < €, ||s,(¢t)|| < €, and ||hy(2) — h(2)]| < &,
for all m > myg,t € R. By using Remark 2.1, we have ||u|| < K. From Theorem 2.2, we see that
there exists Ly such that ||y, (?)|| < Lo, y(¢)|| < Lo. Then, we can estimate w/, (¢) as

%W:n(t) < 2€Lo — ((1) = h(t), (1) — (1)) — Yllutm (1) = (1)
< 2eLy+2eK — Yl|uw(t) —(t) >
=2€(Lo+K) — ywnml(1),
for all m > mg, and a.e. t € R. The Gronwall-Bellman lemma now allows to conclude that

t
Win(t) < win(2)e 210 4 de (Lo +K) / = 21-9) g

T

Lo+ K
= W () 2NT) +2e%(1 — e )t e R, m > my.
By passing to the limit as T — oo, one obtains

Lo+K
wi(t) <2¢e 0; , LTER, m>my.

Thus |Ju,, () —u(t)|| — 0 as m — oo uniformly in ¢ € R, so ug is almost periodic by Theorem
2.4. Notice that ug is the unique absolutely continuous almost periodic solution of inclusion
(2.2). Indeed, let 1y be also an absolutely continuous bounded solution (2.2). Then,

1 ~ 2 / ~ 2
5 (o) =i (%) < =Vlluo(t) = zo()]I*
It follows that ||uo(¢) — o (t)||> — 0 as t — oo which is impossible for almost periodic functions.
O
3. THE EXISTENCE OF A SOLUTION TO A SYSTEM GOVERNED BY A DIFFERENTIAL
EQUATION AND A SWEEPING PROCESS
Consider, in a Hilbert space Hi, the following differential equation
Y(6) =Ay(t) +o(t),t €R, (3.1)

where A satisfy the condition

(A) A:D(A) C Hy — Hj is a linear closed operator generator of a Co-semigroup {e’,# > 0}
in space Hj there exists a constant & > 0, such that (Ax,x) < —a||x||? for each x € H;

and ¢ is an almost periodic function. It is known (see [10]) that differential equation (3.1) has
the unique almost periodic solution

t
y(0)= [ A g(s)ds.
A space of almost periodic functions on R with values in a Hilbert space H is denoted by
AP(R;H).

Definition 3.1. A function p : R x H — H is called uniformly almost periodic if, for each € > 0
and r > 0, there exists /(€,r) > 0 such that, in every interval [to, % + (€, )], there exists at least
one T for which ||p(t +7,&) — p(t,&)||lw < &, t €R, ||E]|mw < T
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It is known (see, e.g., [11]) that if a function p : R x H — H is uniformly almost periodic
and a function k : R — H is an almost periodic, then the superposition function p: R — H
p(t) = p(t,k(t)) is almost periodic.

We next assume that the following conditions for a system (1.1)-(1.2) hold true:

(f1) the function f : R x H| X H, — Hj is uniformly almost periodic;

(f2) there exists constants k,kp > 0 such that, for all r € R and x1,x, € Hy, uy,u» € Hp,

£t ur) = f(t,x0,u1) ||y < killxr —xol|my +kalluy — w2 a1, -

(gl) the function g : R x H| X H, — H> is uniformly almost periodic;
(g2) there exists constants my,my > 0 such that, for all t € R and x1,x, € Hy, uy,uy € Ha,

lg(t,x1,u1) — g(t,x1,u1) ||, < mi|lx1 —x2||m, +malluy —usl|n,.

From these assumptions, it is clear that the corresponding superposition functions f(¢,x(t))
and g(t,u(t)) are almost periodic provided x and u are almost periodic.

Definition 3.2. A pair (x,u) € AP(R;H,) x AP(R; H,) is called a solution to problem (1.1)-(1.2)
if functions x and u satisfy relations (1.1)-(1.2).

Now, let us introduce the following notion (see [12]).

The set X is called a generalized metric space if each pair of elements (x,y) from this space
is associated with a vector p(x,y) = (p1(X,¥), P2(X,¥), ..., Pn(X,¥))T from a real n-dimensional
space R" and for which all the usual properties of the metric

(1) Vx,y € X:p(x,y) >0, and p(x,y) = 0 < x =y, where 0 = (0,0,...,0)7,

2) vx,y € X:p(x,y) =p(y,x),

(3) Vx,y,z€ X:p(x,y) <p(x,z) +p(y,z)
are fulfilled in the component-wise sense. The function p : X x X — R" is called a vector
metric. The basic definitions and facts from the theory of ordinary metric spaces are naturally
transferred to generalized metric spaces.

Definition 3.3. An operator F : X — X is called a generalized contraction map if, for every
X,y € X, it satisfies the following condition

p(Fx,Fy) <Qp(x,y),
where Q is a real square non-negative n X n-matrix, whose spectral radius sprQ < 1.

Theorem 3.1. ( [12]) If an operator F : X — X is a generalized contraction map, then it has a
unique fixed point.

Theorem 3.2. (see [13]) Assume that I = diag(A;),A; > 0,i = 1,...,n is a diagonal matrix and
M = (m; ])f’ j—1 is a matrix with non-negative elements. A spectral radius spr M) <1if
and only if a matrix —1I"+ M is exponentially stable.

Notice that AP(R;H;) x AP(R; H;) can be considered as generalized metric space with the
vector metric

Pap((x1,u1); (x2,12)) = (11 = X2l ap(roy ) 111 — 2l ap (o)) -

In order to solve problem (1.1)-(1.2), we introduce the operator W : AP(R; H;) x AP(R; Hp) —
AP(R;H;) x AP(R;H,) of the form W (x,u) = (y,v). Here y is a solution of (3.1) with ¢(z) =
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f(t,x(t),u(t)) and v is a solution of (2.2) with h(t) = g(t,x(¢),u(t)). A solution to problem
(1.1)-(1.2) 1s a fixed point of operator W. In what follows, we verify the existence of a fixed
point of W.

We need the following statement for almost periodic function.

Lemma 3.1. Let ¢ : R — R and y: R — R be bounded continuous functions such that there
exist a bounded derivative ¢'(t) a.e. t € R and (9*(t)) < —A9>(t) + w(t)(t), for a.e. t € R
and A > 0. Then

1
Sup(1) < 5 sup ().
teR teR

Proof. Since ¢ : R — R, and y : R — R, are bounded functions, we see that there exists a
bounded function v : R — R such that (¢%(¢))’ = —A¢>(t) + w(t)d(t) — v(z), forae. t € R.
If we denote ¢(¢) = ¥(¢), then a solution of the last equation is the following function

8)= [ eI (w(5)0(s) - v(s))ds
Then . .
W) < [ e HOIp()0(s)ds < 7 supyln) supo (),

— teR teR
which implies
1
sup 9 (1) < - sup (1) sup (1),
teR teR teR

Thus {
sup (1) < Isupw()
teR teR
L]

Lemma 3.2. Let yi,y, be solutions to differential equation (3.1) and let vi,v, solutions to
sweeping process (2.2). Under conditions (A),(H1),(H2'),(H3), (f1)—(f2),(gl) — (g2) for
each functions x1,x; € AP(R;Hy) and uy,uy € AP(R;Hy), it holds that

Pap((V1,v1); (02,v2)) < QPAp((x1,x2); (u1,12)),

A 2%
Q={2m o2m |-
Yy v

Proof. Let yy,y, be solutions to differential equation (3.1). For all functions x1,x, € AP(R; H})
and uy,up € AP(R;H,), we have

32 (6 )l
= 400D + 0 0)— )0 0
P (0) =20, + 700,31 0), 00 0)) = 52020 D 6) — (0
)

where

| /\

(
—OtHyl() v2(0) 17, + (ke (1) = x2 (1) 1y + ke laes (2) = w2 (0) 1y ) (92 (1) = y2.0) |y
By using Lemma 3.1, we have

2ky 2k
L 2k

y1 = yollap®:m,) < —||x1 —x2llapn) + 5 lun — w2l apin). (3.2)
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For each functions xj,x; € AP(R;H), u,up € AP(R;H,), and solutions to sweeping process
(2.2) v1,v2, we have the following estimates

5= (va(6) =vi (1) I7,)

= (Y1 () = v2(1)), va(t) = vi (1)), + (g (1,21 (), ur (1)) — g(1,22(1),u2 (1)), v (t) = vi(2)) 1y

< —Ylva(e) =va(O) 17, + Nl g (2,21 () 11 (1)) — &8, x2(8),ua (1)) ||y [[V2 (£) = v (8)]| 5,

< —Ylva(t) = vl + (mal|x1 (£) — x2(0) |y, + molus (£) — w2 ()| ) [[v2(2) — v1 () |, -
Using Lemma 3.1, we have

2m 2my

Vi =vallapom,) < —— ” ey — X2llap(romy) + —~ lur — u2llapromy)- (3.3)

Estimates (3.2) and (3.3) yield
2k 2k
<”yl_}72||AP(R;H1))< 27 27 (||x1 x2HAP ))'
vi=v2llaprimy) ) — \ 5+ 2 ||u1—u2||AP RiH,)

From Theorems 3.1 and 3.2 and the last lemma, we obtain the following main result.

Theorem 3.3. Under conditions (A),(H1),(H2'),(H3), (f1) — (f2), and (g1) — (g2), if
 (2ki—oa 2k
M= ( 2m 2my — ’}’)
is exponentially stable, then problem (1.1)-(1.2) has an unique almost periodic solution.

We can obtain an analogous result for the systems of higher dimensions of the form

xi(1) = Aixi(t) + f(t,x1 (1), x2(8) ooy Xp (), un (), un (1) .. sug (1)), 1 €R, (3.4)

—u;-(t) € ch(t)(uj<t>) +g(t,x1(2),x2(), e xp(t),u1 (1), u2(2), ..., uq(t)) +yjui(t), t € R, (3.5)

wherei=1,...p, j=1,...,q,A; : D(A;) C H — H are linear closed operators satisfying condi-
tion (A), numbers ¥; > 0. Assumptions (f1) — (f2) and (g1) — (g2) can be formulated similarly
for the vectors x = (x1,x2,...,x,) and u = (uy,uz, ..., uq).

If the corresponding (p + ¢q) X (p + ¢g)-matrix Q satisfies the condition sprQ < 1, then prob-
lem (3.4)-(3.5) has an unique solution.
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